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Abstract

In this article, we apply the method of lines (MOL) for solving the time-fractional diffusion equations (TFDEs). The use of
MOL yields a system of fractional differential equations with the initial value. The solution of this system could be obtained
in the form of Mittag—Leffler matrix function. A direct method which computes the Mittag—Leffler matrix by applying its
eigenvalues and eigenvectors analytically has been discussed. The direct approach has been applied on one-, two-, and three-
dimensional TFDEs with Dirichlet, Neumann, and periodic boundary conditions as well.
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1 Introduction

A wide variety of approximate methods has been investi-
gated to solve time-dependent partial differential equations
[14]. In recent years, time-fractional partial differential equa-
tions (TFPDESs) and their numerical solutions have been
investigated by many researchers [4, 16—19, 27]. One way to
solve TFPDEs numerically is to discretize these equations in
space, by applying various techniques, but leave time varia-
ble. This way is known as Method Of Lines (MOL) [11] and
converts the TFPDE to a system of fractional ordinary differ-
ential equations (FODEs) or fractional differential algebraic
equations (FDAESs). In TFPDEs, it involves discretising a
given differential equation in space variables while obtain-
ing analytical solution in the time direction. For this reason,
the MOL is well known as a semi-analytical method [5, 29].
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In this paper, we consider the Caputo-type time-fractional
diffusion equations with the initial condition as

0°U 0’U  d*U  d*U
o~ <W+6_y2+0_z2>’
a,t>0,0<a <1, (x,y,2 € Q,
U(x,y,2,0) = f(x,,2),
(x,y,2) € Q,

where Q C R? is an open bounded domain with smooth
boundary 0Q. In practice, the most common boundary con-
ditions are as follows:

a. Dirichlet U=g,, (x,y,2) € 09,
b. Neumann aiU =g (x,y,2) € 09,
n
c. Periodic U(L,t) = U(-L,1), iU(L, 1= iU(—L, 1),
on on

L€ Q5 —L € IQ—0Q, ),

where 09, /, denotes the half of the J€2.

MOL converts the time-fractional diffusion equation to
a system of FODEs with the initial values. The solution of
this system could be obtained in the form of Mittag—Lef-
fler (ML) matrix function. ML function is a general form
of exponential function. Various techniques to the matrix
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exponential function are generated through rational, Padé
approximations and scaling and squaring method [13, 21,
23, 26, 28, 31]. However, these techniques are not efficient
to computing the Mittag—Leffler matrix function. Obtain-
ing the iterative method for this type of matrix function
such as ones utilized for matrix exponential function is
not effective. Some efficient methods have been recently
presented to compute ML functions and ML matrix func-
tions as well. The Krylov subspace methods for ML matrix
functions have been presented by Moret and Novati [22].
The numerical evaluation of two- and three-parameter ML

D
X = LP+D)  fpa
[(f+1-a) >

peN, and g < [a],

Definition 2.1 The Caputo derivative is defined as follows
[24]:

o _ 1 ! _ n—(l—ldnf(t)
DI = o s /0 (= 0y ==,

a€mn—1,nl, neN,

where a > 0 is the order of the derivative, n is the small-
est integer greater than @, and N denotes the set of natural
numbers.

For the Caputo derivative, we have Dfc = 0, where c is
a constant, and

peNyand f>[a] or f&N and > |af,

functions has been computed by Garrappa [9]. He presented
a method for the efficient computation of the ML function
based on the numerical inversion of its Laplace transform
as well. Accordingly, efficient Matlab code to evaluate the

ot d"u(x,t)

o L [ pyra1 QuD)
Diu(x,t) = oux. 1 _ { Lin—a) Jot=7) PR
o’

where N, = {0,1,2, ---}.
Definition 2.2 For n to be the smallest integer that exceeds
a, the Caputo time-fractional derivative operator of order

a > 01is defined as [24]

n—1l<a<n,

a=né€N.

ML matrix function with two parameters has been obtained
by Garrappa and Popolizio [10, 32]. In addition, Podlubny
and Kacenak [25] have presented the efficient computation
Matlab code of the ML function with desired accuracy. In
this article, we use this code to compute the ML functions.

