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Abstract
This paper presents a new and effective method to achieve fast machining simulation via the frame-sliced voxel representa-
tion (FSV-rep) workpiece modeling environment. The FSV-rep workpiece modeling scheme has been demonstrated as an 
efficient and accurate geometric modeling format for simulating general milling operations. The method presented in this 
paper specifically targets linear tool paths in three-axis milling. Based on the boundary representation of the linear tool swept 
volume and the voxel space for modeling the workpiece, it partitions the swept volume into a set of elemental regions, named 
as the swept volume regions (SVRs). With SVRs, the best performance of FSV-rep workpiece model update in three-axis 
milling is achieved. In the representative case studies, up to an order of magnitude faster computational performance has 
been observed compared to the generic approach of approximating the tool swept volume as a set of sampled tool instances. 
In addition, the quality of the simulated machined surface is much improved due to the use of non-approximated tool swept 
volumes. The efficient way to use SVRs in FSV-rep workpiece model update and the specific qualities of SVRs enabling the 
observed superior performance are also discussed in the paper.

Keywords  Machining simulation · Computational efficiency · Three-axis milling · Linear tool path · Tool swept volume

1  Introduction

Geometric simulation is an integral part of virtual machin-
ing for the study and analysis of machining operations such 
as milling. The common goal is to validate the generated 
milling tool paths that have been optimized on the basis of 
various objectives [1–3] prior to physical machining. Mill-
ing operations are widely used for the production of parts in 
various industries. Effective visualization and computational 
validation of the machined part geometry are crucial to the 
support of various machining technology advancements 
such as tool path generation and optimization [4–7]. While 
multi-axis milling is employed to produce complex parts, 
three-axis milling that involves linear cutter motions with the 
cutter axis at a fixed orientation is the most common milling 
operation in practice. To have a geometric simulation system 
that offers fast and accurate simulation, a versatile work-
piece model representation format together with an efficient 

method to update the workpiece model is required. A suit-
able tool swept volume representation scheme that exploits 
the simplicity of three-axis milling tool paths to effectively 
update the workpiece model is also needed.

A versatile workpiece model representation format, 
named as frame-sliced voxel representation (FSV-rep), has 
been developed for general milling simulation [8]. The novel 
frame-sliced voxels on the workpiece surface enable sub-
voxel modeling accuracy by using the voxel frame-crossing 
(FC) points to refine the surface voxels. The FC-points indi-
cate the locations where the workpiece surface crosses the 
edge frame of the voxels representing the workpiece. Fur-
ther, to ensure that the model is memory efficient, the voxel 
model is defined using two levels of coarse and fine voxels. 
The coarse level is used to model the bulk workpiece vol-
ume with a low memory requirement. Fine voxel grids are 
used within the coarse surface voxels to provide finer surface 
voxels to improve the workpiece model accuracy. With the 
FC-points, the frame-sliced voxel for each fine surface voxel 
provides the FSV-rep with the further improved accuracy to 
represent the machined workpiece geometry and the poten-
tial to update the workpiece model efficiently.
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With an FSV-rep model constructed for the initial blank 
workpiece, an efficient three-step workpiece update pro-
cess has been developed to compute the final machined part 
geometry for a given set of tool paths [9]. The three-step 
update process essentially utilizes the coarse–fine-frame 
levels of the FSV-rep model. First, in the coarse update, the 
bulk volume of the FSV-rep workpiece model affected by 
the tool paths is removed. Then, the fine voxels within the 
resulting coarse surface voxels are updated in the fine update 
step to refine the surface voxels to a finer resolution. Further, 
the edge frame of the resulting fine surface voxels is trimmed 
to attain the frame-sliced voxels with sub-voxel accuracy for 
the machined part geometry.

The FSV-rep workpiece model implemented with the 
three-step model update process yields the best combina-
tion of efficiency, accuracy and robustness for simulating 
general milling operations. Nonetheless, the linear tool paths 
used in three-axis milling result in tool swept volumes that 
are characterized by some geometric properties that can be 
exploited to develop effective workpiece volume removal 
tools to update the FSV-rep workpiece model even more 
efficiently and accurately. In this paper, we will identify a 
suitable representation of tool swept volumes resulting from 
linear tool paths in three-axis milling. The next section will 
review the existing tool swept volume representation meth-
ods and more importantly discusses the specific properties 
that can be exploited to update the FSV-rep workpiece model 
with further improved efficiency and accuracy.

