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Abstract

This paper is devoted to discretization of integral norms of functions from a given
finite dimensional subspace. This problem is very important in applications, but there
is no systematic study of it. We present here a new technique, which works well for
discretization of the integral norm. It is a combination of probabilistic technique, based
on chaining, and results on the entropy numbers in the uniform norm.
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1 Introduction

Discretization is a very important step in making a continuous problem computation-
ally feasible. The problem of construction of good sets of points in a multidimensional
domain is a fundamental problem of mathematics and computational mathematics. A
prominent example of a classical discretization problem is a problem of metric entropy
(covering numbers, entropy numbers). Bounds for the entropy numbers of function
classes are important by themselves and also have important connections to other fun-
damental problems (see, for instance, [15, Ch. 3] and [3, Ch. 6]). Another prominent
example of a discretization problem is the problem of numerical integration. Numerical
integration in the mixed smoothness classes requires deep number theoretical results
for constructing optimal (in the sense of order) cubature formulas (see, for instance,
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[3, Ch. 8]). A typical approach to solving a continuous problem numerically—the
Galerkin method—suggests looking for an approximate solution from a given finite
dimensional subspace. A standard way to measure an error of approximation is an
appropriate L, norm, 1 < g < oo. Thus, the problem of discretization of the L,
norms of functions from a given finite dimensional subspace arises in a very natural
way.

The main goal of this paper is to study the discretization problem for a finite
dimensional subspace Xy of a Banach space X. We are interested in discretizing the
Ly, 1 < g < oo, norm of elements of Xy. We call such results the Marcinkiewicz-
type discretization theorems because the first result in this direction was obtained
by Marcinkiewicz (see [23, Ch.10, §7]). He proved the following inequalities for
the univariate trigonometric polynomials f of degree n: for 1 < g < oo there are
two positive constants C1(g) and C>(g) such that for the L, norm || f|, of these
polynomials, we have

1 2n+1 2w q
CrIlfIIg < i Z f<2n+1>‘ < Cx@If G-
v=1

There are different settings and different ingredients that play important roles in this
problem. We now discuss these issues.

Marcinkiewicz Problem Let © be a compact subset of R¢ with the probability mea-
sure p. We say that a linear subspace Xy of the L, (2) := Ly(2, n), 1 < g < 00,
admits the Marcinkiewicz-type discretization theorem with parameters m and g if there
exist a set {§V € Q,v = 1,...,m} and two positive constants C;(d, q), j = 1,2,
such that for any f € Xy, we have

1 m
Cid, I flg < P DUIFEN < Cd I fIIE- (1.1)

v=1

In the case ¢ = oo, we define L, as the space of continuous on 2 functions and
require

CH@I S loo < max [£E)] < 1 llo- (1.2)

We will also use a brief way to express the above property: the M (m, g) theorem
holds for a subspace X or Xy € M(m, q).

Numerical Integration Problem In the case 1 < g < o0, the above problem can be
reformulated as a problem on numerical integration of special classes of functions.
Define a class [Xn|? := {|f|? : f € Xn,|Ifll; < 1}, and consider the numerical

integration problem: for a given ¢ > 0, find m = m(N, g, €) such that

inf Zlf(é = 1flg| < e (1.3)

----- g fexN \If\lqsl
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In (1.3) we limit our search for good numerical integration methods to cubature for-
mulas with equal weights 1/m. These special kinds of cubature formulas are called
Quasi-Monte Carlo methods. In numerical integration, general cubature formulas (with
weights) are also very important. In this case the above problem (1.3) is reformulated
as follows:

inf sup DO MIFEDI = IfII| <e. (1.4)

ELc ™ fEX N, fllg<1 |5

Thus, in this case we are optimizing both over the knots é‘, ..., &™ and over the
weights Aq, ..., Apy.

Marcinkiewicz Problem with Weights The above remark on numerical integration
encourages us to consider the following variant of the Marcinkiewicz problem. We
say that a linear subspace Xy of the L,(2), 1 < g < oo, admits the weighted
Marcinkiewicz-type discretization theorem with parameters m and ¢ if there exist a
set of knots {£V € 2}, a set of weights {1,},v =1, ..., m, and two positive constants
Cj(d,q), j =1,2,such that for any f € Xy, we have

Cid, DIFIG <D MIfENN < Cad I F11F. (1.5)

v=1

Then we also say that the M™ (m, g) theorem holds for a subspace Xy or Xy €
MY (m, q). Obviously, Xy € M(m, q) implies that Xy € MY (m, q).

Marcinkiewicz Problem with ¢ We write Xy € M(m, g, ¢) if (1.1) holds with
Ci(d,q) =1—c¢cand C2(d, q) = 1 + &. Respectively, we write Xy € M™¥ (m, q, €)
if (1.5) holds with C1(d,q) = 1 — ¢ and C2(d, g) = 1 + ¢. We note that the most
powerful results are for M(m, g, 0), when the L, norm of f € Xy is discretized
exactly by the formula with equal weights 1/m.

In this paper we mostly concentrate on the Marcinkiewicz problem and on its variant
with €. Our main results are for ¢ = 1. We now make some general remarks for the case
q = 2 that illustrate the problem. We discuss the case ¢ = 2 in more detail in Sect. 6.
We describe the properties of the subspace X in terms of a system Uy = {u; }lN: | of
functions such that Xy = span{u;,i = 1,..., N}. In the case Xy C L», we assume
that the system is orthonormal on €2 with respect to measure w. In the case of real
functions we associate with x € Q the matrix G(x) = [u; (x)u j(x)]f\f =1 Clearly,
G (x) is a symmetric positive semi-definite matrix of rank 1. It is easy to see that for
a set of points &k eQk=1,...,m,and f = ZlNzl bju;, we have

S rf @7 = [ rwia=w (Z MG(E) — 1) b,
k=1 k=1
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whereb = (by, ..., bN)T is the column vector and / is the identity matrix. Therefore,
the M™ (m, 2) problem is closely connected to a problem of approximation (represen-
tation) of the identity matrix / by an m-term approximant with respect to the system
{G(x)}xeq. It is easy to understand that under our assumptions on the system Uy,
there exist a set of knots {gk}ZL1 and a set of weights {A;}]_ |, withm < NZ, such
that

=Y nuGEh,

k=1

and, therefore, we have for any Xy C L that
Xy € M¥(N?,2,0). (1.6)

However, we do not know a characterization of those Xy for which Xy €
M(N?,2,0).

In the above formulations of the problems we only ask about existence of either good
{£V} or good {£", A, }. Certainly, it is important to have either explicit constructions
of good {£"} ({£V, 1, }) or deterministic ways to construct good {£€"} ({£€", 1, }). Thus,
the Marcinkiewicz-type problem can be split into the following four problems: Under
some assumptions on X y,

(I) Find a condition on m for Xy € M(m, q);
(I1) Find a condition on m for Xy € M¥(m, q);
(IIT) Find a condition on m such that there exists a deterministic construction of
&V}, satisfying (1.1) for all f € Xy;
(IV) Find a condition on m such that there exists a deterministic construction of
{&V, L)L satisfying (1.5) forall f € Xy.

