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Abstract
We establish a sharp upper bound for the absolute value of the derivative of the finite
Blaschke product, provided that the critical values of this product lie in a given disk.
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1 Introduction

The inequalities for the absolute values of the derivative of a complex polynomial,
taking into account its critical values, are of natural interest in the theory of multivalent
functions. A certain influence on the study of such inequalities was made by the well-
known Erd6s conjecture about the maximum modulus of the derivative on a connected
lemniscate [9—11]. The impact of the critical values of the polynomial on various types
of distortions was considered in [4,5]. In particular, the following result was obtained
in [5]: if all critical values of the polynomial

P )=co+ciz+---+cp7", ¢, #0, n>2,
lie in the disk |w| < 1 then

IP'(2)] < 23" |ealn TL(T (1P (D)D) (1.1)

Communicated by Doron Lubinsky.

The work is supported by the Russian Foundation for Basic Research (Grant No. 20-01-00018).

B V. N. Dubinin
dubinin@iam.dvo.ru

I Far Eastern Federal University, st. Sukhanov, 8, Vladivostok, Russia 690950
2 Institute for Applied Mathematics, FEBRAS, st. Radio, 7, Vladivostok, Russia 690041

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00365-020-09518-x&domain=pdf

630 Constructive Approximation (2022) 55:629-639

for every z. Equality holds in (1.1) for P = T, and all real z, |z| > cos(xr/(2n)).
Here T},(z) = 2"~ 2" + ... is the Chebyshev polynomial of the first kind of degree n,
and Tn_1 (+) is the continuous branch of its inverse function defined on the ray [0, +o0]
and taking this ray onto the ray [cos(sr/(2n)), +00] (see also [8]). The purpose of this
article is to establish an inequality similar to (1.1) for the finite Blaschke products

n
Z—Z
B =a] =5, zeU:={z: |zl < 1},
jot L T2

el =1, |zxk| < 1, k = 1,...,n. These products and their applications have been
studied by many authors (see, for example, [12,14—16] and the references therein). At
the same time, problems associated with critical values have not been fully studied [16,
17, p. 365]. In a number of problems on finite Blaschke products, the extremal function
is the so-called Chebyshev—Blaschke product [15]. We need a function B,; which,
up to a linear fractional replacement of the argument, coincides with the Chebyshev—
Blaschke product. For a fixed positive integer n > 1 and a number », 0 < » < 1,
consider the rational function Z = Z,,(¢; ») defined parametrically as

BV 3 KG9, :
Z,(sn(u; k); ») :=sn (u K@) %) , ueC;

the modulus % is determined from the condition
K (0)K(¢) = nK' (0)K(k), 0 <k <1,

where K(-) and K'(-) are complete elliptic integrals of the first kind [1]. The function
Z, as well as the compositions of Z with linear-fractional transformations both on
the domain of the argument and on the range of Z, are customarily called Zolotarev
fractions [2,3]. The role of Zolotarev fractions in rational approximation theory and
calculating electrical filters is well known [1]. The function B,; is defined as the
composition

—1
Bnr(Z)=<D<Z(Z+ ;%>>, zeU, 1 <1< o0,

z4+1
where

v/ + 1 JT =1
=" — Jx=—
1 — vy VT+1
All zeros of the function B,; are simple, and they are located on the interval [(k —
1)/(k + 1), 0] of the real axis. Everywhere below, 8 denotes the largest zero of the

function B,,;. The description of the function B,; will be provided in Sect. 2. Within
this setting we can already formulate our main result.
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Theorem 1.1 Let f be a finite Blaschke product of degree n > 2, and let all critical
values of f lie in the disk |{w| < X, 0 < A < 1. Then for any point z € U

(1= 1z @] < (1= B (1 f@DIDIBL (B (L f D), (1.2)

wheret = A2 and Bn_rl (| f (2)]) belongs to the interval [(1+8)/(1—B), 1]. Equality is
attained in (1.2) for the composite functions of the form B, op, where ¢ is an arbitrary
conformal automorphism of the disk U such that ¢(z) € [(1 + B)/(1 — B), 1].

Thus, we obtain a sharp upper bound for the absolute value of the derivative f’ at
any point z of the disk U .. This bound depends on | f(z)|. Theorem 1.1 is proved in Sect.
4 by using the symmetrization method [7], in which the result of symmetrization is
located on the Riemann surface of the function inverse to a Chebyshev polynomial (see
Sect. 3). In Sect. 5 we give some corollaries of Theorem 1.1 which are of independent
interest.

