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Abstract

Let X be an N-dimensional subspace of L functions on a probability space (€2, )
spanned by a uniformly bounded Riesz basis ® . Given an integer | < v < N and
an exponent 1 < p < 2, we obtain universal discretization for the integral norms
L, (2, ) of functions from the collection of all subspaces of Xy spanned by v ele-
ments of &y with the number m of required points satisfying m < v(log N)*(log v)?.
This last bound on m is much better than previously known bounds which are quadratic
in v. Our proof uses a conditional theorem on universal sampling discretization, and
an inequality of entropy numbers in terms of greedy approximation with respect to
dictionaries.
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1 Introduction

A standard approach to solving a continuous problem numerically — the Galerkin
method — suggests looking for an approximate solution from a given finite-dimensional
subspace. A typical way to measure an error of approximation is an appropriate L
norm, 1 < p < oo. Thus, the problem of discretization of the L, norms of functions
from a given finite-dimensional subspace arises in a very natural way. Approximation
by elements from a linear subspace falls in the category of linear approximation.

It was understood in numerical analysis and approximation theory that in many
problems from signal/image processing it is beneficial to use an m-term approximant
with respect to a given system of elements (dictionary) Dy := {gi}lN: (- This means
that for f € X we look for an approximant of the form

an(f) = Y gk (1.1)

keA(f)

where A(f) C [1, N]is asetof m indices which is determined by f. The complexity
of this approximant is characterized by the cardinality |A(f)| = m of A(f). Approxi-
mation of this type is referred to as nonlinear approximation because, for a fixed m, the
approximant a,, ( f) comes from different linear subspaces spanned by gi, k € A(f),
which depend on f. The cardinality |A(f)] is a fundamental characteristic of a,, (f)
called sparsity of a,, () with respect to Dy . It is now well understood that we need to
study nonlinear sparse approximation in order to significantly increase our ability to
process (compress, denoise, etc.) large data sets. Sparse approximations of a function
are not only a powerful analytic tool but they are utilized in many applications in
image/signal processing and numerical computation.

Therefore, here is an important ingredient of the discretization problem, desirable in
practical applications. Suppose we have a finite dictionary Dy := {g;} ?’:1 of functions
from L, (€2, ). Applying our strategy of sparse m-term approximation with respect
to Dy we obtain a collection of all subspaces spanned by at most m elements of Dy
as a possible source of approximating (representing) elements. Thus, we would like
to build a discretization scheme, which works well for all such subspaces. This kind
of discretization falls in the category of universal discretization. The paper is devoted
to the problem of universal sampling discretization.

Let 2 be a nonempty set equipped with a probability measure u. For 1 < p < oo,
let L,(2) := L,(2, ) denote the real Lebesgue space L, defined with respect to
the measure u on €2, and let || - ||, be the norm of L ,(2). By discretization of the
L, norm we understand a replacement of the measure u by a discrete measure
with support on a set £ = {£/ }’;’:1 C . This means that integration with respect
to measure u is replaced by an appropriate cubature formula. Thus, integration is
replaced by evaluation of a function f at a finite set & of points. This is why this way of
discretization is called sampling discretization. The problem of sampling discretization
is a classical problem. The first results in this direction were obtained in the 19305 by
Bernstein, by Marcinkiewicz, and by Marcinkiewicz and Zygmund for discretization
of the L , norms of the univariate trigonometric polynomials. Even though this problem
is very important in applications, its systematic study has begun only recently (see the
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survey paper [5]). We now give explicit formulations of the sampling discretization
problem (also known as the Marcinkiewicz discretization problem) and of the problem
of universal discretization.

The sampling discretization problem. Let (€2, 1) be a probability space and let
XN C L), be an N-dimensional subspace of L, (€2, u) with 1 < p < oo (the index
N here, usually, stands for the dimension of X ). We shall always assume that every
function in Xy is defined everywhere on €2, and

feXn, Ifll,=0 = f=0¢€Xn.

We say that X y admits the Marcinkiewicz-type discretization with parameters m € N
and p and positive constants C; < C if there exists a set & := {&/ }’j’.’:l C Q such
that for any f € X we have in the case of 1 < p < o0,

1 & .
Cillflh < n—qZIf(E’)I” <Gl fll5, (1.2)

j=1

and in the case of p = oo,

Cillfloo = max |FE)] < I flc.

The problem of universal discretization. Let X' := {X (n)}fi: | be a collection of
finite-dimensional linear subspaces X (n) of the space L ,(€2) foragiven 1 < p < oo.
We say thataset £ := {£/ }’I’.’: | C Q2 provides universal discretization for the collection
X if there are two positive constants C;, i = 1, 2, such that for eachn € {1, ..., k}
and any f € X(n) we have

1 & .
Cill £l < ZZIf(S’)Ip <Gl fI%

j=1

in the case of 1 < p < oo, and
Cill flloo < max [fEN] < [ flloo (1.3)
I<j<m

in the case of p = oc.

Note that the problem of universal discretization for the collection X' := {X (n) }'jlz]
is the sampling discretization problem for the set UI};ZI X (n). Also, we point out that
the concept of universality is well known in approximation theory. For instance, the
reader can find a discussion of universal cubature formulas in [28], Section 6.8.

