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Abstract

We describe generalizations of the universal approximation theorem for neural net-
works to maps invariant or equivariant with respect to linear representations of groups.
Our goal is to establish network-like computational models that are both invari-
ant/equivariant and provably complete in the sense of their ability to approximate
any continuous invariant/equivariant map. Our contribution is three-fold. First, in
the general case of compact groups we propose a construction of a complete invari-
ant/equivariant network using an intermediate polynomial layer. We invoke classical
theorems of Hilbert and Weyl to justify and simplify this construction; in particular,
we describe an explicit complete ansatz for approximation of permutation-invariant
maps. Second, we consider groups of translations and prove several versions of the
universal approximation theorem for convolutional networks in the limit of continuous
signals on euclidean spaces. Finally, we consider 2D signal transformations equivari-
ant with respect to the group SE(2) of rigid euclidean motions. In this case we introduce
the “charge—conserving convnet”—a convnet-like computational model based on the
decomposition of the feature space into isotypic representations of SO(2). We prove
this model to be a universal approximator for continuous SE(2)—equivariant signal
transformations.
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1 Introduction
1.1 Motivation

Symmetric models An important topic in learning theory is the design of predictive
models properly reflecting symmetries naturally present in the data (see, e.g., [3,
35,37]). Most commonly, in the standard context of supervised learning, this means
that our predictive model should be invariant with respect to a suitable group of
transformations: given an input object, we often know that its class or some other
property that we are predicting does not depend on the object representation (e.g.,
associated with a particular coordinate system), or for other reasons does not change
under certain transformations. In this case we would naturally like the predictive
model to reflect this independence. If f is our predictive model and I" the group of
transformations, we can express the property of invariance by the identity f(A,x) =
f(x), where A, x denotes the action of the transformation y € I" on the object x.

There is also a more general scenario where the output of f is another complex
object that is supposed to transform appropriately if the input object is transformed.
This scenario is especially relevant in the setting of multi-layered (or stacked) pre-
dictive models, if we want to propagate the symmetry through the layers. In this case
one speaks about equivariance, and mathematically it is described by the identity
f (.A,, X) = A,, f (%), assuming that the transformation y acts in some way not only on
inputs, but also on outputs of f. (For brevity, here and in the sequel we will slightly
abuse notation and denote any action of y by A, , though of course in general the input
and output objects are different and y acts differently on them. It will be clear which
action is meant in a particular context).

A well-known important example of equivariant transformations are convolutional
layers in neural networks, where the group I' is the group of grid translations, Z<.

Symmetrization vs. intrinsic symmetry We find it convenient to roughly dis-
tinguish two conceptually different approaches to the construction of invariant and
equivariant models that we refer to as the symmetrization-based one and the intrinsic
one. The symmetrization-based approach consists in starting from some asymmetric
model, and symmetrizing it by a group averaging. On the other hand, the intrinsic
approach consists in imposing prior structural constraints on the model that guarantee
its symmetricity.

In the general mathematical context, the difference between the two approaches is
best illustrated with the example of symmetric polynomials in the variables x1, . .., x,,
i.e., the polynomials invariant with respect to arbitrary permutations of these variables.
With the symmetrization-based approach, we can obtain any invariant polynomial by
starting with an arbitrary polynomial f and symmetrizing it over the group of per-
mutations S, i.e. by defining foym(x1, ..., x,) = % ZpESn F&ptys ooy Xpm))- On
the other hand, the intrinsic approach is associated with the fundamental theorem of
symmetric polynomials, which states that any invariant polynomial fsy, in n variables
can be obtained as a superposition f(si, ..., s,) of some polynomial f and the ele-
mentary symmetric polynomials sy, . . ., s,. Though both approaches yield essentially
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the same result (an arbitrary symmetric polynomial), the two constructions are clearly
very different.

In practical machine learning, symmetrization is ubiquitous. It is often applied both
on the level of data and the level of models. This means that, first, prior to learning an
invariant model, one augments the available set of training examples (x, f(x)) by new
examples of the form (A, x, f(x)) (see, for example, Section B.2 of Thoma [43] for
a list of transformations routinely used to augment datasets for image classification
problems). Second, once some, generally non-symmetric, predictive model fhas
been learned, it is symmetrized by setting ﬁym x) = \1‘1_0\ Zy elo f(AyX), where 'y
is some subset of I' (e.g., randomly sampled). This can be seen as a manifestation
of the symmetrization-based approach, and its practicality probably stems from the
fact that the real world symmetries are usually only approximate, and in this approach
one can easily account for their imperfections (e.g., by adjusting the subset I'g). On
the other hand, the weight sharing in convolutional networks [22,45] can be seen as
a manifestation of the intrinsic approach (since the translational symmetry is built
into the architecture of the network from the outset), and convnets are ubiquitous in
modern machine learning [23].

Completeness In this paper we will be interested in the theoretical opportunities
of the intrinsic approach in the context of approximations using neural-network-type
models. Suppose, for example, that f is an invariant map that we want to approximate
with the usual ansatz of a perceptron with a single hidden layer, f(xl, ceeyXg) =
Z,Ilvzl Cho (Zle Wi Xk + hy) with some nonlinear activation function o. Obviously,
this ansatz breaks the symmetry, in general. Our goal is to modify this ansatz in such a
way that, first, it does not break the symmetry and, second, it is complete in the sense
that it is not too specialized and any reasonable invariant map can be arbitrarily well
approximated by it. In Sect. 2 we show how this can be done by introducing an extra
polynomial layer into the model. In Sects. 3, 4 we will consider more complex, deep
models (convnets and their modifications). We will understand completeness in the
sense of the universal approximation theorem for neural networks [32].

Linear representations Designing invariant and equivariant models requires us to
decide how the symmetry information is encoded in the layers. A standard assumption,
to which we also will adhere in this paper, is that the group acts by linear transfor-
mations. Precisely, when discussing invariant models we are looking for maps of the
form

VSR (1.1)

where V is a vector space carrying a linear representation R : ' — GL(V) of a group
I". More generally, in the context of multi-layer models

rnliwns (12)

we assume that the vector spaces Vj carry linear representations Ry : I' — GL(Vj)
(the “baseline architecture” of the model), and we must then ensure equivariance in
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each link. Note that a linear action of a group on the input space V; is a natural and
general phenomenon. In particular, the action is linear if V is alinear space of functions
on some domain, and the action is induced by (not necessarily linear) transformations
of the domain. Prescribing linear representations Ry is then a viable strategy to encode
and upkeep the symmetry in subsequent layers of the model.

Compact vs. non-compact groups From the perspective of approximation the-
ory, we will be interested in finite computational models, i.e. including finitely many
operations as performed on a standard computer. Finiteness is important for potential
studies of approximation rates (though such a study is not attempted in the present
paper). Compact groups have the nice property that their irreducible linear represen-
tations are finite-dimensional. This allows us, in the case of such groups, to modify
the standard shallow neural network ansatz so as to obtain a computational model
that is finite, fully invariant/equivariant and complete, see Sect. 2. On the other hand,
irreducible representations of non-compact groups such as R" are infinite-dimensional
in general. As a result, finite computational models can be only approximately R"-
invariant/equivariant. Nevertheless, we show in Sects. 3, 4 that complete R"—and
SE(v)—equivariant models can be rigorously described in terms of appropriate limits
of finite models.

1.2 Related Work

Our work can be seen as an extension of results on the universal approximation
property of neural networks [7,10,18,19,24,29,31,32] to the setting of group invari-
ant/equivariant maps and/or infinite-dimensional input spaces.

Our general results in Sect. 2 are based on classical results of the theory of poly-
nomial invariants [16,17,46].

An important element of constructing invariant and equivariant models is the extrac-
tion of invariant and equivariant features. In the present paper we do not focus on this
topic, but it has been studied extensively, see e.g. general results along with applica-
tions to 2D and 3D pattern recognition in [3,27,35,37,41].

In a series of works reviewed in Cohen et al. [5], the authors study expressiveness of
deep convolutional networks using hierarchical tensor decompositions and convolu-
tional arithmetic circuits. In particular, representation universality of several network
structures is examined in Cohen and Shashua [4].

In a series of works reviewed in Poggio et al. [33], the authors study expressive-
ness of deep networks from the perspective of approximation theory and hierarchical
decompositions of functions. Learning of invariant data representations and its rela-
tion to information processing in the visual cortex has been discussed in Anselmi et
al. [1].

In the series of papers [2,25,26,39], multiscale wavelet-based group invariant scat-
tering operators and their applications to image recognition have been studied.

There is a large body of work proposing specific constructions of networks for
applied group invariant recognition problems, in particular image recognition approx-
imately invariant with respect to the group of rotations or some of its subgroups: deep
symmetry networks of Gens and Domingos [11], G-CNNs of Cohen and Welling [6],
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networks with extra slicing operations in Dieleman et al. [8], RotEqNets of Marcos
et al. [28], networks with warped convolutions in Henriques and Vedaldi [15], Polar
Transformer Networks of Esteves et al. [9]. In Sect. 4 we study a family of models
equivariant w.r.t. 2D euclidean motions; our construction partly resembles the one
used in Worrall et al. [48]. However, in contrast to all these papers, we are primarily
interested in the theoretical guarantees of invariance and completeness.

Our Theorem 3.1 resembles the Curtis-Hedlund-Lyndon theorem from the theory
of cellular automata, that states that a map f : {1,..., N}Z" - {I,..., N}ZU is
Z’-equivariant and continuous in the product topology if and only if it is defined
by a finite cellular automaton [14]. In Theorem 3.1 we characterize the maps f :
L*(RY,R¥) — L%(R”,R%) that are R"-equivariant and continuous in the norm
topology as limit points of convnets.

In Sect. 2.4 we apply the invariant theory to construct complete permutation-
invariant networks. See [34,49] for related results and discussions of permutation-
invariant models, as well as applications to image recognition problems.

In Kondor and Trivedi [20], it is proved that network layers of the conventional
structure “a linear transformation followed by pointwise nonlinear activation” are
group-equivariant iff the linear part is a (generalized) convolution. This can be viewed
as a completeness result for equivariant maps implementable by a single standard
layer. In the present paper, our point of view is rather different: first, we strive to
describe approximations to maps from general functional classes, and second, we are
particularly interested in symmetries like R” or SE(2), that cannot be implemented in
a single finite layer, but can be recovered in a suitable limit (cf. Sects. 3, 4).

1.3 Contribution of this Paper

As discussed above, we will be interested in the following general question: assuming
there is a “ground truth” invariant or equivariant map f, how can we “intrinsically”
approximate it by a neural-network-like model? Our goal is to describe models that are
finite, invariant/ equivariant (up to limitations imposed by the finiteness of the model)
and provably complete in the sense of approximation theory.

Our contribution is three-fold:

e In Sect. 2 we consider general compact groups and approximations by shallow
networks. Using the classical polynomial invariant theory, we describe a general
construction of shallow networks with an extra polynomial layer which are exactly
invariant/equivariant and complete (Propositions 2.3, 2.4). Then, we discuss how
this construction can be improved using the idea of polarization and a theorem of
Weyl (Propositions 2.5, 2.7). Finally, as a particular illustration of the “intrinsic”
framework, we consider maps invariant with respect to the symmetric group Sy,
and describe a corresponding neural network model which is Sy-invariant and
complete (Theorem 2.4). This last result is based on another theorem of Weyl.

e In Sect. 3 we prove several versions of the universal approximation theorem for
convolutional networks and groups of translations. The main novelty of these
results is that we approximate maps f defined on the infinite-dimensional space
of continuous signals on R". Specifically, one of these versions (Theorem 3.1)
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states that a signal transformation f : L*(R",R%) — L*(R",R%) can be
approximated, in some natural sense, by convnets without pooling if and only if
f is continuous and translationally-equivariant (here, by LR, R?) we denote
the space of square-integrable functions ® : R¥ — R?). Another version (Theo-
rem 3.2) states thatamap f : L2(R”, R%) — R can be approximated by convnets
with pooling if and only if f is continuous.

e In Sect. 4 we describe a convnet-like model which is a universal approximator for
signal transformations f : L>(R?, R%) — L?(R?, R%) equivariant with respect
to the group SE(2) of rigid two-dimensional euclidean motions. We call this model
charge—conserving convnet, based on a 2D quantum mechanical analogy (conser-
vation of the total angular momentum). The crucial element of the construction
is that the operation of the network is consistent with the decomposition of the
feature space into isotypic representations of SO(2). We prove in Theorem 4.1
that a transformation f : L2(R?, R%) — L?(R?, R%) can be approximated by
charge—conserving convnets if and only if f is continuous and SE(2)-equivariant.

2 Compact Groups and Shallow Approximations

In this section we give several results on invariant/equivariant approximations by
neural networks in the context of compact groups, finite-dimensional representations,
and shallow networks. We start by describing the standard group-averaging approach
in Sect. 2.1. In Sect. 2.2 we describe an alternative approach, based on the invariant
theory. In Sect. 2.3 we show how one can improve this approach using polarization.
Finally, in Sect. 2.4 we describe an application of this approach to the symmetric group
Sn.

2.1 Approximations Based on Symmetrization

We start by recalling the universal approximation theorem, which will serve as a
“template” for our invariant and equivariant analogs. There are several versions of this
theorem (see the survey Pinkus [32]), we will use the general and easy-to-state version
given in Pinkus [32].

Theorem 2.1 (Pinkus [32], Theorem 3.1) Let o : R — R be a continuous activation
function that is not a polynomial. Let V.= R? be a real finite dimensional vector
space. Then any continuous map f : V — R can be approximated, in the sense of
uniform convergence on compact sets, by maps f: V — R of the form

N d
f(xl,...,xd) = cha(Zwmxs +hn) 2.1
n=1 s=1

with some coefficients ¢, Wys, hy.

Throughout the paper, we assume, as in Theorem 2.1, that o : R — R is some
(fixed) continuous activation function that is not a polynomial.
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Also, as in this theorem, we will understand approximation in the sense of uniform
approximation on compact sets, i.e. meaning that for any compact K C V and any
€ > 0 one can find an approximating map fsuch that | f(x) — f(x)| <e€(or]| f(x)—
f(x)|| < € in the case of vector-valued f) for all x € K. In the case of finite-
dimensional spaces V considered in the present section, one can equivalently say
that there is a sequence of approximating maps ﬁ uniformly converging to f on
any compact set. Later, in Sects. 3, 4, we will consider infinite-dimensional signal
spaces V for which such an equivalence does not hold. Nevertheless, we will use
the concept of uniform approximation on compact sets as a guiding principle in our
precise definitions of approximation in that more complex setting.

Now suppose that the space V carries a linear representation R of a group I'.
Assuming V is finite-dimensional, this means that R is a homomorphism of I to the
group of linear automorphisms of V:

R:T — GL(V).

In the present section we will assume that I" is a compact group, meaning, as is
customary, that I" is a compact Hausdorff topological space and the group operations
(multiplication and inversion) are continuous. Accordingly, the representation R is
also assumed to be continuous. We remark that an important special case of compact
groups are the finite groups (with respect to the discrete topology).

One important property of compact groups is the existence of a unique, both left-
and right-invariant Haar measure normalized so that the total measure of I' equals
1. Another property is that any continuous representation of a compact group on a
separable (but possibly infinite-dimensional) Hilbert space can be decomposed into
a countable direct sum of irreducible finite-dimensional representations. There are
many group representation textbooks to which we refer the reader for details, see
e.g. [38,40,44]. Accordingly, in the present section we will restrict ourselves to finite-
dimensional representations. Later, in Sects. 3 and 4, we will consider the noncompact
groups RY and SE(v) and their natural representations on the infinite-dimensional space
L%(RV), which cannot be decomposed into countably many irreducibles.

Motivated by applications to neural networks, in this section and Sect. 3 we will
consider only representations over the field R of reals (i.e. with V areal vector space).
Later, in Sect. 4, we will consider complexified spaces as this simplifies the exposition
of the invariant theory for the group SO(2).

For brevity, we will call a vector space carrying a linear representation of a group
I a I'-module. We will denote by R, the linear automorphism obtained by applying
R to y € T'. In particular, the property that R is a homomorphism between I" and
GL(V) can then be written as

R, 1 =R,

y o', Ryg=RyRy. Vy.0€l.

The integral over the normalized Haar measure on a compact group I" is denoted by
/i r dy. We will denote vectors by boldface characters; scalar components of the vector
x are denoted xy.
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Recall that given a I'-module V, we callamap f : V — R I'-invariant (or simply
invariant) if f(R,Xx) = f(x) forall y € I and x € V. We state now the basic result
on invariant approximation, obtained by symmetrization (group averaging).

Proposition 2.1 Let I" be a compact group and V a finite-dimensional I'-module. Then,
any continuous invariant map f : V — R can be approximated by T -invariant maps
f 'V — Rof the form

N
70 = [ Yo u(®0 + hdy. 22)
n=1

where c,, h, € R are some coefficients and l,, € V* are some linear functionals on
V,ie l(X) =) ) WokXg.

Proof 1t is clear that the map (2.2) is ['-invariant, and we only need to prove the
completeness part. Let K be a compact subset in V, and € > 0. Consider the sym-
metrization of K defined by Ksym = Uy, er Ry, (K). Note that Ky is also a compact
set, because it is the image of the compact set ' x K under the continuous map
(¥,x) = R,x. We can use Theorem 2.1 to find a map f1 : V — R of the form
fix) = Zflv:l cno(l,(x) + hy,) and such thatA|f(x) — fix)| < € on Kgym. Now
consider the I'-invariant group-averaged map f(x) = fr f1(Ryx)dy. Then for any
xe K,

700 = £t = | [ (51&0 = rR)ar| = [ [AR» = fR 0]y <
where we have used the invariance of f and the fact that | fi(x) — f(x)| < € for
X € Ksym. [}

Now we establish a similar result for equivariant maps. Let V, U be two I'-modules.
For brevity, we will denote by R the representation of I" in either of them (it will be
clear from the context which one is meant). We call amap f : V — U TI"-equivariant
if f(Ryx) =R, f(x)forally eI"andx e V.