In general, the ML matrix function could be computed
by the matrix eigenvalues and eigenvectors directly. In the
current manuscript, our main goal is to convert the time-
fractional diffusion equation to a system of FODEs with the
initial values via finite difference MOL method. Then, we
solve this system analytically by means of ML matrix func-
tion. Eventually, knowing the eigenvalues and eigenvectors
of tridiagonal matrix, we compute the ML matrix function
directly.

2 Preliminaries and definitions

First, we give some basic definitions and properties of the
fractional calculus theory which are needed next. Then, the
definition and some properties of Mittag—Leffler functions
are discussed. The Kronecker product and Kronecker sum
of matrices are defined, also some properties of tridiagonal
matrix, such as the characteristic equation and eigenvalues
of them are presented in the end of this section.

@ Springer

2.1 Mittag-Leffler function

The one, two and three-parameter Mittag—Leffler functions
which are relevant to the fractional calculus, are defined as

X k
EQ) =Y tmim R(a)>0, z€C,

k=0

[e]

_ bl
Ea’ﬂ(z) - k§0 F(llk-f—ﬂ)’

HF(@) >0, p, zeC.

In the case, @ and g are real and positive, and these
series converge for all values of z. Note that when g = 1,
E, 1(z) = E,(z). The solutions of linear fractional differen-
tial equations are often indicated in terms of Mittag—Lef-
fler functions because of the following property of these
functions:

DYE, (Ax*) = AE,(Ax").
Lemma 2.1 For any real a # b, we have the following rela-
tion [24]:
t
/ 'E, (at®)E (b(t — 7)*)d7 = Lb (E,(at™) = E,(b1%)).
0 ’ a-—

Definition 2.3 Let A € R™" and B € R”4. Then, the Kro-
necker product (or tensor product) of A and B is defined as
the matrix [1]:
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apB .. a,B
AQ®B=
a,B .. a

: e R™MP1a.
nt
Definition 2.4 Let A € R™™ and B € R™". Then, the Kro-
necker sum (or tensor product) of A and B is the mn X mn
matrix defined by [1]

A®B=1,@A+B®I,.

The following lemma assists us to compute the Mittag—Lef-
fler matrix functions effectively in the next sections.

Lemma 2.2 For the diagonalizable matrices
A=X,A X" € R™ and B = X3AzX;' € R™, where X,
and Xy are matrices of eigenvectors of A and B, respec-
tively, and also A, and Ay are diagonal matrices of their
eigenvalues, we have

ADB =Xy QXA ®Ap)Xz ®X,)™".

Proof Using the definition of Kronecker sum for term
A, @ Ag, we can prove the lemma. O

The pervious lemma can be simply generalized for r
diagonalizable matrices A; = X,»A,-Xl.‘1 e R™™Mi j=1,..,r,
as follows:

AD. BA=AQ. . QA)AD.OANA Q..0A) "

Definition 2.5 Consider the tridiagonal matrix

a7
B oy 1
ﬂn—l Xy Vi1

ﬂn all

Denote the characteristic polynomial of 7, by
p,(A) = det(Al — T,). The recursion for computing p,(4) is
(2]

po(d) =1, pi(A)=4-aq
pi(A) = (A —a)p;_1(A) — Biyi_1pia(A),

where2 <i < n.

For more details about the eigenvalues of tridiagonal
matrix for special case, please see [20].

This paper is arranged as follows: in Sect. 3, the finite
difference method for 1D fractional diffusion equation has
been applied to convert this equation to a system of frac-
tional ordinary differential equations. The eigenvalues and
eigenvectors of the coefficient matrix of this system for dif-
ferent boundary conditions have been presented. In Sects. 4
and 5, we generalize FDM for 2D and 3D problems as well.
The analytical solution of linear system of fractional ordi-
nary differential equations has been described in Sect. 6. The

property of direct methods which could solve the system of
fractional ODEs obtained by MOL [6] on TFDE analytically
is described in Sect. 7. Some test problems are solved with
the proposed method in Sect. 8. The conclusion and future
work are discussed in the final section.

3 Finite difference method for 1D diffusion
equation

In this section, we decide to convert the 1D diffusion equa-
tion, with various types of boundary conditions, to the sys-
tem of FODEs in the form u® = Au + f, via central finite
difference MOL method. Then, by obtaining the eigenvalues
and eigenvectors of A, we solve this system directly.

