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Abstract

Polynomials with coefficients in {—1, 1} are called Littlewood polynomials. Using
special properties of the Rudin—Shapiro polynomials and classical results in approx-
imation theory such as Jackson’s Theorem, de la Vallée Poussin sums, Bernstein’s
inequality, Riesz’s Lemma, and divided differences, we give a significantly simplified
proof of a recent breakthrough result by Balister, Bollobas, Morris, Sahasrabudhe, and
Tiba stating that there exist absolute constants 72 > n; > 0 and a sequence (P,) of
Littlewood polynomials P, of degree n such that

my/n < |Py@)| <m+/n,  z€C,lz]=1,
confirming a conjecture of Littlewood from 1966. Moreover, the existence of a
sequence (P,) of Littlewood polynomials P, is shown in a way that in addition to
the above flatness properties a certain symmetry is satisfied by the coefficients of P,
making the Littlewood polynomials P, close to skew-reciprocal.
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1 The Theorem

Polynomials with coefficients in {—1, 1} are called Littlewood polynomials.
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Theorem 1.1 There exist absolute constants n, > 11 > 0 and a sequence (Py) of
Littlewood polynomials P, of degree n such that

mv/n < |Py(2)] <m/n, z€C,lz]=1 (1.1

Note that Beck [4] showed the existence of flat unimodular polynomials P, of degree
n satisfying (1.1) with coefficients in the set of kth roots of unity and gave the value
k = 400, but correcting a minor error in Beck’s paper Belshaw [1] showed that the value
of k in [4] should have been 851. Repeating Spencer’s calculation Belshaw improved
the value 851 to 492 in Beck’s result, and an improvement of Spencer’s method, due to
Kai-Uwe Schmidt, allowed him to lower the value of k to 345. The recent breakthrough
result by Balister, Bollobds, Morris, Sahasrabudhe, and Tiba [2] formulated in Theorem
1.1 confirms a conjecture of Littlewood from 1966. Using special properties of the
Rudin—Shapiro polynomials and classical results in approximation theory such as
Jackson’s Theorem, de la Vallée Poussin sums, Bernstein’s inequality, Riesz’s Lemma,
and divided differences, in this paper we give a significantly simplified proof of this
beautiful and deep theorem. Moreover, the existence of a sequence (P;,) of Littlewood
polynomials P, is shown so that in addition to (1.1) a certain symmetry is satisfied by
the coefficients of P,.

Theorem 1.2 There exist absolute constants 0 < 11 < n2, n > 0, and a sequence
(P»y) of Littlewood polynomials Ps, of the form

2n
Pyu(x) = ajnz.  ajne{-1,1}j=01,....2n,n=12, ...,

j=0

such that in addition to (1.1) with n replaced by 4n the coefficients of P, satisfy

Ajn = —A2n—j,n, 0=<j<n—my,
and
ajn= D" ay_j, n—m,<j<n,
with some integers 0 < nn < m, < n.

The theorem above may be viewed as a result in an effort to answer the following
question.

Problem 1.3 Are there absolute constants 0 < n; < 1y and a sequence (Psy) of
skew-reciprocal Littlewood polynomials Py, of the form

4n
Pin(2) =) ajnzl.  ajnel{-1,1},j=01..4nn=12 ...,
—
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such that in addition to (1.1) with n replaced by 4n the coefficients of P4, satisfy
ajn=D"ag_jn, Jj=0,1,....4n7

This problem remains open. We remark that it is easy to see that every self-reciprocal
Littlewood polynomial of the form

n
Pi@ = ajuzl.  ajnel{-1.15j=01...n,
j=0

satisfying
ajn = Adn—jn, j=0,1,...,n,
has at least one zero on the unit circle, see Theorem 2.8 in [8], or Corollary 6 in [16],

for example. Hence, there are no absolute constant n; > 0 and a sequence (P,) of
self-reciprocal Littlewood polynomials P, of degree n such that

mvn <P, zeClzl=1,n=12,....

