
Vol.:(0123456789)1 3

Engineering with Computers (2019) 35:1009–1026 
https://doi.org/10.1007/s00366-018-0646-y

ORIGINAL ARTICLE

Numerical evaluation of transient deflection and frequency responses 
of sandwich shell structure using higher order theory and different 
mechanical loadings

Pankaj V. Katariya1 · Subrata K. Panda1

Received: 20 August 2018 / Accepted: 26 September 2018 / Published online: 3 October 2018 
© Springer-Verlag London Ltd., part of Springer Nature 2018

Abstract
The static deflection, frequency and transient responses of the layered sandwich shell (flat/curved) structure computed under 
the different types of mechanical loading. The higher order polynomial kinematic type of mid-plane kinematics is derived for 
the mathematical modeling and subsequent numerical analysis. A suitable home-made code is prepared in MATLAB for the 
computation of deflection (static and dynamic) parameter using the proposed mathematical model. Furthermore, the numeri-
cal solution accuracy has been verified by comparing the numerical output with those available published data including the 
convergence test as a priori. In addition, the influences of the variable design parameters (span-to-thickness ratios, curvature 
ratios, aspect ratios, core-to-face thickness ratios, lamination configurations, shell configurations, and support conditions) on 
the deflection, frequency, and the transient values are computed extensively and the inferences provided in details.

Keywords Sandwich shell · Newmark integration scheme · HSDT · Deflection · Frequency · Transient · MATLAB

1 Introduction

In the present scenario, the major concern of the high-per-
formance engineering industries like aerospace, aeronauti-
cal, automobile, marine etc. is to reduce the weight without 
compromising the strength by adopting the advanced mate-
rials. The fibre-reinforced composite and sandwich compo-
nents are the suitable alternative for these industries over 
the available monolithic metallic materials because of their 
variable stiffness, unmatched strength including the good 
damage tolerance. The sandwich structure is made of by 
placing the thick lightweight core (high density) in between 
the thin laminated facesheets. These sandwich configura-
tions are widely acknowledged in the main stream struc-
tural engineering field due to their unparalleled stiffness and 
impact strength. In general, the bending load is transferred 
by the sandwich facesheets, whereas the core majorly helps 

in resisting the shear and the normal loading. All the pos-
sible design concepts generally followed in the composite 
laminates are often adopted for the sandwich construction. 
Hence, it is important to analyse the sandwich structural 
behaviour under the different conditions (loading and envi-
ronment) without negotiating the accuracy and minimal cost. 
However, the design, fabrication and analysis constantly 
associated with some major complexities. In addition, these 
structures or structural members are being operated under 
the influences of different distinct or the combined loading 
and experiences variable scale of deformation due to the 
dynamic loading. Therefore, the mathematical modeling of 
these structures requires adequate precision to evaluate the 
transverse shear deformation effects. Therefore, the mod-
eling and analysis steps are needed a comprehensive under-
standing related to the influential parameters for the accurate 
estimation of the desired output.

The researchers have already adopted various modeling 
approaches including the solution techniques (analytical, 
numerical, and simulation) for the evaluation of layered 
composite or the sandwich structural components in the past. 
Furthermore, the structural design associated with influential 
output (deflection, frequency, and transient) of the layered 
and sandwich structures are generally examined [1, 2] using 
the different types of shear deformation kinematics to mimic 
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the mid-plane deformations via the classical laminate plate 
theory (CLPT), normal deformation (ND), first-order shear 
deformation theory (FSDT), higher order shear deforma-
tion theory (HSDT), third-order shear deformation theory 
(TSDT) and refined theories etc. To establish the require-
ments of the present analysis, a brief review of some promi-
nent and substantial contributions in the past are discussed 
in the following lines what follows.

The layered composite/sandwich plate/beam like struc-
ture and corresponding responses (vibration, deflection, and 
transient) are examined [3–9] using Mindlin’s or the HSDT 
kinematics including von-Karman nonlinear strain for the 
inclusion of large deformation characteristics. Furthermore, 
the dynamic deflections of the skew sandwich plate struc-
ture under influence of thermomechanical combined load is 
investigated [10] using various kinematic theories (FSDT and 
HSDT). Reddy’s higher order mid-plane kinematic model 
including the finite-element method (FEM) are adopted 
[11, 12] predict the transient deflection parameter of the flat 
sandwich/composite structure. In addition, the FSDT and 
the HSDT mid-plane deformation kinematics are adopted 
[13] to evaluate the time-dependent responses of various 
structures (composite and sandwich) using the radial basis 
functions in a pseudo-spectral framework in conjunction with 
Kansa technique. The geometrically nonlinear bending and 
eigenvalues of the sandwich flat structure are predicted [14] 
using the higher order finite-element (FE) model in asso-
ciation with von-Karman strain. Similarly, the generalized 
differential quadrature (GDQ) technique in the framework 
of the layerwise kinematics are adopted [15] to model the 
sandwich plate structure for the prediction of the static and 
the dynamic deflections. Subsequently, Reddy’s higher order 
polynomial type of mid-plane deformation in conjunction 
with FEM steps [16, 17] utilized to investigate the effect of 
internal debonding between the layers on the time-dependent 
responses of the laminated/sandwich structure. Similarly, 
the layerwise theory in conjunction with Reddy’s kinematic 
model [18] for the free vibration frequency and transient 
responses of the composite and sandwich structural com-
ponents. The 3D FEM steps are adopted [19] to model and 
predict the delamination of the Spar Wingskin Joints made up 
of graphite fibre-reinforced plastic (GFRP) composite under 
the uniformly distributed transverse loading. Furthermore, 
the nonuniform rational B-spline (NURBS) technique is 
adopted to compute the eigenvalues (frequency and critical 
buckling load) of the composite and the functionally graded 
(FG) structures [20, 21] using Reissner–Mindlin plate mod-
eling approach. Likewise, an equivalent layerwise approach 
in conjunction with the local GDQ methods are adopted to 
model the FG sandwich/composite shell structures to pre-
dict the corresponding transverse bending and free vibra-
tion frequencies [22–24]. Moreover, the different kinematic 
theories (first-, second-, and third-order shear deformation) 