First, consider the heat equation with heat sources which
models the temperature distribution in a long thin rod of
length L. The time-fractional partial differential equation
(PDE) for this problem with the source term fand the initial
condition is

U™ =U, +fx0),
U(x7 O) = U()(x)7

X€(x,L], t>0,0<a<l,
x € (xy, L].
3.1
Evaluating the diffusion operator U,, using a central finite
difference schemes around x; gives

i=12,...M—1,

{ U = (U —2U;+ Upy) +f+ O),
Ui(0) = Up(x)),

(3.2)
where h = (L —x,)/M and U, = U(x;,t). This method
converges with second-order accuracy in space, while
U € C?[x,, L]. Equation (3.2) could be redefined in the fol-

lowing system of FODEs:

u® = Au +f, u(0) = uy, (3.3)
where the initial condition u,, the vector f, and matrix A
are different for some boundary conditions. We will dis-
cuss about these matrices and their properties in the next
subsections.

3.1 Two-side Dirichlet boundary conditions

In the case of heat conduction equation, Dirichlet boundary
conditions for the region would be to specify the temperature
at the bounds of the region.

Dirichlet boundary conditions at the two boundaries
Uxy. 1) = UL, 1) = 0) give

f= [fl?""fM—l]T’
1.
A= ﬁTrld(l,—z, 1).

u, = [U,(0), ..., Uy, (0],

The eigenvalues and eigenvectors of A are [20]
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i=12,..M—-1,

i=12,.M-1, j=12,..M—-1.

The matrix A is symmetric, thus, its eigenvectors are ortho-
normal, and then, we have
A =XAXT,

_ 0
Xl-j =X

3.2 Two-side Neumann boundary conditions

Boundary conditions of the Neumann type are specified
functions of time representing the heat flow across the
boundary.

Two-side Neumann boundary
U.(xg,H) = U(L,t) =0, give

conditions,

f = [f09 -~'9fM]T9 u() = [UO(O)9 3] UM(O)]T’
and also
-2 2
1 -2 1
A= % ) ’
1 -2 1
2 _

(M+1)x(M+1)

which its eigenvalues and eigenvectors are [20]

4 in .
A’i+1 = _ﬁ SlI‘l2 (w), l:O,l,z,...,M,
i ij . .
x;;l):cos(ﬁﬂ), i=0,1,..,M, j=0,1,.,M.

In addition, we can write

Xl= 20 =1 M+,
b Mg !

wherec|, =cy,y =2andc; =1, i=2,3,...,M.
3.3 Neumann-Dirichlet boundary conditions
Here, the matrix A for left-side Neumann and right-side Dir-

ichlet or left-side Dirichlet and right-side Neumann bound-
ary conditions is as follows:

For each matrix, the eigenvalues are [20]

i=12,..,M.

A= —4 sin? (21 — 1 775),
aM
The eigenvectors for the left matrix of Eq. (3.4) are

) (M =-j+D2i-1)
X, = sin T
J 2M

>, i j=1,..M,

and the eigenvectors of the right matrix of Eq. (3.4) are

X0 500 0

D = xS =29, i=2,.,M-1, j=1,..,M.
J J J J J J

X; = x;i), )_(ij = )’cj(.i) ,i, j=1,..,M, and also we have

R =L

1 g S
—1 )] -1
X ‘ T

Tl=—x
v 2¢; !

i j=1,..M,

wherec, =¢), =2andc;=1,i=2,3,..M,¢;=1,i=1,
2,...M—1

3.4 Periodic boundary conditions

In heat conduction equation, the periodic boundary condi-
tions mean that at the ends of the boundaries, both the tem-
perature and the heat flux must be equal.