Proposition 2.2 Let I be a compact group and V and U two finite-dimensional T -
modules. Then, any continuous I'-equivariant map f : V. — U can be approximated
by I'-equivariant maps f : V — U of the form

N
Fo = /F SR yao Uy (Ryx) + ha)dy. 23)
n=1

with some coefficients h, € R, linear functionals I, € V*, and vectors y, € U.

Proof The proof is analogous to the proof of Proposition 2.1. Fix any norm || - || in U.
Given a compact set K and € > 0, we construct the compact set Ksym = Uy er Ry, (K)

as before. Next, we find f1 : V — U of the form f;(x) = Zflvzl Y0 (ln(X) + hy)
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and such that || f(x) — f1(X)|| < € on Ksym (we can do it, for example, by considering
scalar components of f with respect to some basis in U, and approximating these
components using Theorem 2.1). Finally, we define the symmetrized map by f(x) =
fr R;lfl (R, x)dy. This map is I'-equivariant, and, for any x € K,

1700 = Fo01 = | [ (R Aick,x = & £ R 0)a |

< max IRy | f | f1(Ryx) — F(Ryx)|dy
yel r

< emax | R, |.
< emax | Ry |

By continuity of R and compactness of I', max,er || R, | < 00, s0 we can approximate
f by f on K with any accuracy. O

Propositions 2.1, 2.2 present the “symmetrization-based” approach to constructing
invariant/equivariant approximations relying on the shallow neural network ansatz
(2.1). The approximating expressions (2.2), (2.3) are I'-invariant/equivariant and uni-
versal. Moreover, in the case of finite groups the integrals in these expressions are
finite sums, i.e. these approximations consist of finitely many arithmetic operations
and evaluations of the activation function o . In the case of infinite groups, the integrals
can be approximated by sampling the group.

In the remainder of Sect. 2 we will pursue an alternative approach to symmetrize
the neural network ansatz, based on the theory of polynomial invariants.

We finish this subsection with the following general observation. Suppose that we
have two I"'-modules U, V, and U can be decomposed into I'-invariant submodules:
U=6& 8 U;w (where mg denotes the multiplicity of Ug in U). Thenamap f : V —
U is equivariant if and only if it is equivariant in each component Ug of the output
space. Moreover, if we denote by Equiv(V, U) the space of continuous equivariant
maps f : V — U, then

Equiv (v, (an) U;"‘*) — P Equiv(V, Up)"*. (2.4)
5 5

This shows that the task of describing equivariant maps f : V — U reduces to the
task of describing equivariant maps f : V — Ug. In particular, describing vector-
valued invariant maps f : V — R% reduces to describing scalar-valued invariant
maps f:V — R.

2.2 Approximations Based on Polynomial Invariants

The invariant theory seeks to describe polynomial invariants of group representations,
i.e. polynomial maps f : V — R such that f(R,x) = f(x) forall x € V. A fun-
damental result of the invariant theory is Hilbert’s finiteness theorem [16,17] stating
that for completely reducible representations, all the polynomial invariants are alge-
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braically generated by a finite number of such invariants. In particular, this holds for
any representation of a compact group.

Theorem 2.2 (Hilbert) Let T be a compact group and V a finite-dimensional T -
module. Then there exist finitely many polynomial invariants f1, ..., fn,, : V = R
such that any polynomial invariant v : V. — R can be expressed as

r(x) =7(f1(X), s [y (X))
with some polynomial ¥ of Niny variables.

See, e.g., Kraft and Procesi [21] for a modern expositions of the invariant theory
and Hilbert’s theorem. We refer to the set { fS}N‘"V from this theorem as a generating
set of polynomial invariants (note that this set is not unique and Nj,y may be different
for different generating sets).

Thanks to the density of polynomials in the space of continuous functions, we can
easily combine Hilbert’s theorem with the universal approximation theorem to obtain
a complete invariant ansatz for invariant maps:

Proposition 2.3 Let " be a compact group, V a finite-dimensional T'-module, and
f1, ..., fay, oV — Rafinite generating set of polynomial invariants on V (existing
by Hilbert’s theorem). Then, any continuous invariant map f : V. — R can be
approximated by invariant maps f: V — R of the form

N Niny
Fo0 =Y cao (D was o0 + ) 25)
n=1 s=1

with some parameter N and coefficients ¢y, Wys, hy,.

Proof 1t is obvious that the expressions fare ["-invariant, so we only need to prove
the completeness part.

Let us first show that the map f can be approximated by an invariant polynomial.
Let K be a compact subset in V, and, like before, consider the symmetrized set Ky, .
By the Stone-Weierstrass theorem, for any € > 0 there exists a polynomial » on
V such that |r(x) — f(x)| < € for x € Kgyn. Consider the symmetrized function
Foym(X) = fr r (R, x)dy. Then the function rgyp, is invariant and |rgym (X) — f(X)| < €
for x € K. On the other hand, rgym is a polynomial, since r (R, X) is a fixed degree
polynomial in x for any y.

Using Hilbert’s theorem, we express rgym(X) = F(fiX), ..., fn,, (X)) with some
polynomial 7.

It remains to approximate the polynomial 7(z1, ..., 2n,,) by an expression of
the form f(zl, e INg) = Zn 1cna(zs " Wpszs + hy) on the compact set
{(f1(X)s ..y [Ny (x))Ix € K} C_ RNinv, By Theorem 2.1, we can do 1t with any accu-
racy €. Settmg finally f x) = f (fi(x), ..., fa,y (X)), we obtain f of the required
form such that | f x) — f(x)| < 2e for all xeK. m|
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Note that Proposition 2.3 is a generalization of Theorem 2.1; the latter is a special
case obtained if the group is trivial (I' = {e}) or its representation is trivial (R, x = x),
and in this case we can just take Ni,y = d and f;(x) = x;.

In terms of neural network architectures, formula (2.5) can be viewed as a shallow
neural network with an extra polynomial layer that precedes the conventional linear
combination and nonlinear activation layers.

We extend now the obtained result to equivariant maps. Given two I'-modules V
and U, we say thatamap f : V — U is polynomial if | o f is a polynomial for
any linear functional / : U — R. We rely on the extension of Hilbert’s theorem to
polynomial equivariants:

Lemma 2.1 Let I" be a compact group and V and U two finite-dimensional T -
modules. Then there exist finitely many polynomial invariants f, ..., fy,, ' V —
R and polynomial equivariants g1, ...,gn,, : V — U such that any polyno-
mial equivariant reym : V — U can be represented in the form rgym(X) =

an\fql em X)Tm (f1(X), ..., fNy, (X)) with some polynomials T,.

Proof We give a sketch of the proof, see e.g. Section 4 of Worfolk [47] for details.
A polynomial equivariant r¢ym : V — U can be viewed as an invariant element of
the space R[V] ® U with the naturally induced action of I', where R[ V] denotes the
space of polynomials on V. The space R[V] ® U is in turn a subspace of the algebra
R[V & U*], where U* denotes the dual of U. By Hilbert’s theorem, all invariant
elements in R[V @& U*] can be generated as polynomials of finitely many invariant
elements of this algebra. The algebra R[V & U*] is graded by the degree of the U*
component, and the corresponding decomposition of R[V & U*] into the direct sum of
U*-homogeneous spaces indexed by the U*-degree dyx = 0, 1, ..., is preserved by
the group action. The finitely many polynomials generating all invariant polynomials
in R[V @ U*] can also be assumed to be U*—homogeneous Let {ﬁ}NE‘f be those of
these generating polynomials with dy+ = 0 and { g;} | be those with dy+ = 1. Then,
a polynomial in the generating invariants is U* homogeneous with dy+= = 1 if and

only if it is a linear combination of monomials g fln ! f2" Z... fN::‘V“V. This yields the
representation stated in the lemma. O

. Ne, . . . .
We will refer to the set {g,} | as a generating set of polynomial equivariants.
The equivariant analog of Proposition 2.3 now reads:

Proposition 2.4 Let I" be a compact group, V and U be two finite-dimensional T -
modules. Let f1, ..., fn,, : V — Rbeafinite generating set of polynomial invariants
and g1, ..., 8Ny, =V — U be a finite generating set of polynomial equivariants
(existing by Lemma 2.1). Then, any continuous equivariant map f : V — U can be
approximated by equivariant maps f: V — U of the form

N N cq Niny

]?\(X) Z Z Cnn&m (X)o ( Z Winns fs(X) + hmn)

n=1m=1

with some parameter N and coefficients cpn, Wimns s Rmn -
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Proof The proof is similar to the proof of Proposition 2.3, with the difference that the
polynomial map r is now vector-valued, its symmetrization is defined by rgym (x) =
fr R, 1r(R],x)dy, and Lemma 2.1 is used in place of Hilbert’s theorem. m|

We remark that, in turn, Proposition 2.4 generalizes Proposition 2.3; the latter is a
special case obtained when U = R, and in this case we just take Neq = 1 and g = 1.

2.3 Polarization and Multiplicity Reduction

The main point of Propositions 2.3 and 2.4 is that the representations described there
use finite generating sets of invariants and equivariants { fs}iv;"f, {gm }Ze:ql independent
of the function f being approximated. However, the obvious drawback of these results
is their non-constructive nature with regard to the functions f;, g,,. In general, finding
generating sets is not easy. Moreover, the sizes Niy, Neq Of these sets in general grow
rapidly with the dimensions of the spaces V, U.

This issue can be somewhat ameliorated using polarization and Weyl’s theorem.
Suppose that a I'-module V admits a decomposition into a direct sum of invariant
submodules:

V= (2.6)

Here, V' is a direct sum of m, submodules isomorphic to V:

Vi =V @QR™ =V @ ... D Vy. 2.7
—

my

Any finite-dimensional representation of a compact group is completely reducible and
has a decomposition of the form (2.6) with non-isomorphic irreducible submodules
V. In this case the decomposition (2.6) is referred to as the isotypic decomposition, and
the subspaces V,'* are known as isotypic components. Such isotypic components and
their multiplicities m,, are uniquely determined (though individually, the m,, spaces V,
appearing in the direct sum (2.7) are not uniquely determined in general, as subspaces
inV).

For finite groups the number of non-isomorphic irreducibles « is finite. In this case,
if the module V is high-dimensional, then this necessarily means that (some of) the
multiplicities m,, are large. This is not so, in general, for infinite groups, since infinite
compact groups have countably many non-isomorphic irreducible representations.
Nevertheless, it is in any case useful to simplify the structure of invariants for high-
multiplicity modules, which is what polarization and Weyl’s theorem do.

Below, we slightly abuse the terminology and speak of isotypic components and
decompositions in the broader sense, assuming decompositions (2.6), (2.7) but not
requiring the submodules V,, to be irreducible or mutually non-isomorphic.

The idea of polarization is to generate polynomial invariants of a representation
with large multiplicities from invariants of a representation with small multiplicities.
Namely, note that in each isotypic component V,'* written as V, ® R™« the group
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essentially acts only on the first factor, V. So, given two isotypic I'-modules of the
same type, V'* = V, @ R™ and V. « — Vy, ® R™a, the group action commutes
with any linear map 1y, ® A : Ve — Vof" ‘/*, where A acts on the second factor,
A : R™« — R™«_ Consequently, given two modules V = @, V.V =0, Vo;n‘/"

and a linear map A, : V3'¢ — Vé"  for each «, the linear operator A : V — V’
defined by

A=P1v, ® Aa (2.8)
o

will commute with the group action. In particular, if f is a polynomial invariant on
V', then f o A will be a polynomial invariant on V.

The fundamental theorem of Weyl states that it suffices to take m,, = dim V, to
generate in this way a complete set of invariants for V. We will state this theorem in
the following form suitable for our purposes.

Theorem 2.3 (Weyl [46], sections I1.4-5) Let F be the set of polynomial invariants for
aT-module V' = P, V,f im Vo Suppose that a I'-module V admits a decomposition
V =@, Va * withthe same Vy, but arbitrary multiplicities m. Then the polynomials
{f oA} scF linearly span the space of polynomial invariants on 'V, i.e. any polynomial
invariant f on V can be expressed as f(X) = Zthl [ (Asx) with some polynomial
invariants f; on V'

Proof A detailed exposition of polarization and a proof of Weyl’s theorem based on
the Capelli-Deruyts expansion can be found in Weyl’s book or in Sections 7-9 of
Kraft and Procesi [21]. We sketch the main idea of the proof.

Consider first the case where V has only one isotypic component: V = V. We
may assume without loss of generality that mq > dim V,, (otherwise the statement
is trivial). It is also convenient to identify the space V' = Vofl im Ve with the subspace
of V spanned by the first dim V,, components V. It suffices to establish the claimed
expansion for polynomials f multihomogeneous with respect to the decomposition
V=V,®...8YV,,ie homogeneous with respect to each of the m, components.
For any such polynomial, the Capelli-Deruyts expansion represents f as a finite sum
f =2, CuByf.Here Cp,, By are linear operators on the space of polynomials on V,
and they belong to the algebra generated by polarization operators on V. Moreover,
for each n, the polynomial fn = B, f depends only on variables from the first dim V,,
components of V = V", i.e. ﬁ, is a polynomial on V'. This polynomial is invariant,
since polarization operators commute with the group action. Since C,, belongs to the
algebra generated by polarization operators, we can then argue (see Proposition 7.4 in
Kraft and Procesi [21]) that C,, B, f can be represented as a finite sum C, By, f (X) =
Zk ]7,, ((Ly, ® Akn)x) with some m, x dim V,, matrices Ag,. This implies the claim
of the theorem in the case of a single isotypic component.

Generalization to several isotypic components is obtained by iteratively applying
the Capelli-Deruyts expansion to each component. O

Now we can give a more constructive version of Proposition 2.3:
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Proposition 2.5 Let (fs), N‘"V be a generating set of polynomial invariants for a T -
module V' = @, Va(t1 1 V“. Suppose that a T'-module V admits a decomposition V =
D, V' with the same V, but arbitrary multiplicities my. Then any continuous
invariant map f : 'V — R can be approximated by invariant maps f: V — Rof the
form

Niny

foo = Z cio ( 2wt A+ /) 2.9)

with some parameter T and coefficients c;, ws;, hy, A;, where each A; is formed by
an arbitrary collection of (mg x dim Vy)-matrices Ay as in (2.8).

Proof We follow the proof of Proposition 2.3 and approximate the function f by an
invariant polynomial rsym on a compact set Ksym C V. Then, using Theorem 2.3, we
represent

T

rym®) =Y ri(Ax) (2.10)

t=1

with some invariant polynomials r, on V'. Then, by Proposition 2.3, for each t we can
approximate r;(y) on A; Ksym by an expression

Niny

Zcmo(z st f59) + e ) @.11)

with some Gy, Wy Fnt- Combining (2.10) with (2.11), it follows that f can be approx-
imated on Ky, by

NlﬂV

T N
DY o (D W S (A + o).
s=1

t=1 n=l1

The final expression (2.9) is obtained now by removing the superfluous summation
over n. O

Proposition 2.5 is more constructive than Proposition 2.3 in the sense that the
approximating ansatz (2.9) only requires us to know an isotypic decomposition V =
@D, Vo' of the I'-module under consideration and a generating set ( fs)iv;"[ for the

reference module V' = @, Vf im Ve In particular, suppose that the group I is finite,
so that there are only finitely many non-isomorphic irreducible modules V,,. Then,
for any I'-module V, the universal approximating ansatz (2.9) includes not more
than CT dim V scalar weights, with some constant C depending only on I' (since
dimV =), mq dim Vy).
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We remark that in terms of the network architecture, formula (2.9) can be inter-
preted as the network (2.5) from Proposition 2.3 with an extra linear layer performing
multiplication of the input vector by A;.

We establish now an equivariant analog of Proposition 2.5. We start with an equiv-
ariant analog of Theorem 2.3.

Proposition 2.6 Let V' = P, VO? M Ve 1nd G be the space of polynomial equivariants
g : V' — U. Suppose that a T -module V admits a decomposition V. = @, Va'* with
the same Vy, but arbitrary multiplicities mq. Then, the functions {g o A}ecg linearly
span the space of polynomial equivariants g : V. — U, i.e. any such equivariant can be

expressed as g(X) = Zthl g: (A;X) with some polynomial equivariants g; : V' — U.

Proof As mentioned in the proof of Lemma 2.1, polynomial equivariants g : V — U
can be viewed as invariant elements of the extended polynomial algebra R[V & U*].
The proof of the theorem is then completely analogous to the proof of Theorem 2.3
and consists in applying the Capelli-Deruyts expansion to each isotypic component
of the submodule V in V & U*. O

The equivariant analog of Proposition 2.5 now reads:

Proposition 2.7 Let (f; ivi‘f be a generating set of polynomial invariants for a

I'-module V' = @, Vofhn[1 Ve and (gs)j,viql be a generating sets of polynomial equiv-
ariants mapping V' to a T-module U. Let V. = @, Va'* be a T'-module with the
same V. Then any continuous equivariant map f : V — U can be approximated by
equivariant maps f: V — U of the form

T Neq Niny

F0 =32 cnin Ao (D wnst f(Ax) + hine) (2.12)

t=1 m=1 s=1

with some coefficients cpy, Whst, Mt Ay, where each A, is given by a collection of
(mgy x dim Vy)-matrices Ay as in (2.8).