The main results of this paper address the problem (I) in the case ¢ = 1. Our method
is probabilistic.
We impose the following assumptions on the system {u;};_, of real functions:

A. There exist @ > 0, 8, and K such that for all i € [1, N], we have

ui(x) —ui ()| < KINPIx—yll%, xyeQ. (1.7)
B. There exists a constant K7 such that ||u; ||g<> <Kp,i=1,...,N.
C. Define Xy := span(uy, ..., uy). There exist two constants K3 and K4 such

that the following Nikol’skii-type inequality holds for all f € Xy
I £lloo < KsN®/P | fllp. p €2, 00). (1.8)

The main result of this paper is the following theorem (see Theorem 5.9).

Theorem 1.1 Suppose that a real orthonormal system {ui}f.\': | satisfies conditions A,
B, and C. Then for large enough C1 = C(d, K1, K2, K3, K4, 2, «, B), there exists a
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set of m < C1N(10gN)7/2p0ints &l eQ j=1,...,m, such that forany f € Xy,
we have

1 1 < : 3
5||f||1 < n—qj;lf(éf)l < §||f||1.

An important particular case for application of Theorem 1.1 is the case when Xy
is a subspace of trigonometric polynomials. For a finite Q C Z¢, set

TQ) ={f:f®=) cxe!®

keQ

The hyperbolic cross polynomials 7 (Q,) are of special interest (see, for instance,
[3D: lets € Zi,

On = Ujs|y<np(S),
and
p(s) =k =(ki,....kg) € Z4 27 1 < kjl < 2%, j=1,...,d},

where [a] denotes the integer part of a number a.
The following two theorems were proved in [21]. Denote by T¢ the d-dimensional
torus.

Theorem 1.2 Letd = 2. Foranyn € N and large enough absolute constant C, there
exists a set of m < Ci|Qn|n"/? points &7 € T2, j = 1,...,m such that for any
f € T(Qy), we have

1 .
Callflh = — 3 1 ED] = Csllf .
j=1

Theorem 1.3 For any d € N and n € N for large enough absolute constant C1(d),
there exists a set of m < C1(d)|Qn|n??*3 points €7 € T?, j = 1,..., m such that
forany f € T(Q,), we have

1 & ,
Cllfih < ZZIf(S’)I < G3|lflh-

j=1

Theorem 1.2 addresses the case d = 2, and Theorem 1.3 extends Theorem 1.2 to
the case of all d. We point out that for d = 2, Theorem 1.3 is weaker than Theorem
1.2. Theorem 1.1 gives Theorem 1.2 and improves Theorem 1.3 by replacing an extra
factor n¢/>*3 by n’/? in the bound for m. The technique for proving Theorem 1.1
presented in this paper is a development of a technique from [21]. It is a combination
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of probabilistic technique, based on chaining, and results on the entropy numbers.
We present this technique in the following way. In Sect. 2 we prove a conditional
theorem (Theorem 2.1), which provides X € M (m, 1) with an appropriate m under
conditions on the entropy numbers of the L ball X}\, ={feXy:|Iflh <1}
The proof of this conditional theorem is based on the chaining technique. In Sect. 3
we discuss new elements of a method that gives good upper bounds for the entropy
numbers of the unit L ball 7 (Q); in the L, norm. In Sect. 4 we present results on
the Marcinkiewicz-type theorems for the trigonometric polynomials. In Sect. 5 we
show how the technique developed in Sect. 3 for the trigonometric polynomials can
be generalized for subspaces X y satisfying conditions A, B, and C. The main results
of the paper are in Sects. 2—5. They are about discretization theorems in L. In Sect. 6
we give some comments on the discretization theorems in L;. This case (the L case)
is much better understood than the L case, and it has nice connections to recent strong
results on submatrices of orthogonal matrices and on random matrices.

2 Conditional Theorem

We begin with the definition of the entropy numbers. Let X be a Banach space, and
let Bx denote the unit ball of X with the center at 0. Denote by Bx (v, r) a ball with
center y and radius r: {x € X : ||x — y|| < r}. For a compact set A and a positive
number &, we define the covering number N, (A) as follows:

N.(A) := N.(A, X) := min {n 13y € AT AC UL Bx(y, e)}.

It is convenient to consider along with the entropy H:(A, X) := log, N.(A, X) the
entropy numbers & (A, X):

&r(A, X) :=inf {e : Elyl,...,yzk ecA:AC U;k:lBX(yj,e)] .

In our definition of N,(A) and &; (A, X) we require y/ € A. In a standard definition
of Nz (A) and &x (A, X) this restriction is not imposed. However, it is well known (see
[15, p. 208]) that these characteristics may differ at most by a factor of 2.

Theorem 2.1 Suppose that a subspace Xy satisfies the condition (B > 1)

N/k, k<N,

Then for large enough absolute constant C, there exists a set of

m < CNB(log,(2N log,(8B)))*
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pointsfj € Q, j=1,...,m, such that for any f € Xy, we have
1 1 — , 3
— < — J < — .
2||f||1 = ;:1 [fED] < 2||f||1

Proof Our proof uses the chaining technique and proceeds along the lines of the proof
of Theorem 3.1 from [21]. We use the following results from [21]. Lemma 2.1 is from

[2].

Lemma2.1 Let {g; T:l be independent random variables with Eg; = 0, j =
1, ..., m, which satisfy

lgilli <2, lgjllco =M, j=1,...,m.

Then for any n € (0, 1), we have the following bound on the probability:

P Zgj > mn <Zexp(—8—M>.
j=1

We now consider measurable functions f(x), x € Q. For | < ¢ < oo, define

1 m )
LIS = = 3D =11 2= X,

j=1

Let u be a probabilistic measure on 2. Denote by u := X - - - X u the probabilistic
measure on Q" = Q x .-+ x Q. We will need the following inequality, which is a
corollary of Lemma 2.1 (see [21]).

Proposition 2.1 Let f; € L1(S2) be such that

Ifillt =172, j=1.2; |lfi = fallo < 6.

Then

2
Ly = Ly(f)| = n} < 2exp (—ﬂ> @.1)

m .
® {Z ' 165

We consider the case where X is C(€2) the space of functions continuous on a
compact subset € of R? with the norm

I flloo := sup | f(x)].
xeQ

Sometimes we write L, instead of C for the space of continuous functions. We use
the abbreviated notation

en(W) :=¢,(W,0C).
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In our case,
W.={teXny:|tl =1/2}. 2.2)
Set
__ B[ N/k, k<N,
=S 27KV k> N,
Specify n = 1/4. Define §; := &,;, j = 0,1, ..., and consider minimal §;-nets

N, C W of W in C(2). We use the notation Nj := |Nj|. Let J := J(N, B) be the
minimal j satisfying §; < 1/16. For j = 1,...,J, we define a mapping A; that
associates with a function f € W a function A;(f) € Nj closest to f in the C norm.
Then, clearly,

If=Aj (Dl =3

We use the mappings A, j = 1, ..., J, toassociate with a function f € W asequence
(a chain) of functions fy, fy—1, ..., f1 in the following way:

fr=A4A;00, fi=A4A;(fj+1, j=J—-1... L

Let us find an upper bound for J, defined above. Our assumption that B > 1 and the
definition of J imply that 2/ > N and

B2 27N > 8. (2.3)
We derive from (2.3),
27 <2N1og(8B), J <log(2N log(8B)). (2.4)
Set
1 .
=gy J= ..., J

We now proceed to the estimate of u"{z : Sup feyy |L% (f)| = 1/4}. First of all,
by the following simple Proposition 2.2, the assumption 6; < 1/16 implies that if
L, ()] = 1/4, then |Ly(f)| = 1/8.