2 Zolotarev Fractions and Chebyshev Polynomials

Throughout what follows, a Riemann surface is a surface % glued from finitely or
countably many domains in the extended complex plane so that the following condi-
tions are satisfied: each point in % projects onto a point in one of the glued domains;
each point in Z has a neighbourhood which is a univalent disk or a multivalent disk
with the unique ramification point at the centre of the disk (see [13], Pt. 3 for details).
When there can be no misunderstanding, we will not distinguish the plane domains
before gluing (which identifies some parts of the boundaries of these domains) and
after it (when they become subdomains of Z).

For a meromorphic function f denote by Z( f) the Riemann surface of the function
inverse to the function f. The function Z from Sect. 1 maps the Riemann sphere @;
onto the Riemann surface % (Z), lying over the sphere C,. One of the representations
of this surface is as follows. Let G be the v-plane cut along the union of the rays
g™ = [—oo, —=1/3]J[1/5, +0oc], and let G2, ..., G,_; be copies of the v-plane
cut along g~ and the interval g := [—1, 1]; finally, let G,, be the v-plane cut along
g~ if n is even and along g* if n is odd. We obtain the Riemann surface %(Z) by
gluing together the domains Gx, k = 1, ..., n, in the following way. The domain
G is glued with G, cross-wise along the sides of the g~ -cuts. The domain G is
glued with G3 along the sides of the g"-cuts and so on. The domain G, is glued
with G, cross-wise along the sides of the g~-cuts if n is even and along the g*-
cuts if n is odd. Regarded as subsets of the surface Z(Z), the domains Gy involved
in the procedure will be denoted by ¥, k = 1,...,n, respectively. We treat the
function Z as a map of the sphere Eg on the Riemann surface %(Z) under which
Z([—-1,1]) Cc 9 (prZ([—1, 1]) = [—1, 1]). This description of the Riemann surface
Z(Z) is easy to obtain by using properties of the elliptic sine and the Riemann—
Schwarz symmetry principle for conformal mappings. The compact Riemann surface
Z(Z) is a schlichtartig surface, and it has a finite number of sheets. Therefore, the
function Z is rational function of degree n [13, Chapter 8, §10, Theorem 4]. We note
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that the function Z maps the left half-plane onto the left half-plane. Taking into account
the properties of the linear-fractional mappings, we coclude that the function By is
a finite Blaschke product, and the representation of the Riemann surface Z (B, ) is
as follows. Let H; be the disk U,, cut along the interval i~ := [—1, —1/4/7], and
let Hy, ..., H,_| be copies of the disk U, cut along the intervals h~ and ht :=
[1/4/T, 1]; finally, let H, be the disk U,, cut along h~ if n is even and along h™
if n is odd. We obtain the Riemann surface % (B,;) by gluing together the domains
Hi, k=1,...,n, in the following way. The domain H is glued with H, cross-wise
along the sides of the 4™ -cuts. The domain H; is glued with H3 along the sides of
the 41 -cuts and so on. The domain H,_; is glued with H, cross-wise along the sides
of the h~-cuts if n is even and along 2™ -cuts if n is odd. Regarded as subsets of the
surface Z(B,:), the domains Hy will be denoted by 7, k = 1, ..., n, respectively.
We treat the function B,; as a map of the disk U, on the Riemann surface % (B;,;)
under which By ([(1+8)/(1—B), 1)) C i (pr B, ([(1+B)/(1—B), 1)) = [0, 1)).

The Riemann surface % (/T B,) approaches the surface %Z(T,) when T — oo0.
We need a description of the surface Z(T},) taken from [7]. Let D; be the w-plane
cut along the ray d~ := [—o0, —1], and let D», ..., D,_; be copies of the w-plane
cut along the rays d~ and d* := [1, +o0]; finally, let D, be the w-plane cut along
the ray d~ if n is even or along d™ if n is odd. We obtain the Riemann surface Z(T},)
by gluing together the domains Dy, k = 1, ..., n, as follows. We glue D; with D,
cross-wise along the sides of the d ~-cuts. The domain D, is glued with D3 along the
sides of the d*-cuts and so on. The domain D,_1 is glued with D,, cross-wise along
the sides of the d™-cuts if n is even and along the d*-cuts if n is odd. Regarded as
subsets of the surface Z(T},), the domains Dy will be denoted by Z, k = 1, .., n,
respectively. Let .Z denote the ray lying on the sheet & over the ray [0, +00]. Then
T, ([cos(rr /(2n)), +00]) = .&. We consider the surface Z (/T B,;) as a subset of the
surface Z(T,). The representation of the Riemann surface % (T,,) is used to determine
the symmetrization in the next section.

