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Abstract

The aim of the current paper is to propose an efficient method for finding the approximate solution of fractional delay dif-
ferential equations. This technique is based on hybrid functions of block-pulse and fractional-order Fibonacci polynomials.
First, we define fractional-order Fibonacci polynomials. Next, using Fibonacci polynomials of fractional-order, we introduce
a new set of basis functions. These new functions are called fractional-order Fibonacci-hybrid functions (FFHFs) which
are appropriate for the approximation of smooth and piecewise smooth functions. The Riemann—Liouville integral opera-
tional matrix and delay operational matrix of the FFHFs are obtained. Then, using these matrices and collocation method,
the problem is reduced to a system of algebraic equations. Using Newton’s iterative method, we solve this system. Some
examples are proposed to test the efficiency and effectiveness of the present method. Given the application of these kinds of
fractional equations in the modeling of many phenomena, a numerical example of this work includes the Hutchinson model

which describes the rate of population growth.
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1 Introduction

In the last few decades, delay systems have been highly
regarded by researchers. Because a lot of these time-delay
systems appear in many systems and branches of various
sciences such as engineering, chemistry, physics, disease
models [1], traffic flow models [2], and so on.

Myshkis introduced the theory of a class of delay dif-
ferential equations in 1949 [3]. In addition, Krasovski [4],
Bellman and Cooke [5], El’sgol’c and Norkin [6], and Hale
[7] studied in the field.

One of the branches of mathematical studies is the frac-
tional calculus, which has attracted many researchers in
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recent years, because this branch of mathematics emerges
in the modeling of many phenomena. For example, in [8],
the authors presented fractional Sturm—Liouville boundary
value problems. In [9], the authors discussed the fractional
rumor spreading dynamical model, and in [10], they regu-
larized long-wave equation has been studied. To find out
more about fractional calculus, we can refer to [11]. Frac-
tional calculus is obtained by the change of the derivative
and integral order from the integer to the non-integer. In fact,
the fractional calculus is the classical mathematical devel-
opment. Some advantage of this branch of mathematics is
explained in [12].

The fractional differential equation is a kind of fractional
equations that appears in the modeling of many phenomena
in the various sciences. Recently, these equations have been
considered by many researchers and mathematicians, and
this has led to the improvement and expansion of this kind
of equations. The examples of these works can be found in
[13, 14] and [15].

In addition, there are various analytic and numerical
techniques to solve this type of fractional equations, such
as fractional Lagrange polynomials [16], fractional-order of
Legendre polynomials [17], fractional-order Taylor method
[18], homotopy analysis transform method [19], g-fractional
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homotopy analysis transform method [20], Volterra integral
equation method [21], homotopy analysis method [22], oper-
ational matrix of Legendre polynomials [23], the mixture
homotopy analysis technique, Sumudu transform approach
and homotopy polynomials [24], and so on.

Several numerical techniques have been presented for
solving integer and non-integer order of delay differential
equations, such as Legendre wavelet method [25], Cheby-
shev polynomials [26], Bernoulli wavelet [27], fractional-
order Bernoulli wavelet [28], predictor-corrector method
[29], Legendre spectral element method [30], finite differ-
ence/finite element method [31], etc.

Moreover, some scholars discussed the stability and anal-
ysis of the behavior of delay fractional differential equations
or a system of delay fractional differential equations. This
type of study can be seen in some works like [32, 33].

Delay fractional differential equations describe the effec-
tiveness of some physical objects such as amorphous semi-
conductors, fractional random walk [34], and so on. Other
applications of this kind of equation happen in some fields
such as: fluid flow, viscoelasticity, electrical networks, prob-
ability and statistics, optics and signal processing, rheology,
etc. Interested readers can find more details in Refs. [35-38].

Piecewise constant basis functions, orthogonal polynomi-
als, and sine-cosine functions in the Fourier series are three
classes of the orthogonal functions.

Utilizing the derivative or integration operational matri-
ces of orthogonal functions, the dynamical system problems
reduce to solving a system of algebraic equations. These
operational matrices can be specified uniquely, using the
special orthogonal functions [39]. The Fibonacci polynomi-
als are not orthogonal functions. However, these polynomi-
als have the fractional-order integration operational matrix.
A Riemann-Liouville integral operational matrix of Fibo-
nacci polynomials is proposed in [40].