Proposition 2.2 If || f1 — fallco < 9, then

Ly(f1) = Ly(f2)| < 25.
Rewriting
LY = LX) = LA Fr) + -+ LA () = LY + LL),
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we conclude that if |Li (f)| = 1/4, then at least one of the following events occurs:

L;(fj)—L;(f,-_l)‘ >, forsome j e (I,J] or

Li(f0| z m.

Therefore,

u" {z : ;up ’Li(f)‘ > 1/4} <u" {z: sup
ew

FY Y |

JjeJ] feN;

Li(f)) > 771}

Ll - Li(Ajfl(f))‘ > nj}

<w{z: swp [Ly(n| = m
feN

+ Z Nj sup u" 1z :
jey eV

LyH) = L) z ). @)

Applying Proposition 2.1, we obtain

sup u™ {z :

few

L) = Ly ()| = nj} = 2exp (- s
’ T i 1681 )

We now make further estimates for a specificm > CiNBJ 2 with large enough C1.
For j such that 2/ < N, we obtain from the definition of §;,

2 25j—1
mn- J .
n; >C1NBJZ >C121.
81 32J2BN 64

By our choice of §; = &,;, we get Nj < 22 ¥ and, therefore,

2

mn’ .
2N exp (- 165,»]1> < exp(—27) (2.6)

for sufficiently large Cj.
In the case 2/ € (N, 271, we have

2 2
mn- .
n; - CINBJ. - Cq j
8]'*1 32./232_2}71/1\’ c’

and
2

2N, exp (- il ) < exp(—2) Q2.7

1661

for sufficiently large Cj.

@ Springer



346 Constructive Approximation (2018) 48:337-369

We now estimate u"{z : SUP e |L;(f)| > n1}. We use Lemma 2.1 with
gi@ = |f&)| — Iflli. To estimate [|g;lloc, Wwe use that by our assumption,
e = 81(X11\,, C) < BN. This means that there exist two points y1 and y2 in lev
such that lev C Be(y', e1) U Be(y?, 7). This implies that the 0 element belongs to
one of these balls, say, Bc(yl, £1), and, therefore, ||yl loo < &1. Next, (y1 + yz)/2
belongs to one of those balls, and, therefore, ||yl — y2||oo < 2¢1. Thus, ||yi loo < 3e1,
i = 1, 2. This implies that for any f € W, we have

1
I flloo < 5(481) <2NB.

Then Lemma 2.1 gives

1 mni
Ly(H)| zm = Niexp (=2t ) < 174

w" 3z : sup
feN

for sufficiently large C. Substituting the above estimates into (2.5), we obtain
1z sup ‘L;(f)‘ >1/4% < 1.
few

Therefore, there exists zg = (£', ..., £”) such that for any f € W, we have

Ly, ()| = 1/4.

Taking into account that || f||; = 1/2, for f € W we obtain the statement of Theorem
4.1 with C, = 1/2, C3 = 3/2. O

In the above proof of Theorem 2.1, we specified n = 1/4. We can carry out that
proof for n € (0, 1/4]. In this case we define J := J(N, B, n) to be the minimal
Jj satisfying d;j < n/4 and set n; := % j = 1,...,J. Then under assumptions
n > 2-N and log(2B) < N, we obtain the following bound on J:

J < 2log(2N)

instead of (2.4). Further, we make the estimates form > C{NBJ 277_2. This modifi-
cation of Theorem 2.1 gives the following version of Theorem 2.1.

Theorem 2.2 Suppose that a subspace Xy satisfies the condition (B > 1)

N/k, k<N,
ec(Xy. Loo) < B { 2-k/N k> N.

Then for large enough absolute constant C and for € € (0, 1), there exists a set of

m < CNB(log(2N))%e 2
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points Ej € Q, j=1,...,m, such that for any f € Xy, we have

1 « ,
A=alflh ==Y IfENI = a+lfl
mj:1

3 The Entropy Numbers of 7 (Q)1

We use the technique developed in [20], which is based on the following two-step
strategy. In the first step, we obtain bounds of the best m-term approximations with
respect to a dictionary. In the second step, we use general inequalities relating the
entropy numbers to the best m-term approximations. We begin the detailed discussion
with the second step of the above strategy. Let D = {g j}j.v: | be a system of elements
of cardinality |D| = N in a Banach space X. Consider best m-term approximations
of f with respect to D,

om(f.D)x = inf [f =) ¢;gjl.

iL A Al=m £
{C/} [A] j
For a function class F', set

om(F,D)x := sup o, (f,D)x.
feF

The following results are from [16].

Theorem 3.1 Let a compact F C X be such that there exists a system D, |D| = N,
and a number r > 0 such that

om(F,D)x <m™", m<N.

Then fork < N,

3.1

eu(F ) = o (ECTD)

k

Remark 3.1 Suppose that a compact F from Theorem 3.1 belongs to an N -dimensional
subspace Xy := span(D). Then in addition to (3.1) we have for k > N,

ex(F,X) < C(r)NT27K/@N) (3.2)

We point out that Remark 3.1 is formulated for a complex Banach space X. In the
case of real Banach space X, we have 27%/" instead of 27%/CN) in (3.2).

We begin with the best m-term approximation of elements of 7(Q); := {f €
T(Q) : | fll1 < 1}in Ly with respect to a special dictionary D! := D' (Q) associated
with Q. Define

Do) =Y & ®¥, wy:=|0|7"/*Dy.
keQ
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Then [[wg |2 = 1. Consider the dictionary
D' :=D'(Q) := {wo(x — ¥)}yeqe-

For a dictionary D in a Hilbert space H with an inner product (-, -), denote by A(D)
the closure of the convex hull of the dictionary D. In the case of a complex Hilbert
space, define the symmetrized dictionary D* := {e'? g:2€D,0€0,2m]}. We use
the weak orthogonal greedy algorithm (weak orthogonal matching pursuit) for m-term
approximation. We recall the corresponding definition and formulate the known result,
which we will use.

Weak Orthogonal Greedy Algorithm (WOGA) Let¢ € (0, 1] be a weakness param-
eter. We define f(;’ L f- Then for each m > 1, we inductively define:

(1) @' € D is any element satisfying

[ty o)l = £ sup (£ )]
geD

(2) LetH}, := span(wf", o ooty and let Py (f) denote an operator of orthogonal
projection onto H},. Define

Go'(f. D) := Py, (f).
(3) Define the residual after mth iteration of the algorithm
W= f = Gyl (. D).

In the case t = 1, the WOGA is called the orthogonal greedy algorithm (OGA). The
following theorem is from [12] (see also [15, Ch. 2]).

Theorem 3.2 Let D be an arbitrary dictionary in H. Then for each f € A1(D°), we
have
| =Gy (f. D) = A +meH~'2, (3.3)

We now prove the following assertion.