3 Symmetrization

This section provides information on the symmetrization [7] to the extent it is necessary
to prove Theorem 1.1. Let y(p) = {w : |w| = p}, 0 < p < oo.ThenR,, n > 1,
will denote the class of Riemann surfaces & over the complex w-sphere which satisfy
the following conditions:

1) taking account of multiplicities, the total linear measure of any system of arcs on
Z which lies over an arbitrary circle y (p), 0 < p < 00, has the estimate 27 n p;

2) for 1 < p < oo, any closed Jordan curve on & over a circle y (p) which does not
pass through ramification points of & covers this circle with multiplicity n.

We now take an arbitrary surface Z of class JR,, and proceed to the definition of the
circular symmetrization Sym of sets and condensers on % [7]. Let £ be an open set in
Z. Then symmetrization Sym transforms % into a subset Sym % of Z(T,,) with the
following properties. Fix some p, 0 < p < oo. If no points in A lie over the circle
y(p), then no points in Sym 4 lie over it either. If Z covers y(p), 1 < p < oo,
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with multiplicity n, then Sym % also covers y (p) with multiplicity n. If 2 covers
y(p), 0 < p < 1, with multiplicity / < n, then the part of Sym 2 over y (p) consists
of [ circles lying on the sheets 7, ..., 2. In the other cases, for 1 < p < oo the part
of Sym 2 lying over y (p) is an open arc' on %(T;,) with midpoint on the ray .# and
with linear measure equal to the measure of Z(p) := {W € £ : |prW| = p}. For
0 < p < 1the part of Sym Z over y (p) isaunionof m circles 'y, ..., 'y, 0 <m <
n—1, and an open arc I';;, 1| such that Ty = Tx (B, p) C %k, k=1,...,m+1; the
total linear measure of these curves is equal to the measure of A(p), and the midpoint
of [y, 41 lies over (—1)" p. Here the number m of the circles depends on the measure
of A (p). If this measure is less than 277 p, then necessarily m = 0, and there are no
full circles.

The result Sym & of the symmetrization of a closed set & C Z also lies on Z(T,)
and is defined as follows. Fix some p, 0 < p < oo. If no points in the set &
lie over y(p), then Sym & contains no points over this circle either. If & covers
y(p), 1 < p < oo, withmultiplicity n, then Sym & also covers y (p) with multiplicity
n.If & covers y (p), 0 < p < 1, with multiplicity / < n, then the part of Sym & over
y (p) consists of [ circles in the sheets 71, . .., 7. Otherwise the part of Sym & lying
over y(p), 1 < p < 00, is aclosed arc segment (that is, an arc with its endpoints) on
Z(T,), with midpoint on the ray £ and with linear measure equal to the measure of
E(p) :={W e & : |prtW| = p} (if the latter is equal to zero, then the corresponding
arc segment is a point on .Z’). The part of Sym & over y (p), 0 < p < 1, is the union
of mcircles I'y, ..., Iy, 0 <m <n — 1, and a closed arc segment I",,, 11 such that
'y C Yk, k=1,..,m+ 1, the total linear measure of these curves is equal to that
of &(p), and the midpoint of I';, 4 lies over (—1)" p (if the measure in question is
2w pm, where m is a nonnegative integer, then I',, 41 reduce to a point).

A condenser on the surface Z is an ordered pair of sets ¢’ = (4%, &), where Z is
an open subset of Z and & is a compact subset of A. We call # \ & the field of the
condenser €. Now we set

Sym% = (Sym %, Sym&).

The capacity cap € of the condenser € = (%, &) is defined by
cap?é = inf/ | v ¥ *do,

where the infimum is taken over all admissible functions ¥ : real-valued functions ¥
which have compact support in 4, are equal to 1 on & and are locally Lipschitz in
2. If there exists a function & which is continuous in %, equal to zero on .4, to 1
on &, and harmonic in the field % \ &, then it is called the potential function of the
condenser % . Then by Dirichlet’s principle

cap¥ = | v 2)do.
B\E

' For p > 1, this is an open Jordan arc, but for p = 1 it can contain self-tangency points.
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The following is a special case of the central result of [7].

Lemma 3.1 (see [7, Theorem 1.1]). For each condenser € on a surface %
cap% > capSym%. 3.

For condensers ¥ with a connected field having a potential function, all cases of
equality in (3.1) are known [7].