2 � Tool swept volume representation

Tool swept volume is the volume swept by the cutting tool 
for a single tool path or one NC block. When the tool paths 
are defined parametrically, they give the location and ori-
entation of each tool instance as a function of a parameter 
varying across the tool path [10–13]. Analytically, the tool 
swept volume can then be expressed as a union of all tool 
instances along the tool path. Alternative parametric defini-
tions of the tool swept volume as a two-parameter family of 
spheres [14] and Gauss curvature maps [15, 16] have also 
been reported. However, current parametric definitions of 
the tool swept volume are not directly compatible with the 
three-step update process of the FSV-rep workpiece model 
as they do not possess the explicit representation of the 
tool swept volume envelope surface required for efficient 
computation.

Boundary representation (B-rep) tool swept volumes that 
use connected surface elements to represent the swept vol-
ume envelope surface have also been introduced [17, 18]. 
B-rep tool swept volumes, and especially those defined using 
triangle meshes, can be utilized to update all types of work-
piece representations. Notably, two-manifold triangle mesh 

tool swept volumes can be generated even for the case of 
self-intersecting tool movements [19]. However, creation of 
such triangle mesh-based B-rep tool swept volumes is often 
a computationally demanding task and not suitable for effi-
cient machining simulation. Nevertheless, the possibility to 
identify the boundary elements locally present in a coarse 
surface voxel is considered useful for the efficient update of 
FSV-rep workpiece models.

Approximating a tool swept volume as a collection of 
tool instances at different sampled locations along the tool 
path has been regarded as a practical approach useful for 
general milling simulation [19, 20]. Instead of updating the 
workpiece model with a single tool swept volume object, 
the sampled tool instances are applied one after another 
in this approach. Update of a workpiece model with each 
tool instance is fast and makes use of explicit closed-form 
solutions as the tool envelope surface of common milling 
cutters is composed of primitive surface elements [21, 22]. 
However, the sampling interval along a tool path will have 
to be small in order to limit the approximation error, which 
makes this approach computationally inefficient for linear 
tool paths in three-axis milling.

It is evident from the discussion above that the boundary 
representation of a tool swept volume yields an exact model 
of the swept volume with the notable capability to efficiently 
localize the update process. For linear tool paths in three-
axis milling, the envelope surfaces of tool swept volumes 
consist of surface patches having closed-form solutions for 
intersecting the voxel frame edges. Hence, boundary repre-
sentations of linear tool swept volumes can be directly used 
for FSV-rep workpiece update. For other nonlinear three-
axis milling tool paths, it is also possible to update the FSV-
rep workpiece model directly with the nonlinear tool swept 
volume if there exist closed-form solutions for intersecting 
the voxel frame edges with all the envelope surface patches. 
The fundamental workpiece model update process will be 
the same as that for linear tool swept volumes. Linear tool 
paths have been chosen as the primary focus of this paper 
due to their wide usage in three-axis milling.

3 � Swept volume regions

The FSV-rep workpiece model update with respect to a given 
tool swept volume essentially involves two main operations: 
voxel classification and frame edge trimming. Using the tool 
swept volume boundary representation directly to update 
the FSV-rep workpiece model is not the best option. This is 
because the boundary representation of the tool swept vol-
ume is to be processed as a single entity, which will lead to 
sub-optimal and inefficient workpiece model update.

In general, a tool swept volume does not have an axis of 
symmetry. As a result, the voxel classification operation will 
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have to consider every part of the envelope surface of the 
tool swept volume. Also, for the subsequent trimming opera-
tion of the voxel frame edges, the various intersection points 
between the envelope surface and the voxel frame have to be 
determined. To minimize the number of workpiece voxels to 
be considered for the intersection computation, the common 
approach of utilizing the bounding box of the tool swept vol-
ume is not the best localization tool. For a linear tool swept 
volume in three-axis milling, its bounding box may be very 
large due to a long tool path and thus contains many voxels 
entirely outside the tool swept volume. This adversely affects 
the computational efficiency of the workpiece model update.

A preferred linear tool swept volume representation for 
fast FSV-rep workpiece model update is one that is much 
less intensive than a large set of sampled tool instances but is 
more effective in voxel localization than a single tool swept 
volume boundary representation. To achieve this, a new and 
effective tool swept volume representation has been devel-
oped, as presented in the following subsections.