Proof As in the proof of Theorem 2.4, we approximate the function f by a polynomial
equivariant rgym on a compact Kgym C V. Then, using Theorem 2.6, we represent

T

Fym(®) = > ri(Ax) (2.13)

t=1

with some polynomial equivariants r, : V' — U. Then, by Proposition 2.4, for each
t we can approximate r;(x) on A; K¢y, by expressions

N Neq Niny

Z Z anntg(x/)a ( Z; ir)mnstfv (X/) + Zmnt) . (214)

n=1m=1
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Using (2.13) and (2.14), f can be approximated on Ksym by expressions

T N N eq Ninv

Z Z Z gmntg(AtX)a(Z wmnstfs (Arx) + iimnt)-

t=1 n=1m=1 s=1
We obtain the final form (2.12) by removing the superfluous summation over n. O

We remark that Proposition 2.7 improves the earlier Proposition 2.4 in the equiv-
ariant setting in the same sense in which Proposition 2.5 improves Proposition 2.3 in
the invariant setting: construction of a universal approximator in the case of arbitrary
isotypic multiplicities is reduced to the construction with particular multiplicities by
adding an extra equivariant linear layer to the network.

2.4 The Symmetric Group Sy

Even with the simplification resulting from polarization, the general results of the
previous section are not immediately useful, since one still needs to find the iso-
typic decomposition of the analyzed I'-modules and to find the relevant generating
invariants and equivariants. In this section we describe one particular case where the
approximating expression can be reduced to a fully explicit form.

Namely, consider the natural action of the symmetric group Sy on RV:

Rye, = ey@m),

where e, € RY is a coordinate vector and y € Sy is a permutation.
Let V = RY @ RM and consider V as a Sy-module by assuming that the group
acts on the first factor, i.e. y acts on x = ZN 1€ ®X, € V by

n=

N N
R, Zen RX, = Zey(,,) R X,
n=1 n=1

We remark that this module appears, for example, in the following scenario (cf.
Zaheer et al. [49]). Suppose that f is a map defined on the set of sets X = {x1, ..., Xy}
of N vectors from RM. We can identify the set X with the element Z,Ilvzl e, ®x, of
V and in this way view f as defined on a subset of V. However, since the set X is
unordered, it can also be identified with Zfl\’:l e, (1) ®X, for any permutation y € Sy.
Accordingly, if the map f is to be extended to the whole V, then this extension needs
to be invariant with respect to the above action of Sy.

We describe now an explicit complete ansatz for Sy-invariant approximations of
functions on V. This is made possible by another classical theorem of Weyl and by a
simple form of a generating set of permutation invariants on R"Y. We will denote by
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Xnm the coordinates of x € V with respect to the canonical basis in V:

N M
x:Zanmen@)em.

n=1m=1

Theorem 2.4 Let V =RNYN @RM and f : V — R be a Sy-invariant continuous map.
Then f can be approximated by Sy -invariant expressions

_ T T N M
fx) = Zc,a(Z Wgr Za(bq Z ArmXnm + eq> + h,), (2.15)
=1 qg=1 n=1 m=1

with some parameters Ti, To and coefficients ¢;, Wyr, by, i, eq, hy.

Proof 1t is clear that expression (2.15) is Sy-invariant and we only need to prove
its completeness. The theorem of Weyl [46, Section I1.3] states that a generating
set of symmetric polynomials on V can be obtained by polarizing a generating set
of symmetric polynomials { fp}i;]‘:“v1 defined on a single copy of RY. Arguing as in
Proposition 2.5, it follows that any Sy-invariant continuous map f : V — R can be

approximated by expressions

Niny

T
Zaa(z wptfp(ztx) + E[),

t=1 p=1

where A,;x = ZQ’:] Z,A,;Izl AtmXnmen. A well-known generating set of symmetric
polynomials on R¥ is the first N coordinate power sums:
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N
fr =Y foln), wherey = (vi,....yn), fpw) =, p=1,....N.

n=1

It follows that f can be approximated by expressions
T N N M
Zaa( e 3 Fp( D omtum ) +ht). (2.16)

Using Theorem 2.1, we can approximate f;, (y) by expressions Zgzl d, pqa(gpqy +
qu). It follows that (2.16) can be approximated by

T N T N M ~
ZEG( Z Z Wpidpg Z (’<qu Z Atm¥nm + hpq) + ht)-
t=1 n=1

p=1g=1 m=1

Replacing the double summation over p, g by a single summation over g, we arrive
at (2.15). O

Note that expression (2.15) resembles the formula of the usual (non-invariant)
feedforward network with two hidden layers of sizes 7T} and T>:

I

Ty N M
f(x) = Z C[O(Z thU(Z Z AgnmXnm + eq) + ht>~
t=1 n=1m=1

g=1

Let us also compare ansatz (2.15) with the ansatz obtained by direct symmetrization
(see Proposition (2.1)), which in our case has the form

T N M
f(X) = Z Z Ct0<2 Z Wy (n),m,tXnm + ht)
yeSy t=1 n=1m=1
From the application perspective, since |Sy| = N!, at large N this expression has

prohibitively many terms and is therefore impractical without subsampling of Sy,
which would break the exact Sy-invariance. In contrast, ansatz (2.15) is complete,
fully Sy-invariant and involves only O(T1N(M + T>)) arithmetic operations and
evaluations of o.

We remark that another complete permutation-invariant network architecture, using
the max function, was given in Qi et al. [34, Theorem 1].

3 Translations and Deep Convolutional Networks

Convolutional neural networks (convnets, [22]) play a key role in many modern appli-
cations of deep learning. Such networks operate on input data having grid-like structure
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(usually, spatial or temporal) and consist of multiple stacked convolutional layers
transforming initial object description into increasingly complex features necessary to
recognize complex patterns in the data. The shape of earlier layers in the network mim-
ics the shape of input data, but later layers gradually become “thinner” geometrically
while acquiring “thicker” feature dimensions. We refer the reader to deep learning
literature for details on these networks, e.g. see Chapter 9 in Goodfellow et al. [12]
for an introduction.

There are several important concepts associated with convolutional networks, in
particular weight sharing (which ensures approximate translation equivariance of the
layers with respect to grid shifts); locality of the layer operation; and pooling. Locality
means that the layer output at a certain geometric point of the domain depends only on
a small neighborhood of this point. Pooling is a grid subsampling that helps reshape the
data flow by removing excessive spatial detalization. Practical usefulness of convnets
stems from the interplay between these various elements of convnet design.

From the perspective of the main topic of the present work—group invari-
ant/equivariant networks—we are mostly interested in invariance/equivariance of
convnets with respect to Lie groups such as the group of translations or the group
of rigid motions (to be considered in Sect. 4), and we would like to establish rel-
evant universal approximation theorems. However, we first point out some serious
difficulties that one faces when trying to formulate and prove such results.

Lack of symmetry in finite computational models Practically used convnets are
finite models; in particular they operate on discretized and bounded domains that do
not possess the full symmetry of the spaces RY. While the translational symmetry is
partially preserved by discretization to aregular grid, and the group R? can be in a sense
approximated by the groups (AZ)¢ or (1Z,)?, one cannot reconstruct, for example,
the rotational symmetry in a similar way. If a group I is compact, then, as discussed
in Sect. 2, we can still obtain finite and fully I'-invariant/equivariant computational
models by considering finite-dimensional representations of I", but this is not the case
with noncompact groups such as R¢. Therefore, in the case of the group R (and the
group of rigid planar motions considered later in Sect. 4), we will need to prove the
desired results on invariance/eqiuvariance and completeness of convnets only in the
limit of infinitely large domain and infinitesimal grid spacing.

Erosion of translation equivariance by pooling Pooling reduces the translational
symmetry of the convnet model. For example, if a few first layers of the network define
a map equivariant with respect to the group (AZ)> with some spacing %, then after
pooling with stride m the result will only be equivariant with respect to the subgroup
(mAZ)?. (We remark in this regard that in practical applications, weight sharing and
accordingly translation equivariance are usually only important for earlier layers of
convolutional networks.) Therefore, we will consider separately the cases of convnets
without or with pooling; the R?-equivariance will only apply in the former case.

In view of the above difficulties, in this section we will give several versions of
the universal approximation theorem for convnets, with different treatments of these
issues.

In Sect. 3.1 we prove a universal approximation theorem for a single non-local
convolutional layer on a finite discrete grid with periodic boundary conditions
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(Proposition 3.1). This basic result is a straightforward consequence of the general
Proposition 2.2 when applied to finite abelian groups.

In Sect. 3.2 we prove the main result of Sect. 3, Theorem 3.1. This theorem extends
Proposition 3.1 in several important ways. First, we will consider continuum signals,
i.e. assume that the approximated map is defined on functions on R” rather than on
functions on a discrete grid. This extension will later allow us to rigorously formulate
auniversal approximation theorem for rotations and euclidean motions in Sect. 4. Sec-
ond, we will consider stacked convolutional layers and assume each layer to act locally
(as in convnets actually used in applications). However, the setting of Theorem 3.2
will not involve pooling, since, as remarked above, pooling destroys the translation
equivariance of the model.

In Sect. 3.3 we prove Theorem 3.2, relevant for convnets most commonly used
in practice. Compared to the setting of Sect. 3.2, this computational model will be
spatially bounded, will include pooling, and will not assume translation invariance of
the approximated map.

3.1 Finite Abelian Groups and Single Convolutional Layers
We consider a group
D=2y X XLy, (3.1

where Z,, = Z/(nZ) is the cyclic group of order n. Note that the group I' is abelian
and conversely, by the fundamental theorem of finite abelian groups, any such group
can be represented in the form (3.1).

We consider the “input” module V = RI' ® R and the “output” module U =
R @ R | with some finite dimensions dy , dyy and with the natural representation of
I:

R,(eg ®V) =e91y @V, y,0€l, v e RY or R

We will denote elements of V, U by boldface characters ® and interpret them as
dy- or dy-component signals defined on the set I'. For example, in the context of
2D image processing we have v = 2 and the group I' = Z,, X Z,, corresponds to
a discretized rectangular image with periodic boundary conditions, where n1, n, are
the geometric sizes of the image while dy and dy; are the numbers of input and output
features, respectively (in particular, if the input is a usual RGB image, then dy = 3).

Denote by ®gy the coefficients in the expansion of a vector ® from V or U over
the standard product bases in these spaces:

dy or dy

¢ = Z Z Dypren R eg. (3.2)

ol k=1

We describe now a complete equivariant ansatz for approximating I"-equivariant
maps f : V — U. Thanks to decomposition (2.4), we may assume without loss
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that dy = 1. By (3.2), any map f : V — U is then specified by the coefficients
f(®)o(= f(®)p.1) € Ras ® runs over V and 6 runs over I'.

Proposition 3.1 Any continuous I'-equivariant map f : V. — U can be approximated
by I'-equivariant maps f : V — U of the form

N dy
F@)y =3 o (D03 wor®yron+ ), (33)

n=1 0el k=1

where ® = Zyel" ZZL O, e, ® e, N is a parameter, and c,, Wnok, hy are some
coefficients.

Proof We apply Proposition 2.2 with [,(®) = > g p ZZLI w) ., Pop and y, =
Y sccr Yns€s, and obtain the ansatz

N dy N
f(‘b) = Z Z Z yn;ﬂ( Z Z w;,g/k(DQ’fy/,k + hn)e;rfy’ = Z Zyn%a%n,

y'el n=1 »el 0'el’ k=1 xel n=1

where

dy
A= D 020 Y Wk oy + B sy (3.4)

y'el  @el k=1

By linearity of the expression on the r.h.s. of (3.3), it suffices to check that each a,,,
can be written in the form

dy
Z o ( Z Z Wiok Po+y.k + hn>ey.

yel'  0eT k=1

But this expression results if we make in (3.4) the substitutions y = »x—y’,0 = 0" —

o
and w,gr = Wy 04 sk |

The expression (3.3) resembles the standard convolutional layer without pooling as
described, e.g., in Goodfellow et al. [12]. Specifically, this expression can be viewed
as a linear combination of N scalar filters obtained as compositions of linear convolu-
tions with pointwise non-linear activations. An important difference with the standard
convolutional layers is that the convolutions in (3.3) are non-local, in the sense that
the weights w,gx do not vanish at large 8. Clearly, this non-locality is inevitable if
approximation is to be performed with just a single convolutional layer.

We remark that it is possible to use Proposition 2.4 to describe an alternative com-
plete I'-equivariant ansatz based on polynomial invariants and equivariants. However,
this approach seems to be less efficient because it is relatively difficult to specify a
small explicit set of generating polynomials for abelian groups (see, e.g. Schmid [36]
for a number of relevant results). Nevertheless, we will use polynomial invariants of
the abelian group SO(2) in our construction of “charge-conserving convnet” in Sect. 4.
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3.2 Continuum Signals and Deep Convnets

In this section we extend Proposition 3.1 in several ways.
First, instead of the group Z,, x - - - X Zy, we consider the group I' = R". Accord-
ingly, we will consider infinite-dimensional R”-modules

V =L*R") @ RY = L*(R", RY),
U=L*R") @ R = L>(R", RY)

with some finite dy, dyy. Here, L2(R”, R?) is the Hilbert space of maps @ : R — R4
with fRd |®(y)|?dy < oo, equipped with the standard scalar product (®, ¥) =
fRd ®(y) - ¥(y)dy, where ®(y) - ¥(y) denotes the scalar product of ®(y) and ¥ (y)
in R?. The group R" is naturally represented on V, U by

R, ®(0)=®0O —y), ®cVorlU, y,0ecR" 3.5)

Throughout this section, R, will denote this representation of R” on V or U. Compared
to the setting of the previous subsection, we interpret the modules V', U as carrying now
“infinitely extended” and “infinitely detailed” dy - or dyy-component signals. We will
be interested in approximating arbitrary R”-equivariant continuous maps f : V — U.

The second extension is that we will perform this approximation using stacked con-
volutional layers with local action. Our approximation will be a finite computational
model, and to define it we first need to apply a discretization and a spatial cutoff to
vectors from V and U.

Let us first describe the discretization. For any grid spacing > > 0, let V, be the
subspace in V formed by signals ® : R” — R4V constant on all cubes

0V = X [(ks = D)2 (ks + 3)2 .

s=1

where k = (ky, ..., k,) € Z". Let P, be the orthogonal projector onto V; in V:
1
_ (A)
P®(y) = o fQ,({“ ®(0)d0, where Q) > p. 3.6)

A function ® € V) can naturally be viewed as a function on the lattice (AZ)", so that
we can also view V) as a Hilbert space

Vi = LA((AZ)", RY),

with the scalar product (®, ¥) = A" Zye(m)u ®(y) - ¥(y). We define the subspaces
U, C U similarly to the subspaces V, C V.
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Next, we define the spatial cutoff. For an integer L > 0 we denote by Z; the
size-2 L cubic subset of the grid Z":

Z;, =1k € Z"||kllo < L}, (3.7

where k = (k1,...,ky) € Z' and |K| oo = max,=1,. .y |k,|. Let |-] denote the
standard floor function. For any A > 0 (referred to as the spatial range or cutoff) we
define the subspace V, A C Vj by

Via ={®:(2)" — RV ®(k) = 0ifk ¢ Z| 4/}
= {®:2Z|asn) — RYY
= Lz()»ZLA/M,RdV). (3.8)

Clearly, dim V;_ Ao = (2LA/A] + 1)"dy. The subspaces Uy o C U, are defined in a
similar fashion. We will denote by P, A the linear operators orthogonally projecting
V to VA,A or U to UA,A«

In the following, we will assume that the convolutional layers have a finite receptive
field Z1 —a set of the form (3.7) with some fixed L, > 0.

We can now describe our model of stacked convnets that will be used to approximate
maps f : V — U (see Fig. 1). Namely, our approximation will be a composition of
the form

—~ Py A+(T—DaL A [ Fr
Vv T Vi AT—aLg (E W) = Wo S5 Wiy (= Us.a).

(3.9)

Here, the first step Py A4(7—1)rL, 1S an orthogonal finite-dimensional projection
implementing the initial discretization and spatial cutoff of the signal. The maps f;
are convolutional layers connecting intermediate spaces

®:1Z - RYY, 1 =T
B i{ LA/AJ+H(T =)Ly — } = (3.10)

T @ aZa) > RYY, t=T+1

with some feature dimensions d; such that dy = dy and dr41 = dy . The first interme-
diate space W is identified with the space Vj a4 (r—1)iL, (the image of the projector
Py A4(T—1)rL applied to V), while the end space W7 is identified with Uj A (the
respective discretization and cutoff of U).

The convolutional layers are defined as follows. Let (P be the

V")VGZLA/MJr(Tft)er

.....

Then, for t < T we define f; using the conventional “linear convolution followed by
nonlinear activation” formula,

d;
Ji( @)y = ‘7( Z Zw,ggk‘bwe,k + hi,')>, Y € Z\Ai+T—t-DLg- N =1, ..., diy1,
0€Zr, k=1
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=

Fig.1 A one-dimensional (v = 1) basic convnet with the receptive field parameter L = 1. The dots show
feature spaces RY associated with particular points of the grid AZ

(3.11)

while in the last layer (t = T') we drop nonlinearities and only form a linear combi-
nation of values at the same point of the grid:

dr

Fr(@yn =Y w @ +h". yeZapn=1..dy. (312
k=1

Note that the grid size | A/A] + (T — t) Lyt associated with the space W; is consistent
with the rule (3.11) which evaluates the new signal f(tb) at each node of the grid as
a function of the signal ® in the L;f-neighborhood of that node (so that the domain
AZ| A 3| +(T—1)Ly “‘shrinks” slightly as grows).

Note that we can interpret the map f as a map between V and U, since Uy o C U.

Definition 3.1 A basic convnet is a map f: V — U defined by (3.9), (3.11), (3.12),

and characterized by parameters A, A, Ly, T, dy, ..., dr+1 and coefficients wr(fg)k and
(1)
h,’.

Note that, defined in this way, a basic convnet is a finite computational model in
the following sense: while being a map between infinite-dimensional spaces V and
U, all the steps in fexcept the initial discretization and cutoff involve only finitely
many arithmetic operations and evaluations of the activation function.