are undertaken to model and predict the effect of delamina-
tion on the responses of the sandwich structural components 
[25, 26]. The structural responses (static deflection and tran-
sient) of variable structural form, i.e., layered composite, 
graded carbon nanotubes, sandwich nanoplate and the hybrid 
smart structure are investigated [27–35] using the available 
numerical techniques (finite integral transform method, dif-
ferential curvature method, differential quadrature, DQ; and 
harmonic differential quadrature, HDQ) and subsequent kin-
ematic polynomials (Mindlin’s plate theory, refined zigzag 
theory, RZT; sinusoidal shear deformation theory, SSDT; 
FSDT and CLPT). Similarly, the structural responses (trans-
verse deflection, eigenfrequency and buckling load) of the 
isotropic, layered composite and FG sandwich structures are 
computed [36–55] via different higher order and hyperbolic 
shear deformation polynomial kinematic theories including 
the mid-plane stretching effect. In addition, the deflection and 
stress values of the skew sandwich shell panel is investigated 
[56] using the higher order mid-plane kinematics including 
the effect of geometrical large deformations.

The inclusive review discussed in the above lines indicate 
the available knowledge gap in the present domain regarding 
the influence of the static and dynamic types of mechanical 
loading on the deflection values including the eigenvalues 
(free vibration frequency parameter) of the sandwich panel 
structure. Hence, a higher order polynomial kinematic the-
ory has been adopted to model the sandwich structural panel 
including the different geometrical configurations (flat, single 
and doubly curved panel) for the computation of the related 
structural responses (transverse static and dynamic deflection 
and frequency) numerically. For the computation of relevant 
responses, an own home-made specialized MATLAB code is 
derived to predict the same using the derived model. Further-
more, the relevance of the derived numerical model for the 
computation of results is established with adequate compari-
son and convergence check. Finally, the influential parameter 
associated with geometry and dimension, i.e., the curvature 
ratios (R/a), the aspect ratios (a/b), the core-to-face thickness 
ratios (hc/hf), the stacking sequences and the edge support 
conditions on the panel (flat/curved) responses (deflection, 
frequency and transient) have been explored extensively via 
solving different kind of numerical examples.

2  Modeling

2.1  Basic assumptions

The details regarding the assumed sandwich shell panel 
model including the curvature (one or two) along the axes 
are presented in Fig. 1. In general, sandwich structural panel 
consisting two laminated stiff layers (facings) and a soft 
layer (core) in between the middle of the facings.
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For the numerical analysis purpose a few relevant 
assumptions are considered and presented in the following 
points:

• All the layers within facings (fibres and mortar) are per-
fectly bonded with each other to maintain as a single 
layer.

• The 3D shallow shell model reduced to a 2D model by 
implementing the adequate plane stress/strain conditions.

• The basic geometrical configurations are consisting of 
shallow curvature over a rectangular planform. Further-
more, geometrical shapes are achieved by changing the 

(Rx and Ry are the radii of curvatures along the respective 
directions, whereas Rxy = ∞). The single/doubly curved 
panels are named as cylindrical panel if Rx = R and Ry = ∞, 
spherical panel if Rx = Ry = R, elliptical panel if Rx = R and 
Ry = 2R, hyperboloid panel if Rx = R and Ry = − R, and flat 
if Rx = Ry = ∞.

2.3  Displacement field

The displacement polynomial functions at an arbitrary point (
x1, y1, z1

)
 of the sandwich panel structure in the reference 

frame can be expressed as [56]

where the individual coefficients associated with the kin-
ematic model, i.e., u, v and w defined for the sandwich 
structural neutral plane along their corresponding directions (
x1, y1, z1

)
 , respectively. Similarly, the rotation of normal to 

the mid-plane are denoted as �1 and�2 , respectively, with 
respect to the alternating axes. In addition, the higher order 
terms in the displacement field, i.e., �1,�2,�1 and�2 are 
kept in the expression (Taylor’s series) for the order of shear 
stress across the thickness including the thickness stretching 
term as ‘ �3 ’ and arbitrary time ‘t’.

2.4  Kinematic relations

The panel deformation is modeled using the following general 
form of linear strain–displacement relations including the cur-
vature effect and expressed as
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Fig. 1  Geometry of the sand-
wich shell structure

curvature parameters, i.e., the flat, cylindrical, spherical, 
hyperboloid and elliptical panel configurations.

• The reference frame/global coordinate system is coincid-
ing with the mid-plane of the shell structure.

2.2  Geometry description

The overall thickness of the panel structure is denoted 
as ‘h’, which is a combination of the thickness of the top 
and the bottom facings hf including the core thickness ‘hc’ 
(refer Fig. 1). Similarly, the length and the width of the 
panel are denoted as ‘a’ and ‘b’, respectively. The physical 
sandwich model is further transformed into a mathematical 
form for the numerical analysis purpose using the defined 
geometrical dimensions. In addition, the shell configura-
tions are achieved using the principal radii of curvatures 
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2.5  Constitutive relations of the individual layer

Now, the general elastic constitutive relations for the lay-
ered composite sandwich structural components of any kth 
layer of the face sheets are mathematically expressed in the 
local (material) coordinate system considering the stacking 
sequence ‘ϴ’of the fibre as [57]

where 
{
�ij
}
 , 
[
Qij

]
 and 

{
�ij
}
 are the individual tensors, i.e., 

stress, reduced transformed stiffness and the strain, 
respectively.