Theorem 3.3 For any finite Q C 74, we have

om(T(Q)1, D' (Q))2 < (1Q1/m)~ 12,

Proof Each f € 7(Q); has a representation

0 =0 [ repox—yay =10 en [ rmwox—yay

(3.4
It follows from || f|l; < 1 and (3.4) that f|Q|~'/? € A;((D")*). Therefore, by
Theorem 3.2 we get the required bound. O
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Dictionary D'(Q) is an infinite dictionary. In our further applications we would

like to have a finite dictionary. Here we consider Q C TT(N) with N = (2", ...,2"),
where I[T(N) :=[—Nj, N1] x -+ x [—Ng4, Ng], N = (Ny, ..., Ng). We write
P(N) = {n = (n1, ..., ng), nj—are nonnegative integers,

0<n; <2N;, j=1,...,d},

and set

N ( 2mn 2mng
x" =

EEEIEICIY 5 EPN.
N+ 1 2Nd+1> neP®)

Then for any ¢ € 7 (IT(N)) (see [23, Ch. 10]),

PN ™| = C@lielln, (3.5)
neP(N)
where #(N) := j{:l(ZNj + 1) = dim 7 (IT(N)). Specify N := (2", ...,2") and

define

D? :=D*(Q) = {wo(x — Xn)}neP(N) :

Then, clearly, ID2(Q)| = 9(N) = (2"t + 1)4. Also, it is well known that for
f € T(II(N)), one has

F@ =M > faMDrwx - x"), (3.6)

neP(N)

and, therefore, for f € 7(Q), O C II(N),

F@=9M" Y faMDox —x). 3.7)

neP(N)

In particular, (3.5) and (3.7) imply that there exists C(d) > 0 such that for every f €
T(Q)1, we have C(d)~'|Q|72f € A;((D?)*). Therefore, we have the following
version of Theorem 3.3.

Theorem 3.4 Forany Q C TI(N) with N = (2", ...,2"), we have
on(T(Q)1, D*(Q))2 < C(d)(1Q]/m)~"/?
and [D*(Q)| < C'(d)2".
Theorems 3.3 and 3.4 provide bounds for the best m-term approximation of ele-

ments of 7 (Q); in the L, norm. For applications in the Marcinkiewicz discretization
theorem, we need bounds for the entropy numbers in the L, norm. As we explained
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above, we derive appropriate bounds for the entropy numbers from the corresponding
bounds on the best m-term approximations with the help of Theorem 3.1. Thus we
need bounds on the best m-term approximations in the Lo, norm. We proceed in the
same way as in [20] and use the following dictionary:

DT .= DT (Q) = {(¢/*¥ .k € Q).

In order to obtain the bounds in the Ly, norm, we use the following theorem from
[20], which in turn is a corollary of the corresponding result from [18].

Theorem 3.5 Ler A C TI(N), with N; =2", j =1,...,d. There exist constructive
greedy-type approximation methods G, () that provide m-term polynomials with
respect to T with the following properties:
for f € T(A), we have G2 (f) € T(A) and
| f =G (Nl = @)~ 2 2IAI ) fll2, = max(m, 1).
We now consider a dictionary

D .= D*(Q) := D*(Q) UDT(Q).

Lemma 3.1 Forany Q C TI(N), with N = (2", ...,2"), we have
on (T(0)1. D) = C@n'?10l/m
o0

and |D*(Q)| < C'(d)2™.

Proof Take f € 7(Q);. Applying first Theorem 3.4 with [m /2] and then applying
Theorem 3.5 with A = Q and [m /2], we obtain

om(f. D (Q))oo < n' 2101 /m)II fII1,

which proves the lemma. O

Lemma 3.1, Theorem 3.1, and Remark 3.1 imply the following result on the entropy
numbers.

Theorem 3.6 Forany Q C TI(N) with N = (2", ...,2"), we have

3/2 k), k<20,
8k(T(Q)1, Loo) < {Zj,/zg_Qk}{z)QD’ k ; 2:8:

The above theorem with O = Q,, can be used for proving the upper bounds for
the entropy numbers of the mixed smoothness classes. We define the classes that were
studied in [19,20].
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Lets = (s1, ..., 5q) be a vector with non-negative integer coordinates (s € Zi)
and, as above,

p(s) := {k = (ki k) € Z4 (29 < k| < 2%, ) = 1,...,d},
where [a] denotes the integer part of a number a. Define for f € L,

55(f) ==Y fe!®Y

kep(s)

and

fii=Y 8(f). 1eNo. No:=NU{0}.

lIslli=I
Consider the class (see [19])
wo = [ £ 2l <27 T = maxa, ).
Define

1 £l = sup | fill 2 @),
l

Here is one more class, which is equivalent to WZ’b inthe case 1 < g < oo (see [19]).
Consider a class V_Vg’b, which consists of functions f with a representation

o
F=) "t ta €T(Qn), lltnlly <27“"n@D.

n=1

In the case ¢ = 1, classes V_V‘f’b are wider than W‘f’b.
The following theorem was proved in [20].

Theorem 3.7 Letd =2 and a > 1. Then
ek (Wi, Loo) = ek (W}, Loc) = k™ (logk)*+ 172 (3.8)

We prove here an extension of Theorem 3.7 to all d. We note that this extension—
Theorem 3.8—is weaker than Theorem 3.7 in the case d = 2.

Theorem 3.8 Leta > 1. Then

e (Wi, Loo) = ek (Wi, Lo ) < k™(logh)“*D@=D32 (3.9)
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Proof The proof is based on the following general result from [20]. Let X and Y be
two Banach spaces. We discuss a problem of estimating the entropy numbers of an
approximation class, defined in the space X, in the norm of the space Y. Suppose a
sequence of finite dimensional subspaces X, C X, n = 1,..., is given. Define the
following class:

00
W‘;(’b:zwl;(’b{xn}:z feX;f:an, fue Xy,

n=1

I fullx <27nb n = 1,2,...}.

In particular,

Wi = Wil Ty,

Set D, := dim X,,, and assume that for the unitballs B(X,) :={f € X, : | fllx < 1},
we have the following upper bounds for the entropy numbers: there exist real o and
non-negative y and B € (0, 1] such that

(Dy/(k +1)P (log(dDy /(k + 1)),k < 2Dy,

exr(B(X,),Y) « n” { 2_](/(2Dn)’ k> 2D,. (3.10)

Theorem 3.9 Assume D, < 2"n‘, ¢ > 0, a > B, and subspaces {X,} satisfy (3.10).
Then ~
£ (W‘}’(’b{X,,}, Y) < k~(log k)detbra, 3.11)

Theorem 3.6 with Q = Q,, yields (3.10) with @ = 3/2, 8 = 1, y = 0. It remains
to apply Theorem 3.9 with X, = 7(Q,) andc =d — 1. O

4 The Marcinkiewicz-Type Discretization Theorem for the
Trigonometric Polynomials

In this section we improve Theorem 1.3 from the introduction, which was proved in
[21], in two directions. We prove the Marcinkiewicz-type discretization theorem for
T (Q) instead of 7 (Q,,) for a rather general Q. Also, even in a more general situation,
we improve the bound from m < Cy(d)|Q,|n%/**3 tom < C1(d)|Q,|n"/? similar to
that in Theorem 1.2. Our proof is based on the conditional Theorems 2.1 and 3.6.

We now prove the Marcinkiewicz-type theorem for discretization of the L norm
of polynomials from 7 (Q).