We aim to prove an analog of Theorem 2.1, stating that any continuous R"-
equivariant map f : V — U can be approximated by basic convnets in the topology
of uniform convergence on compact sets. However, there are some important caveats
due to the fact that the space V is now infinite-dimensional.

First, in contrast to the case of finite-dimensional spaces, balls in LZ(R”, RdV) are
not compact. The well-known general criterion states that in a complete metric space,
and in particular in V = L?(RY, R%), a set is compact iff it is closed and rotally
bounded, i.e. for any € > 0 can be covered by finitely many e-balls.

@ Springer



Constructive Approximation (2022) 55:407-474 431

The second point (related to the first) is that a finite-dimensional space is hemi-
compact, i.e., there is a sequence of compact sets such that any other compact set
is contained in one of them. As a result, the space of maps f : R” — R™ is first-
countable with respect to the topology of compact convergence, i.e. each point has a
countable base of neighborhoods, and a point f is a limit point of a set S if and only
if there is a sequence of points in S converging to f. In a general topological space,
however, a limit point of a set § may not be representable as the limit of a sequence
of points from S. In particular, the space L2(RY, R%) is not hemicompact and the
space of maps f : L>(R¥, R%) — L2(RY, R%) is not first countable with respect
to the topology of compact convergence, so that, in particular, we must distinguish
between the notions of limit points of the set of convnets and the limits of sequences
of convnets. We refer the reader, e.g., to the book [30] for a general discussion of this
and other topological questions and in particular to §46 for a discussion of compact
convergence.

When defining a limiting map, we would like to require the convnets to increase their
resolution % and range A. At the same time, we will regard the receptive field and its
range parameter L. as arbitrary but fixed (the current common practice in applications
is to use small values such as L, = 1 regardless of the size of the network; see, e.g.,
the architecture of residual networks [13] providing state-of-the-art performance on
image recognition tasks).

With all these considerations in mind, we introduce the following definition of a
limit point of convnets.

Definition 3.2 With V = L?>(R",R¥) and U = L*(R", R%), we say that a map
f V. — U is a limit point of basic convnets if for any L., any compact set
K C V,and any € > 0,A9 > 0 and Ap > O there exists a basic convnet fwith
the receptive field parameter Ly, spacing A < Ao and range A > Ag such that

Supgeg | (@) — (P < €.

We can state now the main result of this section.

Theorem 3.1 Amap f : V — U is a limit point of basic convnets if and only if f is
RY-equivariant and continuous in the norm topology.

Before giving the proof of the theorem, we recall the useful notion of strong con-
vergence of linear operators on Hilbert spaces. Namely, if A,, is a sequence of bounded
linear operators on a Hilbert space and A is another such operator, then we say that
the sequence A, converges strongly to A if A, ® converges to A® for any vector ®
from this Hilbert space. More generally, strong convergence can be defined, by the
same reduction, for any family {A,} of linear operators once the convergence of the
family of vectors {A, ®} is specified.

An example of a strongly convergent family is the family of discretizing projectors
P), defined in (3.6). These projectors converge strongly to the identity as the grid

spacing tends to 0: P, ® 220 ®. Another example is the family of projectors Py a
projecting V onto the subspace V) A of discretized and cut-off signals defined in (3.8).
It is easy to see that Pj 5 converge strongly to the identity as the spacing tends to 0
and the cutoff is lifted, i.e. as A — 0 and A — oo. Finally, our representations R,
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defined in (3.5) are strongly continuous in the sense that R, converges strongly to R,
asy — y.

A useful standard tool in proving strong convergence is the continuity argument: if
the family { A} is uniformly bounded, then the convergence A, ® — A ® holds for all
vectors @ from the Hilbert space once it holds for a dense subset of vectors. This follows
by approximating any ® with W’s from the dense subset and applying the inequality
[Ae® — A®R|| < [[Ag¥ — A¥]| + (|Axll + [AIDII® — ¥||. In the sequel, we will
consider strong convergence only in the settings where A, are orthogonal projectors
or norm-preserving operators, so the continuity argument will be applicable.

Proof of Theorem 3.1 Necessity (a limit point of basic convnets is R -equivariant and
continuous).

We start by noting that basic convnets f: V — U, as defined by Definition 3.1,
are continuous in the norm topology, because the initial projection Py A (7—1)iL, 15
continuous, and the subsequent layers are finite-dimensional transformations that are
continuous since they are composed of linear operations and continuous activation
functions. The continuity of a limit point of convnets then follows from the continuity
of convnets and their uniform convergence on compact sets by a standard argument
(see Theorem 46.5 in Munkres [30]).

Let f denote a limit point of convnets. Let us prove the R"-equivariance of f, i.e.

f(R,®) =R, f(®), yeR", ®ecV. (3.13)

Let Dy = [-M, M]" C R” with some M > 0, and Pp,, be the orthogonal projector

in U onto the subspace of signals supported on the set Dy. Then Pp,, converges

strongly to the identity as M — +o0. Hence, (3.13) will follow if we prove that for
any M

Pp,, f(R,®) = Pp, R, f(®). (3.14)

Let € > 0. Let y, € (AZ)" be the nearest point to y € RY on the grid (AZ)". Then,
since R,, converges strongly to R, as A — 0, there exist Ag such that forany A < 4

Ry, f(®) = Ry f(®)]| <€, (3.15)
and

I f(Ry®) — f(Ry, ®)|| <€, (3.16)
where we have also used the already proven continuity of f.

Observe that the discretization/cutoff projectors Py j converge strongly to Pp,, as
A — 0, hence we can ensure that for any A < Ag we also have

”PDMf(qu’) - PA,Mf(Ry‘I))|| <€,

3.17
|PosR, F(®) = Ppy, Ry f(®)] <. G17
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Next, observe that basic convnets are partially translationally equivariant by our
definition, in the sense that if the cutoff parameter A of the convnet is sufficiently
large then

Pimf(R, ®) = P, yR, f(®). (3.18)

Indeed, note first that, away from the boundary of the domain [— A, A]", all the oper-
ations of the convnet (the initial discretizing projection and subsequent convolutional
layers) are equivariant with respect to the subgroup (AZ)” C R". Accordingly, since
¥y € (AZ)", we have f(Rn ®)(Ak) = R, f(d’)(kk) for any point Ak such that
both Ak and Ak — y; belong to the convnet output domain AZ| 4 /;,. In other words,
Eq. (3.18) holds as long as both sets L Z | p7/5) and AZ | p7/5.) — v are subsets of AZ | 5 /).
This condition is satisfied if we require that A > Ao with Ag = M + ||¥ |l o-

Now, take the compact set K = {Ry®|0 € N}, where N' C R” is some compact
set including 0 and all points y, for A < Ag. Then, by our definition of a limit point of
basic convnets, there is a convnet fwith A < Apand L > Lg such that forall 8 € N/
(and in particular for 6 =0 or 0 = y;)

-~

| f(Ro®) — f(Ro®)| < €. (3.19)
We can now write a bound for the difference of the two sides of (3.14):

I Ppy (R, ®) — Pp, R, f(®)]

< |1Pp,, f(Ry®) — Py s f(Ry®)l| + | P s f (Ry®) — Psps f(Ry, @)
+ 1P f(Ry, ®) — Pyt (R, ®)|| + | P st F(R,, ®) — Py Ry, F(®)]|
+ ”P)\,MRJ/)L.];\(Q) — Py uRy, f(®)| + | Py, mRy, f(®) — P uR, f(®)]
+ 1Py Ry f(®) — Ppy R, f(®)]|

< |1Pp, f(R,®) — Pir f(Ry®)[| + || f (R, ®) — f(Ry, ®)]
+ £ (R, ®) — F(R, @) + | f(®) — f(®)]
+ IRy, f(®) — Ry f(®)]| + | Py Ry f(®) — Ppy, R, f(®)]]

< 6e,

Here in the first step we split the difference into several parts, in the second step
we used the identity (3.18) and the fact that P, y/, R,, are linear operators with the
operator norm 1, and in the third step we applied the inequalities (3.15)—(3.17) and
(3.19). Since € was arbitrary, we have proved (3.14).

Sufficiency (an R" -equivariant and continuous map is a limit point of basic convnets).
We start by proving a key lemma on the approximation capability of basic convnets
in the special case when they have the degenerate output range, A = 0. In this case,
by (3.9), the output space Wy = Uj o = R, and the first auxiliary space W; =
Vo r—tyLg C V.
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Lemma3.1 Let A, T be fixed and A = 0. Then any continuous map f
Vi (T=aLs — U0 can be approximated by basic convnets having spacing A, depth
T, and range A = 0.

Note that this is essentially a finite-dimensional approximation result, in the sense
that the input space Vj (r7—1)iL, 1s finite-dimensional and fixed. The approximation
is achieved by choosing sufficiently large feature dimensions d; and suitable weights
in the intermediate layers.

Proof The idea of the proof is to divide the operation of the convnet into two stages.
The first stage is implemented by the first 7 — 2 layers and consists in approximate
“contraction” of the input vectors, while the second stage, implemented by the remain-
ing two layers, performs the actual approximation.

The contraction stage is required because the components of the input signal ®;, €
ViT—taLy = L*WZ—1)L,, RY) are distributed over the large spatial domain
AZ-1)L,- In this stage we will map the input signal to the spatially localized space
Wr_1 = L2(0Z Lits R97-1) 50 as to approximately preserve the information in the
signal.

Regarding the second stage, observe that the last two layers of the convnet (starting
from Wr_1) act on signals in W7_1 by an expression analogous to the one-hidden-
layer network from the basic universal approximation theorem (Theorem 2.1):

dr dr—)
=7 (T) (T-1) (T-1) T
(Frofra@) =Y wiPo( 3 3w, "Gan +4") + 1.
k=1 ez m=1

(3.20)

This expression involves all components of ® € Wr_1, and so we can conclude
by Theorem 2.1 that by choosing a sufficiently large dimension d7 and appropriate
weights we can approximate an arbitrary continuous map from Wr_; to U o.

Now, given a continuous map f : V) (r—1r; —> U, o0, consider the map g =
foloP :Wr_1 — U,yo, where I is some linear isometric map from a subspace
Wr_, C Wr_q to Vi (7—1)rLy» and P is the projection in W7_; to W;_,. Such
isometric [ exists if dim Wr_; > dim V) (r—1)51,, Which we can assume w.l.o.g.
by choosing sufficiently large d7_1. Then the map g is continuous, and the previous
argument shows that we can approximate g using the second stage of the convnet.
Therefore, we can also approximate the given map f = g o I~! by the whole convnet
if we manage to exactly implement or approximate the isometry /! in the contraction
stage.

Implementing such an isometry would be straightforward if the first 7 — 2 layers
had no activation function (i.e., if o were the identity function in the nonlinear layers
(3.11)). In this case for all t = 2,3, ..., T — 1 we can choose the feature dimensions
dy = |Zp |1 = QL + 1)"“"Ddy and set b = 0 and

w(t) _ L, n=1v,0,k),
nok 0, otherwise,
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where v, is some bijection between Z; . x {1,...,d;} and {1,...,d;11}. In this
way, each component of the network input vector ®;, gets copied, layer by layer, to
subsequent layers and eventually ends up among the components of the resulting vector
in Wr_1 (with some repetitions due to multiple possible trajectories of copying).

However, since o is not an identity, copying needs to be approximated. Consider the
first layer, f[ Foreachy € Z; ; andeachs € {1, ..., di}, consider the corresponding
coordinate map

8ys ! Lz(AZer,Rd‘) - R, gys: @ Oy

By Theorem 2.1, the map g, can be approximated with arbitrary accuracy on any
compact set in LZ(AZ ., R?) by maps of the form

rf

d

N
@~ Z CVSmU( Z Z wystchQk + hysm)y (3.21)
m=1

0z k=1

where we may assume without loss of generality that N is the same for all y, s. We
then set the second feature dimension d» = N|Zy ;|d;1 = N(2Lt + 1)"dy and assign

the weights wy gmor and hy gy in (3.21) to be the weights w,(f@)k and hg,l) of the first
convnet layer, where the index n somehow enumerates the triplets (y, s, m). Defined
in this way, the first convolutional layer fj only partly reproduces the copy operation,
since this layer does not include the linear weighting corresponding to the external
summation over m in (3.21). However, we can include this weighting into the next
layer, since this operation involves only values at the same spatial location y € Z,
and prepending this operation to the convolutional layer (3.21) does not change the
functional form of the layer.

By repeating this argument for the subsequent layers + = 2,3,..., 7 — 2, we
can make the sequence of the first 7 — 2 layers to arbitrarily accurately copy all the
components of the input vector ®j, into a vector ® € Wr_, up to some additional
linear transformations that need to be included in the (7" — 1)’th layer (again, this is
legitimate since prepending a linear operation does not change the functional form of
the (T — 1)’th layer). Thus, we can approximate f = g o /™! by arranging the first
stage of the convnet to approximate / ~! and the second to approximate g. O

Returning to the proof of sufficiency, let f : V — U be an R"-equivariant contin-

uous map that we need to approximate with accuracy € on a compact set K C V by a
convnet with A < Ag and A > Ag. For any X and A, define the map

fian =Piao foPy.
Observe that we can find A < Ag and A > Ag such that

sup || fr,a (@) — f(®)] < (3.22)
dck

W |
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Indeed, this can be proved as follows. Denote by Bs(®) the radius-§ ball centered
at ®. By compactness of K and continuity of f we can find finitely many signals
®,cV,n=1,...,N,andsome§ > 0so that, first, K C U, Bs/2(®,), and second,

[f(®) — f( @)l =5, @€ Bs(Pn). (3.23)

O M

For any @ € K, pick n such that ® € Bj»(®,), then

[ /0.a(®) = (@) < |1 Praf(Pr®) — Praf(®n)ll
1P af(®n) = f( @)l + [ f (@) = f(P)l

= 1f(Pr®) — f( @I + 1 Praf(®n) — f(Pu)]l + g
(3.24)

Since ® € Bj/2(®,), if A is sufficiently small then P, ® € Bs(®,) (by the strong

convergence of P, to the identity) and hence || f (P, ®) — f(®,)] < g, again by
(3.23). This choice of A can be made uniformly in ® € K thanks to the compactness
of K. Also, we can choose sufficiently small A and then sufficiently large A so that
1Pr.Lf (@) — f(®) < g Using these inequalities in (3.24), we obtain (3.22).
Having thus chosen A and A, observe that, by translation equivariance of f, the

map fi A can be written as

Ha@) = > Ry Prof(PR_,®),
VEZ|A/A

where P; o is the projector P;_, in the degenerate case A = 0. Consider the map

fraT(®) = Z Roy Prof (Po (r—1)aLy Ry ®@).
YEZ| A/

Then, by choosing 7" sufficiently large, we can ensure that

sup || fo a7 (@) — frn(®)] < § (3.25)
®cK

Indeed, this can be proved in the same way as (3.22), by using compactness of K, conti-

nuity of f, finiteness of Z| A/ and the strong convergence Py, (7 1)L, R—1, ® Ti(;o
P,R_;, ®.
Observe that fj A 7 can be alternatively written as
Har(®) = > Ruyfror(Ry,®), (3.26)

YEZ| A/
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where

Fr,0.7(®) = Prof (P (r—1)aL: ®).

We can view the map f) o7 as a map from V) (r_1rr, to Uy g, which makes
Lemma 3.1 applicable to f; o r. Hence, since Uyeziam R-2y K is compact, we can

find a convnet ﬁ) with spacing A, depth T and range A = 0 such that

1fo(®) = fror (@) < ® cUyezy Ray K. (3.27)

31Ziasgl

Consider the convnet ﬁ\ different from ﬁ) only by the range parameter A; such a
convnet can be written in terms of fj in the same way as fj a7 is written in terms of

froT:

Fa@® = Y Riyfo(Rosy ®). (3.28)

YEZ|A/1]
Combining (3.26), (3.27) and (3.28), we obtain

—~ €
sup || fa(®) — fi,a,r (R < 3
(1574

Combining this bound with bounds (3.22) and (3.25), we obtain the desired bound

sup || Fa(®) — £(®)] < e.
dcK

(]

Theorem 3.1 suggests that our definition of limit points of basic convnets provides

areasonable rigorous framework for the analysis of convergence and invariance prop-

erties of convnet-like models in the limit of continual and infinitely extended signals.

We will use these definition and theorem as templates when considering convnets with
pooling in the next subsection and charge—conserving convnets in Sect. 4.

3.3 Convnets with Pooling

As already mentioned, pooling erodes the equivariance of models with respect to trans-
lations. Therefore, we will consider convnets with pooling as universal approximators
without assuming the approximated maps to be translationally invariant. Also, rather
than considering L?(R”, R )-valued maps, we will be interested in approximating
simply R-valued maps, i.e., those of the form f : V — R, where, as in Sect. 3.2,
V = L*(RY, R%) (Fig. 2).

While the most popular kind of pooling in applications seems to be max-pooling,
we will only consider pooling by decimation (i.e., grid downsampling), which appears
to be about as efficient in practice (see Springenberg et al. [42]). Compared to basic
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Fig.2 A one-dimensional Par,, }1 }2 }3 }4

(v = 1) convnet with Vv W W, S W, S W, = W,
downsampling having stride
s = 2 and the receptive field
parameter Ly =2

a2

/

A
N

N

convnets of Sect. 3.2, convnets with downsampling then have a new parameter, stride,
that we denote by s. The stride can take values s = 1,2, ... and determines the
geometry scaling when passing information to the next convnet layer: if the current
layer operates on a grid (AZ)", then the next layer will operate on the subgrid (sAZ)".
Accordingly, the current layer only needs to perform the operations having outputs
located in this subgrid. We will assume s to be fixed and to be the same for all layers.
Moreover, we assume that

s < 2Ly + 1, (3.29)
i.e., the stride is not larger than the size of the receptive field: this ensures that infor-
mation from each node of the current grid can reach the next layer.