3.1 � Definition

A tool swept volume in general can be represented as a 
boundary representation using envelope surfaces defined 
by parametric expressions. Such a boundary representa-
tion typically includes three types of boundary elements: 
envelope surfaces, edges formed by the intersection of the 
envelope surfaces and vertices formed by the intersection of 
the boundary edges. For a generalized milling tool (in APT 
form) moving along a three-axis linear tool path, the numer-
ous intersection calculations between the voxel frame edges 
of an FSV-rep workpiece model and all the boundary sur-
faces of the tool swept volume can be done without using an 
iterative solution technique. This is possible because four of 
the boundary surfaces are planar and four are conical, both 
having closed-form solutions for the intersection with the 
voxel frame edge. There are also two toroidal surfaces and 
two other surfaces formed by sweeping the toroidal section 
of the APT milling tool profile resulting in a quartic surface 
representation. Still, closed-form solutions are available for 
the intersection of these surfaces with a line segment [21, 
23]. Hence, with the assurance that closed-form solutions 
exist for the intersection calculations for all the envelope sur-
faces of a linear tool swept volume B-rep, the focus is then 
to ensure that these calculations are done through effective 
localization. A set of swept volume regions (SVRs) obtained 
by partitioning the tool swept volume with respect to differ-
ent boundary elements of the swept volume boundary rep-
resentation are proposed in this work to achieve effective 
localization and defined as follows:

Swept volume regions (SVRs) are the distinct portions 
of the tool swept volume overlapping with a minimum 

possible set of voxels of the considered voxel space 
such that the same boundary elements of the tool swept 
volume are present in all of these voxels.

The SVRs as defined above offer the benefit of consider-
ing only a minimum number of boundary elements from the 
tool swept volume B-rep during the fine and frame updates 
of the FSV-rep workpiece model within each coarse surface 
voxel. Figure 1 shows the SVRs for a typical linear tool 
swept volume generated by a flat-end mill with the outer 
half of the tool instances at the two ends ignored for viewing 
simplicity. Once a voxel has been identified as associated 
with a particular SVR type, the boundary condition inside 
the voxel from the tool swept volume passing through it is 
fully known. This ensures that the calculations in the fine 
and frame updates are minimal in terms of the number of 
envelope boundary elements of the tool swept volume to be 
considered.

3.2 � SVRs for a generalized end mill

This subsection outlines the SVRs for a generalized end mill. 
The generalized end mill is parametrically represented as 

Fig. 1   Swept volume regions (SVRs): a typical linear tool swept vol-
ume from a flat-end mill; b partition of the tool swept volume into 
distinct regions; and c exploded view showing the partitioned SVRs
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the APT form using seven parameters. A three-axis linear 
tool path is considered here with the associated tool swept 
volume B-rep shown in Fig. 2. It should be pointed out 
that SVRs for all other cases in three-axis milling will be a 
reduced version of this general case.

As shown in Fig. 2, there are 12 faces, 21 edges and 10 
vertices for the generalized tool swept volume B-rep (exclud-
ing those forming the top cover, which is irrelevant for the 
workpiece model update). There is an SVR corresponding 
to each of these boundary elements, leading to a total of 43 
boundary SVRs. The internal volume of the tool swept vol-
ume is an internal SVR. Hence, there are in total 44 SVRs 
for the general three-axis linear milling case. It has been 
assumed that the voxels of the voxel space are sufficiently 
small to keep the SVRs separate without some boundary 
elements falling into the same voxels causing some SVRs 
to merge together.

3.3 � SVR types

The three SVR types and their distinguishing features in 
terms of the boundary condition within the associated voxels 
are given in this section. The SVRs are categorized accord-
ing to the type of primary boundary element present in it. 
As a result, there are (1) face-based, (2) edge-based and (3) 
vertex-based SVRs. For face-based SVRs, there is just one 
surface element of the tool swept volume B-rep that passes 
through the constituent voxels. The surface element divides 
each of the face-based SVR voxels into two portions: one 
overlapping with the SVR and the other outside the SVR.

For edge-based SVRs, there are two surfaces incident 
on the edge passing through the constituent voxels. Thus, 
the portion of the edge-based SVR voxel completely over-
lapping with the SVR is determined by the intersection of 

volume internal to both surfaces. Here, the internal volume 
is defined for a surface element as one from which the sur-
face normal is pointing away. To perform fine and frame 
updates within an edge-based SVR, the specific surface to be 
considered to update a fine voxel or its frame should be first 
identified from the two surfaces incident on the edge. This 
can be done quite easily as the surface elements are always 
of a single value along the axial direction of the milling tool.