Therefore, we have the boundary conditions
Uxy,t) = UL, t) and U,(x,, 1) = U (L, 1), or

UO = UM’ Ux|0 = leM‘
Then, from Eq. (3.2) fori = M — 1, we can write

a 1
Ul(w)_l = E(Uo —2Upyoy + Uy) + - (3.5)
In addition, using U_, = U, — hU,|, + O(h*) and from Eq.
(3.2) fori = 0, we obtain

1

Uy = 55Uy = Uy = hUJy) +fy + 0GP,
and subsequently, applying U, |,, = (U, — Uy,_1)/h + O(h)
yields

o 1
WUy = WU —2Uo+ Uy +fo + o). (3.6)
Therefore, we have
f=[fonfyuils Uy =[UyO), ..., Uy_,(0)],
- (3.4)
-2 1
2 -2

MxM
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and matrix A, according to Egs. (3.5) and (3.6), will be
defined by

-2 1 0 1
1 -2 1
A:i - - (3.7)
2 : .
h -2 1
1 0 1 -2

Defining A = —2I + P, we have A(A) = —2 + A(P). The char-
acteristic equation of matrix P is

det(P — Al) = Auyy_((A/2) = 2up;_»(A/2) =2 =0,
where u;,(4) is M-order second-kind Chebyshev polynomial.

Defining A = 2 cos(@) yields u,,(1) = sin ((M + 1)9)/ sin(6),
SO we can write

0) sin(M@) — sin ((M — 1)0
det(P — Al) = cos@)sint s)in(;)m (( ) ) -1=0

Consequently, 6 and then A(A) will be easily found as

9. = 2_”1',

2r .
== A(A) = —2+200$(ﬁ]),

i=1,2,.. M.

The eigenvectors of a circulant matrix A and P are given by

x?i)zLexp(@ij), i=1,2,..M, j=12 ..M,

J \/M M

where i = 4/—1. The eigenvectors are orthonormal in cM;
therefore, we have A = XAX", X,-j = x;’), where X* is the

conjugate transpose of X.

4 Finite difference method for 2D-diffusion
equation

Same as the previous section, we decide to convert the 2D
diffusion equation with various types of boundary condi-
tions, to the system of FODEs, and then, by obtaining the
eigenvalues and eigenvectors of system, we solve it directly.

Consider the two-dimensional heat equation satisfying
the initial condition:

U® = U, + Uy, +£(x..0),
U(x,y,0) = Uy(x, y),

€ (L) ¥ € Opo L)y 1> 0,
X € (xy, L], y e (yO,Ly].
“4

Employing a central finite difference formula to evaluate the
diffusion operators U, and U, yields

Ly

Ui j(0) = Uy(x;, )

1 1 1 1
{ U@ = h_g(Ui—lJ + Uiy )) + %(Uii,_1 + U — 2(h_§ + h_g)UiJ + £, +0() + O(h3)

where h, = (L, — x,)/M, and h, = (L, — y,)/M,. Equation
(4.2) could be redefined in the following system of FODE:s:

u® = Au+f,. 4.3)

4.1 Dirichlet boundary conditions
Here, we have

T
f, = [fl,lvfl,Z’"'7-fi,M“—l7f‘2,l’""-f‘Z,M“—l’"'sfo—l,lﬁ"'ska—l,Mv—l] ’
the initial condition is

llo = [Ul’l(()), UI,Z(O)’ ceey UI,M)‘—I(O)’
T
Un1(0)s ooes Up gy 1 (0)s s Upg 1 1(0), .oy UMX_I,M)‘_I(O)] ,

and also

~
oot

L=

~

n»2wy "2

“4.4)

where A is (My -1)x (My — 1) tridiagonal matrix in the fol-
lowing form:

. 1 1 1 1
A= Tr1d<ﬁ,—2<ﬁ + ﬁ>’ ﬁ>’
y X y y

and / is identity matrix of order (M, — 1) X (M, — 1). Now,
we can rewrite A, as

1
A2 =1 QA+ ETX(X)I),,

where T, = Trid(1,0,1) is (M, — 1) X (M, — 1) matrix. In
addition, we can write

A= %T}, - 2(% + hl—z)ly.

y x y
Therefore, A, reduces to
A=1,®T,+T,®1,=,&J,
where

1 1.
97; = E(Tp - 2Ip) = ﬁTI’ld(l, —2, 1), p=xy.
p 14

The eigenvalues and eigenvectors of T, (p = x or y) are

“4.2)
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i=12,..M,-1,

P

. in
A(T,) = 2 — 4sin? <W)’

P

O S 2 an(Lr), izt2..M -1,
J M, M, ’

In addition, the eigenvectors of P/“p are the same as T,7 and its
eigenvalues are

j=12,..M, —1.