In addition, the stress can be represented as force vector in 
the following form:

Furthermore, the individual components of the property 
matrix [D] can be expressed as
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2.6  Energy calculation

After the evaluation of stress and strain tensors of the indi-
vidual layers/sandwich structural form, the strain energy (U) 
functional can be expressed mathematically in the following 
lines:

Similarly, the inertia and displacement field vectors are uti-
lized to count the kinetic energy (V) functional for the sand-
wich shell structural form as

where 𝜌 and
{
ḋ
}
 are the mass density and the global velocity 

vector, respectively.

2.7  Work done

Now, the total work done (W) due to an externally applied 
mechanical load ‘F’ can be obtained using the generalized 
mathematical expressions as

2.8  Finite‑element modeling

The FEM is an established numerical tool in the field of 
structural modeling and analysis for the complex geomet-
rical and material problems with the adequate accuracy 
without compromising with computational cost. Hence, a 
nine-noded isoparametric element [58] with ten degrees 
of freedom per node is adopted for the current discreti-
sation of the shell structure. The modified displacement 
field vector{�} at any point in the mid-plane of the shell 
panel can be expressed mathematically adopting the FEM 
expressed as

where {�} =
[
u v w �∗

1
�∗
2
�∗
3
�∗
1
�∗
2
�∗
1
�∗
2

]T is the nodal 
displacement vectors for the ith node and the corresponding 
interpolation functions (shape function) represented as 

[
Ni

]
.

Now, the mid-plane strain vector can be expressed further 
after modifying the displacement and conceded to the follow-
ing form:
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where 
[
Bi

]
 is the strain–displacement relation matrix.

2.9  Governing equations and solution approach

2.9.1  Free vibration analysis

The final form of the governing equation of any free vibrated 
sandwich shell panel is obtained using Hamilton’s principle 
and expressed as

Now, substituting the Eqs. (6), (7) and (9) into Eq. (11), the 
final form of the eigenvalue equations of the sandwich panel 
structure can be represented as

where 
{
d̈i
}
 is the acceleration, 

{
di
}
 is the displacement. [K] 

and [M] are the stiffness and mass matrices, respectively, 
and can be expressed as
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Furthermore, by neglecting the required matrices, the 
eigenvalue form of the governing equation can be defined as 
in Eq. (13) to obtain the natural frequency of the system and 
represented as

where ω and Δ are the natural frequency and the correspond-
ing eigenvector, respectively.

2.9.2  Static analysis

The final form of the governing equation for static analysis of 
any sandwich shell panel is obtained using variational princi-
ple and conceded as

where δ is the variational symbol and Π is the total potential 
energy.

Now, the equilibrium equation under the influence of the 
static loading is obtained by substituting Eq. (14) for Eqs. (6), 
(8) and (9) as follows:
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2.9.3  Transient analysis

The time-dependent deflection responses are computed by 
solving the structural static equilibrium equation for a par-
ticular time ‘t’ including the inertia (acceleration-dependent) 
and damping (velocity-dependent) forces of the sandwich 
shell panel. The transient governing equation of equilibrium 
of the current system is obtained from Lagrangian equations 
of motion [59] and expressed as

Here, the mass, damping and stiffness matrices are 
denoted as [M], [C], and [K], respectively, and {F} repre-
sents the external force vector. The acceleration, velocity, 
and displacement vectors are represented as d̈, ḋ and d, 
respectively.

Now, the solution is achieved by computing via the con-
stant average acceleration technique of Newmark’s integra-
tion scheme, i.e., the transient equation of motion for the 
total time period of ‘T’ integrated for the small time steps 
(Δt). The integration parameters (α, δ, and a0–a7) associ-
ated with the governing transient equation of motion adopted 
from the reference [59]. Now, the effective stiffness matrix 
for the time step ‘t’ conceded to the following form:

Similarly, the successive steps followed for each time 
increments, i.e., t + Δt to compute the effective load matrix 
and expressed as

Now, the following sets equations are solved to compute 
the associated displacement, acceleration, and the velocity 
terms of the transient motion equation:

3  Results and discussion

Now, the free vibration frequencies and the deflections 
(static and dynamic) are computed by solving the governing 
equations (eigenvalue and equilibrium) of the curved/flat 
sandwich shell panel. In this present analysis, the deflection 
and the transient responses are obtained under two different 
types of mechanical loading, i.e., uniformly distributed 
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ḋ
}
+ [K]{d} = {F}.

(17)
[
K̂
]
= [K] + a0[M].

(18)
t+Δt

[
F̂
]
=t+Δt[F] + [M]

(
a0

td + a2
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loading (UDL) and sinusoidal loading (SSL), where the load 
intensity of SSL follow q = q0 sin

(
�x1∕a

)
sin

(
�y1∕b

)
 . To 

compute the final output, i.e., the static and dynamic deflec-
tions including the free vibration frequencies a suitable com-
pute code is prepared using the above-discussed mathemati-
cal formulation in MATLAB environment. Furthermore, the 
finite-element solution accuracy and the convergence criteria 
have been checked via solving different kind of numerical 
examples. The sandwich facings and the core material elastic 
properties are taken as same as the reference [9, 10, 14] and 

are provided in Table 1. In addition, the details of the edge 
support conditions adopted for the current analysis are 
shown in Fig. 2. Now, the non-dimensional parameters, i.e., 
the deflections and frequencies are calculated using the pro-
vided formula: W̄ = 100 × wcen × E2 × h3∕q0 × a4 and 

� =
(
�b2∕h

)√(
�∕E2

)
f
 , respectively, unless otherwise 

stated elsewhere. Similarly, the time steps are adopted for 
the transient analysis throughout the analysis as 5 µs.