For vertex-based SVRs, there can be up to four surfaces 
incident on a vertex passing through the constituent voxel. 
Consequently, the update operation within a vertex-based 
SVR is the most involved. However, the general approach 
will be similar to that for an edge-based SVR. SVRs, thus, 
provide an effective way to update the workpiece model 
from a tool swept volume in a localized and generic manner.

3.4 � Simplified SVRs in actual milling operations

The SVRs developed for the generalized end mill correspond 
to the most complicated case to be handled. For commonly 
used end mills in practice such as flat-, ball-, tapered ball- 
and bull-end mills, the number of boundary elements in the 
associated tool swept volume is much smaller. Consequently, 
the number of SVRs needed to represent the tool swept vol-
ume is also much reduced. Figure 3 depicts the specific 
boundary elements for the associated SVRs for a flat-end 
mill following a linear tool path in three-axis milling. It can 
be seen that there are only five faces, eight edges and four 
vertices for the one-axis linear tool path. For the three-axis 
linear tool path, just one more face and one more edge are 
added. The added face is the elliptic cylinder face at the bot-
tom, and the added edge is the boundary edge between the 
tool bottom face at the initial tool location and the elliptic 

Fig. 2   Generalized tool swept 
volume B-rep and sample vox-
els overlapping with the three 
different SVR types

2

3

1. Face-based SVR voxel

2. Edge-based SVR voxel

3. Vertex-based SVR voxel

1
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cylinder face. Hence, it will be much easier to apply SVRs 
in actual milling operations.

4 � FSV‑rep workpiece model update 
with SVRs

The set of SVRs varies with the geometry of the associated 
tool swept volume and how the tool swept volume is posi-
tioned in the model coordinate system (MCS). As a result, to 
effectively use the category-specific SVRs for fast workpiece 
model update in three-axis milling, the linear tool paths need 
to be characterized first with reference to the MCS axes. 
The FSV-rep workpiece model then proceeds through the 
three-step coarse–fine-frame update process exploiting the 
fast computation potential of SVRs.

4.1 � Tool path characterization

To facilitate coarse update computation on a workpiece model 
for a given three-axis linear tool path, it is necessary to distin-
guish and label the three MCS axes individually as the primary 
feed direction coordinate axis F

dir
 , lateral feed direction coor-

dinate axis L
dir

 and tool axial direction coordinate axis A
dir

 . 
The MCS origin for the FSV-rep workpiece model is prefer-
ably set at the lower-left-back corner of the bounding box of 
the workpiece. This effectively ensures that all the tool paths 
transformed into the MCS are in the first octant. Further, for 
the purpose of assigning F

dir
 , L

dir
 and A

dir
 , whether the tool 

path is along the positive or negative direction of a particular 
MCS axis is not of importance. For a one-axis tool path, the 

tool path follows along a particular MCS axis which becomes 
the F

dir
 . The MCS axis coinciding with the milling tool ori-

entation is the A
dir

 , and the third/remaining MCS axis is the 
L
dir

 . For two-axis and three-axis linear tool paths, specifying 
an MCS axis to be the A

dir
 remains straightforward. However, 

the specification of F
dir

 and L
dir

 for the other two MCS axes 
needs some further considerations as outlined below.

For two-axis and three-axis linear tool paths, once A
dir

 is 
known and set as one of the MCS axes, the MCS plane con-
taining F

dir
 and L

dir
 is readily known. The projection of a tool 

path curve onto this plane, tpproj , will give the needed informa-
tion to specify F

dir
 and L

dir
 . It is evident that tpproj is identical 

to the tool path curve itself for two-axis tool paths not involv-
ing tool movement in A

dir
 . In this work, tpproj is used to handle 

two-axis and three-axis tool paths in the same manner. With 
tpproj , the MCS axis on the projection plane to which tpproj is 
more inclined is specified as F

dir
 and the other MCS axis is 

then set as L
dir

.
To apply the conditions stated above to label the MCS axes 

as A
dir

 , F
dir

 and L
dir

 , a four-component vector [dX] of the tool 
path curve is formulated first:

For a tool path defined by two line segments, C1(u) and 
C2(u) , u ∈ [0, 1] , as the trajectories of two specified points 
on the tool axis,

(1)[dX] =
[

dX
C1, dXC2, dXA1, dXA2

]

.