Like the basic convnet of Sect. 3.2, a convnet with downsampling can be written
as a chain:

-~ PoaLy p

Fov Ty s = A wm B L B waeERr). (3.30)
T

Here the space V; sr, ; is defined as in (3.8) (with A = AL, 1) and P; »p, ; is the
orthogonal projector to this subspace. The intermediate spaces are defined by

W, = L2(s" 'AZy, , RY).
The range parameters L, 7 are given by

Lo Lig(1+s4+s24 ... +sT77h, 1t <T,
“ o, (=T, T+1.

This choice of L; 7 is equivalent to the identities

Lyt =sLiyir+Leg, t=1,...,T —1,
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expressing the domain transformation under downsampling.

The feature dimensions d; can again take any values, aside from the fixed values
d] = dv and dT+] =1.

As the present convnet model is R-valued, in contrast to the basic convnet of
Sect. 3.2, it does not have a separate output cutoff parameter A (we essentially have
A = 0 now). The geometry of the input domain AZy, ;. is fully determined by stride s,
the receptive field parameter L.¢, grid spacing X, and depth 7'. Thus, the architecture
of the model is fully specified by these parameters and feature dimensions da, . . ., dr.

The layer operation formulas differ from the formulas (3.11), (3.3) by the inclusion
of downsampling:

d;
ft(q>)yn = U( Z wa,gkq)sy+6.k +h£,[)>v Y € ZL,HJ'l =1,..., diy1, t=<T,
F)EZ,_“. k=1

dr
Fra@ =Y wPe+nl. (3.32)
k=1

Summarizing, we define convnets with downsampling as follows.

Definition 3.3 A convnet with downsampling is a map f : V. — R defined by
(3.30), (3.31), (3.32), and characterized by parameters s, A, Ly, T,dy, ...,dr and

coefficients w,(lte)k and h,(f).

Next, we give a definition of a limit point of convnets with downsampling analogous
to Definition 3.2 for basic convnets. In this definition, we require that the input domain
grow in resolution % and in the spatial range AL, 7, while the stride and receptive field
are fixed.

Definition 3.4 With V = L?(R”, R%), we say that amap f : V — R is a limit
point of convnets with downsampling if for any s and L. subject to Eq. (3.29), any
compact set K € V,any € > 0,19 > 0 and Ag > O there exists a convnet with
downsampling fwith stride s, receptive field parameter L, depth 7', and spacing
A < Ao such that AL 7 > Ag and supgcg || F(®) — f(®)] < e.

The analog of Theorem 3.1 then reads:

Theorem3.2 A map f : V — R is a limit point of convnets with downsampling if
and only if f is continuous in the norm topology.

Proof The proof is completely analogous to, and in fact simpler than, the proof of
Theorem 3.1, so we only sketch it.

The necessity only involves the claim of continuity and follows again by a basic
topological argument.

In the proof of sufficiency, an analog of Lemma 3.1 holds for convnets with down-
sampling, since, thanks to the constraint (3.29) on the stride, all points of the input
domain AZ;,, are connected by the network architecture to the output (though there
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are fewer connections now due to pooling), so that our construction of approximate
copy operations remains valid.

To approximate f : V — R on a compact K, first approximate it by a map
foPyz Ly with a sufficiently small A and large 7', then use the lemma to approximate
fo P)"ZLLT by a convnet. O

4 Charge-Conserving Convnets

The goal of the present section is to describe a complete convnet-like model for approx-
imating arbitrary continuous maps equivariant with respect to rigid planar motions. A
rigid motion of RY is an affine transformation preserving the distances and the orien-
tation in R". The group SE(v) of all such motions can be described as a semidirect
product of the translation group R with the special orthogonal group SO(v):

SE(v) =RY x SO(>v).

An element of SE(v) can be represented as a pair (y, ) with y € R and 6 € SO(v).
The group operations are given by

(71, 00) (2, 62) = (y1 + 6112, 0162),
.0 '=(0"ly.07h.

The group SE(v) acts on R” by
Ay.ox =y +0x.

It is easy to see that this action is compatible with the group operation, i.e. A, 1) = Id
. . . . —1
and A, 6))An.6:) = A@1.61) (2.6, (implying, in particular, A o) = A, g)-1).

As in Sect. 3.2, consider the space V = LZ(R”, Rd"). We can view this space as a
SE(v)-module with the representation canonically associated with the action A:

Riy.0)@(X) = (A, 9)-1X), 4.1

where ® : RV — R and x € R”. We define in the same manner the module U =
L%(RY,R%). In the remainder of the paper we will be interested in approximating
continuous and SE(v)-equivariant maps f : V — U. Let us first give some examples
of such maps.

Linear maps. Assume for simplicity that dy = dy = 1 and consider a linear
SE(v)-equivariant map f : L%(R") — L%(R"). Such a map can be written as a
convolution f(®) = ® x ¥, where ¥ 7 is a radial signal, ¥ /(x) = \Tlf(|x|). In
general, ¥ ; should be understood in a distributional sense.

By applying Fourier transform F, the map f can be equivalently described in the
Fourier dual space as pointwise multiplication of the given signal by const FWV s
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(with the constant depending on the choice of the coefficient in the Fourier trans-
from), so f is SE(v)-equivariant and continuous if and only if FW¥ s is a radial
function belonging to L°°(R"). Note that in this argument we have tacitly com-
plexified the space L*(RY,R) into L?(R", C). The condition that f preserves
real-valuedness of the signal @ translates into FW r(x) = FW y(—x), where the
bar denotes complex conjugation.
Note that linear SE(v)-equivariant differential operators, such as the Laplacian A,
are not included in our class of maps, since they are not even defined on the whole
space V = L*(R"). However, if we consider a smoothed version of the Laplacian
givenby f : ® — A(®xg.), where g, is the variance-e¢ Gaussian kernel, then this
map will be well-defined on the whole V, norm-continuous and SE(v)-equivariant.
Pointwise maps. Consider a pointwise map f : V — U defined by f(®)(x) =
fo(®(x)), where f : RY — R4 is some map. In this case f is SE(v)-equivariant.
Note that if fo(0) # 0, then f is not well-defined on V = L*(R"”, R%V), since
f(®) ¢ L2(RY, R4V for the trivial signal ®(x) = 0. An easy-to-check sufficient
condition for f to be well-defined and continuous on the whole V is that f3(0) = 0
and fj be globally Lipschitz (i.e., | fo(x) — fo(y)| < c|x —y| forall x,y € R” and
some ¢ < 00).

Our goal in this section is to describe a finite computational model that would be a
universal approximator for all continuous and SE(v)-equivariant maps f : V — U.
Following the strategy of Sect. 3.2, we aim to define limit points of such finite models
and then prove that the limit points are exactly the continuous and SE(v)-equivariant
maps.

We focus on approximating LZ(R”, R%)-valued SE(v)-equivariant maps rather
than R -valued SE(v)-invariant maps because, as discussed in Sect. 3, we find it
hard to reconcile the SE(v)-invariance with pooling.

Note that, as in the previous sections, there is a straightforward symmetrization-
based approach to constructing universal SE(v)-equivariant models. In particular, the
group SE(v) extends the group of translations R” by the compact group SO(v), and we
can construct SE(v)-equivariant maps simply by symmetrizing R"-equivariant maps
over SO(v), as in Proposition 2.2.

Proposition4.1 If a map frv : V — U is continuous and R”-equivariant, then the
map fsgw) 1 V — U defined by

FfSEw)(®) = / R0.0)-1 frv (R(0,0)®)dO
SO(v)

is continuous and SE(v)-equivariant.

Proof The continuity of fsg(,) follows by elementary arguments using the continuity
of frv : V. — U, uniform boundedness of the operators R g ), and compactness of
SO(v). The SE(v)-equivariance follows since for any (y, #") € SE(v) and ® € V

fSE0) (Ry,0n®) = /SO( )R(o,e)—l Jrv(R(0,6)R(y,01) ®)dO
Vv
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:/ R 0,1 frer (Ray.1) Reo.00) )0

SO(v)

= / R(Oyg)flR(Qy,l)fR" (R(O’Qg/)q))de
SO(v)

= R(V,Q’)R(Oﬁ@’)’l fRV (R(O‘ee/)Q)de
SO(v)

= R(y.0) JSE0w) (®).
o

This proposition implies, in particular, that SO(v)-symmetrizations of merely
RY-equivariant basic convnets considered in Sect. 3.2 can serve as universal SE(v)-
equivariant approximators. However, like in the previous sections, we will be instead
interested in an intrinsically SE(v)-equivariant network construction not involving
explicit symmetrization of the approximation over the group SO(v). In particular, our
approximators will not use rotated grids.

Our construction relies heavily on the representation theory of the group SO(v),
and in the present paper we restrict ourselves to the case v = 2, in which the group
SO(v) is abelian and the representation theory is much easier than in the general case.

Section 4.1 contains preliminary considerations suggesting the network construc-
tion appropriate for our purpose. The formal detailed description of the model is given
in Sect. 4.2. In Sect. 4.3 we formulate and prove the main result of the section, the
SE(2)-equivariant universal approximation property of the model.

4.1 Preliminary Considerations

In this section we explain the idea behind our construction of the universal SE(2)-
equivariant convnet (to be formulated precisely in Sect. 4.2). We start by showing in
Sect. 4.1.1 that a SE(2)-equivariant map f : V — U can be described using a SO(2)-
invariant map fioc : V — RY . Then, relying on this observation, in Sect. 4.1.2
we show that, heuristically, f can be reconstructed by first equivariantly extracting
local “features” from the original signal using equivariant differentiation, and then
transforming these features using a SO(2)-invariant pointwise map. In Sect. 4.1.3 we
describe discretized differential operators and smoothing operators that we require in
order to formulate our model as a finite computation model with sufficient regularity.
Finally, in Sect. 4.1.4 we consider polynomial approximations on SO(2)-modules.

4.1.1 Pointwise Characterization of SE(v)-Equivariant Maps

In this subsection we show that, roughly speaking, SE(v)-equivariant maps f : V —
U can be described in terms of SO(v)-invariant maps f : V — R" obtained by
observing the output signal at a fixed position.

(The proposition below has one technical subtlety: we consider signal values ®(0)
at a particular point x = 0 for generic signals ® from the space L?(R", R% ). Elements
of this spaces are defined as equivalence classes of signals that can differ on sets of zero
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Lebesgue measure, so, strictly speaking, ®(0) is not well-defined. We can circumvent
this difficulty by fixing a particular canonical representative of the equivalence class,
say

lime—0 107 S50 @AY, if the limit exists,

0, otherwise.

Pcanon (X) = {

Lebesgue’s differentiation theorem ensures that the limit exists and agrees with &
almost everywhere, so that ®,,0, is indeed a representative of the equivalence class.
This choice of the representative is clearly SE(v)-equivariant. In the proposition below,
the signal value at x = 0 can be understood as the value of such a canonical represen-
tative.!)

Proposition 4.2 Ler f : L*>(R”,R¥) — L*(R",R%) be a R'-equivariant map.
Then f is SE(v)-equivariantif and only if f (R,0)®)(0) = f(®)(0)foralld € SO(v)
and ® € V.

Proof One direction of the statement is obvious: if f is SE(v)-equivariant, then
F(R0.0/®)(0) = R0.0)f(@)(0) = f(®)(A-1,0) = F(®)(0).

Let us prove the opposite implication, i.e. that f(R,¢)®)(0) = f(®)(0) implies
the SE(v)-equivariance. We need to show that for all (y,8) € SE(v), ® € V and
x € R” we have

S (Ry.0)®)(X) = Ry 0) f(®)(X).
Indeed,

Sf(Ry.0)®)(X) = R—x,1) f (R(y.0)®)(0)
= f(Rx,1)R(y.0)®)(0)
= f(R0.0)Ro-1(y—x),1)®)(0)
= f(R-1(y—x), 1 ®)(0)
= R-1(y—x),1)f (2)(0)
= Rx.0)Ro-1(y—x),1) [ (®)(Ax.0)0)
= R0 f(®)(x),

where we used definition (4.1) (steps 1 and 6), the R"-equivariance of f (steps 2 and
5), and the hypothesis of the lemma (step 4). O

1" Another approach to ensure a well-defined value ®(x) is to work with shift-invariant reproducing kernel
Hilbert spaces (RKHS) instead of L? spaces. Definition of RKHS requires the signal evaluation @ — ®(x)
to be continuous in @ and in particular well-defined. An example of a shift-invariant RKHS is the space of
band-limited signals with a particular bandwidth. We thank the anonymous reviewer for pointing out this
approach.
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Now, if f : V — U is an SE(v)-equivariant map, then we can define the SO(v)-
invariant map fioc : V — R by

Jioc(®) = f(®)(0). (4.2)

Conversely, suppose that fioc : V — R% is an SO(v)-invariant map. Consider the
map f:V — {¥:R” — R} defined by

J(@)X) := fioc(R(—x.1)®). 4.3)

In general, f(®) need not be in LZ(R”, R4 ). Suppose, however, that this is the case
forall ® € V. Then f is clearly R-equivariant and, moreover, SE(v)-equivariant, by
the above proposition.

Thus, under some additional regularity assumption, the task of reconstructing
SE(v)-equivariant maps f : V — U is equivalent to the task of reconstructing
SO(v)-invariant maps fioc : V — Rdv,

From this point on, we set v = 2.

4.1.2 Equivariant Differentiation
It is convenient to describe rigid motions of R? by identifying this two-dimensional
real space with the one-dimensional complex space C. Then an element of SE(2) can

be written as (y, §) = (x + iy, ¢/?) with some x, y € R and ¢ € [0, 27r). The action
of SE(2) on R? = C can be written as

Aetiyeityz =X +iy + ez, zeC.

Using analogous notation R, ;, .i¢) for the canonically associated representation of
SE(2) in V defined in (4.1), consider the generators of this representation:

R —1 R ispy — 1
szislim& Z0e) T 7

Risy 1) — 1
c =i lim 2D g = lim
x—0 5x b

y—=0 3y 8¢p—0 3¢
The generators can be explicitly written as
Jy = —idy, Jy=—idy, Jp=—idp=—i(xdy — yoy)
and obey the commutation relations
[(Je, y1 =0, [Jx, Jpl=—idy, [Jy, Jp]l=1iJx. 4.4)

We are interested in local transformations of signals ® € V, so it is natural to consider
the action of differential operators on the signals. We would like, however, to ensure
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the equivariance of this action. This can be done as follows. Consider the first-order
operators

1 : 1 .
0; = z(ax —1idy), Oz = 5(8x +idy).

These operators commute with Jy, Jy, and have the following commutation relations
with Jg:

(02, Jpl = 0z, [9z, Jpl = —0
or, equivalently,
0:Jp = (Jp +1)0;, 0dzJy = (Jp — 105 4.5)
Let us define, for any u € Z,
I =Ty + = —idy.

Then the triple (Jy, Jy, JZ(M )) obeys the same commutation relations (4.4), i.e., consti-
tutes another representation of the Lie algebra of the group SE(2). The corresponding
representation of the group differs from the original representation (4.1) by the extra
phase factor:

() —i
R oy @) = e HOD (A iy pit)-1%). (4.6)

The identities (4.5) imply BZJ(;“) = JC;“H)BZ and (%ZJ(;“) = Jdg"_l)fb. Since the
operators 0, dz also commute with J,, Jy, we see that the operators 9,, d7 can serve
as ladder operators equivariantly mapping

92 Vi = Vg, 822 Ve = Vi, 4.7)

where V), is the space L*(R?, R%) equipped with the representation (4.6). Thus, we
can equivariantly differentiate signals as long as we appropriately switch the repre-
sentation. In the sequel, we will for brevity refer to the parameter p characterizing the
representation as its global charge.

It is convenient to also consider another kind of charge, associated with angular
dependence of the signal with respect to rotations about fixed points; let us call it local
charge 7 in contrast to the above global charge 1. Namely, for any fixed xo € R?,
decompose the module V,, as

o=@V, @
neZ
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where

VS = R Vi) 4.9

and
VO = (@ € Vi |®(Ag pio)-1X) = e B (x) Vo). (4.10)
Writing xg = (x0, Yo), we can characterize V,ffg) as the eigenspace of the operator
I3 = Rixy 1) Jo Rixg 1)-1 = —i(x — x0)y +i(y — y0)ds

corresponding to the eigenvalue 1. The operator J (;X") has the same commutation
relations with 9., 97 as Jy:

[0:. I3 = 0., [0z 1501 = —oz.

We can then describe the structure of equivariant maps (4.7) with respect to decom-
position (4.8) as follows: for any X, the decrease or increase of the global charge by
the respective ladder operator is compensated by the opposite effect of this operator

on the local charge, i.e. 3, maps V,ff?]) to VS_‘S% ,—1 While 9z maps V,E’f,‘;) to V:i)f S

e A RPN SER 7 L (4.11)
We interpret these identities as conservation of the total charge, ;v + n. We remark
that there is some similarity between our total charge and the total angular momentum
in quantum mechanics; the total angular momentum there consists of the spin com-
ponent and the orbital component that are analogous to our global and local charge,
respectively.

Now we give a heuristic argument showing how to express an arbitrary equivariant
map f : V — U using our equivariant differentiation. As discussed in the previous
subsection, the task of expressing f reduces to expressing fioc using formulas (4.2),
(4.3). Let a signal ® be analytic as a function of the real variables x, y, then it can be
Taylor expanded as

b =

a

1 aqb
Rl JOL (4.12)

0
,b=0

with the basis signals ®, ; given by
@45(2) = 27",
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The signal @ is fully determined by the coefficients 97 Bé’ ®(0), so the map fioc can be
expressed as a function of these coefficients:

fioc(®) = fioe (0402 (0))5%—p)- (4.13)

At xop = 0, the signals ®, , have local charge n = a — b, and, if viewed as elements
of V,—o, transform under rotations by

R ity @ap =€, .