Theorem 4.1 There is a large enough constant C(d) with the property: For any Q C
TI(N) withN = (2", ..., 2"), there exists a set of m < C1(d)|Q|n"/?* points £/ € T¢,

@ Springer



Constructive Approximation (2018) 48:337-369 353

Jj=1,...,m such that for any f € T(Q), we have

1 & .
Cllfih < ZZIf(S’)I <Gl flh.

j=1

Proof We use Theorem 3.6, proved in Sect. 3. We formulate it here for the reader’s
convenience. We stress that Theorem 4.2 is the only result on the specific features of
the 7 (Q) that we use in the proof of Theorem 4.1.

Theorem 4.2 For any Q C TI(N) with N = (2", ...,2"), we have

3/2 0. k<200l
T Lo = € | Tanf Sl 3lo)

We now apply Theorem 2.1 with N = 2| Q| and B = C4(d)n>/?. This completes the

proof. O
In the above proof of Theorem 2.1, we specified n = 1/4. If instead we take
S [2_2"‘”2, 1/4], define J (1) to be the minimal j satisfying 6; < 7/4, and set
N
T dnd’

then we obtain the following generalization of Theorem 4.1.

Theorem 4.3 For any Q C TI(N) with N = (2",....2") and € € [2'~%"" 1/2],
there exists a set of m < C1(d)| Q|n7/26_2 points £ € T4, j=1,...,m, such that
forany f € T(Q), we have

1 & .
(I=9lfl =< n—qZIf(Ef)l <d+9lflh.

j=1

5 Some Marcinkiewicz-Type Discretization Theorems for General
Polynomials

In this section we extend the technique developed in Sects. 3 and 4 to the case of a

general orthonormal system {u; } lN: | on a compact 2 C R4, which satisfies conditions

A, B, and C from the introduction. Let x« be a probability measure on 2. Itis convenient
for us to assume that u;, i = 1, ..., N, are real functions and set

(w, v) = Lu(x)v(x)du, lulla = {u, )72,
Denote the unit L, ball in Xy by
XD = (f e Xy : Ifl, < 1).

@ Springer



354 Constructive Approximation (2018) 48:337-369

We begin with the estimates of the entropy numbers & (X le’ Lso). We use the same
strategy as above: first we get bounds on m-term approximations for X 11\/ in Ly with
respect to a dictionary D', second we obtain bounds on n-term approximations for X 12\,
in Lo, with respect to a dictionary D2, third we get bounds on m-term approximations
for X 11\/ in L, with respect to a dictionary D* = D! UD?. Then we apply Theorem 3.1
to obtain the entropy numbers estimates.

5.1 Sparse Approximation in L,
We begin with the study of m-term approximations with respect to the dictionary
D’ = {gy®lyea, &yX) = (K2N)~/*Dy (),
where
N
Dn(x,y) = ) ui(X)u;(y)
i=1

is the Dirichlet kernel for the system {u;}Y |- Then assumption B guarantees that

i=

llgyll2 < 1. We now use the following greedy-type algorithm (see [15, p. 82]).
Relaxed Greedy Algorithm (RGA) Let f; := f and G{,(f) := 0. For a function
h from a real Hilbert space H, let g = g(h) denote the function from D¥ := {+g :

g € D} that maximizes (h, g) (we assume the existence of such an element). Then,
for each m > 1, we inductively define

1 1
G (f) = <1 - —> G N+ —8(fur) fo =1 =G
m m

We use the following known result (see [15, p. 90]).

Theorem 5.1 For the relaxed greedy algorithm, we have, for each f € A1 (DY), the
estimate

2
|f =G| =< o > 1.

In our application of the above RGA, the Hilbert space H is the Xy with the L,
norm and the dictionary D is the D defined above. Using the representation

f(x) :/Qf(Y)DN(X» y)du(y). (5.1

we see that the search for g € (P°)* maximizing (h, g), h € Xy, is equivalent to
the search for y € 2 maximizing |A(y)|. A function & from Xy is continuous on the
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compact €2, and therefore such a maximizing ymax exists. This means that we can run
the RGA.
For f € X!, by representation (5.1) we obtain

Fx) = /Q F @)D (x, )Au()
= (K2N)'/? /Q FOK2N) 2Dy (x, y)du(y).

Therefore,
(K2N)712f € A1(D)F) or fe Ai(D)E, (KaN)'/?).

Applying Theorem 5.1, we get the following result.

Theorem 5.2 For the relaxed greedy algorithm with respect to D°, we have, for each
f e XL the estimate

If —Gh (Ol <2(KoN/m)' 2 m > 1.

We need an analog of Theorem 5.2 for a discrete version of D°. Take a § > 0 and let
y', ..., y/‘"’}, M = M(5), be a 6-net of po?nts in Q, which means that for any y € €,
there is a y/ from the net such that ||y — y/ ||co < §. It is clear that

M(8) < (C()/8) . (5.2)

It follows from the definition of the RGA that G/, (f) € A1(D%) provided f €
A1 (D¥). Let fex 1 and let G, (f) be its approximant from Theorem 5.2. Then

m

G ()= cxgyw Y lal < (KaN)'/2, (5.3)

k=1 k=1

For each y(k), find y/® from the net such that |ly(k) — y/® | < 8. Then, using
assumption A, we get

N
gy — 8yitwll3 = (KaN)™H > " jui (y(k)) — ui (y/ )|

i=1

< (KaN)“'KINH2B 522, (5.4)
Let

m
tn(f) =) Ckgyit-
k=1
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Combining (5.3) and (5.4), we obtain

1GE,(f) = tu(F)ll2 < (K2N)'2K; K NP s (5.5)

Choosing é such that
8¢ = K 'NTV2F,
we obtain by Theorem 5.2 and (5.5) that for f € X L,
If = tm(Hll2 < 3(KaN/m)' 2, m < N. (5.6)

Inequality (5.2) gives
M(@80) < C(K1,Q, )N/ D, (5.7)

Define the dictionary D! as follows:
D' = (g}
Relation (5.6) gives us the following theorem.

Theorem 5.3 We have

om(Xy, DYy < 3(KaN/m)'/2.

5.2 Sparse Approximationin L.,

In this subsection we study m-term approximations of f € X 12\, in the Lo, norm with
respect to the following dictionary:

—1/2
D? = (g}, g =wK; '

Then by property B, for all p we have ||g;[|, < 1.

In this subsection we use greedy algorithms in Banach spaces. We recall some
notation from the theory of greedy approximation in Banach spaces. The reader can
find a systematic presentation of this theory in [15, Chapter 6]. Let X be a Banach
space with norm || - ||. We say that a set of elements (functions) D from X is a dictionary
if each g € D has norm less than or equal to one (]|g|| < 1) and the closure of span D
coincides with X. We note that in [13] we required in the definition of a dictionary
normalization of its elements (||g|| = 1). However, it is pointed out in [14] that it is
easy to check that the arguments from [13] work under assumption || g|| < 1 instead of
llgll = 1. In applications it is more convenient for us to have an assumption ||g|| < 1
than normalization of a dictionary.

For an element f € X, we denote by Fy a norming (peak) functional for f:

IFel =1, Fr(f) = 1[I
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The existence of such a functional is guaranteed by the Hahn—Banach theorem.

We proceed to the incremental greedy algorithm (see [14] and [15, Chapter 6]). Let
€ = {e,,}ff’:], €, >0,n=1,2,... .ForaBanach space X and a dictionary D, define
the following algorithm [A(e) := TA(e, X, D).