The problem of universal discretization for some special subspaces of the trigono-
metric polynomials was studied in [5, 29]. To describe the results in [5, 29] we need
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to introduce some necessary notations. First, for a given finite subset Q of Z¢ we set

T(0) = {f f = ™Y, o eC, ke Q].

keQ
Fors = (s1,---,s8q) € Zi we define
R(s):={keZ!:|kj| <2%, j=1,...,d}.

The following result, proved in [29], solves the universal discretization problem for
the collection

Cn,d) :={T(R(S)) : 51+ -+ 54 = n}

of subspaces of trigonometric polynomials.

Theorem 1.1 [29] Forevery 1 < p < oo there exists a large enough constant C(d, p),
which depends only on d and p, such that for any n € N there is aset& := {£"}"_| C
T, withm < C (d, p)2" that provides universal discretization in L, for the collection
C(n,d).

Second, for n € N let
M, :=[-2""'+1,2""1 —119nz.

For a positive integer v < |I1,| define

Sw,n):={0: Q0 CIl,, |Q|=1v}.

Then it is easily seen that

IS(v, n)| = <|Hn|> < 2dnv,
v

The following theorem provides universal discretization of L; and Ly norms for the

collection {7(Q) : QO € S(v,n)}.

Theorem 1.2 [5, 27, Theorem 7.4] For positive integers n and 1 < v < |I1,| let

2,92 itp=1
vt ifp ,
M,,(n,v)::{2 :
von, if p=2.

Then there exist three positive constants Ci(d), i = 1, 2, 3, such that foranyn,v € N
with v < |I1,|, and for p = 1 and p = 2 there is a set § = {£'})_| C T¢, with
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m < C(d)Mp(n, v) such that for any f € Ugesw n7 (Q)
1 m
CrDIIfIlp < ;;zzzlf(évﬂp <GS
v=1

Let us denote by Dy = {gi}lN: | a system of functions from L. Denote the set of
all v-term approximants with respect to Dy as

Yo(Dy) := {f f= Zcigi, withG C [1, N] such that|G| = v} .
ieG

Theorem 1.2 provides universal discretization for the collection {7(Q) : Q €
S(v, n)}, which s equivalent to the sampling discretization of the L, norm of elements
from the set X, (Dy) with N = |I1,|, Dy = {ei(k’x)}kenn. The proof of Theorem 1.2
in the case p = 2 is based on deep results on random matrices and in the case p = 1
is based on the chaining technique. We point out that in both cases p = 2 and p = 1
Theorem 1.2 provides universal discretization with the number of points growing as
v2.

On the other hand, while Theorem 1.1 provides universal discretization for the
subcollection C(n, d) of {7(Q) : Q € S(v, n+ 1)} (rather than the whole collection
{7(Q): Qe Sw,n+1)})withv =2" and

Di={®Y: kez? |kj|<2" 1<j< d},
it gives a better estimate m < Cv on the number of points, which is linear in v, and
applies to the full range of 1 < p < co.

In this paper we prove the following estimate (see below for definitions and nota-
tions).

Theorem 1.3 Let 1 < p < 2. Assume that ® y is a uniformly bounded Riesz basis of
Xn = span(Py) satisfying (2.8) for some constants 0 < Ry < Ry. Then for a large
enough constant C = C(p, Ry, Ry) and any integer 1 < v < N there exist m points
gl ..o EM e Qwith

m < Cv(log N)?(log(2v))?

such that for any f € X,(®y) we have
| g = 3 e
SIFIG = — > 1FEDIP < JIFI. (14)
mj:1 2

In particular, Theorem 1.3 gives the order of bound
m < v(log N)*(log(2v))?,

@ Springer



594 Constructive Approximation (2023) 58:589-613

which is linear in v with extra logarithmic terms in N and v. This bound is much
better than previously known bounds (see Theorem 1.2), which provided quadratic in
v bounds. Note that even for each individual subspace from {7 (Q) : Q € S(v, n)}
we have the lower bound m > v for the sampling discretization.

Finally, we point out that very recent progress related to universal discretization
has been made in our follow-up papers [8, 9]. More precisely, in [8] we prove that in
the setting of Theorem 1.3 independent random points &1, - - - , &, € Q2 that are iden-
tically distributed according to a given probabilistic measure u provide the universal
discretization (1.4) with high probability under a slightly weaker condition than the
condition in Theorem 1.3 on the number of points

m < v(log N)(log(2v))2(10g(2v) + loglog N).

Also, in [8] we relaxed the condition on the Riesz basis ®y. In [9] we show how
universal discretization can be applied to deduce interesting results on sparse sampling
recovery. In particular, we demonstrate that a simple greedy type algorithm based on
good points for universal discretization provides good recovery in the square norm.