Accordingly, if we write ® in the form ¢ = Za, » Ca,b®Pa,p, then

R civy® = Zefi(afb)tﬁca’b(pa’b.
a,b

It follows that the SO(2)-invariance of fioc is equivalent to ffoc being invariant with
respect to simultaneous multiplication of the arguments by the factors e ~(*=29:

ﬁoc((e_i(a_b)¢ca,b)fb:0) = ﬁoc((ca,b)szo) V.

Having determined the invariant map ﬁoc, we can express the value of f(®) at an
arbitrary point x € R? by

F@®)X) = fioe((0702@(x)2,_,). (4.14)

Thus, the map f can be expressed, at least heuristically, by first computing various
derivatives of the signal and then applying to them the invariant map floc, indepen-
dently at each x € R.

The expression (4.14) has the following interpretation in terms of information flow
and the two different kinds of charges introduced above. Given an input signal ® € V
and x € R?, the signal has global charge u = 0, but, in general, contains multiple
components having different values of the local charge 1 with respect to x, according
to the decomposition V = V,,—g = ®yez Vo *) . By (4.11), a differential operator 97 ab

maps the space V0 % to the space V( Zb.y+b—q- HOWEVeT, if a signal ¥ € Va(x)b b
is continuous at X, then W must vamsh there unless n+ b —a =0 (see the deﬁmtlon

(4.9), (4.10)), i.e., only information from the V()(?‘);-component of ® withn =a—»

is observed in 8? 83b<1>(x). Thus, at each point x, the differential operator 8;‘ 8? can
be said to transform information contained in ® and associated with global charge
# = 0 and local charge n = a — b into information associated with global charge
u = a — b and local charge n = 0. This transformation is useful to us because the
local charge only reflects the structure of the input signal, while the global charge
is a part of the architecture of the computational model and can be used to directly
control the information flow. The operators 3¢ Bé’ deliver to the point x information
about the signal values away from this point—similarly to how this is done by local
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convolutions in the convnets of Sect. 3—but now this information flow is equivariant
with respect to the action of SO(2).

By (4.14), the SE(2)-equivariant map f can be heuristically decomposed into the
family of SE(2)-equivariant differentiations producing “local features” 9 8? ®(x) and
followed by the SO(2)-invariant map ﬁoc acting independently at each x. In the sequel,
we use this decomposition as a general strategy in our construction of the finite convnet-
like approximation model in Sect. 4.2—the “charge—conserving convnet”—and in the
proof of its universality in Sect. 4.3.

The Taylor expansion (4.12) is not rigorously applicable to generic signals ® <
Lz(Rz, Rd‘/). Therefore, we will add smoothing in our convnet-like model, to be
performed before the differentiation operations. This will be discussed below in
Sect. 4.1.3. Also, we will discuss there the discretization of the differential opera-
tors, in order to formulate the charge—conserving convnet as a finite computational
model.

The invariant map ﬁoc can be approximated using invariant polynomials, as we
discuss in Sect. 4.1.4 below. As discussed earlier in Sect. 2, invariant polynomials can
be produced from a set of generating polynomials; however, in the present setting this
setis rather large and grows rapidly as charge is increased, so it will be more efficient to
just generate new invariant polynomials by multiplying general polynomials of lower
degree subject to charge conservation. As a result, we will approximate the map ﬁoc
by a series of multiplication layers in the charge-conserving convnet.

4.1.3 Discretized Differential Operators

Like in Sect. 3, we aim to formulate the approximation model as a computation which
is fully finite except for the initial discretization of the input signal. Therefore we need
to discretize the equivariant differential operators considered in Sect. 4.1.2. Given a
discretized signal ® : (AZ)> — R% on the grid of spacing A, and writing grid points
asy = (Ayx, Ayy) € (LZ)?%, we define the discrete derivatives SZO‘), 8;‘) by

1
AN B(Ayy, Ayy) = H(<I>(A(yx + 1), Ayy) = @ (A(yx — 1, Ayy) (4.15)
- i(<1>(M/x, Ayy + 1) = @(hye, Ay — 1)))),
1
af(xw(xyx, Ayy) = H<<1>(x(yx + 1), Ayy) = @(A(yx — 1), Ayy) (4.16)

+ i<<b(kyx, Ayy + 1) — @(Ayx, Ayy — D) )

Since general signals @ € L2(R2, RdV) are not differentiable, we will smoothen them
prior to differentiating. Smoothing will also be a part of the computational model and
can be implemented by local operations as follows. Consider the discrete Laplacian
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A defined by

1
AP Sy, Ayy) = E(<I>(x(yx + 1), Ayy) + @ (A (e — D, Ayy) (4.17)
+ @ (hy A7y + 1) + @Ay Ay = D) = 4@ Gy, A1)

Then, a single smoothing layer can be implemented by the positive semidefinite oper-
ator 1 + )‘T:AO‘) :

2 1
(14 5 A0) @01 21y = (8005 + 1), 2) + B0 — 1. 311
+ ®(Aye. A(yy + D) + @ (Aye. A(yy — 1)
14000y, xyy)). (4.18)

We will then replace the differential operators 9 8%’ used in the heuristic argument in
Sect. 4.1.2 by the discrete operators

22 4/3%1
L0 = @ @ (14 Ta®) T Py, (4.19)

Here P, is the discretization projector (3.6). The power [4/A%] (i.e., the number of
smoothing layers) scales with A so that in the continuum limit A — 0 the operators
K(%“’b) converge to convolution operators. Specifically, consider the function W, :
R* — R:

I
W = 0202 (5= ), (4.20)

where we identify |x|?> = zZ. Define the operator E(()”’b) by E(()”’b) O=dxT,,, iec.

LD @(x) = /R B - )Py, @21)

Then we have the following lemma proved in Appendix A.

Lemma4.1 Let a, b be fixed nonnegative integers. For all A € [0, 1], consider the
linear operators /.:(Aa‘b) as operators from L2(R2, RY) 10 L®(R2, RYY). Then:

1. The operators E;a’b) are bounded uniformly in \;

2. AsA — 0, the operators Eg\”’b) converge strongly to the operator £(()“’b). Moreover,
this convergence is uniformon compact sets K C V (i.e., limy_, o supgcg | E&”’b) D
LED @00 = 0).
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This lemma is essentially just a slight modification of Central Limit Theorem. It
will be convenient to consider L rather than L? in the target space because of the
pointwise polynomial action of the layers following the smoothing and differentiation
layers.

4.1.4 Polynomial Approximations on SO(2)-Modules

Our derivation of the approximating model in Sect. 4.1.2 was based on identifying the
SO(2)-invariant map fioc introduced in (4.2) and expressing it via ffoc by Eq. (4.13).
It is convenient to approximate the map fioc by invariant polynomials on appropriate
SO(2)-modules, and in this section we state several general facts relevant for this
purpose.

First, the following lemma is obtained immediately using symmetrization and the
Weierstrass theorem (see e.g. the proof of Proposition (2.5)).

Lemma4.2 Let f : W — R be a continuous SO(2)-invariant map on a real finite-
dimensional SO(2)-module W. Then f can be approximated by polynomial invariants
onW.

We therefore focus on constructing general polynomial invariants on SO(2)-
modules. This can be done in several ways; we will describe just one particular
construction performed in a “layerwise” fashion resembling convnet layers.

It is convenient to first consider the case of SO(2)-modules over the field C, since
the representation theory of the group SO(2) is especially easily described when the
underlying field is C. Let us identify elements of SO(2) with the unit complex num-
bers ¢/?. Then all complex irreducible representations of SO(2) are one-dimensional
characters indexed by the number & € Z:

R,isx = '*%x. (4.22)
The representation R induces the dual representation acting on functions f(X):
R:i¢ fX) = f(R,-ipX).

In particular, if z¢ is the variable associated with the one-dimensional space where
representation (4.22) acts, then it is transformed by the dual representation as

R:i¢Z§ = e_ié(ﬁzg.

Now let W be a general finite-dimensional SO(2)-module over C. Then W can be
decomposed as

W= w:. (4.23)
¢
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where Wg = C% is the isotypic component of the representation (4.22). Let ek, k=
1,...,dg, denote the variables associated with the subspace We. If f is a polynomial
on W, we can write it as a linear combination of monomials:

f= > a|]- (4.24)

a=(agr) &,k

Then the dual representation acts on f by

Ry f = Z el Lexband HZ?Z‘
Ek

a=(agk)

We see that a polynomial is invariant iff it consists of invariant monomials, and a
monomial is invariant iff Zg,k Eagr = 0.

We can generate an arbitrary SO(2)-invariant polynomial on W in the following
“layer-wise” fashion. Suppose that { f;_ 1,5,,,},1,\[’:_1' is a collection of polynomials gen-
erated after + — 1 layers so that

Ry fiotem=e""fi 1en (4.25)

for all &, n. Consider new polynomials { f,,g,n}flvél obtained from { f;_ 1,5,,1}2/;‘11 by

applying the second degree expressions

N
t t
fren = winle=o+ 3wk fitem
ni=1
Ni—1 Ni—1

+ Z Z Zwg)&,éz,nm,nzﬁfl*él”“f’*I’SZ’"Z (4.26)

§1+62=¢ n1=1np=1
with some (complex) coefficients w® ) wh The first term is
P ; 0,n> 1.E,n,n1> ™2.81,6,n,n1,n2" ~7 .
present only for & = 0. The third term includes the “charge conservation” constraint

& = & 4+ &. Itis clear that ones condition (4.25) holds for {ft,l,g,n}N’*‘ it also holds
for {ft,é,n},]lvél-
N

n=I1>

On the other hand, suppose that the initial set {f1 ¢ },., includes all variables
Zgk. Then for any invariant polynomial f on W, we can arrange the parameters N,
and the coefficients in Eq. (4.26) so that at some ¢ we obtain f; ¢—o,1 = f. Indeed,
first note that thanks to the second term in Eq. (4.26) it suffices to show this for the
case when f is an invariant monomial (since any invariant polynomial is a linear
combination of invariant monomials, and the second term allows us to form and pass
forward such linear combinations). If f is a constant, then it can be produced using
the first term in Eq. (4.26). If f is a monomial of a positive degree, then it can be
produced by multiplying lower degree monomials, which is afforded by the third term
in Eq. (4.26).
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Now we discuss the case of the underlying field R. In this case, apart from the
trivial one-dimensional representation, all irreducible representations of SO(2) are
two-dimensional and indexed by £ = 1,2, ...:

x\ [ cos&p sinég) (x
Reo (Y> B <— sin&¢ cos gqs) (y) : (4.27)

It is convenient to diagonalize such a representation, turning it into a pair of complex
conjugate one-dimensional representations:

z e 0 z
Reiqﬁ <?> == ( O eiéqg,) <Z> ) (428)

z=x4iy, zZ=x—1iy.

where

More generally, any real SO(2)-module W can be decomposed exactly as in (4.23)
into isotypic components Wg associated with complex characters, but with the addi-
tional constraints

We = W_g, (4.29)
meaning that dg = d_¢ and
We=Were +iWem, W_g=Wegre —iWem, ¢E=12,..))
with some real dg-dimensional spaces W¢ re, We im-

Any polynomial on W can then be written in terms of real variables zq x corre-
sponding to & = 0 and complex variables

ek = Xek +ivek, ek =Xexk —iver (E=1,2,..)) (4.30)
constrained by the relations
ek = Z—&k-

Suppose that a polynomial f on W is expanded over monomials in z¢ ; as in Eq.
(4.24). This expansion is unique (the coefficients are given by

aé‘vk

e = ([124) 0.

Ek ag !

where 3., , = 3y, —idy,) for& > 0and 9., = (., +idy_,,) for & < 0).
This implies that the condition for the polynomial f to be invariant on W is the same

@ Springer



Constructive Approximation (2022) 55:407-474 453

as in the previously considered complex case: the polynomial must consist of invariant
monomials, and a monomial is invariant iff Zg,k Eagr = 0.

Therefore, in the case of real SO(2)-modules, any invariant polynomial can be gen-
erated using the same procedure described earlier for the complex case, i.e., by taking
the complex extension of the module and iteratively generating (complex) polynomials
{fr.en }2’;1 using Eq. (4.26). The real part of a complex invariant polynomial on a real
module is a real invariant polynomial. Thus, to ensure that in the case of real modules
W the procedure produces all real invariant polynomials, and only such polynomials,
we can just add taking the real part of f; ¢—¢,1 at the last step of the procedure.

4.2 Charge-Conserving Convnet

We can now describe precisely our convnet-like model for approximating arbitrary
SE(2)-equivariant continuous maps f : V — U, where V = L2(R2, R4, U =
Lz(Rz, Rdu ). The overview of the model is given in Fig. 3. Like the models of Sect. 3,
the present model starts with the discretization projection followed by some finite
computation. The model includes three groups of layers: smoothing layers (Lsmooth ),
differentiation layers (Lgifr) and multiplication layers (Lmure). The parameters of the
model are the lattice spacing A, cutoff range A of the output, dimension dpyy); of
auxiliary spaces, and the numbers Tgifr, Tmuie of differentiation and multiplication
layers. The overall operation of the model can be described as the chain

—~ Py ar Ly L L
TV 5 Viw=E W) = Wonoon —% Waisr =% Upn. (431)

We describe now all these layers in detail.

Initial projection The initial discretization projection P, is defined as explained
in Sect. 3 after Eq. (3.8). The input cutoff range A’ is given by A’ = A + (Taier +
[4/121)A. This padding ensures that the output cutoff range will be equal to the
specified value A. With respect to the spatial grid structure, the space W; can be
decomposed as

— dy
Wi =&yerz ), RY.

where Z is the cubic subset of the grid defined in (3.7).

Smoothing layers The model contains [4/A?] smoothing layers performing the
same elementary smoothing operation 1 + %ZA()“):

A2 [4/3%
Esmooth = (1 + ?A(A))

3

where the discrete Laplacian A® is defined as in Eq. (4.17). In each layer the value
of the transformed signal at the current spatial position is determined by the values
of the signal in the previous layer at this position and its 4 nearest neigbors as given
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Fig. 3 Architecture of the charge-conserving convnet. The top figure shows the information flow in the
fixed-charge subspaces of the feature space, while the bottom figure shows the same flow in the spatial
coordinates. The smoothing layers only act on spatial dimensions, the multiplication layers only on feature
dimensions, and the differentiation layers both on spatial and feature dimensions. Operation of smoothing
and differentiation layers only involves nearest neighbors while in the multiplication layers the transitions
are constrained by the requirement of charge conservation. The smoothing and differentiation layers are
linear; the multiplication layers are not. The last multiplication layer only has zero-charge (SO(2)-invariant)
output

in Eq. (4.18). Accordingly, the domain size shrinks with each layer so that the output
space of Lsmooth can be written as
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— dy
Wsmooth = @VEAZLAN/MR s

where A” = A" — [4/)21h = A + Tyieh.

Differentiation layers The model contains Ty differentiation layers computing

the discretized derivatives BZ(A) , BZ(A) as defined in (4.15), (4.16). Like the smoothing
layers, these derivatives shrink the domain, but additionally, as discussed in Sect. 4.1.2,
they change the representation of the group SE(2) associated with the global charge

u (see Eq. (4.7)).
Denoting the individual differentiation layers by Lairr s, t = 1, ..., Taifr,, their
action can be described as the chain

Laifr,1 Laifr 2 Laitt Tyigy
Lifr : Wemooth —> Waitr, 1 — Waige2 ... —> Waitr, 7y (= Waier).

We decompose each intermediate space Wy;sr ; into subspaces characterized by degree
s of the derivative and by charge pu:

Waite 1 = ©5—g Sy Wi 1.5.- (4.32)

Each Wit ¢ 5, can be further decomposed as a direct sum over the grid points:

d
Wdiff,t,s,p, = GBVG)LZLA/M*Tdiff*fC V- (433)

Consider the operator Lisr ; as a block matrix with respect to decomposition (4.32) of
the input and output spaces Waitr ;—1, Waitr,r, and denote by (Laitr,r) s,y 10— 1) (50 p0)
the respective blocks. Then we define

az(k), ifs; =81+ 1,y = py—1 + 1,
(A) :
a2, ifs, =514+ 1, w = p—1 — 1,
(Ediff,t)(s,,l,m,l)—>(st,u,) = z . ! ! ! ! (434)
1, ifs; =81, e = -1,
0, otherwise.

With this definition, the final space Wifr, 7, contains all discrete derivatives
(BZ()‘) )4 (82@))}’ ® of the smoothed signal ® € Wgnoom of degrees s = a + b < Tyift.
Each such derivative can be obtained by arranging the elementary steps (4.34) in dif-
ferent order, so that the derivative will actually appear in Wyifr, 7, With the coefficient

m. This coefficient is not important for the subsequent exposition.

Multiplication layers In contrast to the smoothing and differentiation layers, the
multiplication layers act strictly locally (pointwise). These layers implement products
and linear combinations of signals of the preceding layers subject to conservation of

global charge, based on the procedure of generation of invariant polynomials described
in Sect. 4.1.4.
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Denoting the inividual layers by Lmuit.s» f = 1, . .., Tinult, their action is described
by the chain
Emult 1 [:mult 2 EmUIl,T 1t
Loyt © Waitt — Wimuitr —> Wmuie2 -+ —> Wit 7y = Un.A-

Each space Wiuit,; except for the final one (Wi, 7,,,,) 1S decomposed into subspaces
characterized by spatial position y € (AZ)? and charge j:

_ Taitr
Wmult,t = Qaye)\ZLA/M EBIJ«:—Tdiff Wmult,t,y,u- (4'35)

Each space Wiut,r,y, . 18 a complex dpyi-dimensional space, where diyy¢ is a param-
eter of the model:

4
Winalt,r,y,u = C™™

The final space Wi, 7, 15 T€al, dy-dimensional, and only has the charge-0 compo-
nent:

d,
Wmult,Tmuh = @)/EAZLA/;LJ Wmult,t,y,u:Oa Wmult,t,y,u:O =R U’

so that Wy, 7,,,, can be identified with U A. The initial space Wgisr can also be
expanded in the form (4.35) by reshaping its components (4.32), (4.33):

Taitf
Waitt = ;20 @), s Wit Ty 5.