Incremental Algorithm with Schedule € (IA(e, X, D)) Set f := f and G§° := 0.
Then, for each m > 1, we have the following inductive definition:

(1) goi,f € D is any element satisfying
Ff/51'51 ((Pf,f N f) Z ~m
(2) Define

Gif = (1= 1/m)Gy< | + b /m.

m—1
(3) Let
f€ = f = Gy
We consider here approximation in uniformly smooth Banach spaces. For a

Banach space X, we define the modulus of smoothness

1
pu) = sup (z(llx +uyll +llx —uyl) - 1) :
Ixl=llyl=1

The uniformly smooth Banach space is the one with the property
lim p(u)/u = 0.
u—0

It is well known (see for instance [4, Lemma B.1]) that in the case X = L,
1 < p < o0, we have

u?/p ifl <p=<2,

(p—Du?/2 if2 < p < oo. (5.8)

pu) <

Denote by A1 (D) := A1(D)(X) the closure in X of the convex hull of D. In order
to be able to run the IA(e) for all iterations, we need the existence of an element
oS € D at the step (1) of the algorithm for all m. It is clear that the following condi-
tion guarantees such existence (see [17]).

Condition B We say that for a given dictionary D, an element f satisfies Condition
Bif forall F € X*, we have

F(f) < sup F(g).
geD
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It is well known (see, for instance, [15, p. 343]) that any f € A;(D) satisfies
Condition B. For completeness we give this simple argument here. Take any f €
A{(D). Then for any € > 0, there exist g{,..., gy € D and numbers af, ..., ay
such that af > 0, ajf +---+ay = 1 and

N
If =Y afgll <e.
i=1
Thus

N
F(f) < |[Flle+F (Zafgf) < €| F|l + sup F(g).

which proves Condition B.

We note that Condition B is equivalent to the property f € A;(D). Indeed, as
we showed above, the property f € Aj(D) implies Condition B. Let us show that
Condition B implies that f € A;(D). Assuming the contrary, f ¢ A;(D), by the
separation theorem for convex bodies, we find F € X* such that

F(f)> sup F(¢) = sup F(g),
¢€A (D) geD

which contradicts Condition B.

We formulate results on the IA(¢) in terms of Condition B because in the applications
it is easy to check Condition B.

Theorem 5.4 Let X be a uniformly smooth Banach space with modulus of smoothness
p(u) <yul, 1 < g < 2. Define

€, 1= ﬂyl/qn_l/l’, p=——, n=12,....
Then, for every f satisfying Condition B, we have
Il < CBYVIm™1P m=1,2....

In the case f € A1(D), this theorem is proved in [14] (see also [15, Chapter 6]).
As we mentioned above, Condition B is equivalent to f € A{(D).
For f € Xy, write f = vazl c;gi and define

N
1flla =Y lcil.
i=1
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Theorem 5.5 Assume that Xy satisfies C. For any t € Xy the IA(e, Xy N L, Dz)
with an appropriate p and schedule € applied to f := t/||t||a yields, after m itera-
tions, an m-term polynomial G, (t) := Gy, (f) ||| 4 with the following approximation
property:

It — Gu(®lloo < Cm™ 2 N)Y2|jtlla, 1Gu(®lla = 74,

with a constant C = C (K3, Ky).

Proof 1t is clear that it is sufficient to prove Theorem 5.5 for t € Xy with ||¢||4 = 1.
Thent € A;(D*)(Xy N L) forall p € [2, 00). Applying the IA(e) to f with respect
to D2, we obtain by Theorem 5.4 after m iterations

a;j —
r—ZZ]g/ <Cy' w720 N ay=m, (5.9)

JEA P jeA

where ZjeA %g./ is the Gi,’f (t). By (5.8) we find y < p/2. Next, by the Nikol’skii
inequality from assumption C we get from (5.9),

aj aj _
f_ Z ngj < KsNKe/P||p - Z ;Jgj”p < Cp'PKyNKs/Py=1/2,

JjeA 00 JjeA

Choosing p =< In N, we obtain the bound desired in Theorem 5.5. O

Using the following simple relations:

I£115 =

N
Y e
i=1

N
—12
K, Zciui
i=1

2 2 N
-1 2
=K, 'Y el

2 2 i=1

N N 1/2
D il = N2 (Z |c,~|2> = (KaN)' )| f o,
i=1 i=1

we obtain from Theorem 5.5 the following estimates.

Theorem 5.6 We have

on (X3, D?) < (V/m)' P2 )2,

Combining Theorems 5.3 and 5.6, we obtain:

Theorem 5.7 We have

o (X}V, D'y D2>oo & (N /m)(In N)'/2.
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5.3 The Entropy Numbers

By our construction (see (5.7)), we obtain
D' UD?| « NE@HD,

Theorem 5.7, Theorem 3.1, and Remark 3.1 (its version for the real case) imply the
following result on the entropy numbers.

Theorem 5.8 Suppose that a real orthonormal system {ui},N: | satisfies conditions A,
B, and C. Then we have

1 (log N)**(N/k), k<N,
Ek(XN, Loo) < {(log N)3/22_k/N, k > N.

In the same way that Theorem 4.1 was derived from Theorems 3.6 and 2.1, the
following Theorem 5.9 can be derived from Theorems 5.8 and 2.1.

Theorem 5.9 Suppose that a real orthonormal system {u ,-}lN: | satisfies conditions A,
B, and C. Then there exists a set of m < C1N (log N)7/2 poim‘sEj eQ j=1,...,m,
C,=CW, K1, Ky, K3, K4, 2, a, B), such that for any f € Xy, we have

1 .
Callflh = — > 1fED] = Csllf .
j=1

The following analog of Theorem 4.3 holds for general systems.

Theorem 5.10 Suppose that a real orthonormal system {ui}lN: | satisfies conditions A,
B, and C. Then for € € [2-N, 1/2], there exists a set of m < C1N(log N)/2e—2
points Sj eQ j=1,....,m C; = Cd, K1, K2, K3, K4, 2, a, B), such that for
any f € Xn, we have

1 « ,
(A=olflh = —> IfED = A+l flh.

j=1

6 The Marcinkiewicz-Type Theoremin L;

In this section we discuss some known results directly connected to the discretization
theorems and demonstrate how recent results on random matrices can be used to obtain
the Marcinkiewicz-type theorem in L,. We begin with the formulation of the Rudelson
result from [11]. In [11], it is formulated in terms of submatrices of an orthogonal
matrix. We reformulate it in our notation. Let Q2 = {x/ }?’[: | be a discrete set with

the probability measure ,u(xj) =1/M,j=1,..., M. Assume that {ui(x)}fv=1 is a
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real orthonormal on ;7 system satisfying the following condition: for all j,

N
> uix))? < NP2, 6.1)

i=1

with some ¢ > 1. Then for every € > 0, there exists a set J C {1, ..., M} of indices

with cardinality
2

2
t

m:=|J| §C—2Nlog
€

Nt

- 6.2)

such that for any f = ZINZI ciuj, we have

1 ;
A=olfl3 <~ f&)? <A +alfI3

jeJ

In particular, the above result implies that for any orthonormal system {u; } 1N= L on 2y,
satisfying (6.1), we have

Uy :=span(uy,...,uy) € M(@m,2) provided m > CNlogN,

with large enough C. We note that (6.1) is satisfied if the system {u; }fV: | is uniformly
bounded: ||#;||co <t,i=1,...,N.