The rest of this paper is organized as follows. Sections2 and 3 are devoted to
estimating the entropy numbers e (ZF(®p), L) of the sets

(@) i ={feZy(®n): Ifllp, <1}, 1 <p=<2,

in the L so-norm, where @y is a uniformly bounded Riesz basis of Xy := [®y] C Lo
and 1 < v < N is an integer. Such estimates play an important role in the proof of
Theorem 1.3. To be more precise, in Sect.2 we prove under the additional condition
(2.9) on the space Xy = span(®y) that for p = 2,

5 o 172
ek(Ev(CDN),Loo)SC(logN)<z> k=12, (1.5)

The proof of (1.5) uses a known result from Greedy approximation in smooth Banach
spaces and its connection with entropy numbers. In Sect. 3, we show how the estimate
(1.5) can be extended to the case 1 < p < 2 under condition (2.9). This extension
step is based on a general inequality for the entropy, which is given in Lemma 3.1
and appears to be of independent interest. In Sect.4 we prove Theorem 1.3, using the
estimates on entropy numbers established in the previous two sections and a conditional
theorem on sampling discretization. A main step in the proof is to show that the
condition (2.9) that is assumed in our estimates of entropy numbers can be dropped in
sampling discretization. The conditional Theorem 2.2 used in the proof of Theorem 1.3
is given in Sect. 2 without proof. In Sect. 5, we prove a refined conditional theorem for
sampling discretization of all integral norms L, of functions from a subset WW C L
satisfying certain conditions, which allows us to estimate the number of points required
for the sampling discretization in terms of an integral of the e-entropy H: (W, L),
& > 0. This is an extension of the conditional result proved in [7, 27] for the unit ball
of the space Xy C L. In particular, it also allows us to prove a refined version of
Theorem 1.3, where the constants % and % in (1.4) are replaced by 1 — e and 1 + ¢
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respectively for an arbitrarily given ¢ € (0, 1). Finally, in Sect. 6 we give a few remarks
on universal sampling discretization of L, norms for p > 2.

Throughout this paper the letter C denotes a general positive constant depending
only on the parameters indicated as arguments or subscripts. We use the notation | A|
to denote the cardinality of a finite set A.

2 Some General Entropy Bounds and the Casep = 2

Itis well known that bounds of the entropy numbers of the unit ball of an N -dimensional
subspace Xy C L,

Xy={feXn:Iflp<1}

play an important role in sampling discretization of the L, norm of elements of Xy
(see [6, 26, 27], and [7]).

Recall the definition of entropy numbers in Banach spaces. Let X be a Banach space
and By (g, r) denote the closed ball {f € X : || f — g|| < r} with center g € X and
radius r > 0. Given a positive number ¢, the covering number N, (A, X) of a compact
set A C X is defined as

n
Ne(A,X):=min{n e N: Elgl,...,g" €A, AC UBx(gj,s)
j=1
We denote by N (A, X) the corresponding minimal e-net of the set A in X;
namely, N (A, X) is a finite subset of A such that A C Uyenra.x) Bx (v, €) and
Ne(A, X) = |Ne(A, X)|. The g-entropy He(A, X) of the compact set A in X is

defined as log, N¢(A, X), and the entropy numbers &; (A, X) of the set A in X are
defined as

e(A, X) :=inf{e >0: H. (A, X) <k}, k=1,2,....

The following conditional result was proved in [27] for p = 1 and in [6] for the
full range of 1 < p < o0.

Theorem 2.1 [27], [6, Theorem 1.3] Let 1 < p < oo. Suppose that a subspace
XN C L,(82, 1) satisfies the condition

ek(XN, Loo) < BIN/YP, 1 <k <N, (2.1)

where B > 1. Then for alarge enough constant C (p) there exist m points&', - .. €™
Q with

m < C(p)N B?(log,(2BN))*
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such that for any f € Xy we have
1 1 & 4 3
p p
EHf”p =< ;;1 lfENIP < Ellfllp.

As we explained above the problem of universal discretization of the collection

{X (n)}ﬁz | 18 equivalent to the sampling discretization of the union Uﬁ: 1 X (n) of the

corresponding subsets. Therefore, instead of bounds of the entropy numbers of the
unit ball X 1’\’, we are interested in the entropy bounds of the "unit ball"

Z/(DOn) ={f € ZuDn) = I fllp =1},

which is the union of the corresponding unit balls.
The following version of Theorem 2.1 follows directly from its proof.

Theorem2.2 Let1 < p < o0 and 1 < v < N. Suppose that a dictionary Dy is such
that the set ©5 (Dy) satisfies the condition

ex(B{(DN). Loo) < Bi@/R)P| fllp, 1<k < oo, 22)
where By > 1. Assume in addition that there exists a constant By > 1 such that
1 flle < B2 Pl fllp. Vf € ZL (D). 23)
Then for a large enough constant C(p) there exist m points €', --- | €™ € Q with
m < C(p)B{v(log(2Byv))

such that for any f € X,(Dy) we have
KIS G ; 5
— — NP < Z p.
4||f||p_mj§_1|f(§ )| _4||f||p

Theorem 2.2 also follows from a more general conditional theorem that will be
proved in Sect. 5 (see Corollary 5.1).