14

(T, i=12..M,-1

3(T,) = 2= G(T,) =2,
P

Denoting the matrices of eigenvectors and eigenvalues of
matrix F/"p by Xp and Ap and using Lemma 2.1, we can write

Ay =X, ®@X)A, ®A)X, ®X)".

4.2 Neumann boundary conditions

Here, we have

T
£, = [foofots oo Joat 100 weosFing,s st 00 oo Sl
4.5)
the initial condition is

uy = [Up0(0), Uy 1(0), ..., Uy (0),
T
U10(0), vers Uy g, 0 ooy Upg 90 s Upg g, (O]
and also A, is similar to Eq. (4.4), but matrix A is

(M, + 1) X (M, + 1) tridiagonal matrix in the following
form:

-2 -2 2
ET? 2h% 21
A: . s
1 -2 -2 1
WoRTE

and /; is the identity matrix of order (M, + 1) X (M, + 1).
A, is similar to a symmetric matrix, so has real eigenvalues.
Similar to Dirichlet boundary condition, we have

A =9,89,
but here
02
1 0 1
Tp= . . ‘e s p=-x7 y’
1 01
20

(M, +1D)X(M,+1)

@ Springer

which its eigenvalues and eigenvectors are [20]

Aig =2 —4sin® <21_A7/;> i=0,1,2,...,MP,
P

(D) _ U] . .
X1 —COS(ﬁﬂ'>, l—O,l,...,Mp, ]—0,1,...,Mp.

4.3 Periodic boundary conditions
In this case, we have

T
f,= [ﬁ),()’ﬁl,l’""ﬁ),M_v—hfLO’""fl,Mv—lv"”fMA—l,O’"‘!ka—l,M_v—l] ’
the initial condition is

Uy = [Ug(0), Up1(0), ... Ugpy, 10,
T
U10(0), ey Uy g, —1(0)s s Upg 1.00); ey Upg _1 1,1 (0)]

and
A gl 0 =1,
oA gl
A2= . . . ,
who Al
2l 0 ol A

where A is M, X M| matrix in the following form:

-2 -2 1 1
BooRTRE R
A: ‘. N
1 -2 -2 1
1 E E-:_h_%—zh_%—z
" O 7 ®twm

and Iy is identity matrix of order M, X M),. Now, we can
rewrite A, same as pervious, but here

o1 0 .. 1
10 1
Tp: ‘. ‘..
1 0 1
10 1 0
M, XM,

It should be noted that the order of matrix A, is
(M, — 1) x (M, — 1) for Dirichlet, M, X M, for periodic and
(M, + 1) X (M, + 1) for Neumann boundary conditions.
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5 Finite difference method for 3D diffusion
equation

To complete our discussion about solving the time-fractional
diffusion equation, we investigate three-dimensional prob-
lem as well.

Consider the 3D heat equation satisfying the initial
condition:

U=U,+U,+U, +f(x,y,2,1),
x € (xp,L,), y € (00, L), 2 € (2, L], >0,
Ux,y,2,0) = Uy(x,y,2),

x € (x,L,1, y € (0o, Ly1, 2 € (29, L] (5.1
Evaluating the diffusion operators U, ., U.

o Uy and U, using a
central finite difference gives

@ _ 1 1
Uiix = 5 Wictjue + Ui ) + h_g(UiJ—l,k + Uijrra)

+$(M%h1+IQMH)—2(%—F%—F%)UMk+ﬁM+OUé}+OUﬁ%+0mb,

U[J,k(o) = U(xi’ Vi Zpes 0),

235
where
1
A
17 4 1
Wz h2T
A, = .o ,
1 1
h—%lZ A QIZ
L1 A

27z
hy

and A is (M, — 1) X (M, — 1) tridiagonal matrix in the fol-
lowing form:

1, is the identity matrix of order (M, — 1) X (M, — 1) and I, is
identity matrix of order (M, — 1)(M, — 1) X (M, — 1)(M, — 1).

(5.2)

where, h,=(L,—x)/M,, h,=(L,—-y)/M, and
h, = (L, — zy)/M_. Equation (5.2) could be redefined in the
following system of FODEs

u® = Asu+f;. (5.3)

A; will be obtained in the following for different boundary
conditions.