(2)

dX
C1 = X(C1(1)) − X(C1(0))

dX
C2 = X(C2(1)) − X(C2(0))

dX
A1 = X(C2(0)) − X(C1(0))

dX
A2 = X(C2(1)) − X(C1(1)).

Fig. 3   Flat-end mill swept 
volume B-rep showing distinct 
boundary elements for the 
associated SVRs: a one-axis; b 
three-axis, angled view; and c 
three-axis, side view
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Then,

where �(x) = 0 if x = 0 and �(x) = 1 if x ≠ 0 . In the same 
way, YLabel and ZLabel can be evaluated from similar 
expressions of [dY] and [dZ] . With the evaluated XLabel , 
YLabel and ZLabel values, A

dir
 , L

dir
 and F

dir
 can be assigned 

in sequence according to the guidelines below (which are 
synthesized from a series of valid combinations of XLabel , 
YLabel and ZLabel values):

1.	 The axis with a label value 3 or 15 is the A
dir

.
2.	 If there is a label of value 0, the axis with the label value 

0 is the L
dir

 and the remaining axis with a label value 12 
is the F

dir
.

3.	 If there are two labels of value 12, the one with a smaller 
first component in the four-component vector is the L

dir
 

and the remaining axis is the F
dir

.

4.2 � Coarse update

In the coarse update step for the FSV-rep workpiece model, 
all the coarse surface voxels of the FSV-rep model that are 

(3)
XLabel = �

(

dX
C1

)

× 8 + �
(

dX
C2

)

× 4 + �
(

dX
A1

)

× 2 + �(dX
A1),

completely inside any tool swept volume are to be removed 
from the workpiece model. The new coarse surface voxels 
corresponding to the newly generated workpiece surface 
have to be identified as well. The underlying approach for 
the coarse update is similar to that of a voxelization scanning 
operation but without the need to scan the entire bounding 
box voxels of the tool swept volume. Still, it is applicable 
to all linear tool swept volumes with diverse boundary ele-
ments. Since the milling tool orientation is fixed, this allows 
the voxelization to be done locally using the tool swept vol-
ume projection svproj on the base plane perpendicular to the 
tool orientation (Fig. 4). Essentially, the method moves from 
using the MCS axis aligned bounding box to the boundary 
of svproj.

The boundary of svproj is associated with a set of voxels 
{VSVproj} covered by its extrusion along the tool orientation 
direction A

dir
 . The surface and (inner) volume voxels of 

the tool swept volume are a subset of {VSVproj} . In order 
to avoid scanning through all of the voxels in {VSVproj} , a 
simple 2D scan can be performed in the base plane con-
taining the svproj and the vertical stack of voxels is handled 
the same way at each step along the 2D scan. This leads 
to a simple process as the linear tool swept volume has a 
fixed tool orientation and its projection on the base plane 
will consistently generate a well-defined svproj without a 
self-intersecting boundary.

The 2D scanning of shapes with a simple boundary is a 
widely studied problem with many effective solution tech-
niques of which the sweep line algorithm is of special attrac-
tion due to its computational and data structural efficiency 
[24]. Hence, the coarse FSV-rep workpiece model update in 
this work extends the sweep line algorithm to a sweep plane 
voxelization algorithm for linear tool swept volumes. Algo-
rithm 1 gives the fundamental principle for the sweep plane 
based coarse update. F

dir
 is taken as the primary sweeping 

direction and L
dir

 as the secondary or lateral sweeping direc-
tion for the simple scanning boundary of svproj.

Fig. 4   Tool swept volume projection svproj on the base plane (perpen-
dicular to A

dir
)
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In the above algorithm, once the primary sweeping direc-
tion F

dir
 is identified, each tool swept volume will have dif-

ferent sweeping sections according to the varied boundary 
elements at the two ends in the lateral sweeping direction 
L
dir

 . For the two-axis linear tool path case shown in Fig. 5a, 
seven sweeping sections in different colors are depicted in 
Fig. 5b. The basic idea of scanning with the sweep plane is 
outlined as follows: (1) the scanning range is obtained in 
terms of the start and end voxel layer in the primary sweep-
ing direction; (2) for each layer, the lateral sweeping bound 
is identified; (3) for each lateral sweeping step, the top and 
bottom voxels for the stack of tool swept volume voxels are 
identified; and (4) all voxels falling in the stacks are removed 
from the workpiece model. Figure 5c shows the coarse vox-
els removed in the voxel layer in the base plane.