Table 1  Elastic properties of the 
face and core layers M1

 Facings EL = 139GPa;ET = 9.86GPa;

GLT = GTT = 5.24GPa; �LT = 0.3; � = 1590 kg/m3

 Core EL = 90MPa; G = 32 MPa;

� = 0.45; � = 1706 kg/m3

M2
 Facings EL = 19 × 106 psi (131 GPa);ET = 1.5 × 106 psi (10.34GPa);ET = EZ;

GLT = GTZ = 1 × 106 psi (6.895GPa);GLZ = 0.90 × 106 psi (6.205GPa);

�LT = �LZ = 0.22; �LT = �TZ = 0.49; � = 0.057 lb∕inch3(1627 kg∕m3)

 Core EL = ET = EZ = 2G = 1000 psi (6.89 × 10−3 GPa);

�LT = �LZ = �TZ = 0;

GLT = GLZ = GTZ = 500 psi (3.45 × 10−3 GPa);

� = 0.3403 lb∕inch3(97kg∕m3)

Fig. 2  Details of end-support 
conditions
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First, an example is solved to obtain the non-dimensional 
transverse deflection values at the centre point of the struc-
tural panel including the convergence rate. For this purpose, a 
simply supported (SSSS) square sandwich flat panel (0°/90°/
core/90°/0°) problem is considered. The rate convergence of 
deflection parameters is computed for the mechanical UDL 
(q0 = 100 N/cm2) and is presented in Fig. 3 considering varia-
ble geometrical (a/h = 50 and 100 and, hc/hf = 2, 5 and 8) and 
material properties (Table 1) similar to the reference [14]. In 
Fig. 3, the convergence of static deflection study indicates 
that the deflection values are following the expected path 
and a (6 × 6) mesh adopted for the evaluation of new results.

Now, the model has been extended to check the conver-
gence rate for the fundamental frequency parameters using 
the similar configuration of the plate, i.e., square, SSSS and 
(0°/90°/core/0°/90°) laminated sandwich. The obtained fre-
quency data are tabulated in Table 2 for various mesh divi-
sions. The geometrical and the elastic material (M2) prop-
erties (Table 1) are adopted for the analysis similar to the 
reference [9] values including the different span-to-thickness 
ratios (a/h = 2, 4, 10, 20, 30, 40 and 50) and core-to-face 

thickness ratios (hc/hf = 10). From the tabular frequency 
data, it can be concluded that a (6 × 6), mesh will solve the 
current purpose to compute the desired eigenvalue solutions.

Furthermore, a square simply supported sandwich sym-
metric (0°/90°/core/90°/0°) panel problem is solved for the 
different mesh divisions to establish the convergence criteria 
for the transient case and is plotted in Fig. 4. For the compu-
tational purpose, the SSL type of loading (q0 = 100 N/cm2) 
is considered including the associated geometrical param-
eters (a/h = 100 and hc/hf = 8). The figure clearly indicates 
the convergence of numerical solution with respect to the 
mesh refinement and a (7 × 7) mesh is capable of computing 
the transient responses with appropriate accuracy for the 
subsequent computational purpose.

Now, the validity of the currently derived higher order 
sandwich panel model has been established by comparing 
the results with available published deflection data. In this 
regard, the non-dimensional central deflections are obtained 
for the square SSSS symmetric (0°/90°/core/90°/0°) 
sandwich flat panel using M1 material properties [14]. 
The deflection parameters are computed under the UDL 
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Table 2  Convergence study of 
the non-dimensional 
fundamental frequency 
( � =

(
�b2∕h

)√(
�∕E2

)
f
 ) of 

simply supported square 
symmetric (0°/90°/core/0°/90°) 
sandwich flat panel (hc/hf = 10)

No. of ele-
ments

a/h

2 4 10 20 30 40 50

4 1.2422 2.1759 5.0137 8.8874 11.519 13.2263 14.352
9 1.2229 2.1561 4.9802 8.8157 11.3942 13.0362 14.0896
16 1.2178 2.1518 4.975 8.8062 11.378 13.0112 14.0537
25 1.2159 2.1501 4.9735 8.8039 11.3745 13.0057 14.0456
36 1.2151 2.1494 4.9729 8.8032 11.3734 13.0041 14.0432
49 1.2147 2.1489 4.9726 8.8029 11.3731 13.0036 14.0425
64 1.2144 2.1487 4.9724 8.8028 11.373 13.0035 14.0422
81 1.2143 2.1485 4.9723 8.8027 11.373 13.0034 14.0421
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including the similar geometrical parameter as in the con-
vergence analysis, i.e., two span-to-thickness ratios (a/h = 50 
and 100) and three core-to-face thickness ratios (hc/hf = 2, 5, 
and 8). The comparison between the present and reference 
deflection values are provided in Table 3. The comparison 
is showing good agreement with the published deflection 
values computed using the different theories.

Furthermore, the frequency validation has also been 
checked using the same problem as in the convergence 
test, i.e., a square SSSS anti-symmetric sandwich (0°/90°/
core/0°/90°) plate structure the geometrical (a/h = 2, 4, 10, 
20, 30, 40 and 50 and hc/hf = 10) and the material (M1) 
parameters as same as reference [9]. The results obtained 
using the current model and the reference frequencies are 
presented in Table 4. The comparison study indicates the 
accuracy of the derived model when compared with the fre-
quencies computed via different mid-plane kinematic models.

Finally, the validation of transient deflection with the pub-
lished results [10] is provided in Fig. 5. The required geo-
metrical and the material properties including dimension are 
considered as same as the reference [10]. The time-depend-
ent deflections of the square sandwich flat panel problem 
under the influence mechanical SSL (q0 = 100 N/cm2) have 
been computed considering the input parameters as: SSSS, 
symmetric stacking sequence (0°/90°/core/90°/0°), a/h = 5 
and hc/hf = 8. The figure indicates that the results are fol-
lowing good agreement with the reference with very small 
deviation [10] due to the type of kinematic theories.