4 Proof of Theorem 1.1

Fix any point zo € U such that f'(zg) # 0, and look at the condenser
Cry=WU.{z:|lz—z0l =r})

where r > 0 is sufficiently small. Denote by % (r) the image of C(r) under the map
F := f/A, which we view as lying on the Riemann surface Z(F). The surface
Z(F) belongs to the class 2R, from Sect. 3. Indeed, the condition 1) is obvious. To
verify condition 2), we consider an arbitrary fixed p, 1 < p < 1/A, and the sets
Wy =1{w: p < |wl <1/A}L YV, = F_l(Wp). Let F(V,) be the image of V,
on the surface Z(F). Under the map F, the points of the unit circle |z] = 1 and
only they transform to the points of the circle |{w| = 1/A. Therefore, there is only
one boundary component of the set F'(V,) lying over |w| = 1/A and covering this
circle n-fold. It follows in particular that the set V), is a domain. According to the
hypothesis of Theorem 1.1, the surface F'(V,) n-fold covers the ring W, and does not
contain ramification points over W,. Using the classical Hurwitz formula (see, e.g.,
[18, Ch.7(32)]), we conclude that the domain V), has only two boundary components.
Therefore, the circle |w| = p is n-fold covered by a connected set, and thus condition
2) is satisfied. From the above it follows that the symmetrization Sym from Sect. 3
is applicable to the condenser %(r). Taking into account the conformal invariance of
condenser capacity and Lemma 3.1, we see that

capC(r) = cap € (r) > capSym € (r). 4.1)
The condenser Sym % (r) has the form (£, &(r)), where £ is a part of the surface

Z(T,) lying over the disk |w| < 1/A, and a set &(r) is almost a disk on the sheet
91 C #(T,) of radius

1 f' o) l/M (1 +o(1), r—0, (4.2)

centered at a point w on theray .Z, pr w = | f(z0)|/. In other words, a closed set &(r)
contains and is contained in a disk centered at the point @ with a radius in the form of
(4.2). Let %) (r) be the result of extending the condenser Sym %' (r) by a factor of A.
The condenser € (r) is located on the surface %2(B,;), where T = A~2. Finally, we
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denote by Cj (r) the image of the condenser ¢ () under the map B, rl . This condenser
has the form

Ci(r) = (U, E(r)),
where E (r) is almost a disk of radius

rIf (zo)|(1 4+ o(1))
1B, (B (I f (zo)D)I

centered at the point Bn_r1 (| f(zo)]). Here Bn_t1 is the continuous branch of the fuction
inverse to B,; mapping the half-open interval [0, 1) on the set [(1 4+ 8)/(1 — B), 1).
Since the capacity is conformally invariant, we have

capSym %' (r) = cap61(r) = cap C1(r).
With (4.1) in view, we conclude that
capC(r) = cap C(r). “4.3)

The asymptotic formula for condenser capacities from (4.3), as r — 0, is well
known (see, for example, the more general case [6, Theorem 2.1]). Applying this
formula, we obtain from (4.3) the inequality (1.2), where z = z¢. In the case when
f'(zo) = 0, the inequality (1.2) is trivial.

Now suppose that for a given point zg € U the function f is equal to B,; o, where
¢ is a comformal automorphism of the disk U such that ¢(z¢) € [(1+8)/(1 —B), 1].
For the critical points z of the function f, the absolute values of f(z) are equal to
1/4/7. In the above notation, we set A = 1/,/7. Let &(r) be a closed disk on the
sheet 7 contered at the point @ with radius (4.2) and containing the set &'(r). The
symmetrization Sym does not change the condencer (%, &(r)) :

Sym (%, E(r)) = (B, E(r)).
Using the monotonicity of the capacity we obtain
cap C(r) = cap€'(r) < cap (%, &(r)) = capSym (B, £(r)).

Repeating the previous proof with the replacement of the condenser Sym %’(r) by
Sym (A, &(r)), we arrive at the inequality opposite to (4.3). This implies the inequality
opposite to (1.2), which, taking into account what was proved earlier, gives equality
in (1.2). This completes the proof of Theorem 1.1.
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5 Corollaries

Let f be a meromorphic function in the disk U different from a constant and let
0 <t < 0. The set

Lyt)={zeU: |[f(al=1}

is called a lemniscate of the function f. The following statement is a solution of an
analogue of the Erdds problem for the complex polynomials (see [9,10]).

Corollary 5.1 Let f be a finite Blaschke product of degree n > 2, such that the lem-
niscate L ¢ (A) is connected for some A, 0 < A < 1. Then

max{(1 — |2/ ()] : z € LM} < B, (0],

where T = A~2. Equality holds for f = Bz, T = A™2.