4.3 � Fine update

After the coarse update, the mapping of each SVR to the 
set of coarse surface voxels {CSV} of the FSV-rep work-
piece model is established. An inversion of the mapping 
gives the CSV → {SVR} mapping. Here, the CSVs are the 
actual surface voxels with definite presence of the work-
piece model envelope surface inside. The fine update for a 
CSV follows a similar scanning scheme as the coarse update 

but within the bounds of the corresponding CSV subspace 
(Fig. 6). Essentially, the aim of the fine update for each CSV 
is to remove the fine voxels within the CSV that are com-
pletely within any of the SVRs passing through the CSV. 
The algorithm for the fine update is, thus, a modified version 
of Algorithm 1 for the coarse update but with the scanning 
step taken according to the fine resolution. Also, the fine 
update is performed for all SVRs present within a given 
coarse surface voxel.

It should be pointed out that in the fine update step, the 
active bottom surface element for a stack of fine voxels is 
the bottom bound for the SVR that is present across the par-
ticular fine voxel stack. For side face-based SVRs, the active 
bottom surface element can be the bottom voxel layer of the 
voxel subspace within the CSV as side faces are vertical 
for cylindrical end mills including the flat-, ball- and bull-
end mills. Further, the update process can be made simpler 
depending on the SVR types. For face-based SVRs, there is 
only one tool swept volume surface element within the asso-
ciated CSV. Thus, the fine voxel classification operation is 
quite simple due to the presence of only one surface element. 
For edge- and vertex-based SVRs, two and up to four surface 
elements may be present, respectively. The active bottom 
surface element has then to be identified for each stack of 
fine voxels based on the location of the stack with respect to 

Fig. 5   Coarse update using 
SVRs: a svproj boundary of 
a two-axis linear tool swept 
volume; b different sweeping 
sections according to svproj 
boundary elements; and c inner 
coarse voxels removed

Fig. 6   Coarse surface voxels 
identified in Fig. 5 (left) and 
two sample coarse surface vox-
els after the fine update (right)
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the projection of the tool swept volume edge elements on the 
bottom voxel layer of the CSV voxel subspace.

4.4 � Frame update

The objective of the frame update is to refine the fine 
surface voxels. A typical example is shown in Fig.  7. 
The frame update performs the intersection of the fine 
voxel edge frames with the associated SVRs. The avail-
able CSV → {SVR} mapping, used previously for the fine 
update, is again utilized. After the fine update, all the fine 
voxels within each CSV have been labeled with a correct 
status of inner, surface or outer/removed. Performing the 
frame update only after the fine update ensures that a fine 
voxel that is a surface voxel with respect to a particular 
SVR will not be frame updated if it has been removed 
by another SVR within the CSV during the fine update. 
This reduces the computational load as fine update only 
requires intersection of the fine voxel frame edge along 
the A

dir
 as discussed in the previous subsection, whereas 

frame update for a particular surface fine voxel will require 
intersection of all the relevant voxel frame edges with the 
SVR boundary envelope. Algorithm 2 gives the general 
frame update steps for the various SVR types.

Fig. 7   Frame update performed on fine surface voxels within a CSV 
from a face-based SVR ( A

dir
 view)
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5 � Implementation specifics

A machining simulation tool for linear tool paths in three-
axis milling, using FSV-rep for workpiece model representa-
tion and SVRs for workpiece model update, has been devel-
oped. A Windows laptop with a two-core CPU @ 2.50 GHz 
and 8 GB of primary memory was used to perform the case 
studies. As the first step of a case study, an FSV-rep work-
piece model is derived for the initial blank workpiece. With 
the initial FSV-rep workpiece model created, the linear 
milling tool paths are characterized according to the pro-
cedure presented in Sect. 4.1. This is done to ensure that 

the SVRs-based workpiece model update is applied appro-
priately and only for the corresponding linear tool paths. 
For a particular linear tool path, once Algorithm 1 has 
been executed to remove the inner coarse voxels from the 
FSV-rep workpiece model, a preparatory task is performed 
prior to the fine update operation. This intermediate task 
is to create the SVR → {CSV} mapping. With the inverted 
CSV → {SVR} mapping, the fine and frame update opera-
tions, as presented in Sects. 4.3 and 4.4, are then done. In 
this work, each SVR type is implemented to have its own 
fine and frame update operation definitions. This enables 
the corresponding workpiece model update operations to be 
automatically invoked according to the SVR types present 
in each CSV. It should be noted that even though there are 
specific fine and frame update definitions for each SVR type, 
they all follow the general workflow presented in Sects. 4.3 
and 4.4. The individual definitions are utilized simply to 
accommodate different number and types of boundary ele-
ments that constitute each SVR type.