2 Rudin-Shapiro Polynomials

Section 4 of [5] is devoted to the study of Rudin—Shapiro polynomials. A sequence of
Littlewood polynomials that satisfy just the upper bound of Theorem 1.1 is given by
the Rudin—Shapiro polynomials. The Rudin—Shapiro polynomials appear in Harold
Shapiro’s 1951 thesis [17] at MIT and are sometimes called just Shapiro polynomials.
They also arise independently in Golay’s paper [13]. The Rudin—Shapiro polynomials
are remarkably simple to construct. They are defined recursively as follows:

Py(z):=1,  Qolz) =1,
Pui1(2) = Pu(@) + 2% Om(2),
Qum41(2) = Pu(2) — 2 O (2).
form = 0,1,2,.... Note that both P, and Q,, are polynomials of degree M — 1

with M := 2™ having each of their coefficients in {—1, 1}. It is well known and easy
to check by using the parallelogram law that

P11 +1Qmi1 (€D = 2(1Pu(e)* + 1Qm (e, 1t eR.
Hence,
1P (@) + |Om(e)> =2 =2M, teR. 2.1)
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Observing that the first 2™ terms of P, are the same as the 2™ terms of P,,, we can
define the polynomial P_, of degree n — 1 so that its terms are the first n terms of
all P, for all m for which 2™ > n. The following bound, which is a straightforward
consequence of (2.1), was proved by Shapiro [17].

Lemma 2.1 We have
|Pon(e")] <5vn,  teR
It is also well known that

Pon(1) = || P ()] 2= max | Py (e')] = 2 FD/2
te

for every odd m and P, (1) = 2"/? for every even m.
Our next lemma is stated as Lemma 3.5 in [9], where its proof may also be found.
It plays a key role in [10-12] as well.

Lemma 2.2 If P,, and Q,, are the m-th Rudin—Shapiro polynomials of degree M — 1
with M := 2", § := sin®(1/8), and

: 2r j
Zj Zzenj, tj = —MJ, jGZ,

then
max{| P ()1, | Pu(zj11)I?) = 82" = 25M.

Lemma 2.3 Using the notation of Lemma 2.2, we have

; ) )
Pu(P=8M, te|tj———.tj+-—]|,
[P (e)]” > e|:J oM 2;‘[:|

for every j € Z such that
|Pu(z)? = 62" = 25M.
Proof The proof is a simple combination of the mean value theorem and Bern-
stein’s inequality (Lemma 3.4) applied to the (real) trigonometric polynomial of
degree M — 1 defined by S(t) := P (e") Py, (e7'"). Recall that (2.1) implies
0 < S(t) = |Pu(e")|? <2M forevery t € R. o
Let, as before, M := 2™ with an odd m. We define

T(I) = Re((l +eth +e2iMl‘ 4. +e8th)Pm(eil‘))

e9th 1 )
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Observe that T is a real trigonometric polynomial of degree © — 1 := 9M — 1. For
every sufficiently large natural number 7, there is an odd integer m such that

= <277, (2.3)

n

2775 <y:=

no9.om
n

Observe that
171l := max |T ()] = T O)] = 9| Py(D)] =9 - 2D
= 902M)'/? =3/2yn. (2.4)
Lemma 2.4 [n the notation of Lemmas 2.2 and 2.3, for every j € Z satisfying
1P (zj)> > 82" = 26M

there are

et 3 t il d b;el|t;+ il ti + 3
4 L an . LA L
I To3oMTY oM J T 3oMTY T 3om
such that

IT(aj)] = (0.005)(|T| = (0.015)y/2yn  and
T ()] = (0.005)T| = (0.01)/2yn.

Proof We prove the statement about the existence of b; as the proof of the statement
about the existence of a; is essentially the same. Let

Pu(e") = RV, R(t) = |Py(e™)],

where the function « could be chosen so that it is differentiable on any interval where
P, (e'") does not vanish. Then

ie Pl (e = R/ + RO (i (1)),
hence

o/ (1) = Re <—e"P n(e") )
B Pp(e™)

on any interval where P, (¢'’) does not vanish. Combining Bernstein’s inequality
(Lemma 3.4), Lemma 2.3, and || P,, || < (2M)'/2, we obtain

o) < M@ (2
o) < _

12 5
———=(Z) M<@NM, tel|tjti+—]|. @5
(SM)1/2 5) =G7 e|:] ]+2Mi| 2.5
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Now let
9i M1 9i M1
e =1 e = g 2 27
eth_1= eiMt _ e ’ re tj_9_M’tj+9_M . (2.6)
By writing
9iMt __ 1

(14 M0 4 2IME L SIMEyp ity i P, (el el @O+4MD)

we see by (2.5) and (2.6) that () := «a(t) + 4 M1 satisfies
(03)M =4M — 3. )M < 4M — |’ ()| < |B'(1)], te [tj, tj + %:| .(2.7)