Remark 2.1 We point out that (2.2) implies

| flloo < 3B10 P11 fllp. Vf € P (Dw). 2.4)
Therefore, assumption (2.3) can be dropped with B, replaced by 3B; in the bound on
m. However, in applications the constant B, in (2.3) may be significantly smaller

than 3B;. For example, if Dy is a uniformly bounded orthonormal system with
max repy || flloo = 1, then we can take By = 1.
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Proofof (2.4). For A C [1, NJNNdenote X(A) := span(g;)ica and X(A)? :={f €
X)) 2 I fll, < 1}. Clearly, (2.2) implies the same bound for each X(A)? with
|A| = v. Thus, it is sufficient to prove (2.4) for a v-dimensional subspace X,. With
a slightly worse constant 4B; instead of 3B; it was proved in [7, Remark 1.1]. We
now show how to get a better constant. Setting £1 := €1 (X IS L), we can find two
functions f1, f» € X4 such that X' C Br_ (f1,€1) U BL (f>, €1). Since 0 € X7,
0 is contained in one of the two balls. Without loss of generality we may assume
that 0 € B (f1, €1) so that || fi]lco < €1. Since — f2 € XP, we have either —fr €
By (fi.e1)or—f> € Br(f2, 1), whichimplies || f2|lcc < 2¢1. It then follows that
I flloo <3ei forall f € XZ. This together with (2.2) proves (2.4). O

Theorem 2.2 motivates us to estimate the characteristics & (X5 (Dy), Loo). We
now recall some known general results, which turn out to be useful for that purpose.
Let Dy = {g j};\lz1 be a system of elements of cardinality |[Dy| = N in a Banach
space X. Consider the best m-term approximations of f with respect to Dy

om(f.Dn)x == _inf [If =3 c;g;l.

{cj LA Al=m ieA
For a set W C X we define

Um(vaN)X = Sup Gm(f’DN)Xv m = 17 29 )
few

and og(W,Dy)x = SUP feyy Il f1lx. The following Theorem 2.3 was proved in [24]
(see also [28], p.331, Theorem 7.4.3).

Theorem 2.3 Let a compact W C X be such that there exist a system Dy C X with
|Dn| = N, and a number r > 0 such that

oW, D\)x <(m+1)"", m=0,1,---,N.

Then fork < N

(W, X)<C(r) <w> .

. (2.5)

ForagivensetDy = {g; };VZ | of elements we introduce the octahedron (generalized
octahedron)

N N
ADN) =1 f=) cig Y lejl <1 2.6)
j=1 j=1

and the norm || - |4 on Xy

N N
Iflla=inf Y lejl: =) cjg;
Jj=1 j=1
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We now use a known general result for a smooth Banach space. For a Banach space
X we define the modulus of smoothness

1
p(u) = p(X,u) = sup (E(HX +uyll + [lx —uyl) — 1> .
Ixl=llyll=1

The uniformly smooth Banach space is the one with the property
lim p(u)/u = 0.
u—0
In this paper we only consider uniformly smooth Banach spaces with power type

moduli of smoothness p (1) < yu®, 1 < s < 2. The following bound is a corollary of
greedy approximation results (see, for instance [28], p.455).

Theorem 2.4 Let X be s-smooth: p(X, u) < yu®, 1 < s < 2. Then for any normalized
system Dy of cardinality |Dy| = N we have

om(A1(DN), X) < C(s)ym'/=1,
Note that it is known that in the case X = L, we have
p(Lp.u) < (p—1u*/2, 2<p<oo. 2.7

We now proceed to a special case when X = L, and Dy = ®y = {(pj}?’:l isa
uniformly bounded Riesz basis of X := [®y] := span(¢y, ..., ¢y). Namely, we

assume that [|¢jllcc < 1,1 < j < N and forany (a;,--- ,an) € RN
N 1/2 N N 1/2
R Y lail* | <D ajei| <R D lajl*| . (2.8)
j=1 j=1 5 j=1

where 0 < R| < Ry < 0o. Assume in addition that for any f € X we have

I flloo = Coll fllog N- (2.9)

Theorem 2.5 Assume that @y is a uniformly bounded Riesz basis of Xy = [P y]
satisfying (2.9). Then we have

N vy 1/2
Sk(EU(q)N)yLoo)SC(RLCO)(logN)(E> , k=1,2,.... (2.10)

Proof First of all, for any f = Zjec ajp;j, |G| = v we get

1/2

Lflla <D lajl <o 2 [ D 1a P | < RTW2I £ (2.11)

jeG jeG
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Therefore,
22(dy) C Ry 02D (@),
where
RE}®N) :={f € Zy(®n) : Iflla < R}
By Theorem 2.4 with s = 2 and by (2.7) we have that for p € [2, c0)
om(S2(PyN), L) < CRl—lu‘/%/ﬁm*%, m=1,2,---,N. (2.12)
Thus, Theorem 2.3 implies that for p € [2, 00)
ex(Z2(Dy), L) < C(R)(plog 2N /N 2w/l 2, k=1,2,...,N. (2.13)
Second, by (2.9) we obtain
e (Tp(PN), Loo) < Coer(Ep (D), Liogv)- (2.14)
Combining (2.13) and (2.14) we get
e (Z2(PN), Loo) < C(Ry, Co)(log N)(v/k)'?, k=1,2,...,N. (2.15)
Finally, for k > N we use the inequalities
ex(W, Loo) < en(W, Loo)ex—n(XY, Loo)
and
en(XY, Loo) < 327Ny, 27 <1/x, x>1,

to obtain (2.15) for all k. This completes the proof. O

3AStepFromp=2to1 <p<2
In this section we show how Theorem 2.5 proved in Sect. 2 for p = 2 can be extended
to the case 1 < p < 2. This extension step is based on a general inequality for the

entropy. For convenience, we set £, (Dy) = Xy := [Dy] forv > N.