5.1 Dirichlet boundary conditions

Here, we have

f; = [fl,l,l’fl,l,Z*""fl,l,Mz—l’fl,Z,b""»fl,Z,Mz—l’

T
fo—l,My—l,l’"'7fMt—1,My—l,Mz—l] >
the initial conditions are

T _
u, = [Ul,l,l’ Ui U],l,MZ—lv Uipsees Ul,Z,Mz—l’ “es

Upt—1.my-1.1> > UMX—I,M)—LMZ—I];=0’

and also
AZ élxz
hL%I,vz A2 hl?lyz
o N |
w2z X 2 g2y
Elyz A2

Now, we can rewrite A as follows:

1
A3 = IX ® A2 + ETX ® I)‘Z’
where T, = Trid(1, 0, 1) and the orderis (M, — 1) X (M, — 1).
In addition, A, deduces to
1
A, = I ®A+ ﬁTY QL.
N

Thus we obtain

111 1
M=4<—+—+—>+ﬁ%®ﬂ
Zz

h 2 h?
X y Z
11 T.Q1 1T 1
+ﬁx® Y®Z+ﬁx®yz
y X
or
A=T7.87,87. (5.4)
where
g =L —oy=Lriaa.—2 1, p=
P_hz P P_hz ndil, =2, 1), P=Xx ) 2.
p P

In addition, the matrix A, using its eigenvalues and eigen-
vectors could be written as follows:

As =X, ®X, ®X)A, DA BA)X, ®X, ®X,)™".
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5.2 Neumann boundary conditions

Here, similar to Dirichlet condition, A has been obtained by
Eq.(54),butT,, Tyand T are(M, + 1) X (M, + 1), (M, + 1)
X(M, + 1), and (M, + 1) X (M + 1), respectively, and are
defined by

02
101

P=X Y 2 (5.5)

O =

5.3 Periodic boundary conditions

Here, similar to Dirichlet condition, A; has been obtained
by Eq. (5.4), but7,, T; and T are M, X M,, M, X M, and
M, x M, respectively, and are defined by

1

P=Xx) 2

6 Analytical solution of linear system
of FODEs

In the previous sections, we converted the time-fractional
diffusion equation to the system of FODEs with the initial
condition. In this section, we investigate the solution of the
system of FODEs in the following form:

YO - My(n) = g(0), yO =yp, 0<a<l, (6.1)
where M is an invertible matrix and the fractional derivative
is Caputo type.

Taking the Laplace transform form, Eq. (6.1) gives [15]
sY(s) — sy, — MY(s) = G(s),
and simplifying the result yields

(6.2)

Y(s5) = G(s)(s°T — M)™! + s* 1y, (s°T — M)~
where [ is an identity matrix. The inverse Laplace transform
gives the solution in the form [3, 15]:

y() = E,(Mi®)y, + / E, (Mt (- D) dr.  (6.3)
0

For the homogenous system of FODEs, the solution is

y(©) = E, (Mt%)y,.

@ Springer

Now, we describe the analytical solution of the Mittag—Lef-
fler matrix functions which are obtained via FDM by apply-
ing its eigenvalues and eigenvectors of the corresponding
matrix in the next section.

7 Direct method to obtain Mittag-Leffler
matrix functions

There are several techniques for lifting a real function to a
square matrix function such as power series, diagonalizable
matrices, Jordan decomposition, Cauchy integral, and so on
[12]. However, in this paper, we only focus on Diagonal-
izable matrices method. The eigenvalues and eigenvectors
of our matrix are exactly obtained thus the diagonalizable
matrices method may be a simple and efficient method to
compute the Mittag—Leffler (ML) matrix functions. For the
diagonalizable matrix A, the matrix function f(A) can be
obtained by [12]

A =XF(Mx, SN = diag(f(4y), ... f (Ap)),
where 4;s are eigenvalues of A and X is the matrix of its
eigenvectors.

Now, we discuss the solution of TFDEs. The ML matrix
function, where A is a diagonalizable matrix, can be obtained
as follows:

E,5A) = XE, ;(MX .