It is also simple to see that

e9th -1 eiMJT —1
eiMr _ ' - eiMn/9 _ 1'
= 2 >18 te[t~ ad t-+n] (2.8)
T 2sin(r/18) T P oom T om I '
Observe that (2.7) and (2.8) imply that there are
bje|tj+ iy + o
N ) VA V) Vi
for which
e9iMbj -1 18 50
- | > .
eiMbj -1~ = ( )
and
x (0.15n
cos(B(b;)) > cos 77 16 > 0.0294. (2.10)
Combining (2.9), (2.10), Lemma 2.3, and (2.4), we obtain
e9iMbj -1 " e9iMbj -1 "
_ ib: _ ib: '
IT (b))l = |Re (m P (e ’))‘ = m‘ ‘Pm(e M| leos(B(D))l
18 0.5292) si 8
= 18 san12(0.0204) = ¢ )SING/8) 504172 = (0.005)920) 12
b4 927
> (0.005) (7. o
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3 Tools from Approximation Theory

Let 7, denote the set of all real trigonometric polynomials of degree at most v. Let
IT|| denote the maximum modulus of a trigonometric polynomial 7 on R.

Definition 3.1 Letn > 0 be an integer divisible by 10. Let Z be a collection of disjoint
closed intervals (with nonempty interiors) in R /27 Z. We call the collection 7 suitable
if

(a) the endpoints of each interval in Z are in (107 /n)Z;
(b) Z is invariant under the maps 6 — m £ 6;
(¢c) |Z| = 4N for some N < yn.

We call a suitable collection Z of disjoint closed intervals (with nonempty interiors)
in R/ (27 R) well-separated if

(d) 1] <£3990x/n foreach I € T;
(e) d(I,J) > 10zr/n foreach I, J € Z with [ # J;
(f) the sets UleI I and (/2)Z + (=57 /n, 57 /n) are disjoint;

where in (e) d(I, J) denotes the distance between the intervals 7 and J.
We will denote the intervals in a suitable and well-separated collection Z by

Ij, j=1,2,...,4N,

where I, I,..., Iy C (0,7/2). Associated with an interval [a,b] C [—7 +
Sr/n, t — S /n], we define

1, if r € [a, ],

0, ift € [—m,a—5x/n]VU[b+ 5x/n, 7],
(n/(57))(t — (a — 57 /n)), ift e€la—5r/n,al,

(n/(57))(b+ 57 /n) —1t), ift €[b,b+ S5u/n].

Da,p)(t) =

We call the coloring @ : Z — {—1, 1} symmetric if «(I) = a(x — I) and a(]) =
—a(m + I). Associated with a symmetric 7 :(— {—1, 1}, let

4N
8o 1= Za(lj)CD[j and Gy := Kﬁga.
j=1

Let S, := {1,3,...,2n — 1} be the set of odd numbers between 1 and 2n — 1. Let
C», denote the set of all continuous 2 periodic functions defined on R. Associated
with f € Cay, we define the nth partial sums

Sy(f, 1) :=ap+ Z (ax cos(kt) + by sin(kt))
k=1
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of the Fourier series expansion of f, where

1 s
ap = aop(f) = f@®)dt,

ar = ar(f) ::% ﬂf(t)cos(kt)dt, k=1,2,...,

—7T

and
1 s
by = br(f) :=—/ f () sin(kt) dt, k=1,2,....
T Jx
Observe thatif o : Z — {—1, 1} is symmetric, then
n
Son(Gar 1) = Son-1(Ga 1) = Y boy—1(Go) sin((2k — 1)1).

k=1

Associated with f € Cy,, we also define
Ey(f) := min || f — O]
0€T,
and
o(f,d) :=max|f(+38) — f(@)l
teR

In the proof of Theorem 6.1, we will use D. Jackson’s theorem on best uniform
approximation of continuous periodic functions with exact constant. The result below
is due to Korneichuk [14].

Lemma3.2 If f € Cyy then

P
En(f)iw(f»m)~

In the proof of Theorem 6.1, we will also use the following result of De La Vallée
Poussin, the proof of which may be found on pages 273-274 in [7].

Lemma 3.3 Associated with f € Coy let

2n—1

1
Valf,0) == 3 Si(fo0.
j=n

We have

max |V, (f,t) — f()| < 4E,(f).
teR
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The following inequality is known as Bernstein’s inequality and plays an important
role in the proof of Lemma 3.5.