We first demonstrate how the Bernstein-type concentration inequality for matrices
can be used to prove an analog of Rudelson’s result above for a general 2. Our proof is
based on a different idea than Rudelson’s proof. Let {u; },N: | be an orthonormal system
on €2, satisfying the condition

D. For x € , we have
N
w(x) =Y u;(x)> = N. (6.3)
i=1

With each x € 2 we associate the matrix G (x) := [ui(x)uj(x)]l{vjzl. Clearly, G(x)
is a symmetric matrix. We will also need the matrix G (x)%. We have for the (k,[)
element of G (x)2,

N
(G = Zuk(x)uj(x)uj(x)”l(x) = w(@)ur(x)u(x).
j=1

Therefore,
G(x)2 =wkx)G(x) and [|GX)| = w(x). 6.4)

We use the following Bernstein-type concentration inequality for matrices (see [22]).
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Theorem 6.1 Let {Ty}}_, be a sequence of independent random symmetric N x N
matrices. Assume that each Ty satisfies:

E(Ty) =0 and ||Tx|| < R almost surely.

Then for all n > 0,

2
n
P{ 2”}5“""(‘%)’

where 0% := H > k=1 ]E(Tkz)H'

n
>

k=1

We now consider asequence Ty := G (xk )—1,k =1, ..., mofindependentrandom

symmetric matrices. Orthonormality of the system {u; }lN: | implies that E(7) = 0 for

all k. Relation (6.4) and our assumption D imply for all &,
ITell < IGGH I +1=N+1=:R. (6.5)
Define T'(x) := G(x) — I, and, using (6.3) and (6.4), we can write
T(x)>=Gx)?—2G(x)+1=(N—-2)G(x)+1.
Then by the orthonormality of the system {u ,-}{V: 1> We get
E(T(x)*) = (N = DI,

and, therefore, we obtain
IE(T?)) < N — 1. (6.6)

Thus, by Theorem 6.1 we obtain for n < 1,

n 2
E”{ Y (G - D = nn} < Nexp (—ﬂ), ©6.7)
cN
k=1
with an absolute constant c.
For a set of points Ek eQk=1,...,m,and f = Z,N:1 bju;, we have

l m 1 m
— > FEH - / [0 =b" <— > GEH - 1) b,
m Q m
k=1 k=1
where b = (b1, ...,b N)T is the column vector. Therefore,

1 m ] m
Ly ety - / F@du] < |2 S 6E -1

b3 (6.8)
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We now make m = [CNn~2log N] with large enough C. Then, using (6.7) with
n = m, we get the corresponding probability < 1. Thus, we have proved the following
theorem.

Theorem 6.2 Let {u; }lN: | be an orthonormal system, satisfying condition D. Then for
every € € (0, 1), there exists a set {8’}3”21 C Q with

m < Ce_2N10gN

such that for any f = Z _ Cilj, we have

| — ,
(A=olfl3 =~ fE)? <A +alfI3.

j=1

We note that Theorem 6.2 treats a special case, when (6.3) instead of (6.1) is satisfied.
This is the case, for instance, for the trigonometric and the Walsh systems. In this spe-
cial case, Theorem 6.2 is more general and slightly stronger than the Rudelson theorem
discussed in the beginning of this section. Theorem 6.2 yields the Marcinkiewicz-type
discretization theorem for a general domain 2 instead of a discrete set €2,7. Also, in
Theorem 6.2 we have an extra log N instead of log 1\;—32 in (6.2).

In [21] we showed how to derive the following result from the recent paper by
Nitzan et al. [10], which in turn is based on the paper of Marcus et al. [9].

Theorem 6.3 Let Qy = {x/ }M be a discrete set with the probability measure

wxly = 1/M, j = 1,..., M. Assume that {u; (x)} L, is an orthonormal on Q
system (real or complex). Assume in addition that this system has the following prop-
erty: forall j = 1,..., M, we have

>

umﬂ . 6.9)
i=1
Then there is an absolute constant C1 such that there exists a subset J C {1,2, ..., M}
with the property: m := |J| < C|N, and for any f € Xy := span{uy, ..., uy}, we
have

1 )
ClfIE < — D IfDP < Gl fI,

jeJ
where Cy and C3 are absolute positive constants.

Theorem 6.3 is based on the following lemma from [10].

Lemma 6.1 Leta system of vectorsvy, . .., Vy from CN have the following properties:
forallw € CN,

M
> Hw. vl = (w3 (6.10)
j=1
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and
IviI3=N/M, j=1,...,M. 6.11)

Then there is a subset J C {1,2, ..., M} such that for all w € CN,

M
collwiz = - D 1w, v;) 2 < Collwli3, (6.12)
jeJ

where cy and Cy are some absolute positive constants.

The above Lemma 6.1 was derived from the following theorem from Marcus et al.
[9], which solved the Kadison—Singer problem.

Theorem 6.4 Let a system of vectors vy, . ..,V from CN have the following proper-
ties: for all w € CN, we have

> lw. v = w3

j=1

and |Iv; |5 < e.
Then there exists a partition of {1, ..., M} into two sets S| and S», such that for
eachi = 1,2, we have for all w € CN,

1 +4/2¢)?
Do lwovP < #nwn%.

JESi

Second, we demonstrate a method of proof that is different from the above proof of
Theorem 6.2 and that allows us to replace condition D by the following more general
condition E that is similar to (6.1).

E. There exists a constant ¢ such that

N
w(x) = Zu,-(x)2 < Nt2. (6.13)
i=1

The new proof method uses the fact that the matrix G (x) is a semi-definite matrix.
It is based on the following result (see [22, Theorem 1.1]) on random matrices.

Theorem 6.5 Consider a finite sequence {Ti}}'_ of independent, random, self-adjoint
matrices with dimension N. Assume that each random matrix is semi-positive and
satisfies

Amax(Tx) < R almost surely.

@ Springer



Constructive Approximation (2018) 48:337-369 365

Define
m m
Smin ‘= Amin <Z ]E(Tk)) and  Smax = Amax (Z E(Tk)> .
k=1 k=1
Then
m e*” Smin/ R
P {)‘«min (; Tk) <{- U)Smin} <N (m)

forn € [0, 1), and for n > 0,

m ei] Smax /R
P {)\max <Z Tk) >+ 7I)Smax} <N <m) .

k=1
As above, we consider the matrix G(x) := [u; (x)uj(x)]ijzl. Clearly, G(x) is
a symmetric matrix. Consider a sequence Ty := Gu*), k=1,...,m,of indepen-

dent random symmetric matrices. It is easy to see that Tj are semi-positive definite.
Orthonormality of the system {u,-}lN: | implies that E(7y) = I for all k. This implies
that spin = Smax = m. Relation (6.4) shows that we cantake R := N t2. Then Theorem
6.5 implies for n < 1,

|

with an absolute constant ¢ (we can take ¢ = 2/ In 2). Using inequality (6.8), which was
used in the above proof of Theorem 6.2, we derive from here the following theorem.

m

> GEH =D

2
P ct*N

mr]2
>mn ¢ < Nexp (— ) , (6.14)

Theorem 6.6 Let {u,-}lN: | be an orthonormal system satisfying condition E. Then for
every € > (), there exists a set {Ef}S’?:l C Q with

2
t

m < C—2NlogN
€

such that for any f = ZINZI ciuj, we have
A—alfI3 <~ i fE < +olfl3
2= < = 2

We note that Theorem 6.6 is more general and slightly stronger than the Rudel-
son theorem discussed in the beginning of this section. Theorem 6.6 yields the
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Marcinkiewicz-type discretization theorem for a general domain 2 instead of a dis-
. . 2
crete set 237. Also, in Theorem 6.6 we have an extra log N instead of log IZ—Q in (6.2).