Recently, hybrid functions have included a combination
of pulse-block functions and some polynomials such as Leg-
endre polynomials, Lagrange polynomials [41], Chebyshev
polynomials [42], and Bernoulli polynomials [43], Bernstein
polynomials [44], and Taylor series [45] as strong base func-
tions in solving various kind of equations.

In the current study, we present fractional-order Fibo-
nacci polynomials. Then, using these fractional functions,
we introduce another new set of fractional functions, that is
called fractional-order Fibonacci-hybrid functions.

FFHFs are appropriate for the approximation of smooth
and piecewise smooth functions defined on symmetric
and asymmetric subintervals. Moreover, the introduced
fractional-order Fibonacci-hybrid functions have three free
parameters (N, M, ), and so, by different choice of them
especially a, we can obtain more accurate solution for prob-
lems, while the previous hybrid functions are dependent to
N and M.
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The structure of this work is organized as follows. The
next section includes some necessary definitions and math-
ematical preliminaries required for the next development.
Section 3 is devoted to construct the Fibonacci polynomials
of fractional-order and fractional-order Fibonacci-hybrid
functions. In Sect. 4, we derive the FFHFs operational
matrices of fractional integration and delay. In Sect. 5, we
present the numerical technique for solving delay fractional
differential equations. Section 6 is devoted to the error analy-
sis. In Sect. 7, by considering some example, we propose
the numerical results and display the effectiveness of this
method. In addition, we employ this method for solving the
Hutchinson model.

2 Preliminaries

Definition 1 Suppose that f : [a, b] — R be a function,
v € R,v >0 and n = [v], the fractional-order Riemann—
Liouville integral is defined as follows [16]:

I'f(x) = % /OX(X - 0*"'f(dt = %xv_l % f(x) V>0,
e o
e))

where * denotes the convolution product. In addition, we
have the following: [16]

(DI'f)x) = f(x), @

[v]-1 P
I'DHW =)= Y, =0 3)

i=0

DY denotes fractional derivative in Caputo sense which is
presented in [16].

Definition 2 (Generalized Taylor’s formula) [45] Let
Dk"f(x) e C0, 1] for k=0,1,...,n+1. Then, for
0 < & < x,Vx € (0, 1], we have the following:

+1)

(n o
ud DrDaf(e),

gk
=2, T+ Da+ 1)

ko +
& Tt 7O

Moreover, we get

_ S ke ka p )+ e
lf(x) kzzo F(k(l+ 1)D f(o )l SMaF((I’l-‘r 1)(X+ 1)’
)
where M, > sup. ; |ID" D (&)].
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3 Fractional-order Fibonacci-hybrid
functions

Here, we recall the definitions of Fibonacci polynomials,
and in continue, we introduce fractional-order Fibonacci
polynomials. In the end, we propose the fractional-order
Fibonacci-hybrid functions.

3.1 Fibonacci polynomials

Definition 3 For any k € R*, the recurrent form of k-Fibo-
nacci sequence is as follows [46]:

Frpp =kFy+Fp,y, n21 )

subject to Fi o =0, Fy, =1

If k is a real variable x in Eq. (5), then F, = F, . There-
fore, the general formula of Fibonacci polynomials is as fol-
lows [46]:

1, n=0,
F0=1x o oa=1 (©)
xF,_ X))+ F,_,(x), n> 1.

or the power form representation of Fibonacci polynomials
is as follows[46]:

2] ,
Fw=Y (f‘ ’ )W", n>0, (M)

i=0

Remark 1 The matrix form of Fibonacci polynomials is as
follows:

F(x) = BT(x), 8)

in which
F(x) = [Fy(x), Fy(x), F,0),...1% T =11, x, &%, £°,...17,

and B is coefficients matrix which is the lower triangular
matrix:

©))

PO = O = O -
W O WO NN OoO —O
O WO R OO
. O O RO OO
Y el e NeNe el
el NeleBeoNeNe]
- O O O O oo

In this matrix, the non-zero inputs exactly build the diago-
nals of the Pascal triangle and the sum of elements in each
row is the same as the classical Fibonacci sequence [47].