Lemma 3.4 We have
IO vul, ven, v=12.., k=12...

Lemma 3.5 Suppose U € T, T € [0,27/v], A > 0.005, and |U ()| = A|U||. Let

n G+1 18
Iy = [ﬂu] - [r,r+—”], j=uu+l,. .k (3D
v V Vv

We have

U A [ op \200 U
l‘ —_
oo | ()|_400(18n) Il

for at least one j € {v,v+1,...,v+ 399} foreveryv € {u,u + 1, ...,k —399}.

Proof Suppose the statement of the lemma is false, and thereare v € {u, u+1, ..., k—
399} and
j 4+ 1 18
xj el = [ﬂ, u} c |:7:, T+ —”} (3.2)
v v v
such that
U A (2" j 1 399
UGl < 755 (52) " UL e oo+ 1. v+ 399

Lety; := xyy2;—1 for j € {1,2,...,200}. Then, the points y; satisfy

n Ui .
yl—rZ; and yj_,_]—yj_;, jef{l,2,...,200}.

By the well-known formula for divided differences, we have

200 200 200
-1 1 200
U(r)}}:[1 (t—y)" + ]E:] Uyt —yj)~ H On =) = 555;Y U ),
h#]

and combining this with |U(7)| > A||U||, (3.1), and (3.2), we get

187\ 2% A n 200 7\ —200 1
e (1 a (200)
A”U”< v ) S200400(1871) ”U”(v> +200‘|U @l
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with some & € [, T + 187 /v]. Therefore, Bernstein’s inequality (Lemma 3.4) yields
that

187\ 200 A 200 ~200 1
AU (—”) <200 (=)l () T+ o™i,
vV vV

400 \ 187 200!
that is,
200 200
4 < 28T (BTN 005
- 200! - 200 ’
which contradicts our assumption A > 0.005. O

The following lemma ascribed to M. Riesz is well known and can easily be proved
by a simple zero counting argument (see [6], for instance).

Lemma3.6 IfT €7, ty € R, and |T (t9)| = || T||, then
|T ()| = |T(10)| cos(v(t —10)), te€R, [t —1o] < 22
1%

We will also need the following simple corollary of the above lemma.

Lemma3.7 If L = 32n,

Q2r—Dm
=" r=1,2...,4L,
4L
and T € Ty, then

-1
max |T'(1)] = (cos(mr/64)) | fax, IT(1,)] = (1.0013)  fmax, T ()]

4 Minimizing Discrepancy
Associated with a vector X = (x1, x2, ..., xp) € RY, let
[Xlloo := max{lxil, [x2l, ..., |xy}.
A crucial ingredient in [2] is the main “partial coloring” lemma of Spencer [18] based
on a technique of Beck [3]. In section 4 of [2], a simple consequence of a variant of

this due to Lovett and Meka [15, Theorem 4] is observed, and it plays an important
part in the proof of Theorem 6.1. This can be stated as follows.

Lemma4.1 Lety;,y;,...,y, € RV andxg € [-1,11". Ifc1, 2, ..., cu = O are such
that
u
2 U
> exp(—(er/14) < . @.1)

r=1
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then there exists anx € {—1, 1}V such that

[(x —x0.y,) < (¢ +30)0Vu Iy, loo, r=1,2,... 1.

5 The Cosine Polynomial
Theorem 5.1 Let n > 0 be a sufficiently large integer divisible by 10. Let © = yn
defined by (2.3). There exists a cosine polynomial
nw
c(t) = Zsk cos(2kt), =1, ege{-1,1}, k=12,...,u, &.1)
k=0

and a suitable and well-separated collection T of disjoint closed intervals (with
nonempty interiors) in R/(2n Z) such that

cty=mvn, re|J1,

1€

and

ct) </n, teR,
where n1 > 0 is an absolute constant.

Proof Letc(t) := U(t) := T (2t), where T € 7, with u := 9M is defined by (2.2)
and U € 7,,_» with v := 2u. Observe that c is of the form (5.1). It follows from (2.1),
(2.3), and (2.4) that

le(1)] < 9V2M < 3\/2u < /n.