3.1  Numerical illustrations

The different convergence and the validation studies indi-
cate that the desired responses, i.e., the free vibration, static 
and time-dependent deflections of the curved/flat sandwich 
structures can be computed via the current higher order 
numerical model without affecting the accuracy. Now, sev-
eral numerical examples are solved to display the applica-
bility of the current higher order FE model for the different 
geometries (curved/flat) and design parameters. In general, 
the results are computed for the square sandwich curved/flat 
panels using the different combinations of end conditions 
(Fig. 2) and given elastic properties (Table 1), unless stated 
otherwise. Similarly, the total time including the time steps 
is taken for the transient analysis as 1 ms and 5 µs, respec-
tively, throughout the analysis.

3.1.1  Effect of the curvature ratios on the cylindrical shell 
panel

First, the central deflections parameters of square SSSS sym-
metric (0°/90°/core/90°/0°) cylindrical shell panel under two 

Table 3  Comparison study of 
the non-dimensional central 
deflection ( W̄ = 100wEch

3∕qa4 ) 
of a square SSSS symmetric 
(0°/90°/core/90°/0°) sandwich 
flat panel under the uniformly 
distributed loading

Model a/h = 50 a/h = 100

hc/hf = 2 hc/hf = 5 hc/hf = 8 hc/hf = 2 hc/hf = 5 hc/hf = 8

Present 0.0114 0.0149 0.0234 0.0111 0.014 0.0206
FSDT [14] 0.01154 0.01593 0.02074 0.01145 0.01577 0.02052
TSDT [14] 0.0117 0.01672 0.02259 0.01149 0.01597 0.02098
ND [14] 0.01169 0.0167 0.02256 0.01148 0.01595 0.02095

Table 4  Comparison study of the non-dimensional fundamental fre-
quency ( � =

(
�b2∕h

)√(
�∕E2

)
f
 ) of a square SSSS anti-symmetric 

(0°/90°/core/0°/90°) sandwich flat panel (hc/hf = 10)

a/h Present Kant and 
Swamina-
than [9]

Kant and 
Swamina-
than [9]

Reddy [1] Senthilna-
than et al. 
[2]

2 1.2151 1.1941 1.1734 1.6252 1.6252
4 2.1494 2.1036 2.0913 3.1013 3.1013
10 4.9729 4.8594 4.8519 7.0473 7.0473
20 8.8032 8.5955 8.5838 11.2664 11.2664
30 11.3734 11.0981 11.0788 13.664 13.664
40 13.0041 12.6821 12.6555 14.439 14.439
50 14.0432 13.6899 13.6577 15.0323 15.0323
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Fig. 5  Validation behaviour of transient responses of (0°/90°/core/90°/0°) 
a square SSSS sandwich flat panel under SSL (a/h = 5, hc/hf = 8)
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different types of mechanical loading (UDL and SSL) deflec-
tions are computed for different curvature ratios (R/a = 2, 5, 10, 
20, and 50) and are presented in Table 5. The desired struc-
tural parameters are evaluated including few more geometrical 
parameters, i.e., a/h = 5, 20, 30, 50, 80, and 100 and hc/hf = 20. 
The tabulated deflection values indicate a decreasing slope for 
the higher span-to-thickness ratios (a/h), whereas a reverse 
trend for the curvature ratios (R/a). In addition, it can be noted 
that the deflections ate higher for the UDL type of loading in 
comparison to the SSL. However, the magnitude of the UDL 
and SSL are same at peak. This is because the load intensities 
throughout the structural surface area remains same under the 
UDL but varies sinusoidally for the SSL.

Now, a square symmetric (0°/90°/core/90°/0°) cylindri-
cal shell panel (SSSS) example problem has been solved 
using the structural input parameters as: a/h = 5, 10, 20, 25, 
30, 50, 80, and 100; R/a = 2, 5, 10, 20, 50, 80, and 100; and 
hc/hf = 20. Figure 6 shows the non-dimensional fundamental 

Table 5  Effect of the curvature 
ratios on non-dimensional 
central deflections of a square 
SSSS (0°/90°/core/90°/0°) 
sandwich cylindrical shell panel 
(hc/hf = 20)

R/a Loading a/h

5 20 30 50 80 100

2 UDL 0.6199 0.0644 0.0406 0.0237 0.0131 0.0094
5 0.6828 0.0771 0.0534 0.0394 0.0307 0.0265
10 0.6928 0.0793 0.0559 0.0434 0.0377 0.0354
20 0.6953 0.0799 0.0566 0.0445 0.0400 0.0386
50 0.6960 0.0801 0.0568 0.0448 0.0407 0.0396
2 SSL 0.4212 0.0428 0.0266 0.0154 0.0086 0.0062
5 0.4626 0.0509 0.0347 0.0251 0.0195 0.0168
10 0.4692 0.0523 0.0362 0.0276 0.0238 0.0223
20 0.4709 0.0527 0.0366 0.0283 0.0252 0.0243
50 0.4714 0.0528 0.0368 0.0285 0.0256 0.0249
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frequency data. The variation of the vibration frequencies 
is following the expected line, i.e., increasing, while the 
span-to-thickness ratios increase but a declining trend for 
the higher curvature ratios.

Here, another example is solved to show the effect of the 
curvature ratios (R/a) on the transient responses of the cylin-
drical shell panel under the UDL and the SSL (q0 = 100 N/
cm2) type of loading and is presented in Fig. 7. To obtain the 
responses, a square SSSS symmetric (0°/90°/core/90°/0°) 
cylindrical sandwich shell panel is considered with a/h = 50 
and hc/hf = 20. The results indicate that the deflection values 
are following an increasing trend when the curvature ratios 
(R/a) increase. However, the non-dimensional central deflec-
tion values 

(
W̄
)
 are higher for the UDL in comparison to the 

SSL as discussed earlier.