It should be noted that the values of E, ;(4,) obtained using
the mif.m matlab code [25]. Subsequently, Eq. (3.3) may be
computed in the following form:

t
u(?) = XE (At)X 'uy + X / " E, ((AT)X'E(t - 7) da.
0

(7.1

It should be noted that the matrices X, X~! and A are

obtained exactly for one-, two-, and three-dimensional diffu-

sion equations in the pervious sections as well, respectively.

Now, we discuss about the solution of Eq. (7.1), for some
types of heat source term f.

e fis a separable function in the form f(x, ) = h(t)g(x),
then we have

£(r) = h(t)g = h(D)[g(Xy), ... §xy)1".
Consequently, we can write

u(t) = XE,(A)X 'uy + XS()X g, (7.2)

where S(¢) is the diagonal matrix and its ith entries will be

t
s;(t) = / " E, (A7)t — 1) dr.
0
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For h(¢) = t#, the author of [7] proved that the above equa-  and
tion reduces to

s;(0) =T(u+ l)t"”Ea!HMH(/lit"),

g = [g:(xp), .., gk(XM)]T~

and also if A(?) is in the form: 8 Test problems
h(t) = i Vet Before consideri'ng the tfast problems, we first express the
=l well-known fractional finite difference method (FFDM) [30]
for the system of ODEs (3.3). Applying this method by time
one has step, At = T /N, reduces Eq. (3.3) to
P n—1
5;(t) = Z vil (g + l)tﬂk+aEa,a+;4k+l(’1ita)' (I —sAyu, =sf, +b,_ju,— Z(b”—f = b, i, n=1,..N,
k=1 .

i=1

For the special h(t) = E,(at*), we have the following func-
tion for s;(f) using Lemma 2.1 as

1
$i(0) = T (Ey(4i1") = E(a1")). (7.3) 10°
-
107"t
e fisa general form of separable functions in the form
107k E
107 E
m
f&x,n= Z hi (g (%), g 107 §
k=0
1070 E
then Eq. (7.1) could be rewritten by .
10 ¢ E
n _7
— — 10 ¢ 4
u(t) = XE,(AM)X 'y + X Z S, (OX g, (7.4)
k=0 107 ‘ ‘ ‘
10° 10' 10° 10° 10*
where M
4 | Fig.2 Maximum error corresponding to different M with « = 0.5 in
S = diag(/ T E, (AT (t = 7) dr, ..., the final time 7 = 1
0

t
/ " E, (At (t — 1) dr),
0

10°
2 L 4
; 10 - I —
1L 4
o 10
= E
2 5
=] o
O 0ok |
107 E E
——MoL
— — FFDM
10»2 L L L
10’ 102 10°
M

Fig. 1 Function U(x, ) with M = 100 and a = 0.5 in the final time Fig.3 CPU time corresponding to different M with « = 0.5 in the
T=1 final time 7" = 1
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where w; =u(jAn, b;=(+1)'"* =" and s=ArT
(2 — ). This method gives the solution of the problem in any
step of time recursively. To obtain the appropriate accuracy
in time variable, we set At very small.

To confirm the utility of the presented method, we apply
the method to five examples. In the examples with the exact
solution, we report the absolute maximum error between any
finite difference nodes at the final time. In addition, then,
the logarithmic graph of error by increasing the number of
nodes is plotted. According to these graphs, we show that
if the unknown function U € C?(Q), the method converges
with the second-order accurate in space as well. We imple-
mented the proposed method using Matlab 2016 with hard-
ware configuration: desktop; Intel Core i7 CPU (4M Cache,
2.80 GHz), 8GB of RAM.

8.1 1D problem

Consider the homogenous heat problem with the exact
solution

U(x,t) = E,(—x°t") sin(zx), x € [0,6],

with Dirichlet and periodic boundary conditions. The
numerical results for this problem are obtained (see Fig. 1)
and also the maximum error corresponding to different M
with present method in the final time 7" = 1 is illustrated in
Fig. 2. For this problem, FFDM gives the same results, while
At is very small (At = 107%). To show the superiority of the
proposed method against the FFDM, Fig. 3 is prepared. This
figure shows that the FFDM is more time consuming than
the MOL method which is proposed in this paper.