6 � Case studies and discussion

To demonstrate the benefits of SVRs in workpiece model 
update for linear tool paths in three-axis milling, differ-
ent case studies with increasing complexity have been 
performed. In each case study, the performance of SVRs 
was compared with that of an existing approach which 
approximates the tool swept volume as a set of sampled tool 
instances [9]. As shown in Fig. 8, Case 1A is to machine 
an inverted T-section part. This case involves only one-axis 

Fig. 8   Comparison of surface quality of simulated workpiece models 
using sampled tool instances (left) and SVRs (right): a case 1A; b 
case 2A; c case 2AV; and d case 3A

Table 1   Simulation time comparison of FSV-rep workpiece model 
update with sampled tool instances and SVRs for the cases illustrated 
in Fig. 8

Case Sampled instances 
(ms)

SVRs (ms) Improve-
ment ratio

1A 398 15 26.5
2A 421 22 19.1
2AV 200 25 8.0
3A 203 40 5.0

Table 2   Simulation time comparison of tri-dexels with tool swept 
volumes and FSV-rep with SVRs for the cases illustrated in Fig. 8

Case Tri-dexels with tool 
swept volumes (ms)

FSV-rep with 
SVRs (ms)

Improve-
ment ratio

1A 41 15 2.73
2A 47 22 2.14
2AV 11 25 0.44
3A 260 40 6.50
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linear tool paths of a flat-end mill and is, thus, the first and 
simplest case study. Case 2A is a rotated case of case 1A, 
and all the linear tool paths, thus, involve two-axis tool 
motions (although both tool motions are lateral with respect 
to the tool axis). Case 2AV again involves two-axis motions 
of a flat-end mill, but in this case, a tool motion component 
along the vertical tool axis is present. Such a vertical tool 
motion alters the bottom envelope surface of the tool swept 
volume to the surface of an elliptic cylinder and causes the 
associated SVRs to contain much more complex boundary 
elements. Case 3A involves a ball-end mill moving along 
three-axis linear tool paths and results in the most complex 
operations for updating the workpiece model among the four 
cases.

It is evident from the simulated workpiece model geom-
etry shown in Fig. 8 that the false scallops that are visu-
ally noticeable from the sampled tool instances approach 
no longer exist for the SVRs approach. For case 1A, the 
improvement is not noticeable because the planar side sur-
faces are aligned with a voxel grid axis. Noticeable improve-
ments are seen for the machined side surfaces in cases 2A 
and 3A and for the bottom machined surface in case 2AV. 
It is also worth noting that the bottom machined surface in 
case 3A with sampled tool instances also yields visually 
acceptable quality. This is because the spherical bottom of 
a ball-end mill produces smaller steps between sampled tool 
instances than the planar bottom of a flat-end mill. Never-
theless, there is still a recognizable improvement for that 
machined surface with SVRs.

Comparison of the computational performance in terms 
of the simulation time is listed in Table 1 to further showcase 
the advantages of SVRs. It can be seen that the computa-
tional speed with SVRs increases by an order of magnitude 
for the one-axis and two-axis machining cases. It is also 
noted that the performance improvement increases from 
case 3A toward case 1A. This is expected since the involved 
tool swept volume envelope surfaces and SVRs boundary 
elements become less geometrically complex from case 3A 
toward case 1A.