Tdrf dy
= @ ' EBM__S EB}/EAZLA/MC

= @)/EAZLA/;\J EBM——Tdff Wmult,O,y,;u
where
Tdtf d
Wmult,(),y,;t = s_lm Ccv.

The multiplication layers Lmul,; act separately and identically at each y € AZ |1,
i.e., without loss of generality these layers can be thought of as maps

Taifr Taitr
»Cmult,t GB/L]——Td i Wmult,t—l,y:O,u — $M1=—Tdiff Wmult,t,y:O,u-
. Ty
To define L, let us represent its input ® € & ™ ;. Winuie,r—1,y=0,: as
Tair Taitt  dmult
E (I)M = E Z qD/L,ne;L,n,
n=—Tdist pu=—Tgitt n=1
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where e, , denote the basis vectors in Wiy, 1—1,5=0,.- We represent the output ¥ €

Taitr : .
@M;_Tm Wnult,7,y =0, Of Lmult,; in the same way:
Tt Taift  dmult
E: v, = E: E:‘Ijuneun
u=—Tair pu=—"Tgigr n=1

Then, based on Eq. (4.26), for t < Tryu we define Ly ® = ¥ by

dmult o
t
\Ill/vn_wO M0+§:wlunn1 m.ni
ni=l1
dmult dmult

(1)
+ Z Z Z wa, Ml,uz,n,nl,nzq)“l’"l(DM*”Z’ (4.36)

*leff<l‘1 ua=Tgief n1=1np=1
H1FH2=H

. : (0 (") =
with some complex weights wy ;,, w, o W2, o n g o I.n the final laye'r t =
Tmult the network only needs to generate a real charge-0 (invariant) vector, so in this
case ¥ only has real u = 0 components:

@ dmult @
t t
o =Re (i), + Y iy, Pon,
ni=l1
dmult dmult

(1)
+ Z Z Z w2,m,uzyn,n1,nzq}“h”|q)/‘%”Z)‘ (4.37)

—Taiff <112 =Tgiff n1=1np=I1
ny+pp=0

This completes the description of the charge-conserving convnet. In the sequel, it
will be convenient to consider a family of convnets having all parameters and weights
in common except for the grid spacing A. Observe that this parameter can be var-

ied independently of all other parameters and weights (A, dmult, Tditt, Tmults w(()t’;,

® (0 :
Ly Wa g omm, ny)- The parameter A affects the number of smoothing layers,

and decreasing this parameter means that essentially the same convnet is applied at a
higher resolution. Accordingly, we will call such a family a “multi-resolution convnet”.

Definition 4.1 A charge-conserving convnet is a map f : V. — U given

in (4.31), characterized by parameters A, A, dmult, Taifr, Tmuie and weights w(()t;,

w(f) ()
Lp,n,ny 2,00, 02,n,n1,n2°

charge-conserving convnet ﬁ is obtained by arbitrarily varying the grid spacing
parameter A in the charge-conserving convnet f.

and constructed as described above. A multi-resolution

We comment now why it is natural to call this model “charge-conserving”. As
already explained in Sect. 4.1.2, if the intermediate spaces labeled by specific u’s
are equipped with the special representations (4.6), then, up to the spatial cutoff, the
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differentiation layers L are SE(2)-equivariant and conserve the “total charge” 1,
where 1 is the “local charge” (see Eq. (4.11)). Clearly, the same can be said about the
smoothing layers Lymooth Which, in fact, separately conserve the global charge u and
the local charge 1. Moreover, observe that the multiplication layers Ly, though
nonlinear, are also equivariant and separately conserve the charges u and 7. Indeed,
consider the transformations (4.36), (4.37). The first term in these transformations
creates an SE(2)-invariant, & = n = 0 signal. The second, linear term does not
change 1 or n of the input signal. The third term creates products W, = ®,, D,
where © = 1 + po. This multiplication operation is equivariant with respect to the
respective representations R, R(“1) R(12) ag defined in (4.6). Also, if the signals
®,,, @, have local charges ny, 1, at a particular point x, then the product ®,,, &,
has local charge n = n1 + 1, at this point (see Egs.(4.9), (4.10)).

4.3 The Main Result

To state our main result, we define a limit point of charge-conserving convnets.

Definition 4.2 With V = L?2(R%, R¥) and U = L*(R?,R%), we say that a map
f :V — U is a limit point of charge-conserving convnets if for any compact set
K C V,any € > 0 and Ap > O there exist a multi-resolution charge-conserving
convnet ﬁ with A > Aq such that supg g ||ﬁ(<l)) — f(®)| < e for all sufficiently
small grid spacings A.

Then our main result is the following theorem.

Theorem 4.1 Let V. = L2 (R2, RY) and U = L>*(R*,R%). Amap f : V — U is
a limit point of charge-conserving convnets if and only if f is SE(2)-equivariant and
continuous in the norm topology.

Proof To simplify the exposition, we will assume that dy = dy = 1; generalization
of all the arguments to vector-valued input and output signals is straightforward.

We start by observing that a multi-resolution family of charge-conserving convnets
has a natural scaling limit as the lattice spacing A — 0:

Jo(®) = lim ,(®). (4.38)
Indeed, by (4.31), at . > 0 we can represent the convnet as the composition of maps

fk = Luule © Ldiff © Lsmooth © PA,A“
The part Lgitr © Lsmooth © Py, of this computation implements several maps L;a’h)
introduced in (4.19). More precisely, by the definition of differentiation layers in
Sect. 4.2, the output space Wy of the linear operator Lgift © Lsmooth © Pa, A’ can be
decomposed into the direct sum (4.32) over several degrees s and charges u. The
respective components of Lgitr © Lsmooth © Pi A’ are, up to unimportant combinatoric
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(a,b)

coefficients, just the operators EA witha+b=s,a—b=pu

b
Laitt © Lsmootn © Prar = (. caply™” ) Cap = sl (4.39)

L;a,h)

with the caveat that the output of is spatially restricted to the bounded domain

[—A, A]>. By Lemma 4.1, as A — 0, the operators ﬁf\a’b) converge to the operator
E(()“’b) defined in Eq. (4.21), so that for any ® € L*(R?) the signals E;a’b)<1> are

bounded functions on R? and converge to /J(()“’b) ® in the uniform norm || - ||o. Let us
denote the limiting linear operator by Lcony:

Leconv = lim Lgiff 0 Lsmooth © PA,A/~ (4.40)
r—0

The full limiting map ﬁ)(d)) is then obtained by pointwise application (separately at
each point x € [—A, A]?) of the multiplication layers £ to the signals LT ®

Fo(®) = Lot (Leony ®). (4.41)

For any ® € L*(R?), this fo(®) is a well-defined bounded signal on the domain
[—A, A]2. It is bounded because the multiplication layers L, implement a con-
tinuous (polynomial) map, and because, as already mentioned, Lcony ® is a bounded
signal. Since the domain [—A, AJ? has a finite Lebesgue measure, we have fo(®) €
L®([—A, A1?) c L*([—A, A1%). By a similar argument, the convergence in (4.38)
can be understood in the L®([—A, AJ?) or L2([—A, A]?) sense, e.g.:

~ -~ A—0
1/0(®) = fil®)L2-a.a) — 0, @€ V. (4.42)

Below, we will use the scaling limit f(; as an intermediate approximator.
We will now prove the necessity and then the sufficiency parts of the theorem.

Necessity (a limit point f is continuous and SE(2)-equivariant). As in the previous
theorems 3.1, 3.2, continuity of f follows by standard topological arguments, and we
only need to prove the SE(2)-equivariance.

Let us first prove the R?-equivariance of f. By the definition of a limit point, for
any ® € V,x € R?, ¢ > 0and Ag > O there is a multi-resolution convnet f;\ with
A > Ag such that

1/ (@) — f(®)] <e, [/i(Rx.1y®) — f(Rx1)®)| <€ (4.43)

for all sufficiently small A. Consider the scaling limit fa = lim)_,¢ ﬁ constructed
above. As shown above, /]f,\ (@) converges to fo(®) in the L? sense, so the inequalities
(4.43) remain valid for fo(®):

170(®) — f(®) <€, [Ifo(Rx1)®) — f(Rx.h®)| < e. (4.44)

@ Springer



460 Constructive Approximation (2022) 55:407-474

The map ﬁ) is not R%-equivariant only because its output is restricted to the domain
[—A, A%, since otherwise both maps Lmult, Leonv appearing in the superposition
(4.41) are R?-equivariant. Therefore, for any y € R?,

JoRxy®)(¥) = Ry o(@)(¥) = fo(®)(y — %), ify.y —x € [-A, A445)
Consider the set
Max={y eR*:y.y—xe[-A AP} = [-A, AP N Ax 1 ([—A, AT).
The identity (4.45) implies that
Pri,x fo(Rx.1)®) = Py Rix.1) fo(®). (4.46)

where Py, , denotes the projection to the subspace L3(11 Ax)In L2(R?). For a fixed
x, the projectors Py, , converge strongly to the identity as A — 00, therefore we can
choose A sufficiently large so that

[Prip, f(®) = (R =€, [Py, f(Rx,n®) — f(Rx,n®)| < €. (4.47)

Then, assuming that the approximating convnet has a sufficiently large range A, we
have

If(Rx,1y®) — R,y f( @) < 1 f (Rx,y®) — Priy o f (Ru,1y®) |
+ 1Py f(Rxy®) — Priy fo(Rx, 1y @)l
+ 1Py fo(Rx,1y®) — Priy Rx,1y fo(®)]
+ 11 Priy s Rex 1y fo(®) — Priy (Rex1) f (@]

+ 1Py Rx. 1) [ (@) — Rx,1y f (@)l
< de,

where we used the bounds (4.44), (4.47), the equalities || Pr, || = [[Rx,1ll = 1, and
the identity (4.46). Taking the limit € — 0, we obtain the desired R?-equivariance of

f.
To complete the proof of SE(2)-equivariance, we will show that for any 8 € SO(2)
we have

R(o,e)ﬁ)(q’)(x) = ﬁ)(R(o,e)q’)(X), x € [Tpp, (4.48)
where
Map=[—A, AP N Age (—A, AP).

Identity (4.48) is an analog of identity (4.45) that we used to prove the R 1)-
equivariance of f. Once Eq. (4.48) is established, we can prove the R ¢)-equivariance
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of f by arguing in the same way as we did above to prove the R 1)-equivariance.
After that, the R(q,g)-equivariance and the Rx 1)-equivariance together imply the full
SE(2)-equivariance.

Note that by using the partial translation equivariance (4.45) and repeating the
computation from Lemma 4.2, it suffices to prove the identity (4.48) only in the
special case x = 0:

Jo(R(0.0)®)(0) = fo(@)(0). (4.49)

Indeed, suppose that Eq. (4.49) is established and A is sufficiently large so that
x,07!'x € [-A, AT*. Then,

Jo(R0,0)®)(X) = R—x1) fo(R0.0)®)(0)
= fo(R(—x,1H R(0,6)®)(0)
= fO(R(O,e)R(fe—lx,l)q’)(O)
= fO(R(_eflx,l)q’)(O)
= R(—e—lx,l)fo(q’)(o)
= Rx.0)R_p-1x.1) f0(®) (Ax,6)0)
= R0,6) fo(®)(x),
where we used general properties of the representaton R (steps 1, 6, 7), Eq. (4.49)
(step 4), and the partial R?>-equivariance (4.45) (steps 2 and 5, using the fact that
0,x,07'x e [-A, A]). R
To establish Eq. (4.49), recall that, by Eq. (4.41), the value f;(®)(0) is obtained by
first evaluating Lcony (®) at x = 0 and then applying to the resulting values the map

Lmult- By Egs.(4.39), (4.40) and Lemma 4.1, we can write Lcony (®)(0) as a vector
with components

Leony (®)(0) = (..., ca s L7 (@)(0), ... ), (4.50)
where, by Eq. (4.21),
5" @) = /R Y)Wy,

and W, j is given by Eq. (4.20):

1 I
W, = 8;8§(§e*"“2/2) = agag(ge*“/z).

In the language of Sect. 4.1.2, W,  has local charge n = b — a:
Wa.b (A e-ie)X) = D0, 4 (x).

@ Springer



462 Constructive Approximation (2022) 55:407-474

It follows that
LG (Ryg,0i0)®)(0) = [RZ R (0,10, ®(=Y) Wa 5 (y)d’y
_ /R (A i) (YWY
- /R 2 ®(—y) W 5 (A o) y)d2y

= /R @ T, (y)dy

= /= L0 (@)(0),

ie., L(()a’b)(Q)(O) transforms under rotations ¢/ € SO(2) as a character (4.22) with
E=b—a.

Now consider the map L. Since each component in the decomposition (4.50)
transforms as a character with & = b — a, the construction of Ly in Sect. 4.2
(based on the procedure of generating invariant polynomials described in Sect. 4.1.4)
quarantees that £, computes a function invariant with respect to SO(2), thus proving
Eq. (4.49):

Fo(R0.0)®)(0) = Lonuit (Leony (R0.0)®)(0) = Lonuit (Leony (2)(0)) = fo(@)(0).

This completes the proof of the necessity part.

Sufficiency (a continuous SE(2)-equivariant map f : V. — U can be approxi-
mated by charge-conserving convnets).

Given a continuous SE(2)-equivariant f : V — U, a compact set K C V and
positive numbers €, Ag, we need to construct a multi-resolution charge-conserving
convnet f (f,\) with A > A and the property supgc g ||fk(<I>) — f(®)] < € for
all sufficiently small A. We construct the desired convnet by performing a series of
reductions of this approximation problem.

1. Smoothing. For any €; > 0, consider the smoothed map ]751 1V — U defined by

fo (@) = f(®) * ge,, (4.51)
where

1 2
— =[x/ (2e1)
X) = .
gel( ) ) E]e

The map fgl is continuous and SE(2)-equivariant, as a composition of two continuous
and SE(2)-equivariant maps. We can choose € small enough so that for all ® € K

I1fe (@) — f(®)] < E (4.52)
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The problem of approximating f then reduces to the problem of approximating maps
fe, of the form (4.51).

2. Spatial cutoff. We can choose A sufficiently large so that for all ® € K

~ ~ €
1Pa fer (®) = fer () < 75- (4.53)
We can do this because ﬁl (K) is compact, as an image of a compact set under a

continuous map, and because P, converge strongly to the identity as A — +o0.
Thus, we only need to approximate output signals f¢, (®) on the domain [—A, NG

3. Output localization. Define the map fe, loc : V= Rby
Fertoc(®) = fo, (®)(0) = (ge,. f(®)) 122 (4.54)

Since both g¢,, f(®) € L2(R2), the map ﬁl,loc is well-defined, and it is continuous
since f is continuous.
By translation equivariance of f and hence f¢,, the map f,, can be recovered from

fel,loc by
Fe (@) X) = fo;(Rix.1)®)(0) = fry 1oc(R(_x.1)®). (4.55)

By the SO(2)-equivariance of f:l, the map f:l,loc is SO(2)-invariant.

4. Nested finite-dimensional SO(2)-modules V. For any nonnegative integer
a, b consider again the signal W, ; introduced in Eq. (4.20). Forany ¢ = 1,2, ...,
consider the subspace V; C V spanned by the vectors Re(¥, ;) and Im(W¥, ;) with
a + b < ¢. These vectors form a total system in V if a, b take arbitrary nonnegative
integer values. Accordingly, if we denote by Py, the orthogonal projection to V; in
V, then the operators Py, converge strongly to the identity as { — oo.

The subspace V, is a real finite-dimensional SO(2)-module. As discussed in
Sect. 4.1.4, it is convenient to think of such modules as consisting of complex con-
jugate irreducible representations under constraint (4.29). The complex extension of
the real module V; is spanned by signals {W, p}atp<¢, s0 that ¥, , and W;, , form a
complex conjugate pair for a # b (if a = b, then W, j is real). The natural represen-
tation (4.1) of SO(2) transforms the signal W, ;, as a character (4.22) withé =a — b
(in the language of Sect. 4.1.2, W, 5, has local charge n = b — a w.r.t. x = 0):

Rg.0i0yWap(X) = Wa (A o-i0yX) = €00, (x). (4.56)

The action of SO(2) on the real signals Re(W¥, ;) and Im(¥, ;) can be related to its
action on W, 5 and ¥}, , as in Eqs.(4.27), (4.28).

5. Restriction to V;. Let fg,,loc,; : Vo — R be the restriction of the map f:],loc
defined in Eq. (4.54) to the subspace V:

J};,]oc,g = f:|,10c|\/(~ (4~57)
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Consider the map ﬁl, ¢ 'V — U defined by projecting to V; and translating the map
Jei loc,c tO points X € [—A, AJ? like in the reconstruction formula (4.55):

ferdoes (Py, R—x.y®), x € [-A, AT

fer.c(®)(x) = 4.58
ferp (®)x) 0, otherwise. ( )
We claim that if ¢ is sufficiently large then for all ® € K
~ ~ €
I fe1,c (@) — Ppfe (R < — (4.59)

10°

Indeed,

I fer.c (@) — P fe, (@) < 2A Jup | fertoc (P, ®1) = feytoc (@), (4.60)
1€K1

where
Ki ={R—x1®P)|x, ®) € [-A, A]2 x K}CV. 4.61)

The set K| is compact, by compactness of K and strong continuity of R. Then, by

compactness of K1, strong convergence Py, @, g @ and continuity of ﬁl,loc, the
r.h.s. of (4.60) becomes arbitrarily small as ¢ — oo.