Lemma3.1 Forv=1,2,...,N,1 <p <2 <gq <00, and
0 = (%—é)/(%—%) we have for ¢ > 0
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o
He(Z2(Dn): Lg) <D Ha3a-100(23,(Dn): Lyg) + Heo (33,(Dy): Ly). (3.1)
5s=0

0

where a = a(0) = 2719,

Proof In the case when v = N Lemma 3.1 was proved in [7, Lemma 3.3]. A slight
modification of the proof there works equally well for a general case of 1 < v < N.
For completeness, we include the proof of this lemma here. First, we note that for any
1,8 >0

Herer (ZL(DN): Lg) < Hey (BE(Dn); L) + He, (£3,(Dn); L) (3.2)
To see this, let xy, - -+, xn, € =P (Dy) and Y1, ", YN, € E%v(DN) be such that
Ny Ny
2/(Dy) | (xi +&1B1,) and 33,(Dy) C | J ) +#2B1,).
i=1 j=1

where N| = Ng,(Ef(DN), L) and N, = Ngz(Egv(DN), Lg). Since %,(Dy) +
2y(Dy) C 2oy (Dp), we have

N Ny
Zf(DN) C U (x,‘ + 81BL2) NX,(Dy) C U (xi +812%U(DN)>

i=1 i=1
Ni N2

C U U (xi +e1y; +e162BL,) -

i=1j=1

Inequality (3.2) then follows.

Next, setting &1 := el=% and &, = &% in (3.2), we reduce the problem to showing
that
o
He, (BL(DN):i La) < Hy-3g5-100(33,(Dy); L) (3.3)
s=0

It will be shown that fors =0, 1, ...,
Hose, (B2(DN); L) — Hpsiig, (B2(DN); L2) < Hy-345-146 (£3,(Dn); Lg), (34)
from which (3.3) will follow by taking the sum over s =0, 1, ...

To show (3.4), for each nonnegative integer s let 7; C %/ (Dy) be a maximal
2%g1-separated subset of X7 (Dy) in the metric Ly; thatis || f — g|l2 > 2%&; for any
two distinct functions f, g € Fs and £{(Dy) C U ez, Br,(f,2"€1). Then

Hose, (B85 (Dn); L2) < logy | Fs| < Has-1,, (25 (Dn); La). (3.5)
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Let f; € F;42 be such that

= max |Br,(f,2" 2e)) N Fl|.

€S 542

‘BLz(fs,Z”zel) nF,

Since

A= U (Bt 2PennF) c iy,
feFsi

it follows that
B < 1Fral [ By (. 2 Pen N 7| (3.6)

Set

S =T 5
A = {m S BLz(vaZﬁ_le) m]:s} C X2y(Dp).

Clearly, for any g € A;
lellz <1, ligl, < @Fen™ 3.7)
On the one hand, using (3.5) and (3.6), we obtain that

log, [As] > log; | Fs| — log, | Fs2|
> Hase, (25 (Dn); L) — Hops+1, (X5 (DN); Lo). (3.8)

On the other hand, since % = % + 1(1;9, using (3.7) and the fact that F is 2° ¢ -separated
in the L;-metric, we have that for any two distinct g’, g € A,

-0
272 < llg' — gl < g~ gllflle — I = (2% er)  llg— &My,
which implies that
0
g’ —gllg = 272@ e =272a" ",

This together with (3.7) means that A; is a 2724° ~1ef _separated subset of E%v (Dy)
in the metric L,. We obtain

10g; | As| < Ho 34510 (23,(Di); Ly). (3.9)

Thus, combining (3.9) with (3.8), we prove inequality (3.4). O

Lemma 3.1 with 1 < p < 2,¢9g = o0, 0 = p/2 and Theorem 2.5 imply the
following bound for the entropy numbers.
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Theorem 3.1 Assume that ®y is a uniformly bounded Riesz basis of Xy = [P y]
satisfying (2.9). Then for 1 < p <2 we have

ex(ZP(PN), Loo) < C(p, Ri, Co)log NP (w/k)/P, k=1,2,.... (3.10)

4 Proof of Theorem 1.3

Theorem 3.1 provides bounds on the entropy numbers &; (25 (® ), Loo) under addi-
tional assumption (2.9). Thus, a combination of Theorem 3.1 with Theorem 2.2 implies
the statement of Theorem 1.3 under extra assumption (2.9). However, (2.9) is not
assumed in Theorem 1.3. Below we give a proof of Theorem 1.3.

We need the following lemma proved in [7].