3.2 Fractional-order Fibonacci polynomials

To construct fractional-order Fibonacci polynomials, we uti-
lize the change of variable x to x%, (@ > 0), and we represent
these fractional-order polynomials with F° 7 (x). Using Eq. (6),
the analytic form of F 7 (x) is as follows:

1, n=0,
Fe =1 x, n=1, (10)
XF* () +F* (). n> 1.

In addition, using Eq. (7), we achieve

15 .
HOEDY <:’_ l )x“"‘”, n>0, an

i=0

For example, the fractional-order Fibonacci polynomials for
n = 3 are as follows:

Fiy=1, Fix)=x F@=x"+1 Fix)=x"+2x"

3.3 Fractional-order Fibonacci-hybrid functions

Now, a new set of functions called fractional-order Fibo-
nacci-hybrid functions (FFHFs) is proposed. FFHFs are
made by change of variable x to x*, (0 < a < 1), on the
Fibonacci-hybrid functions. The FFHFs f, ,(x*) are speci-
fied by f* (x). Then, using the Fibonacci-hybrid functions
and the fractional-order Fibonacci polynomials, we have the
following:

F @ _ mol e o
F,(Mx* —m+ 1), m <x <

fi0) = { o

where n=0,1,...,N and m=1,2,...,M, and n is the
order of fractional Fibonacci polynomials and the order
of block-pulse function is denoted by m. In addition, we
have Fibonacci-hybrid functions, for a = 1. For example, in
N=2 M=3,a= % we obtain the following:

12)

otherwise,
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f%(x)— 1,0Sx<$ f%(x)— 3\/;,0Sx<$
01 0 otherwise =00 otherwise
! Ox+1,0<x<
2 — ’ - 9
5 { 0 otherwise
1 4 1 4
f%(x)= 1,6S.X<5 f%(x)z 3\/;_1’6Sx<6
02 0 otherwise =~ 12 0 otherwise ’
1 1 4
fg(x)= 9x -6 x+2,§§x<§
22 0 otherwise
£ 0o I s<x<1 = 3yx-2, 1 <x<1
03 0 otherwise = 137 7 | 0 otherwise
f%(x)= 9x—12¢/x+5, 2 <x< 1
2 0 otherwise

Moreover, Figs. 1 and 2 show the FFHFs with N =2, M =2
anda =1,0.5
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Fig.1 Plot of the FFHFs with N =2,M =2 anda = 1
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Fig.2 Plot of the FFHFs with N =2, M =2 and @« = 0.5

3.4 Function approximation

Suppose that H = L2[0, 1], and{f(;’l(x),fl"‘l(x), . ﬁM(x)} CH
is the set of Fibonacci-hybrid functions of fractional order,
and Y = span (;"l(x), l”l(x), s ;M(x)}. Let g be an arbi-
trary element in H. Y is a finite-dimensional vector space,
so & € Y is the unique best approximation out of ¥, which is

ey, lg—gl=<lg-l
Furthermore, since g € Y, there exist coefficients

Co15Ci1> - -+ » Cyur» Uniquely as follows:
N M

g0 =g = Y D ¢[00 = CTF (), (13)
n=0 m=1

where
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C =1[co1sCrps e s CN1> €25 Clas v s CN2s -v > Copps - - ,cNM]T
Fo0) = [f500s o f2 (0, o f5, (0, o S5, 1T
= [f2 Q. fF @), o [, 1T
(14)
The coefficient vector C can be obtained as CT = GTD™!,
where
1
D = (F%, F%) = / F*(x)F°T (x)x*dx,
0
G =1801>811> -+ &N1>802: 8125 -+ » 8N2s -+ 8omo -+ ’gNM]T’
and
1
G =/ gQf® (ox*'dx, n=0,1,2,....N, m=1,2,....,M.
0
(16)

4 FFHF operational matrix of the Riemann-
Liouville integral

Suppose F*(x) is FFHFs vector presented in Eq. (7), then

I"F*(x) =~ PY Y F(x), a7
where the fractional Riemann—Liouville integral operational
matrix of order v is denoted by P> ®. Now, by using Eq. (1),
we have the following:

N m=12,....M

(18)
Taking the Laplace transform on Eq. (18), we obtain the
following:

r'fe (x) = -

I—v( ) *f,zﬁ(x)9 n:()’]?.”’