3.1.2  Effect of the aspect ratios on the cylindrical shell 
panel

Now, the effect of the various aspect ratios on the transverse 
bending, frequency and transient deflections of the cylindri-
cal panel examined in this example, similar to the earlier 
case. The non-dimensional transverse central point deflec-
tion parameters of a simply supported symmetric (0°/90°/
core/90°/0°) cylindrical (R/a = 10) sandwich (hc/hf = 20) 
shell panel under two mechanical loadings (UDL and SSL) 
for various aspect ratios (a/b = 0.5, 1.0, 1.5, 2.0 and 3.0) are 
plotted in Fig. 8. In addition, the results are computed for the 
thick to thin structural panel considering six different span-to-
thickness ratios (a/h = 5, 20, 30, 50, 80, and 100). The figure 
indicates the effect of both the geometrical parameters affect 
the deflections significantly, i.e., following a decreasing trend, 
while the aspect ratios and span-to-thickness ratio increase.

Now, the above example is extended to compute the 
eigenvalues of the cylindrical sandwich panel using the 

similar input parameters and is plotted in Fig.  9. The 
responses follow the expected trend, i.e., the frequency val-
ues are decreasing, while the aspect ratios increase, whereas 
declining for the higher span-to-thickness ratios (a/h). In 
addition, the time-dependent deflections are computed for 
the same cylindrical sandwich shell example under the two 
different loadings as in the case of the deflection analysis, 
i.e., UDL and SDL ,and are provided Fig. 10.

It is observed from the figure that the deflection param-
eter values 

(
W̄
)
 follow a decreasing trend when the aspect 

ratios (a/b) increase. This is because of the non-dimensional 
formulae adopted in the current analysis. Furthermore, the 
similar kind of behaviour has been observed for the loading 
configurations (UDL and SDL) as same as the earlier case.
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3.1.3  Effect of the core‑to‑face thickness ratios 
on the spherical shell panel

In this section, the effect of the core-to-face thickness ratios 
(hc/hf = 4, 8, 10, 15, 20, 25, and 30) are investigated on the 
corresponding spherical (R/a = 10) sandwich structural panel 
adopting the defined material and geometrical parameters. 
Figure 11 shows the deflection parameter of a square SSSS 
symmetric (0°/90°/core/90°/0°) sandwich spherical shell 
structure panel under the UDL and the SSL including the 
variable thickness ratios (a/h = 5, 20, 30, 50, 80, and 100). It 
can be easily understood from the figure that the deflection 
values are decreasing for the higher span-to-thickness ratios 
(a/h), whereas a reverse line followed, while the core-to-face 
thickness ratio increases. In addition, the present study also 
follows the similar type of behaviour as seen earlier for the 
loading condition (UDL and SSL).
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Fig. 10  Effect of aspect ratios on transient responses of a SSSS (0°/90°/core/90°/0°) sandwich cylindrical shell panel under a UDL, b SSL 
(a∕h = 50, R/a = 20, hc/hf = 20)
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Now, Fig. 12 shows the fundamental frequency param-
eter of a square symmetric (0°/90°/core/90°/0°) sandwich 
spherical panel for all sides simply supported. It is noticed 
from the provided data that the frequencies are following 
a declining path for the higher core-to-face thicknesses 
and a reverse trend when the span-to-thickness ratios (a/h) 
increase.

Furthermore, the transient responses of a square SSSS 
symmetric (0°/90°/core/90°/0°) sandwich spherical shell 
panel under two different mechanical loading (UDL and 
SSL) is obtained and is presented in Fig. 13. For the compu-
tational purpose, the desired structural parameters are taken 
as: hc/hf = 4, 10, 15, 20, and 30, a∕h = 100, and R∕a = 50. 
The results indicate that the transient deflection values are 
showing an increasing trend with an increase in the core-to-
face thickness ratios (hc/hf). It is important to mention that 
the results follows the same trend for the UDL and the SSL 
case as discussed earlier, i.e., the deflection values higher for 
the UDL while compared with the SSL.

3.1.4  Effect of the lamination schemes on the hyperboloid 
shell panel

The effect of the face sheet laminations on the free vibration 
frequencies and static including the dynamic responses of the 
hyperboloid shell structure are discussed in this section. For 
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Fig. 13  Effect of core-to-face thickness ratios on transient responses of a square SSSS (0°/90°/core/90°/0°) sandwich spherical shell panel under 
a UDL, b SSL (a∕h = 100, R∕a = 50)

Table 6  Effect of the lamination 
scheme on the non-dimensional 
central deflection of a square 
SSSS sandwich hyperboloid 
shell panel (R/a = 10, hc/hf = 20)

Lamination scheme Loading a/h

5 20 30 50 80 100

0°/core/0° UDL 0.7592 0.0963 0.0647 0.0474 0.0413 0.0399
SSL 0.5101 0.0635 0.0423 0.0308 0.0266 0.0257

0°/90°/core/90°/0° UDL 0.6980 0.0803 0.0569 0.0450 0.0409 0.0399
SSL 0.4724 0.0529 0.0368 0.0286 0.0258 0.0251