Lemma4.1 [7, Lemma 4.3] Let 1| < p < 00 be a fixed number. Assume that X is
an N-dimensional subspace of Loo(R2) satisfying the following condition: For some
parameter B > 0 and constant K > 2

1 fllse < (KNY?P[£llp. ¥F € Xu. @.1)

Let {& j};?ozl be a sequence of independent random points distributed in accordance
with . Then there exists a positive constant Cg depending only on B such that for
any() < e < % and any integer

2
m > CgKPe™?(log =)NP ™ log N 4.2)
&
the inequality
1 m
(A=o)lflly = — D IfEN” <A +o)lfl (4.3)
Jj=1

holds with probability > 1 — m~N/10g K

For a set @, = {x1,---,x,} C Q and a function f : Q, — R we define
1 fllLoo(y) = maxi<j<m | f(x;)| and

P

1 m
1y = | = D IFGHI” | for p < oo,
j=1

Now we turn to the proof of Theorem 1.3. Recall that we do not assume (2.9). First,
since the Riesz basis @y = {¢ j}j.\’:1 is uniformly bounded by 1 on €2, we have by
(2.8)

_ 1
I fllo < RTINZIfll2, Vf € Xy,
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which in turn implies that

1
[ flloo = C(RONPIfllp, Vf€eXn, 1=p=2.

Thus, by Lemma 4.1 with 8 = 1 there exists a discrete set 2, := {51, s EMY CQ
with

C 'N%logN <m; < CN*log N

such that for all f € Xy

4 6 4 6
A5 <117 g, < IS5 and ZIF15 < 110y, < SIS (44)

ml) - 5
where C > 1 is an absolute constant.
Second, we consider the discrete norm || - ||Lp(Qm1) instead of the norm || - ||Lp(g).

By (4.4) ®y is a uniformly bounded Riesz basis of the space (Xy, || - ||L2(QmI y) and
moreover

1 Loo(@m,) < Cpo R1, ROVVPIflIL @) Y € Zo(PN).

Since logm| ~ log N, by the regular Nikolskii inequality for the norms E;',“ ,1<p<
00, we also have

I f I Loc@m)) = ClIf NLiogn (@) Y € Xn,

where C > 1 is an absolute constant. Thus, by Theorem 2.2 and Theorem 3.1 applied
to the discrete norm || - ||z (@, ) We can find a subset £2,, C €2,,, with

m = |Qu| < C(p, R1, Ry)v(log N)*(log(2v))?

such that for any f € ¥, (Py)

3 p p 5 P
I @y < A1y < ZIFIE, @.5)

Combining (4.4) with (4.5), we obtain the stated result of Theorem 1.3.

5 A Refined Version of the Conditional Theorem
Let us first recall some notations. Let (€2, i) be a probability space. For 1 < p < oo
denote by L ,(£2) the usual Lebesgue space L, defined with respect to the measure 1
on 2 and by || - ||, the norm of L, (£2). We also set

Br, ={feLl,(): |fllp =1}, 1<p=<oo.
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In this section we prove a refined version of the conditional Theorem 2.2 for sam-
pling discretization of all integral norms L, of functions from a more general subset
W C Lo, which allows us to estimate the number of points needed for the sampling
discretization in terms of an integral of the e-entropy H, (W, Loo), € > 0.

Theorem 5.1 Let 1 < p < oo and let W be a set of uniformly bounded functions on
Q with

1 < R := sup sup|f(x)| < oo.
few xeQ

Assume that H;(W, Loo) < 00 for every t > 0, and
(A~W)HBLP CWCBLP, YA > 0. 5.1

Then there exist positive constants Cp, ¢, depending only on p such that for any
¢ € (0, 1) and any integer

1 2
R » RH. sV, L 2
m=> Cpe™> /’ u§‘</° —ﬂfé———ﬁfwn> dul| . (52
10-1¢1/p u t
there exist m points x1, - -+ , Xy € 2 such that for all f € VW,
(1—8)||f||p<lilf()f')lp<(1+8)||f||p- (5.3)
= = p

j=1

In particular, Theorem 5.1 allows us to prove refined versions of Theorem 2.2 and
Theorem 1.3, where the constants in the Marcinkiewicz type discretization are replaced
by 1 — ¢ and 1 + ¢ for an arbitrarily given ¢ € (0, 1).

First, we have the following refined version of Theorem 2.2.

Corollary 5.1 Let 1 < p < oo and 1 < v < N. Suppose that a dictionary Dy is such

that
er(2L(DN). Loo) < BiW/O)VP, k=1,2,--+, (5.4)

where By > 1. Assume in addition that there exists a constant By > 1 such that

I flloe < B20YPfllp, Vf € ZP(Dy). (5.5)

Then for a large enough constant C(p) and any ¢ € (0, 1) there exist m points
gl ... E™ e Qwith

m < C(p)e—>"PvB{ (log(Byv/¢))*
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such that for any f € £,(Dy)
1 « .
(1 =alflly < ;Zlf(éj)l” <U+9)lflp

Jj=1

Proof of Corollary 5.1 We apply Theorem 5.1 to W := Z!(Dy) and R = Bv'/P. 1t
is clear that WV satisfies (5.1). Furthermore, (5.4) implies that (see by [7, Lemma 2.1])

H:W, Loo) < C(p)v - (B1/DF, t>0. (5.6)

Finally, a straightforward calculation using (5.6) then shows that

1
BzUI/P Bzvl/P H W, L 2
P / ur! (/ —C”gt( ) dt| du
10— 1gl/p u t
< C(p)e "Bl v(log(Byv/e))?.

Corollary 5.1 then follows from Theorem 5.1. O

Using Corollary 5.1 and following the proof in Sect.4, we can also obtain the
e-version of Theorem 1.3.