LIy, 0l = [FE 7 X" I]Em“m(x)] n=0,1,....N

m=12,....M, 19)
where

1 v—1| _ .—v
E[T(v)x ]—r . (20)

In addition, for f7 (x), we have the following:

fo @)= Wit L (OF,(Mx® —m+ 1)
w1 OF (Mx®™ —m +1)
iz
2] ,
= <n ; ! >(Mx" —m+ 1)*=2)
0

=l

<(71 () - (m)<x>>

2y

where p.(x) is unit step function.

By employing the Laplace transform for Eq. (21) and
using Eq. (19), we obtain L(I'f* (x)) = ¢%*(r). Now, uti-
lizing the inverse Laplace transform of ¢{"(r), yields

I'fn () = @l?(x), (22)
where (p;jn")(x) L7 (@D(r)). We can expand @2 (x)

regarding FFHFs as follows:

PO (x) = ZZc So0) = Ch F (). (23)

7=0 p=1

Hence, we have the following:

pP¥® =[C,1, n=0,1,....N m=1,2,....,M. (24)

5 Delay operational matrix of FFHFs

For Taylor polynomials, we have the following [48]:

Ty(x—&) = 05Ty (x), (25)
where 6(¢) is the following matrix:

1 0 e 0]

=& 1 ... 0

—£)2 —
oe =| 7 =

n N n—
| -0 <N 1)(—5) e

and Tyy(x) = [1,x, X2, .. xMT
According to Remark 1 and using Eq. (25), we obtain
the following:

F(x — &) = BOE)Ty(x) = BOE)B™'F(x).
Then, we can rewrite
F*(x — &) = BO(&)B™' F*(v), (26)

where F*(x) = [F(x), F*(x), ..., F&)]™.

We get A, = BO(&)B™!, where Ag is delay operational
matrix of fractional Fibonacci polynomials. Moreover, we
know

FMG* =& —m+1)=AyF,(Mx*=m+1), n=0,1,...,N
27

then, we obtain

F(x = &) = Q:F*(x), (28)

where € is delay operational matrix of FFHFs and

Q: = diaglAyz, Ayen ... s Ay
. /

g

M

@ Springer
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6 Numerical method

We focus on the following fractional delay differential
equation:

Therefore, we collocate above equation at
x, = ﬁ, p=0,1,2,...,NM. Thus, we get a system of alge-
braic equations. We solve this system and derive the vector

C, using Newton’s iterative method.

F(x, y(x), yx=&), D'y(x)) =0,0<x<1, I-1<v<[0<&<]1,

yP0) = 4;,
y@x) = D(x),

i=0,1,...
x<0.

=1, leN

29)

We can approximate D"y(x) in this problem with the FFHFs
as follows:

D'y(x) ~ C"F*(x), (30)
then, using Eq. (17) and property of fractional integration in

Eq. (3), we achieve the following:

-1 .
1
y(x) ~ CTP(V,Ot)Fa(x) + Z )L'Al ~ CTP(V,Dt)Fa(x) +ETFa(.X),
!
i=0

(31

where

=1
Ex) =Y %2, E@)=E"FW.

i—0
In addition, for £ < x < 1 and using Eqgs. (28) and (30):
Y = p) = CTPYIF (x = ) + ETF*(x — o)

= CTPYYQF*(x) + E"Q,F*(x),
and @(x — &) ~ ATF(x),0 < x < &, then, we get
ATF*(x), 0<x<é,

yx—§) =
CTP(V’Q)-QgFa(x) + ET.QéFa(x)a f<x<l1

(32)
Substituting Eqgs. (30)—(32) in Eq. (29), an algebraic equa-
tion is derived:

F(x, CTPYOFe(x) + ETF*(x), ATF*(x), CTF*(x)) =0,

7 Error analysis

Theorem 1 Let D“ge C(0, 11,i=0,1,...,N, 2N+
Da > 1, (N=MN)and Y8 = span{ F&x), F*(), ..., F5(x)}.
If gy (x) = ATF%(x) is the best approximation of g(x) out of
Yy on [2=L ™) Then, for the approximate solution gz (x)

M
using FFHFs series on [0, 1], we have the following:

sup e, 11DV g(x)]

(N + Da + DN + 3)a

Proof We define the following:

llg — gzl < (33)

N

_ xia i +
&= Taa T O

i=0

and by using Definition 2, we get the following:

x(N+1)a

<K< _ D(N+1)a ,
W< TR T Da T Poetan D80

lg(x) — g,

where I, , = ['"7_1, ok

Given that gy (x) = ATFo(x) is the best approximation of
g(x) out of Y on the interval ,, ,,, and g,(x) € Yy, then

0<x<é,

F(x, CTPCOF*(x) + ETFo(x), CTPM0Q.F*(x) + E"Q,F*(x), C"F*(x)) = 0, é <x < 1.

@ Springer
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M
2 T T a2 2

g = gxll7sy o = lle — CTFIIZ, Ilg—A L IIg 81l

L]0, 1] L[Ol] L[ L= 5]

m= M

x(N+1)a
/ [r((N+1)a+1)
</ [ K +Da
=Jo |IT(N+Da+ 1)
- 1
“T(N + Da + 122N + 3)a

2
pxe[ " |D(N+1)ug(x)|] xa—ldx

2
SUP o, 1JID(N+”"g(x)I] ~ldx

(sup,eqo, 1DV (0]

O

Lemma1 Assume that g € L*[0, 1]is approximated by frac-

tional-order Fibonacci polynomials as follows:
g(x) ~ g,(x) = ATF(x);

so, we have limy,_,  ey(g) = 0, where

1
en(g) = /0 [g(x) — gy (x)]*dx.

Theorem 2 Let H is a Hilbert space and Y is a close sub-
space of H, such that dimY < co and y|,y,,...,Y,, is any
basis for Y. Let 7 be an arbitrary element in H, and y* be
the unique best approximation to z out of Y. Therefore [49]

G(Z»yl’yZ’ ’yn)

lz—y*Il5 = :
2 GOLY V)
where
(e x) oy e (6y)
,X s “ee sV
GO Yy 3) = <y1 ) O y1> : O :y>'
<yn"x> <yn’y1> o <yn7yn>

To obtain an upper bound for the error vector of P*%, we
consider

0]

EY = PUOF ) - i), EY =] T G4

€INM

and, from Egs. (15), (23) and approximated (Z)gv’ D (x), we get

NM

PO = Y Efr (),

i=0

we obtain ¢; with the best approximation. From Theorem 2,
we have the following:

NM G@“ (), f% o f2 )N\ 3

~ (v, a) ~ ra i NM

P00 = Y Ef () =< — )
i G(fEs o S

i=0
(35)
Then, from Egs. (22)—(29), we obtain the following:

NM
Ife = Y e W
i=0
NM

lle;ll, =
P ) = Y e )

S‘
i=0

. <G(¢§V"”(x), fo S, >
= GIE, . [ '

Therefore, considering Theorem 1, we can see that E¢ tends
to zero by increasing the number of FFHFs. In addition,
notice that we obtain delay operational matrix without any
approximation, and then, the vector error of this operational
matrix is zero.

For example, considering N =2, M = 3,5 and different
values of v, a, we obtain the upper bound of the error for this
operational matrix. For @« = v = 1, we have the following:

M=3,
M =5,

E; <[0,0,0,00223,0,0,0.00223]",
E} <[0,0,0,0,8.64 X 107°,0,0,0,0,8.64 x 107",

Table 1 Absolute errors and CPU time (in seconds) of numerical
solution in N = 2, M = 2 and different values of & for Example 1

x & =0.0001 £=0.001 £=0.01
0.1 3.1919 x 1015 2.7756 x 10~17 24147 x 10715
0.3 3.7748 x 10713 27756 x 10~ 34417 x 10713
0.5 6.2728 x 10°1 1.6653 x 10~ 3.6915 x 10715
0.7 2.2204 x 10-16 1.1102 x 10°16 0