0°/90°/0°/90°/
core/90°/0°/90°/0°

UDL 0.6963 0.0803 0.0569 0.0450 0.0409 0.0399
SSL 0.4701 0.0529 0.0368 0.0286 0.0258 0.0251

Table 7  Effect of the lamination scheme on the non-dimensional fun-
damental frequency of a square SSSS sandwich hyperboloid shell 
panel (R/a = 10, hc/hf = 20)

a/h Lamination schemes

0°/core/0° 0°/90°/core/90°/0° 0°/90°/0°/90°/
core/90°/0°/90°/0°

5 1.6337 1.6412 1.659
10 3.1181 3.1822 3.1918
20 5.6272 5.9836 5.9891
25 6.6743 7.1878 7.1924
30 7.606 8.2503 8.2544
50 10.41 11.2535 11.2562
80 12.7299 13.407 13.4086
100 13.5727 14.1082 14.1094
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the analysis purpose, the geometrical and material param-
eters are taken as defined earlier. The numerical deflection 
responses of a square SSSS sandwich (hc/hf = 20) hyper-
boloid shell (R/a = 10) panel under the different mechani-
cal loading (UDL and SSL) are solved to obtain the static 
responses and are presented in Table 6. For the computation 
purpose, three different lamination schemes are considered 
by varying the number of facesheets [(0°/core/0°), (0°/90°/
core/90°/0°), and (0°/90°/0°/90°/core/90°/0°/90°/0°)] 
including a/h = 5, 20, 30, 50, 80, and 100. The results are 
showing a declining trend for the higher span-to-thickness 
ratios (a/h) and the number of facesheet layers. In addition, 
the deflections are higher for the UDL as same as the earlier 
examples.

Now, the frequency responses are obtained for a square 
SSSS sandwich hyperboloid shell panel of different lamina-
tion schemes and are presented in Table 7. For this numeri-
cal example, the desired structural parameters are taken as, 
a/h = 5, 10, 20, 25, 30, 50, 80, and 100, hc/hf = 20, and 
R/a = 10. The results indicate that the non-dimensional 
eigenvalues are increasing when the span-to-thickness ratios 
(a/h) and the number of facesheet layers increase.

Now, the effect of lamination schemes on the transient 
responses of the clamped sandwich (hc/hf = 10) hyperboloid 
shell (R∕a = 50) panel is computed under two mechanical 
loadings (UDL and SDL) including a∕h = 100 and is pre-
sented in Fig. 14. From the results it can be visualize that 
the deflection values are decreasing when the numbers of 
face layers’ increase. In addition, the final time-dependent 
deflections are following similar trend as in the earlier 
cases, i.e., higher for UDL while compared to the SDL.

3.1.5  Effect of the support conditions on the elliptical shell 
panel

The effect of the different edge conditions (all edges simply 
supported, SSSS; all edges clamped, CCCC; two opposite 
edges simply supported and two free, SFSF; two opposite 
edges clamped and two free, CFCF; and two opposite edges 
clamped and two free, CSCS) on the static and dynamic 
deflections including the eigenvalue parameters are evalu-
ated for the elliptical sandwich shell panel.

First, the deflection values are obtained for a square sym-
metric (0°/90°/core/90°/0°) sandwich elliptical shell panel 
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Fig. 14  Effect of lamination schemes on transient responses of a square CCCC sandwich hyperboloid shell panel under a UDL, b SSL 
(a∕h = 100, R∕a = 50, hc/hf = 10)
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and are presented in Fig. 15. The results are computed for 
the various edge condition as mentioned above under the 
UDL and the SSL by considering the structural parameters 
as, a/h = 5, 20, 30, 50, 80, and 100, hc/hf = 20, and R/a = 10. 
It is noticed from the data that the responses are following 
the similar type of trend as seen in the earlier sections. It is 
also observed that the deflection values are following the 
decreasing trend with the change in the edge conditions from 
SFSF, CFCF, SSSS, CSCS, and CCCC.

Now, the example is extended to investigate frequency 
parameters of the sandwich elliptical shell panel and is 
presented in Fig. 16. For the computational purpose, the 
desired structural parameters are adopted as: a/h = 5, 10, 

20, 25, 30, 50, 80, and 100, hc/hf = 20, and R/a = 10. The 
responses indicate that the frequency values are increas-
ing when the span-to-thickness ratios (a/h) increase. In 
addition, the clamped panel is showing the higher fre-
quency parameters when compared to the other support 
conditions.

Furthermore, the effect of the predefined end conditions 
on the transient responses of a square sandwich ellipti-
cal shell panel is analysed under the two different type 
of mechanical loading, i.e., the UDL and the SSL and is 
presented in Fig. 17. The responses are computed using 
the desired structural parameters as, a∕h = 50, R∕a = 100, 
hc/hf = 20. It is noticed from the responses that the deflec-
tion values are following a decreasing type of trend when 
the support changes from, SFSF, SSSS, CFCF, CSCS, and 
CCCC, progressively.

3.1.6  Responses of the different shell panels

Finally, the effect of the geometrical configuration on the 
corresponding eigenvalues and static including the dynamic 
deflections are investigated utilizing the predefined input 
geometrical and material parameters. The non-dimensional 
central deflection parameters of a square SSSS symmetric 
(0°/90°/core/90°/0°) sandwich shell panel are obtained and 
are tabulated in Table 8. The responses are calculated using 
the same material and geometrical parameters as discussed 
earlier under the influence of the UDL and the SSL. For the 
computational purpose, the necessary structural parameters 
are taken as, a/h = 5, 20, 30, 50, 80, and 100, hc/hf = 20, and 
R/a = 10. As discussed in earlier cases, the responses are 
following the similar type of trend, i.e., the deflection val-
ues are decreasing when the span-to-thickness ratios (a/h) 
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Fig. 17  Effect of support conditions on transient responses of (0°/90°/core/90°/0°) sandwich elliptical shell panel under a UDL, b SSL 
(a∕h = 50, R∕a = 100, hc/hf = 20)
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increase. In addition, the deflections are higher for the UDL 
in comparison to the SSL as seen in the earlier examples. 
Furthermore, the transverse central deflection parameters 
are decreasing in progressive manner when the geometry 

changes from hyperboloid, flat, cylindrical, elliptical and 
spherical panel.