Corollary 5.2 Let ®y be a uniformly bounded Riesz basis of Xy = span(®y) C
L>(2) satisfying (2.8) for some constants 0 < Ry < Ry. Let 1 < p < 2 and let

1 < v < N be an integer. Then for a large enough constant C = C(p, Ry, Ry) and
any ¢ € (0, 1) there exist m points ', --- | E™ € Q with

m < Ce P v(log N)*(log(Rue1))?
such that for any f € X,(®y) we have
1 & :
(I—olfly < . Z IfEDIP <A+ fllp.
j=1

The rest of this section is devoted to the proof of Theorem 5.1, which is close to
the proof of Theorem 1.3 of [6]. We need the following lemma:

Lemma5.1 [6, Lemma 2.4] Let {F;}jcc be a collection of finite sets of bounded
Sfunctions from L1(2, ). Assume that for each j € G and all f € F; we have

Il =1, I fllee :=sup|f(x)] < Mj.
xeQ
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Suppose that positive numbers n; € (0, 1) and a natural number m satisfy the condition
2
mn;
2 |Fjlexp |- ) < L.
£ | ]| P ( 8M/> =
jeG .

Then there exists a set &€ = {£"}"_| C Q such that for each j € G and forall f € F;
we have

=nj.

1 m )
‘nfn] —~ Z;ms )|

Proof of Theorem 5.1 Let

Wi=A{f/Ifllp: feW\{0}}
Clearly, W; C W, and it suffices to prove (5.3) for all f € Wy. Let¢* = c;‘, € (0, %)

be a sufficiently small constant depending only on p. Let a := c*¢. Let J, jy be two
integers such that jo < 0 < J,

) 1 )
(A+a)'<R<U+a) and (1 +a)? < se=d +a)lothr — (57)
For j € Z, let
Aj = Nza(l+a)j W1, Leo) CW
denote the minimal 2a(1 + a)/-net of W in the norm of L. For j € Z and f € W
we define A;(f) to be the function in A that is closest to f in the L, norm. Thus,
lA;(f) = flloo <2a(l 4 a)’ forall f € W) and j € Z.
Next, for f € Wi and j > jj define

Ui(f) =xeQ: JA;(H® =1 _’_a)j—l}’

and

Di(f)=U;H\ J U

k=j+1

We also set

Djy(f) =\ | Ux(h).

k> jo
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Note that by (5.7) U;(f) = @ for j > J. Thus, {D;(f) : j = jo,---,J} formsa
partition of the domain 2. Define

J
h(f%) = Y (1+a) x5, (5.8)
Jj=jo+1

where x g (x) is a characteristic function of a set E.
Forx € Dj,(f) we have

1| < A 41 f )| +2a(1 +a)*t! < (1 4+ @) + 2a(1 4 a)0T!
< (1 +a)*( +4a),

which in turn implies that
FOOI = (1 +@)7 (1 +4a)” = (1 +@)PP(1+Cpa) < 151+ Cpa).
On the other hand, forx € D;(f) and jo < j < J we have
If)| > |A; fX)| —2a(l +a)’ > (1 +a)/ (1 —3a) and
1FOO1 < 1Aj11 fO] +2a(1 + ) < (1 + @)/ (1 4 3a),
which implies

(I4+3a)7 71 f®I? < |h(f,x)|7 < (1 =3a)"P| fx)|P.

*

Therefore, choosing ¢* = ¢ »

small enough, we have
(1-Z)r@r =l = (1+5) 1ol vwe [J D). 59
Jo<ij=J

and .
[fx)]P < 3’ vx € Djy(f).

In particular, this implies that for any probability measure v on €2 and any f € W;,

€ e
[1BCONE 0y = 1G] = SIAIE )+ 5 (5.10)
For jo+1<j<Jlet
FP = {(1 +a)ixp, ) fe Wl} :
Our aim is to find m points £, - .- | €™ e Q for each m satisfying (5.2)
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so that the following inequality holds for all f € F Jp and jo < j < J:
1 m
Y s - [ rwdu] <e;. 5.11)
" =1 Q@

where {8]-}11.:J-0Jrl C (0, 1) satisfies Z]J'=j0+1 gj < ¢/4. Once (5.11) is proved, we
obtain by (5.8) that

| — .
‘—Zlh(f, ENP —IR(Np| < f, (5.12)
m = 4

which, applying (5.10), will prove the desired inequality (5.3).
To see this, we apply Lemma 5.1 for the collection of the above sets F f and notice
that for jo < j < J
11+ )P < IHIL < IfIE+5 <2
xp;pllt = 1RCHIp = I1LF I 1=
and
I+ @) xp, ()l < (1 +a)? =: M;.