Table 2 shows the simulation time comparison of the 
update of an FSV-rep workpiece model with SVRs against 
the update of a tri-dexel workpiece model with tool swept 
volumes [25]. The FSV-rep update is faster than the tri-dexel 
update in all of the cases except for case 2AV. The faster 
performance of FSV-rep is attributable to the minimization 
of intersection calculations due to the two levels of voxel 
model update prior to the frame update step. For tri-dexels, 
however, the intersection calculations have to be performed 
for each dexel crossing the tool swept volume of a tool path. 
The tri-dexel model has to be updated with each individual 
tool path to compute the final machined part geometry. For 
cases 1A, 2A and 3A, multiple levels of tool paths at dif-
ferent vertical heights were employed to mimic a constant 

axial depth of cut milling scenario in practical machining. 
Such overlapping milling tool paths lead to a larger number 
of intersection calculations and thus longer computational 
time for the tri-dexel model. For case 2AV, a simplified, 
single level of tool paths was used to machine the workpiece 
in one step. In the absence of the overlapping tool paths, the 
tri-dexel update is seen to be faster.

Another important aspect to evaluate is the effect of indi-
vidual tool path segment length or tool swept volume size 
on the resulting simulation time using SVRs. Two specific 
machining cases were devised for this evaluation. A single 
one-axis linear tool path and a single two-axis horizontal lin-
ear tool path both of 120 mm long were simulated with suc-
cessively reduced tool path segment length by bisecting all 
the tool path segments in the immediate last simulation. All 
such simulated milling operations have the same amount of 
machining work, but each has twice the number of (shorter) 
tool path segments in comparison with its predecessor. 
As shown in Fig. 9, the SVRs approach outperforms the 
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Fig. 9   Comparison of total simulation time using sampled tool 
instances and SVRs for varying tool path segment length for a 
120 mm: a one-axis linear tool path and b two-axis horizontal linear 
tool path
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sampled tool instances approach for both the one-axis and 
two-axis cases even when the tool path segments become 
very short. For the sampled tool instances approach, if the 
sampling is done for the entire 120-mm linear tool path, the 
total simulation time will be ideal and remain constant for 
all the simulated operations, as indicated by a dashed gray 
line in the figure charts. In practice, however, each tool path 
segment should be sampled individually as neighboring tool 
path segments almost always follow difference routes. The 
individual tool path sampling is subject to inefficient coarse 
update when the tool path segment length gets close to the 
coarse voxel grid spacing. This causes the sampled tool 
instances approach to increase its simulation time at small 
tool path lengths. For the SVRs approach, its simulation 
time also increases with reduced tool path segment length 
as seen in the figure chart. This means that SVRs are most 
computationally favorable for longer linear tool paths.

The advantages of the SVRs approach are limited by the 
individual tool path segment length according to a particu-
lar threshold. This threshold varies for each tool type and 
reduces from case 1A toward case 3A (Fig. 8). As shown in 
Fig. 9, a linear tool path of 1.875 mm length can be simu-
lated for the one-axis milling case but cannot be done for 
the two-axis horizontal milling case. More specifically, the 
method to obtain the SVR → {CSV} mapping is applica-
ble only when the tool path length is large enough to avoid 
the boundary elements at the two extreme ends along F

dir
 

from occurring in the same L
dir

 sweeping section. Also, for 
short tool paths, some SVR types can vanish and the SVRs 
approach will require more rigorous voxel identification 
techniques or may not be feasible at all. Nevertheless, the 
observed threshold in tool path segment length is sufficiently 
small, enabling SVRs to advantageously handle a wide range 
of three-axis linear milling operations.

7 � Conclusions

This paper has presented a fast FSV-rep workpiece model 
update method using swept volume regions (SVRs) as a 
partitioned tool swept volume representation for three-axis 
linear tool paths. The superior performance of SVRs can be 
attributed to its abilities to: (1) directly identify the voxels 
that need to be updated and (2) perform the involved inter-
section calculations via formulations with closed-form solu-
tions. Three-axis curved tool paths such as circular, helical 
and free-form tool paths are not part of the present work. It 
is possible to implement the SVRs approach for the circular 
and helical tool paths. However, due to the complexity of the 
associated geometry, there is only modest improvement in 
computational speed over the existing sampled tool instances 
approach. Since circular and helical tool paths are much less 
common than linear tool paths in machining a prismatic 

mechanical part, the potential contribution to the reduction 
in the overall simulation time is quite low by implementing 
the SVRs approach. Free-form curved tool paths cannot be 
used directly with SVRs because the resulting tool swept 
volumes are not confined by quartic surface representations. 
These tool paths can be approximated as piecewise linear 
tool paths. Unfortunately, the approximated linear tool path 
segments are often shorter than the required tool path length 
threshold, rendering the SVRs approach inapplicable.
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