0.9 2.2204 x 10-16 1.1102 x 10-16 0

CPU 0.016 0.026 0.031
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Table2 Absolute errors and CPU time of numerical results in
N =4, M =2, £ =0.1with different values of a for Example 1

Table 3 Comparison of the numerical solution with analytical solu-
tion in Example 2

X v= %, a=1 v=a=;

0.1 3.37404 x 10~ 1.58642 x 1073
0.3 1.50058 x 10~ 7.84349 x 107°
0.5 1.37223 x 1073 4.44156 x 1076
0.7 1.09563 x 1072 1.24645 x 1073
0.9 9.51393 x 1073 3.43936 x 107>
CPU 0.016 0.031

Fora = 1,v = 0.5, we have the following:

X Exact solution Hermit Bernoulli Our method
wavelet [S0] wavelet [28]
n=25 n=14 n=17
0.2 0.8187307 0.8187 0.8187 0.8187307
0.4 0.6703200 0.6703 0.6703 0.6703201
0.6 0.5488116 0.5488 0.5488 0.5488118
0.8 0.4493289 0.4493 0.4493 0.4493292
CPU - - - 0.047

M =3, E)° <[0.011398,0.001791,0.013765,2.57 x 107*5.05 x 10~*,0.0024675]",

M =5,

E)? <[0.004029,1.87 x 107%,0.00441,4.06 x 107*,0.0042,3.59 x 107°,

473 % 107%,1.12% 107,2.63 x 107>, 1.18 x 107°]T.

For @ = v = 0.5, we have the following:

M =3, E £[0,0,0,0.002686,0,0,0.006006]",
M=5, E <£[0,0,0,0,1.32x107%,0,0,0,0,3.07 x 107]".

Then, in this example, we can see that, by increasing bases,
the vector EIV tends to zero.

Fig.3 Compari-

son of our results for

N=2 M=2 EE=00l,a=v
and analytic solution in Exam-
ple 1

L

0.05

T

L ——

0.00

8 Numerical results

Here, we employ the proposed technique for solving the fol-
lowing test examples.

Example 1 We consider the following fractional delay dif-
ferential equation [28]:

L1

L

L ——

-0.05

L B |

T

-0.10

LI —

T

-0.15

L ——

-0.20

T

L ——

-0.25

T

Lo b v b v b aa

L

0.0 0.2
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Fig.4 Comparison of y(x)
forN=6, M=1, v=3and
various of a and the analytical
solution, in Example 2

0.9

0.8

0.7

0.6

0.5

0.4

=N L L L
o

0.2

y@x) =0,

{lrﬂw=y@—:»owo+njwﬂﬂ—F;Mﬂﬂ+2ﬁ—§?—a

0.4 0.6 0.8 1.0

0<x<l1, O0<v<l,
x<0

(36)

Forv =1, %, the analytic solution of Eq. (36) is y(x) = x*> — x

We apply this method for v = a = 1, various choices of &
and N =2, M = 2. Figure 3 displays the numerical results
achieved for various values of @ = v and the exact solution
iné=0.01

Table 1 demonstrates the efficiency and accuracy of
FFHFs to solve this problem. The numerical results show
that the numerical solutions converge to the analytical
solution.

Moreover, we solve this problem inv = 1 In Table 2, our
results show the effectiveness of our method in this problem.

Example 2 Consider the linear fractional delay differential
equation as follows [28, 50]:

DYy(x) = —y(x) — y(x — 0.3) 4 ¢=*03,
yw=1, yoO=-1, yO=1
y(x) =e™, ‘<O

For v = 3, the analytic solution of Eq. (37) is y(x) = ¢™*. We
employ the proposed method for M =1, N=6ina = 1.

Table 3 demonstrates the numerical results achieved for
various values of x using our methodinM =1, N=6, a =1
or 7 = 7, the Hermite wavelet method in 77 = 25 [50], Ber-
noulli wavelets method with k =2, M =7 or n = 14 [28],
and the exact solution. In addition, Fig. 4 shows the numeri-
cal solutions obtained with various values of v and the ana-
Iytical solutionfor N =7, M =1, a = 1.