Table 9 reports the frequency responses for the different 
geometrical configurations of the square SSSS symmet-
ric (0°/90°/core/90°/0°) sandwich panels. The structural 
responses are obtained by setting the geometrical param-
eters as: a/h = 5, 10, 20, 25, 30, 50, 80, and 100, hc/hf = 20, 
and R/a = 10. The frequency responses show an increasing 
type of trend when the span-to-thickness ratios increase 
as seen in the earlier examples. The frequency values are 
higher for and lower for the spherical and hyperboloid 
panel configurations.

Now, the transient responses of various sandwich shell 
geometries (flat, cylindrical, elliptical, spherical and 
hyperboloid) under the influence of two loading types 
(UDL and SSL) computed using the current higher order 
model and are plotted in Fig. 18. The central deflection 
parameter 

(
W̄
)
 of the clamped sandwich shell panels are 

computed using the relevant input parameters as: a∕h = 50, 

Table 8  Non-dimensional 
central deflection responses of a 
square SSSS symmetric (0°/90°/
core/90°/0°) sandwich shell 
panels (R∕a = 10, hc/hf = 20)

Type of shell Loading a/h

5 20 30 50 80 100

Flat UDL 0.6961 0.0801 0.0568 0.0449 0.0408 0.0398
SSL 0.4714 0.0528 0.0368 0.0286 0.0257 0.0251

Cylindrical UDL 0.6928 0.0793 0.0559 0.0434 0.0377 0.0354
SSL 0.4692 0.0523 0.0362 0.0276 0.0238 0.0223

Spherical UDL 0.6808 0.0769 0.0533 0.0393 0.0306 0.0264
SSL 0.4616 0.0508 0.0346 0.0251 0.0195 0.0168

Hyperboloid UDL 0.6980 0.0803 0.0569 0.0450 0.0409 0.0399
SSL 0.4724 0.0529 0.0368 0.0286 0.0258 0.0251

Elliptical UDL 0.6875 0.0783 0.0548 0.0415 0.0344 0.0310
SSL 0.4659 0.0516 0.0355 0.0265 0.0218 0.0196

Table 9  Non-dimensional fundamental frequency responses of a 
square (0°/90°/core/90°/0°) simply supported sandwich shell panels 
(R∕a = 10, hc/hf = 20)

a/h Flat Cylindrical Spherical Hyperboloid Elliptical

5 1.6445 1.6694 1.7454 1.6412 1.7018
10 3.1886 3.2404 3.397 3.1822 3.3072
20 5.9956 6.1063 6.4385 5.9836 6.2481
25 7.2021 7.3466 7.7775 7.1878 7.5306
30 8.2668 8.4486 8.9874 8.2503 8.6788
50 11.2757 11.6492 12.7235 11.2535 12.1106
80 13.4329 14.2351 16.4282 13.4070 15.1901
100 14.1349 15.3177 18.4345 14.1082 16.6902

0.0 0.2 0.4 0.6 0.8 1.0
-0.5

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

N
on

di
m

en
si

on
al

 c
en

tra
l d

ef
le

ct
io

n

Time (ms)

 Flat Plate  Hyperboloid
 Cylindrical  Elliptical
 Spherical

(a) 

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.5

1.0

1.5

2.0

2.5

3.0

N
on

di
m

en
si

on
al

 c
en

tra
l d

ef
le

ct
io

n

Time (msec)

 Flat Plate  Hyperboloid
 Cylindrical  Elliptical
 Spherical

(b) 

Fig. 18  Transient responses of a square (0°/90°/core/90°/0°) clamped sandwich shell panels under a UDL, b SSL (a∕h = 50, R∕a = 20, hc/hf = 20)
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R∕a = 20 and hc/hf = 20. The deflections are higher for the 
UDL in comparison to SSL. However, the peaks are same 
in both the loading cases but higher deflections observed 
in the UDL. This is because the distribution of loading 
intensity throughout the panel surface area same for the 
UDL, whereas it varies sinusoidally for the SSL case and 
the deflection follows the path accordingly.

4  Conclusions

The FE solutions of structural responses, i.e., the static 
and the dynamic deflection including the free vibration 
frequencies of the layered sandwich curved structures are 
computed using the proposed higher order mathematical 
model. The results are obtained using an own home-made 
customized MATLAB code with the help of defined geo-
metrical and material parameters. The solution accuracy 
and the corresponding consistencies of the current out-
put are demonstrated via validating the results with that 
of available published data and the convergence test. The 
comparison of results indicate that the current higher 
order polynomial kinematic model is sufficient to inves-
tigate the sandwich laminated flat/curved panel structures 
without increasing the computational cost. In addition, the 
model is extended further to compute the values (deflec-
tion, frequency and time-dependent deflection) via a series 
of numerical examples including the variable parameters 
associated with geometrical dimensions and configurations. 
Finally, the final understanding related to the current output 
data displayed in a pointwise fashion in the following lines.

• The free vibration non-dimensional frequency values 
are increasing, while the span-to-thickness ratios and the 
number of facings increase, whereas the trend follows a 
declined path for the aspect ratios, the curvature ratios, 
and the core-to-face thickness ratios

• Similarly, the non-dimensional central transverse deflec-
tion values are increasing for the higher curvature ratios 
and the core-to-face thickness ratios. However, a declin-
ing trend is observed, while the span-to-thickness ratios, 
the aspect ratios and the number of face sheets increase.

• Likewise, the deflection responses computed under two 
kinds of loading indicate that the non-dimensional cen-
tral deflection values are higher under the influence of 
mechanical UDL instead of the SSL.

• Finally, the significance of the support conditions are 
indicative for each type of analysis (static and deflec-
tion including free vibration frequencies) irrespective of 
geometries and geometrical parameters.
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