Set

0.005 / n 200
=20y =20 =10 d (1
n Ty T/ Tv/n an n 200 (187t)

We partition R/(27Z) into n/5 intervals

107/ 107G + 1)
Ij= n ' n

}, j=0,1,....n/5—1,

and say that an interval /; is good if

in |U )] > 0.005( n )200 i
min | — .
tel; — 400 \18m
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Let J be the collection of maximal unions of consecutive good intervals /;, and let 7
be the collection of the remaining intervals (that is, the maximal unions of consecutive
bad intervals). We claim that 7 is the required suitable and well-separated collection.

First, to see that 7 is suitable, note that the endpoints of each of the intervals I; are
in 10t Z. The set 7 is invariant under the maps & — 7 % 0 by the symmetries of the
functions cos(2kt), k = 0,1, ..., u. To see that 4N = |Z| < 4yn, note that a real
trigonometric polynomial of degree at most v has at most 2v real zeros in a period,
and hence there are at most 4v values of ¢ in a period for which

:I:0.00S( n )200 il

Ui) = —
® 400 187

Since each / € 7 must contain at least two such points (counted with multiplicities),
we have 4N := |Z| < 2v = 4u = 4yn. Thus, 7 has each of the properties (a), (b),
and (c) in the definition of a suitable collection.

We now show that 7 is well separated. By Lemmas 2.2, 3.4, and 3.5, any 400
consecutive intervals /; must contain a good interval, and hence |I| < 39907z /n for
each I € Z. Thus, T has property (d) in the definition of a well-separated collection.
The fact that Z has property (e) in the definition of a suitable collection is obvious by
the construction. Finally observe that for an odd m we have |P, (1)| = 20m+1/2 —
| P (€], from which

ITO) =T(@)| =Tl
follows. Hence, property (f) in the definition of a well-separated collection
follows from the Riesz’s Lemma stated as Lemma 3.6 (recall that v = 2 = 2yn <
27 2p). O
6 The Sine Polynomials
Theorem 6.1 Let n > 0 be an integer divisible by 10. Let I be a suitable and well-

separated collection of disjoint closed intervals (with nonempty interiors) in R/ (2n 7).
There exists a sine polynomial

so(t) =Y ek —1)sin((k — 1), ek —1) e (1.1},
k=1

such that

5o = 36v/n,  te| JI. and |s,()] <1090vn, teR.
1T

To prove Theorem 6.1, we need some lemmas.
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Lemma 6.2 Let 7 be a suitable and well-separated collection of disjoint closed
intervals (with nonempty interiors) in R/(2aR). There exists a symmetric coloring
o T — {—1, 1} such that

ar(Gy) =0, k=0,1,...,2n,
by(Gy) =0 and |byu—1(Gy)| <1, k=12,...,n.

Proof As before, we denote the intervals in a suitable and well-separated collection
IZbobylj, j=1,2,...,4N, where I, I,..., Iy C (0,7/2). As we have already
observed before, we have ay(Gy) = 0,k = 0,1,...,2n, and by (Gy) = 0,k =
1,2, ..., n, for every symmetric coloring @ : Z — {—1, 1}, so we have to show only
that there exists a symmetric coloring o : Z — {—1, 1} such that |by;_1(Gy)| <
1,k=1,2,...,n. To this end, let

Vi = (Vk1s k2 -5 YN),  k=1,2,....n,
with

4K i [T

—IT

Vi = @y (1)sin(k — Hnydr,  k=1,2,....n,j=12,...,N.

Ifo:Z — {—1, 1} is a symmetric coloring, then by the symmetry conditions on Z
we have

T

1
by—1(Gy) = ;/

-7

N
Go(D)sin(2k — D)) dt = ey, k=1.2.....n
j=1

We apply Lemma 4.1 withu :=n,v:= N,x0:=0¢€ [—1, 11V, and
c1=cy=---=c¢y = 14,/log(l6n/N).
Observe that

u
N N
2 2
24y =g =
;eXp( A =nie, = 15

so (4.1) is satisfied. It follows from Lemma 4.1 that there exists an
(@), a(h), ... a(Iy) =xe (-1, 1}
such that
(%, Y0 < (€ +30VN llyilloo.  k=1.2.....n.
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As T is well separated, by part (d) of the definition we have

K 4K 4000 16000K
111 + 107y < HENA000T
T T n Jn

foreveryk =1,2,...,nand j = 1,2, ..., N. It follows that

[k, | <

1b2k—1(Go)| = (X, ¥

< (14/log(16n/N) + 30)\/N/n - 16000K, k=1,2,...,n.