Thus, by Lemma 5.1 it suffices to show that for each integer m satisfying (5.2) one
can find a sequence {¢;},<j<s C (0, 1) such that

3 o6 2 (5.13)
Jo<j=<J
J me? 1
Paxn(— ) 2L
Z |J-‘j|exp( 8Mj) <3 (5.14)
Jj=jo+1

To this end we need to estimate the cardinalities of the sets F?. By definition, for
each jo < j < J,theset D;(f) isuniquely determined by the functions A, (f) € Ay,
J <k < J.Asaresult, we have

|]—"J(’| <|Ajl x -+ x |Aj| = Lj,

and

J J
logL; < Zlog | Akl < ZHa(1+a)k(Ws Loo)

k=j k=j
7 k
1 /(l(l-l-a) dt
< — HiW, Loo)—
log(l +a) (= Ja+ay—! ' i’
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1 R dt
<Ceg HarOV, Log) —. (5.15)
(14a)i~1 !

For each jo < j < J we choose ¢; > 0 so that
log(AL;) = 8? that 4/ M; /log(ALj)m™2 5.16
i) — T———— = 2, .
og(ALj) TR atis ¢ : og(ALj)m ( )

J

where A > 1 is a large absolute constant to be specified later. Then

J J
_ 1
Z gj =4m~1/? Z (M;log(AL;))?
j=jo+1 j=Jo+1

< 4m~'2 /log x Z (M log(L; )2
Jj=jo+l1

and hence (5.13) is ensured once

J
5—2(,/1ogx 3w 1og(Lj))%)2. (5.17)

Jj=Jjo+1
However, using (5.15), we have

! 1 g /2 K dry 3
> szt zcet Y avar ([ Haow L)

j—1
j=jo+1 J=io+1 (e

J (I+a)y =t R dis L
/ us- (f Hm(W,Loo)—)zdu
(14+a)i—2 u t

[ST[0%

<Cpe
j=jo+1
1

dr\ 3
/O . / Hepet OV, Loo)7> du.

This combined with (5.17) implies that (5.13) is ensured by (5.2).
Finally, we prove (5.14). Indeed, using (5.16), we have

[SI[%)

<Cpe

J msz me3
\F7lexp( =t ) < & Ljexp /
.1'=J§H ( 8M’) j %:rl ( 8M; )
J m52 J A
= Z exp(log(AL ) — 87) = Z exp(—log(ALj)) =7 Z -
j=jo+1 j=jo+1 j=jo+1 "/
1< 1
== B
A i=jo+1 Na(l_;’_a)j (W, LOO)
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where the last step uses the fact that
L > |"4]| - a(1+u)J (W LOO)

We claim that R
H; (W, L) > log ot VO <t < R. (5.18)

To see this, let f* € VW be such that || f*||lococ = R. Letk = [R] Define f; = 2]’f*

for 0 < j < k/2. Then {f; }0<1<" C W is 2¢-separated in Lo-norm. It follows that
N, OV, Loo) > k 1R
' 254
which shows (5.18).
Now using (5.18), we obtain
J J
- <CR 3! (1+a) <ca!
A _X: a(l+a)/ (W Loo) j %1
provided that A > 1 is large enough. This proves (5.14). O

6 Concluding Remarks on Sampling Discretization of L, norms for
2<p<oo

In this section, we give a few remarks on sampling discretization of L, norms for
2<p<oo.

1. The following Nikolskii type inequality plays an important role in the proof of
Theorem 1.3:

1

[flloo < CoP|fllp, VI € Zy(®Pn), (6.1)
where the constant C is independent of f, v and N. This inequality holds for
1 < p < 2 whenever ®y is a uniformly bounded Riesz basis of X . However,

this is no longer true for p > 2. For example, take N = 2" and consider the
system

2. N
(I) {e ﬂl])(}]_]

on the interval [0, 1] equipped with the usual Lebesgue measure. By the
Littlewood-Paley inequality we have that for f(x) = Zl;:l 22X ¢ 3 (D)
and2 < p < o0, '

1 11
[ flloo =v > CvP|fll,=v2Tr.
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2. Let &5 be a uniformly bounded Riesz basis of Xy C Lo satisfying (2.9). By
monotonicity of the L, norms, we have that for any integer 1 <v < N,

TY(@N) C Z(PN), p >2,
which in particular implies that

sup [ flle < sup [ flle < Cv'2
fesf(@y) fexi(@n)

Moreover, using Theorem 2.5, we have that for p > 2 and all integer k > 1,
B @N), Loo) = e (Z2@), Loo) = C- G0z (1) (62)
which also yields
log N\2

H,(SP(@y), Lag) < C(p)u - (T> Vi >o0. (6.3)

On the other hand, a straightforward calculation shows that for any ¢ € (0, 1) and

p>2,
2
. /CUI/Z ugl(/cul/z Hcpgt(zf(qJN),Loo) dt)%du
10-1el/p u !

< C(p)e~"vP*(log N)*.

Thus, an application of Theorem 5.1 leads to

Theorem 6.1 Assume that Oy is a uniformly bounded Riesz basis of Xy = span(®y)
satisfying (2.8) for some constants 0 < Ry < Ry. Let2 < p <ooandlet]l <v <N
be an integer. Then for a large enough constant C = C(p, Ry, Ry) andany ¢ € (0, 1)
there exist m points él, <o E™ e Qwith

m < Ce”vP/?(log N)?
such that for any f € L,(dy)
1« 4
(1=9lfly < - Z IfFEDIP <A+ 1l
Jj=1
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