Fig.4 Function U(x, y, f) with
M = 10000 and « = 0.5 in times
t=0.25,05,0.75andr =1

@ Springer

— MOL

Error
>

Fig.5 Maximum error corresponding to different M with « = 0.5 in
the final time 7' = 1

8.2 2D problems

e Consider the non-homogenous problem with the exact
solution:

(x.y) € 0,17,

and heat source term f = z2U with Dirichlet boundary con-
ditions. In this problem, the solution is obtained using Eq.
(7.2), where the entries of the diagonal matrix S(¢) could be
achieved via Eq. (7.3) as follows:

U(x,y,1) = E,(—x*t%) sin(zx) sin(zy),
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Fig.6 Approximation of function U(x, y, f) with M = 120 and a = lintimes 7 = 0.5, 1, 1.5and 7 =2

Fig.7 Maximum

error corresponding to
p=12,14, 1.6, 1.8and
different M with & = 0.5 in the
final time 7' =1

1
si0) A + 72

The numerical results for this problem are obtained and dis-
played in Fig. 4, and also the maximum error corresponding
to different M with present method in the final time 7 = 11is

illustrated in Fig. 5.

1072

10

10"

(E,(At™) = E(—7*1Y)).

—MOL

103

e
s
7

AL
s

SRR
SRR
R
S
SRR

:
R
S

10
10"

102 M 10° 104

e Consider 2D homogenous heat conduction problem with
the homogenous Dirichlet boundary condition on [0, 112
and the non-smooth initial condition

u(x, y, 0) = 6(x)o(y),
where 6(.) denotes the Dirac delta function and defined

by

@ Springer
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Fig.8 Maximum error cor- 10° : 102 ‘
responding to f = 0.25, 0.5 and 7MO|(—) »s 7MOI5 N
different M with a = 0.5 in the ~—O(h™™) ——O(h™"™)

final time 7 = 1

Error
=)

1072

— MOL

Error
S
T

Fig.9 Maximum error corresponding to different M with a = 0.5 in
the final time 7" = 1

oo(-7)

8(x) = lim
c—0 or\/7

For solving this problem, we fix ¢ = 1073, Figure 6 includes
numerical calculations for « = 1and M = 120.

e Consider 2D non-homogenous heat conduction problem

with Dirichlet boundary conditions and the exact solution

Uy(x,y. 1) = (x =) (y = Y)Y E, (—1%),
(x,y) € [0, 1%,

and heat source term:

[==Uy = BUs 5 ()6 = ) + pr(0)x = 7)),

where p,(n) = (4 = 2)n* — (4 =2+ f — 1.

@ Springer
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In this problem, the solution is obtained using Eq. (7.2),
where the entries of the diagonal matrix S(#) could be
achieved via Eq. (7.3) as follows:

1 o a
s;(t) = m(Ea(/lit )—E, (—t )).

The numerical results for this problem for various values
of f, and the maximum error corresponding to different M
with present method in the final time 7" = 1 are illustrated in
Figs. 7 and 8. According to these figures, we could confirm
that the convergence order in space for this problem is O(h*)
forO< f<2, f#1.

8.3 3D problem
Consider the homogenous problem with the exact solution

U(x,y,z,t) = E, (=37%%) sin(zx) sin(zy) sin(zz),
(x,y,2) €[0,17,

with Dirichlet boundary conditions. The maximum error
corresponding to different M via present method in the final
time 7' = 11is illustrated in Fig. 9.

9 Conclusion and future work

The method of lines for solving the one-, two-, and three-
dimensional linear time-fractional diffusion equations with
three well-known boundary conditions has been presented
in this paper. The MOL involves discretising the diffusion
equation in space dimensions (by central finite difference
scheme) and then converts this equation to a system of frac-
tional ordinary differential equations. This system has been
solved analytically in terms of the one and two-parameter
Mittag—Leffler matrix functions. The values of Mittag—Lef-
fler matrix functions have been computed by the matrix
eigenvalues and eigenvectors exactly. Consequently, the
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semi-analytical solutions of linear time-fractional diffusion
equations have been presented for some diffusion source
terms. In this paper, the diffusion derivative discretised using
central finite difference scheme which is second-order accu-
rate. In addition, we will apply the high-order finite differ-
ence methods in our future works.
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