As the right-hand side above is an increasing function of N for N/n <y < 1, we
have

1b2k—1(G)| = [(X, ¥
< (14\/1og(16/) +30) /7 - 16000K <1, k=1,2,....n,

where the last inequality follows from K := 22 and the inequality 277> <y <2773,
Hence, the desired symmetric coloring is given by setting

(a(l1), a(l2), ..., a(Iy)) ==X
O

From now on let « : Z — {—1, 1} denote the symmetric coloring guaranteed by
Lemma 6.2. Then, we have

Va(Gar 1) = Y B2k — Dsin(@k — D), [Fk— D] < 1.
k=0

Lemma 6.3 There is a coloring ¢ : S, — {—1, 1} such that with the notation

n

so(t) =) &(2k — 1) sin((2k — 1)1)

k=1
we have
I5o(t) — Va(Gg, 1)| < 664/n, teR.

Proof Let L := 32n,

2 —1
G L T 3
4L

Ve i=sin(k — Dt),  r=1,2,....Lk=1,2,...,n,
Yo =1 Y2 V), r=12,... L
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Observe that

50(tr) = Va (G t) = ¥ (Qk — 1) = FQ2k — D)yrg = fe—E.y,),  (6.1)
k=1
where

e:=(e(1),e3),....,en—1)) and €:= E(1),33),...,52n —1)).

We apply Lemma 4.1 with u := L, v := n, X¢ := €, and

cr=cy=---=cp :=42,/log?2.

Observe that

u
Y exp(—c2/14%) = 270 = 1%’

r=1

so (4.1) is satisfied. It follows from Lemma 4.1 that there exists an e € {—1, 1}"* such
that

le =€, y,)| < (¢ +30)v/nlly, lloo
< (¢, +30)/n<65/n, r=1,2,... L. 6.2)

Combining (6.1) and (6.2), we obtain
[So(t) — Vi (Ga, )] 565ﬁ, r=1,2,...,L.

Note that by the special form of the trigonometric polynomials s, and V,, (G, -), we
have

[max, S0 (tr) = Va(Ga, 1)| = | max, S0 (tr) = V(G 1)1,
hence
50(tr) = Vi(Go, )| < 654/n,  r=1,2,... 4L.
This, together with Lemma 3.7 gives the lemma. O

Lemma 6.4 We have

K
|Vn(GlXat)| 2 T\/Ev te U Ia and |Vn(GOlat)| S ZKﬁa re R'
1T
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Proof Combining Lemmas 3.3 and 3.2 we have

4K /n
maﬁéqvn(Gaat)_Ga(t” <4E,(Gy) 4w (Gy,m/n) < 5
te

and the lemma follows. O

Let u = 9M = 9 - 2" be the same as in Sect. 2, and let
Se(t) 1= Im(P< i1y (€*")) — Im(Py (€*M)).

Lemma 6.5 We have

lIsell < 6+/n.

Proof This is an obvious consequence of Lemma 2.1. Recall that u = yn < 27 n.
O

Proof of Theorem 6.1 Let 7 be a suitable and well-separated collection of disjoint
closed intervals (with nonempty interiors) in R/(27Z). By Lemma 6.3, there is a
coloring ¢ : S, — {—1, 1} such thatif @ : Z — {—1, 1} is the symmetric coloring
given by Lemma 6.2, then

[so(1) = Vi(Gg, D] < 66\/5, t eR.
Hence by Lemma 6.4 and K := 2°, we have

IS0 = [Va(Ga, )| = [50(t) = Vi(Ga, 1)

> 1021 — 66+/n > 36/n, te U I,

1€

and

V(G )] + 156(t) = Vi(Ga, )] < 210/n + 664/
1090/n, € R.