It follows from (4.59) that the problem of approximating f reduces to approximat-
ing the map f; ¢ for a fixed finite ¢.

6. Polynomial approximation. The map ﬁl Jdoc,c © Ve — Rdefined in (4.57) is a
continuous SO(2)-invariant map on the SO(2)-module V,. By Lemma 4.2, such a map
can be approximated by invariant polynomials. Let K1 C V be the compact set defined
in Eq. (4.61). Note that Py, K is then a compact subset of V;. Let ffoc : Ve — Rbe
an SO(2)-invariant polynomial such that for all ®, € Py K,

—~ ~ €
|f10c(q)2) - fel,loc,{(q’2)| < 10 2A . (4-62)
Consider now the map ﬁ) : V — U defined by
o~ 3 P R — Q B’ _Ay A 27
@) (x) = Jioc(Py, R—x 1) ®), x €[ : ] 4.63)
0, otherwise.

Using Eqgs.(4.58) and (4.62), we have for all x € [—A, AP and @, € Py K

| fo(@2)(X) — fe o (®2)(X)] <

10-2A
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and hence for all ® € K

170(®) — Fo (@) < f—o (4.64)

7. Identification of convnet with . = 0. We show now that the map ﬁ) given
in (4.63) can be written as the scaling limit (A — 0) of a multi-resolution charge-
conserving convnet.

First note that the projector Py, can be written as

Py ®@= Y (W, ®)Wyy,
a,b:a+b<¢

where \I/; , is the basis in V; dual to the basis W, ;. Let V; ¢ denote the isotypic
component in V; spanned by vectors ¥, , witha —b = &. By Eq. (4.56), this notation
is consistent with the notation of Sect. 4.1.4 where the number £ is used to specify the
characters (4.22). By unitarity of the representation R, different isotypic components
are mutually orthogonal, so \IJ;’ » € Ve.a—b and we can expand

/
\Ija,b = Z Ca,b,a' b’ \Ija’,b/
0<a’ b’ <t
a'—b'=a—b

with some coefficients ¢, p /.»». Then we can write

PV{ R(—X,I)Q = Z <"I’z,l,b’ R(—x,l)q))“pa,b
a,b:a+b<t

¢
= Z Z Z Ca,b,a' b’ <\IJa/,b’v R(—x,l)q>>qja,b

E=—¢ aba+b=t o b +b' <¢
a—b=t o b=

{
=Y Y Y amer( [ exryuamey)w

E=—¢ aba+b=t o p':a'+b' <¢
a—b=E o b=t

¢
=Y Y Y @m0 ([ ex v mdy)e

E=—( abatb=t o b a'+b'<¢
a—b=§ a’ —b'=¢

¢
=2 X X marh e a0, (4.65)
=TS I

where in the penultimate step we used the identity Wy ,r(y) = W o) (¥)

(=1 + Y a1y (—Y), and in the last step we used definition (4.21) of E(a b
We can now interpret the map fo given by (4.63) as the A — 0 limit of a convnet
of Sect. 4.2 in the following way.
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First, by the above expansion, the part Py, R(—x 1) of the map ﬁ) computes various

convolutions Lg’,’a/)d) witha' + b’ < ¢,a’ — b’ = E—this corresponds to the A — 0
limit of smoothing and differentiation layers of Sect. 4.2 with Tyif = ¢. The global
charge parameter p appearing in the decomposition (4.32) of the target spaces Wit
of differentiation layers corresponds to —&(= b’ — a’) in the above formula, while
the degree s corresponds to a’ + b'. The vectors W, , with a — b = & over which we
expand in (4.65) serve as a particular basis in the u = —& component of Waitr, 74 -
Now, the invariant polynomial floc appearing in (4.63) can be expressed as a polyno-
mial in the variables associated with the isotypic components V . These components
are spanned by the vectors ¥, ;, with a — b = &£. By Eq. (4.65), floc(PV{ R—x1H®)

can then be viewed as an invariant polynomial in the variables L(()b “ )<I>(x) that corre-
spond to the isotypic components V; ¢ with § = a’ — b’. As shown in Sect. 4.1.4, this
invariant polynomial can then be generated by the layerwise multiplication procedure
(4.26) starting from the initial variables L',é)b/’“,) @ (x). This procedure is reproduced in
the definition (4.36), (4.37) of convnet multiplication layers. (The charge-conservation
constraints are expressed in Eqs.(4.36), (4.37) in terms of w rather than &, but u = —&,
and the constraints are invariant with respect to changing the sign of all ©’s.) Thus,
if the number Tj,yy of multiplication layers and the dimensions dpyy); of these layers
are sufficiently large, then one can arrange the weights in these layers so as to exactly
give the map @ — floc(PV; R_x,1®).

8. Appr0x1mat10n by convnets with A > 0. It remains to show that the scaling limit
fo is approximated by the A > 0 convnets f,\ in the sense that if A is sufficiently small
then for all ® € K

17o(®) — F(®)] < % (4.66)

We have already shown earlier in Eq. (4.42) that for any ® € V the signals ﬁ(tb)
converge to ﬁ(<I>) in the L2([—A, A]?) sense. In fact, Lemma 4.1 implies that this
convergence is uniform on any compact set K C V, which proves Eq. (4.66).

Summarizing all the above steps, we have constructed a multi-resolution charge-
conserving convnet ﬁ such that, by the inequalities (4.52), (4.53), (4.59), (4.64) and
(4.66), we have supg g ||ﬁ(<1>) — f(®)| < e for all sufficiently small A. This com-
pletes the proof of the sufficiency part. O

5 Discussion

We summarize and discuss the obtained results, and indicate potential directions of
further research.

In Sect. 2 we considered approximation of maps defined on finite-dimensional
spaces and described universal and exactly invariant/equivariant extensions of the
usual shallow neural network (Propositions 2.3, 2.4). These extensions are obtained
by adding to the network a special polynomial layer. This construction can be seen
as an alternative to the symmetrization of the network (similarly to how constructing
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symmetric polynomials as functions of elementary symmetric polynomials is an alter-
native to symmetrizing non-symmetric polynomials). A drawback (inherited from the
theory of invariant polynomials) of this construction is that it requires us to know
appropriate sets of generating polynomial invariants/equivariants, which is difficult in
practice. This difficulty can be ameliorated using polarization if the modules in ques-
tion are decomposed into multiple copies of a few basic modules (Proposition 2.5, 2.7),
but this approach still may be too complicated in general for practical applications.

Nevertheless, in the case of the symmetric group Sy we have derived an explicit
complete Sy-invariant modification of the usual shallow neural network (Theo-
rem 2.4). While complete and exactly Sy-invariant, this modification does not involve
symmetrization over Sy . With its relatively small computational complexity, this mod-
ification thus presents a viable alternative to the symmetrization-based approach.

One can expect that further progress in the design of invariant/equivariant models
may be achieved by using more advanced general constructions from the representation
and invariant theories. In particular, in Sect. 2 we have not considered products of
representations, but later in Sect. 4 we essentially use them in the abelian SO(2)
setting when defining multiplication layers in “charge-conserving convnet” .

In Sect. 3 we considered approximations of maps defined on the space V =
L>(R”, R%) of dy-component signals on R”. The crucial feature of this setting is
the infinite-dimensionality of the space V, which requires us to reconsider the notion
of approximation. Inspired by classical finite-dimensional results [32], our approach
in Sect. 3 was to assume that a map f is defined on the whole L?(R",R%) as a
map f : L>(RV,RY) — L>(R",R%) or f : L>(R",R%) — R, and consider its
approximation by finite models fin a weak sense of comparison on compact subsets
of V (see Definitions 3.2 and 3.4). This approach has allowed us to prove reasonable
universal approximation properties of standard convnets. Specifically, in Theorem 3.1
we prove that a map f : L?(R”,R%") — L*(R",R%) can be approximated by
convnets without pooling if and only if f is norm-continuous and R"-equivariant. In
Theorem 3.2 we prove that a map f : L?>(R”, R%") — R can be approximated by
convnets with downsampling if and only if f is norm-continuous.

In applications involving convnets (e.g., image recognition or segmentation), the
approximated maps f are considered only on small subsets of the full space V. Com-
pact (or, more generally, precompact) subsets have properties that seem to make them
a reasonable general abstraction for such subsets. In particular, a subset K C V is
precompact if, for example, it results from a continuous generative process involving
finitely many bounded parameters; or if K is a finite union of precompact subsets; or if
for any € > 0O the set K can be covered by finitely many e-balls. From this perspective,
it seems reasonable to consider restrictions of maps f to compact sets, as we did in
our weak notion of approximation in Sect. 3. At the same time, it would be interesting
to refine the notion of model convergence by considering the structure of the sets K in
more detail and relate it quantitatively to the approximation accuracy (in partucular,
paving the way to computing approximation rates).

In Sect. 4 we consider the task of constructing finite universal approximators for
maps f : L>(R?, R?) — L*(R?, R%) equivariant with respect to the group SE(2) of
two-dimensional rigid planar motions. We introduce a particular convnet-like model—
“charge-conserving convnet”’—solving this task. We extend the topological framework
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of Sect. 3 to rigorously formulate the properties of equivariance and completeness to
be proved. Our main result, Theorem 4.1, shows that a map f : L?(R?, R%) —
L?(R?, R%) can be approximated in the small-scale limit by finite charge-conserving
convnets if and only if f is norm-continuous and SE(2)-equivariant.

The construction of this convnet is based on splitting the feature space into iso-
typic components characterized by a particular representation of the group SO(2) of
proper 2D rotations. The information flow in the model is constrained by what can
be interpreted as “charge conservation” (hence the name of the model). The model
is essentially polynomial, only including elementary arithmetic operations (4, —, *)
arranged so as to satisfy these constraints but otherwise achieve full expressivity.

While in Sects. 3, 4 we have constructed intrinsically R"- and (for v = 2) SO(2)-
equivariant and complete approximators for maps f : L>(R", R%V) — L>(R", R%W),
we have not been able to similarly construct intrinsically R"-invariant approximators
for maps f : L?>(R”, R%") — R. As noted in Sect. 3 and confirmed by Theorem 3.2,
if we simply include pooling in the convnet, it completely destroys the R"-invariance
in our continuum limit. It would be interesting to further explore this issue.

The convnets considered in Sect. 3 have a rather conventional structure as sequences
of linear convolutional layers equipped with a nonlinear activation function [12]. In
contrast, the charge-conserving convnets of Sect. 4 have a special and somewhat arti-
ficial structure (three groups of layers of which the first two are linear and commuting;
no arbitrary nonlinearities). This structure was essential for our proof of the main The-
orem 4.1, since these assumptions on the model allowed us to prove that the model is
both SE(2)-equivariant and complete. It would be interesting to extend this theorem
to more general approximation models.

Acknowledgements The author thanks the anonymous reviewer for several helpful suggestions.

A Proof of Lemma 4.1

The proof is a slight modification of the standard proof of Central Limit Theorem
via Fourier transform (the CLT can be directly used to prove the lemma in the case
a = b =0 when Ef\a’b) only includes diffusion factors).

To simplify notation, assume without loss of generality that dy = 1 (in the general
case the proof is essentially identical). We will use the appropriately discretized version
of the Fourier transform (i.e., the Fourier series expansion). Given a discretized signal
® : (\Z)? — C, we define F, ® as a function on (-3, %]2 by

e .
Fo@=— ), o@e .
ye(AZ)?

Then, . : L2((AZ)2, C) — L*( -7, %]2, C) is a unitary isomorphism, assuming
that the scalar product in the input space is defined by (®, W) = 1> Zye(AZ)Z D)W (y)
and in the output space by (®, ¥) = f[f%’ p @ (p)W (p)d2p. Let P, be the discretiza-
tion projector (3.6). It is easy to check that F) P, strongly converges to the standard
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Fourier transform as A — 0 :

lim 5, P, ® = Fod, @ e L*(R?, C),
r—0
where
1 —ipy 42
Fo®(p) = — | P(y)e 'P7d%y
27'[ R2

and where we naturally embed L2([—%, %]2, O c L2(R2, C). Conversely, let P)i
denote the orthogonal projection onto the subspace L2([—%, %]2, C) in L>(R%,C) :

P @ @|_x xp. (A1)

11
Then
Alirr})f;‘Pp =Fy'®, ®eL*(R%0). (A.2)

Fourier transform gives us the spectral representation of the discrete differential oper-
ators (4.15), (4.16), (4.17) as operators of multiplication by function:

fxaz()‘)q) = \Ila.m - F @,
f,\BZSA)CD = ‘1189) - F 0,

fAA()”)q) =W, 0 - Fr®,

where, denoting p = (px, py),

i
Yy (Px, py) = o (sindpy —isinApy).
i ..
\IJazfA) (px, py) = ﬁ(sm)»px +isinipy),
)‘px .2 )&ﬂ)

4,
WA (Px, Py) = _ﬁ(sm =N + sin 5

The operator Ef\a’b) defined in (4.19) can then be written as
(a,b)
FAL, TR =W - Fu P,
A

where the function W @b is given by
A

2 [4/32]
Wpan = (W) (Wy0)” (14 5 Wa0)
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We can then write Eg“’b) ® as a convolution of P, ® with the kernel
M — : —F v
a,b — 2T A Ei”'h)
on the grid (\Z)? :

L) =22 Y Po(y —Owle). ve (L)’ (A3)
0e(\Z)?

Now consider the operator L(()a’h) defined in (4.21). At each x € R2, the value

E(()a’b)cb(x) can be written as a scalar product:
5 o) = / O =Ny = (Rx® Vo) 2g). (Ad)
R

where ® (x) = P(—x), W, » is defined by (4.20), and Ry is our standard representation
of the group R2, R ® (y) = ®(y —x). For A > 0, we can write £(“ ) ®(x) in a similar
form. Indeed, using (A.3) and naturally extending the discretized signal \IJ( to the
whole R2, we have

LD () = / oy — U Wdly = (R, &, W) o).

Then, for any x € R? we can write
LD D) = (Ryysx®, W) 122, (A.5)

where —x + 8x is the point of the grid (1Z)? nearest to —x.

Now consider the formulas (A.4), (A.5) and observe that, by Cauchy-Schwarz
inequality and since R is norm-preserving, to prove statement 1) of the lemma we
only need to show that the functions W, p, llfyb) have uniformly bounded L2%-norms.
For A > 0 we have

1 2

—1
”LZ(IRZ) HE‘FA Y p@n

A

el

L2(R?)

_ 2
= 472 ”\IJﬁELa’b) ”LZ(RZ)

) r4/x21

1 2
= gl @ e (14 5 0500) 7 e

_L f”“ (i)t
T An? ) ) 2

exp (— [4/x% (sm2 APx 4 gin? )) dp.dp,
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x 2(a+b
< 4ﬂ2/ / (P2 o 4 (02 4 2y dpdpy
(A.6)

< 00,
where we used the inequalities

|sint| < |z,
N+t <e, t>-1,

. 2\t
Ising] > 24, re[-Z, 7).

Expression (A.6) provides a finite bound, uniform in A, for the squared norms || lllg“g I12.
This bound also holds for | ¥, p 2.

Next, observe that to establish the strong convergence in statement 2) of the lemma,
it suffices to show that

lim 1) — Wbl 2 g2y = 0. (A7)
Indeed, by (A.4), (A.5), we would then have

b b =~ A =~
1L DD — L5 @lloo = sup [(Roxasx®. W) — (R P, Wy )|
xeR2
= sup [(Rox(Rox — DB, W) + (Rx®, W) — W, )]
xeR?2
< sup |Rx® — d>||zsup||w< 2+ 1M1 ) — Was 2
lox]I<A

r—0
=20

thanks to the unitarity of R, convergence limsx_,¢ || Rgxd~> —-® ll2 = 0, uniform bound-
edness of ||\I/( b||2 and convergence (A.7).
To establish (A.7), we write

ab ab =5 W Feh 0o Yan),

where W .0 = 2n F) Y, ;. By definition (4.20) of ¥, ; and standard properties of

E(()a,b
Fourier transform, the explicit form of the function ¥ ) is
0

(z‘<px—ip,>)u(i<px;ipy))b exp (— p§+,,§).

\Ilﬁ(()a,b)(px, py) - P 2

Observe that the function W rab) is the pointwise limit of the functions W rlab) as
0 N

A — 0. The functions [¥ .5 |? are bounded uniformly in A by the integrable function
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appearing in the integral (A.6). Therefore we can use the dominated convergence
theorem and conclude that

. / _
1%1_)mo H\-Ilﬁl(\a,b) - qufﬁéa,h) I, =o. (A.8)
where P; is the cut-off projector (A.1). We then have

1Y Wyl = | F W e — F |
a, s 27 LA EO 2

< L||F‘(\IJ wh — P)V an)| +i||(f*‘P’—f*‘)\p @ |
= A ﬁ)\’ A LO. 2 o A A 0 ﬁo’ )

r—0
=20

by (A.8) and (A.2). We have thus proved (A.7).

It remains to show that the convergence ﬁg\a’b) > — L:(()a’b) & is uniform on compact
sets K C V. This follows by a version of continuity argument. For any € > 0, we
can choose finitely many ®,,n = 1,..., N, such that for any & € K there is
some ®, for which |[® — @, < e. Then [£“"® — £{"P 0| < £, —

E(()a’b)fbn | + 2sup; ||ﬁ/(\a’b) [|€. Since sup; - ||£ia’b) | < oo by statement 1) of the
lemma, the desired uniform convergence for ® € K follows from the convergence for
b,,n=1,...,N.
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