Moreover, maximum absolute error for this problem
using our method for n = 615 4.71097 X 1077, and this value
obtained by one-point fifth-order predictor-corrector method
and two-point fifth-order predictor-corrector method with
h=0.1are 8.692389 x 10~ and 8.804834 x 107>, respec-
tively [29].

0<x<1, 2<v<3,

(37
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Fig.5 Comparison of y(x) for
N=4M=2a= %andthe
analytical solution in Example 3

Exact

Approximate

Table 4 Absolute errors and CPU time of our method for various val-

ues of @ in Example 3

X a=1 Q= %

0.1 1.31740 x 1073 7.56818 x 1076
0.3 7.49422 x 1072 3.52562 x 1078
0.5 1.85252 x 1072 1.27839 x 108
0.7 1.64537 x 1073 7.71325x 1078
0.9 1.27992 x 1072 2.29497 x 1077
CPU 0.063 0.015

Example 3 We consider the following fractional equation:

Table 5 The ||Res,||*> and CPU time with various values of v, a for

Diy(x) = y(x — &) +f(x), 0<x<l,
y(x) = V/x, —E<x<0
(38)
with
g+ x—¢, 0§x<i,
f& = 24/x 2 1
R w SIS LR B

Example 4

[|Res, |I? CPU

v=a=1 N=4 M=1 3.3863 x 10716 0.012
N=4 M=2 2.5841 x 10718 0.031

v=05, a=1 N=4 M=1 1.4814 x 10712 0.178
N=4M=2 8.6164 x 10714 0.031

v=a=05 N=4, M=1 4.4648 x 10~ 0.031
N=4, M=2 2.2085 x 1077 0.078

v=075 a=1 N=4 M=1 2.9882 x 10712 0.078
N=4, M=2 6.3247 x 10715 0.266

a=v=075 N=4, M=1 2.0648 x 10715 0.063
N=4, M=2 9.6071 x 10~'¢ 0.734

@ Springer

and £ = 0.000001. The analytic solution of Eq. (38) is as
follows:

) \/;, 0<x i,
X)) =
Y X2 —x, x<1.

-
IA 1A
AN A

We employ our method to solve this equation in
N=4 M=2,a= %and 1. Table 4 compares the numerical
results in this method. We can see the effectiveness of pre-
sented method to solve this problem with piecewise smooth
functions.

In addition, numerical results for « = % and exact solution
are shown in Fig. 5.
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Example 4 Consider the Hutchinson model. This model
describes the rate of population growth. In each particular
time, the rate of population growth is dependent on some
unique relationships at that time, and its equation is as fol-
lows [51]:

D*y(x) = py(x) — 2y(y(x = &), x €0, 1],

y(x) =0.5, x €[=¢, 0]. (39)
The analytical solution of Eq. (39) is not available [52], and
then, our main purpose is to ensure the convergence of the
proposed method. For this approach, consider the residual
error norm as follows:

Res,(x) = CTF*(x) — p(CTPYF*(x) + 0.5)
+ (TP F () + 0.5)(CTPUO 2, F () + 0.5)T,
q

1
IRes, ||> = / Res?(x)dx.
0

The calculated residual error and numerical convergence
order for the approximate solution of the considered mod-
els and CPU time (in seconds) are tabulated in Table 5 for
£=02, p=0.015 ¢g=1

9 Conclusion

In the current study, we introduced fractional-order Fibo-
nacci polynomials. Next, we presented new functions called
fractional-order Fibonacci-hybrid functions (FFHFs), based
on block-pulse functions and fractional-order Fibonacci pol-
ynomials. The FFHF operational matrix of fractional-order
integration and delay operational matrix of FFHFs have been
obtained. These matrices and collocation method are used to
numerical solution of linear and nonlinear delay fractional
differential equations. Moreover, we employed this method
for numerical solution of the Hutchinson model. The results
displayed that the present method is more accurate than
some existing method.

Acknowledgements The authors wish to express their sincere thanks to
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