5o ()]

IAIA

7 Proof of Theorems 1.1 and 1.2

Proof of Theorems 1.2 1t is sufficient to prove the theorem with 2n replaced by 4n, and
without loss of generality we may assume that n > 0 is an integer divisible by 10.
Since the Littlewood polynomial Py, (z) :==1—z — 72 — ... — z*™ does not vanish
on the unit circle, we may assume also that n is sufficiently large. By Theorems 5.1
and 6.1 the Littlewood polynomial Py, of degree 4n defined by
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Py (e)e 2 = (=1 4 2¢(1)) + 2i(5(1) + 5¢(1))

has the properties required by the theorem. It is obvious from the construction that the
coefficients of Py, satisfy the requirements. To see that the required inequalities are
satisfied let Z be a suitable and well-separated collection of disjoint closed intervals
(with nonempty interiors) in R/(27w Z) on which (5.1) holds. Then, Theorem 5.1 gives
that

[Pan(eD)] = | =14 2c =mv/n,  1¢ (]I,

1T

while Theorem 6.1 gives that

| Pan ()| = 12050 (1) + se ()] > [25,(1)]
—125.(1)] = 72/ — 124/n = 60/n, te | JI.

=

Combining the two inequalities above gives the lower bound of the theorem. The upper
bounds of the theorem follow from combining the upper bounds of Theorems 5.1 and
6.1 by

A

|Pyn(e)] < | = 14 2¢(0)] + [2(50(t) + 50(1)] < 1424/n +2180y/n + 124/n
1+2194y/n, teR.

IA

For the value m,, in the theorem, we have m,, = 2u = 2yn,son = 2y > 0 can be
chosen. m|

References

1. Belshaw, A.W.: Strong Normality, Modular Normality, and Flat Polynomials: Applications of Proba-
bility in Number Theory and Analysis. Ph.D. thesis Simon Fraser University (2013)
2. Balister, P, Bollobds, B., Morris, R., Sahasrabudhe, J., Tiba, M.: Flat Littlewood polynomials exist.
Ann. Math. (2) 192(3), 977-1004 (2020)

3. Beck, J.: Roth’s estimate of the discrepancy of integer sequences is nearly sharp. Combinatorica 1,

319-325 (1981)

Beck, J.: Flat polynomials on the unit circle. Bull. Lond. Math. Soc. 23, 269-277 (1991)

Borwein, P.: Computational Excursions in Analysis and Number Theory. Springer, New York (2002)

Borwein, P., Erdélyi, T.: Polynomials and Polynomial Inequalities. Springer, New York (1995)

DeVore, R.A., Lorentz, G.G.: Constructive Approximation. Springer, Berlin (1993)

Erdélyi, T.: On the zeros of polynomials with Littlewood-type coefficient constraints. Mich. Math. J.

49,97-111 (2001)

9. Erdélyi, T.: The Mahler measure of the Rudin—Shapiro polynomials. Constr. Approx. 43(3), 357-369

(2016)

10. Erdélyi, T.: The asymptotic value of the Mahler measure of the Rudin—Shapiro polynomials. J. Anal.
Math. 142(2), 521-537 (2020)

11. Erdélyi, T.: On the oscillation of the modulus of Rudin—Shapiro polynomials on the unit circle. Math-
ematika 66, 144—160 (2020)

12. Erdélyi, T.: Improved results on the oscillation of the modulus of Rudin—Shapiro polynomials on the
unit circle. Proc. Am. Math. Soc. (2019) (to appear)

XNk

@ Springer



554

Constructive Approximation (2022) 56:537-554

13.

16.

17.
18.

Golay, M.J.: Static multislit spectrometry and its application to the panoramic display of infrared
spectra. J. Opt. Soc. Am. 41, 468472 (1951)

. Korneichuk, N.P.: The exact constant in D. Jackson’s theorem on best uniform approximation of

continuous periodic functions. Dokl. Akad. Nauk SSSR 145(3), 514-515 (1962)

. Lovett, S.,Meka, R.: Constructive discrepancy minimization by walking on the edges. STAM J. Comput.

44, 1573-1582 (2015)

Mercer, 1.D.: Unimodular roots of special Littlewood polynomials. Can. Math. Bull. 49(3), 438447
(2006)

Shapiro, H.S.: Extremal problems for polynomials and power series. Master thesis MIT (1951)
Spencer, J.: Six standard deviations suffices. Trans. Am. Math. Soc. 289, 679-706 (1985)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor holds exclusive rights to this article under a publishing agreement with the
author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is
solely governed by the terms of such publishing agreement and applicable law.

@ Springer



	Do Flat Skew-Reciprocal Littlewood Polynomials Exist?
	Abstract
	1 The Theorem
	2 Rudin–Shapiro Polynomials
	3 Tools from Approximation Theory
	4 Minimizing Discrepancy
	5 The Cosine Polynomial
	6 The Sine Polynomials
	7 Proof of Theorems 1.1 and 1.2
	References