Proof Applying the Hurwitz formula to the n-fold covering by Z(f) of the ring
A < |w| < 1, we conclude that there are no ramification points of the surface Z(f)
lying over this ring. By Theorem 1.1, for any point z on the lemniscate L 7 (A) we have

(1 =1z @] < (1 =B )P)BL (B )] = |B, 0,

where 7 = A~2. Note that the point z = 0 belongs to the lemniscate L (&) when
f = By¢. Corollary 5.1 is proved. O

Corollary 5.2 Let f be a finite Blaschke product of degree n > 2, and let f(0) = 0.
Suppose that all critical values of f lie in the disk lw| < A, 0 < A < 1. Then

LF' O] < £ (0],

where fur = Bpr o, T = 172 and

_(1-pz+ (4P

YO=T"hratpe

Proof Using Theorem 1.1 we obtain

, 14 8)?
If(0)|§[1—<m)}

This proves Corollary 5.2. O

(LB
B (1 _ﬂ)‘ = £ O

To verify the next corollary of Theorem 1.1, we need the following property of the
extremal function f;

Lemma 5.1 The absolute value | f,.(0)| is a continuous strictly decreasing function
of the variable T € [1, +00) mapping the ray [1, +00) on the half-interval (0, 1].
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Proof The continuity follows from the analytic representation of the function f,,
Unfortunately, the definition of this function does not make it possible to prove the
monotonicity of | f;(0)|. Note that the Riemann surface Z( f,;) coincides with the
surface #Z(By;). Consequently

| faz @) =7 (U, 0)| f1: O)] = r(Z(fur)s fur(0)) = r(Z(Buz), Wo),

where the point Wy := f,:(0) = By (%) lies on the sheet .77, pr Wy = 0, and
r(D, W) means the inner radius of a domain D with respect to a point W [6, Ch. 2.1].
Thus, it is necessary to prove a strict decrease of the quantity r(Z(B,:), Wp) on the
ray [1, 400). Let | < 11 < 15 < 00, and let g(W) be a Green function of the domain
X (Byr,) With pole at the point Wy € 7 (12), pr Wo = 0. Here 77 (1) is the sheet
% on the surface Z(B,.) when T = 1, (see Section 2). We fix a number ¢ > 0 such
thatthe set & := {W : g(W) > ¢t} belongs to the sheet 7 (13). Let 2 be the union of
all possible cuts on the surface 93(B,,) lying over the segments [—1/,/71, —1//72],
[1//72, 1//T1]. We consider the set JR(B,,1,) \ 2 as a subset of the surface Z (B, ).
Denote by Z the potential function of the condenser %> := (#(Bpz,), &), and let
¥ be a restriction of & on Z(Bpz,) \ £ extended on Z(B,,) by continuity. Such
extension is possible according to the symmetry of the function & with respect to the

real axis on the appropriate sheets. By Dirichlet’s principle
capér = / | v 2*do = / | v ¥|?do > Cap 6, (5.1
‘%(B"Q) %(Bnrl)

where €1 = (Z(Byy,), &). Further, we use Theorem 2.7 from [6] which is easily
carried over to the case of Riemann surfaces. The application of this theorem twice,
together with inequality (5.1), leads to the following chain of relations

1 1 1
—1 ?(Bur,), Wo) = — logr(&\ (36), —
5 1087 (% (Bury). Wo) = 5—logr(&'\ (36) W°)+cap<52

1
< —1 Z(B Wo).
cap‘ﬁl =2z Og}"( ( n‘L'l)1 0)

1
< —logr(&\ (8&), Wy) +
2
The proof is complete. O

In [16], a lower bound for the quantity

FO 1
max{ 7O f(g‘)—O}

was found for all finite Blaschke products of degree n > 2 such that f(0) =
0, f’(0) # 0. The following sharp lower bound complements the research [16]
on the critical values of Blaschke products.
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Corollary 5.3 Let f be a finite Blaschke product of degree n > 2, and let f(0) =
0, f'(0) # 0. Then

1
max{| f(¢): f'(¢) =0} = NG (5.2)

where T, 1 < T < 00, is the unique root of the equation

| fur O] = 1f'(O)].
Equality holds in (5.2) for the function f,; foranyt, 1 <t < 00.

Proof Note that f,,:(0) = 0, f,.(0) # 0, and for any 7, 1 < 7 < 00, the critical
values of the function f,; are equal to +1/,/7. Denote by A the left side of (5.2).
Using Corollary 5.2 we obtain

FEOIESVAOI

where 7 = A72. By Lemma 5.1, there exists the unique number 7 such that
| faz O] = £/ O] < £,z 0).
Again, by Lemma 5.1
T>T.

Here A > 1/4/7. The corollary is proved.
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