The Marcinkiewicz Theorem and Sparse Approximation Our above argument, in
particular, inequality (6.8), shows that the Marcinkiewicz-type discretization theorem
in L is closely related to approximation of the identity matrix / by an m-term approx-
imant of the form % Y G (€%) in the operator norm from KQ’ to Eév (spectral norm).
Therefore, we can consider the following sparse approximation problem. Assume that

the system {u; (x)}lN: | satisfies (6.13), and consider the dictionary

D" :={gi}req, & = G(x)(Nﬂ)il, G(x):= [ui(x)uj(x)]f\fj:l,
Then condition (6.13) guarantees that for the Frobenius norm of g, we have
lexllF =wr(NH ™ < 1. (6.15)

Our assumption on the orthonormality of the system {u; }fV: | gives

I =/ G(x)dp = Nt2/ gedu,
Q Q

which implies that I € A;(D*, Nt?). Consider the Hilbert space H to be a closure
in the Frobenius norm of span{g,, x € Q} with the inner product generated by the

Frobenius norm: for A = [a,',j]f.vj=1 and B = [bi,j],Nj=1’

N
(A,B)= )" a; b

i j=1

in the case of real matrices (with standard modification in the case of complex matri-
ces).

By Theorem 5.1, for any m € N, we constructively find (by the RGA) points
51, ..., ™ such that

<2Nt*m~1/2, (6.16)
F

1 & .
HE;;G@ )—1

Taking into account the inequality ||A|| < ||A| F, we get from here and from (6.8) the
following proposition.

Proposition 6.1 Let {ui}lN: | be an orthonormal system satisfying condition E. Then
there exists a constructive set {S/};-” | C Qwithm < C(t)N? such that for any
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f= Z,N=1 ciutj, we have
1 1 ) 3
SIFIE =D @D = SIfI3.
m =

The Marcinkiewicz-Type Theorem with Weights We now comment on a recent
breakthrough result by Batson et al. [1]. We formulate their result in our notation. Let,
as above, Q) = {x/ }/}”: | be adiscrete set with the probability measure pu(x/) = 1/M,

j=1,..., M. Assume that {u,-(x)}fV:l is a real orthonormal system on €2;. Then for
any number d > 1, there exist a set of weights w; > Osuchthat [{j : w; # 0} < dN,
so that for any f € span{uy, ..., uy}, we have
, U jo_dt1+2vd
LR <) wif () < —————=| 115
= d+1-2vd

The proof of this result is based on a delicate study of the m-term approximation
of the identity matrix I with respect to the system D = {G(Xx)}req, G(x) =
[u; (x)u (x)]f\f =1 in the spectral norm. The authors of [1] control the change of the
maximal and minimal eigenvalues of a matrix, when they add a rank one matrix of the
form wG (x). Their proof provides an algorithm for construction of the weights {w}.
In particular, this implies that

XN(Qy) € M™(m,2,¢) provided m > CNe™ 2,

with large enough C.

In this section we discussed two deep general results—the Rudelson theorem and
the Batson—Spielman—Srivastava theorem—about submatrices of orthogonal matrices,
which provide very good Marcinkiewicz-type discretization theorems for L. The
reader can find corresponding historical comments in [11]. We also refer the reader
to the paper [5] for a discussion of a recent outstanding progress on the theory of
submatrices of orthogonal matrices.

7 Discussion

As we pointed out in the introduction, the main results of this paper are on the
Marcinkiewicz-type discretization theorems in L. We proved here that under cer-
tain conditions on an N-dimensional subspace Xy we can get the corresponding
discretization theorems with the number of knots m < N(log N )7/2. This result is
only off from the ideal case m = N by the (log N)7/? factor. We point out that the
situation with the discretization theorems in the L, case is fundamentally different. A
very nontrivial surprising negative result was proved for the L, case (see [6—8]). The
authors proved that the necessary condition for 7(Q,) € M(m, 00) ism > |Q,|' ¢
with absolute constant ¢ > 0.
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Theorem 2.1 shows that an important ingredient of our technique of proving the
Marcinkiewicz discretization theorems in L consists in the study of the entropy
numbers & (X 11\/7 Lo). We note that this problem is a nontrivial problem by itself. We
demonstrate this on the example of the trigonometric polynomials. It is proved in [20]
that in the case d = 2, we have

(IQnI/k) log(4|Qnl/k),  k < 2|Qnl,

ex(T(Qn)1, Loo) K n'/? { 10D, k> 2000 (7.1)

The proof of estimate (7.1) is based on an analog of the small ball inequality for the
trigonometric system proved for the wavelet type system (see [20]). This proof uses the
two-dimensional specific features of the problem, and we do not know how to extend
this proof to the case d > 2. Estimate (7.1) is used in the proof of the upper bounds in
Theorem 3.7. Theorem 3.7 gives the right order of the entropy numbers for the classes
of mixed smoothness. This means that (7.1) cannot be substantially improved. The
trivial inequality log(4|Q,|/k) < n shows that (7.1) implies the following estimate:

| Qnl/k, k <2|0xl,
(T (Qn)1, Log) < n°/? {z—k/(/ZQ,,D’ k> 2|0, (7.2)

Estimate (7.2) is not as good as (7.1) in application for proving the upper bounds
of the entropy numbers of smoothness classes. For instance, instead of the bound in
Theorem 3.7, use of (7.2) will give

e (Wi, Log) < k™" (loghk)* 01372,

However, it turns out that in application to the Marcinkiewicz-type discretization
theorems, estimates (7.1) and (7.2) give the same bounds on the number of knots
m < |Qn|n’/?* (see Theorems 1.2 and 4.1).

As we pointed out above, we do not have an extension of (7.1) to the case d > 2. A
somewhat straightforward technique presented in [21] gives the following result for
all d:

nl/k)log(4|Qnl/k),  k < 2|04l
&(T(Qn)1, Loo) K nd/z{(|—Q/<|2/|Q)n)og( (017 k;:gn: (73)

This result is used in [21] to prove Theorem 1.3. An interesting contribution of this
paper is the proof of (7.2) for all d and for rather general sets 7 (Q); instead of
T (Qn)1. An important new ingredient here is the use of dictionary Dz(Q), consisting
of shifts of normalized Dirichlet kernels associated with Q, in m-term approximations.
Certainly, it would be nice to understand, even in the special case of the hyperbolic
cross polynomials 7 (Q,), whether the embedding 7 (Q,) € M(m, 1) withm < |Q,|
holds. Results of this paper only show that the above embedding holds with m >
|Qnln"/%. We got the extra factor n’/? as a result of using (7.2), which contributed
n3/2, and of using the chaining technique, which contributed n?.
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