Constr Approx (2019) 49:385-403 CONSTRUCTIVE
onstr Approx . r r
https://doi.org/10.1007/500365-018-9428-4 APPROXIMATION CrossMark

Optimal Monte Carlo Methods for L?-Approximation

David Krieg!

Received: 12 May 2017 / Revised: 23 February 2018 / Accepted: 13 March 2018 /
Published online: 6 April 2018
© Springer Science+Business Media, LLC, part of Springer Nature 2018

Abstract We construct Monte Carlo methods for the L?-approximation in Hilbert
spaces of multivariate functions sampling not more than »n function values of the target
function. Their errors catch up with the rate of convergence and the preasymptotic
behavior of the error of any algorithm sampling n pieces of arbitrary linear information,
including function values.
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1 Introduction

Assume we want to approximate an unknown real or complex-valued function on a
set D based on a finite number n of function values that may be evaluated at randomly
and adaptively chosen points. In general, these function values do not determine the
function uniquely, and so we cannot expect our approximation to be correct. We make
an approximation error, which we measure in the space L>(D, A, 11) of quadratically
integrable functions on D with respect to an arbitrary measure . In order to make
any meaningful statement regarding this error, we need to have additional a priori
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knowledge of the unknown function. Here, we assume structural knowledge of the
form that it is contained in the unit ball F, of a Hilbert space F that is compactly
embedded in L2(D, A, n). For instance, it may be bounded with respect to some
Sobolev norm on a compact manifold D. The error of the randomized algorithm or
Monte Carlo method A, is the quantity

1/2
¢U(Ay) = sup (E /D If = An(H)P du) .

ferF,

The error of an optimal randomized algorithm that asks for at most n function values
is denoted by

e(n) = i};lf e (A).

While it seems impossible to provide such algorithms, the optimal deterministic
algorithm evaluating n arbitrary linear functionals is well known. It is given by the
orthogonal projection P, onto the span of the first n functions in the singular value
decomposition of the embedding 7' : F < LZ. Its worst case error is the (n + 1)-st
largest singular value or approximation number o (n 4 1) of that embedding, the square
root of the (n + 1)-st largest eigenvalue of the operator W = T*T.

The algorithm P, asks for the first n coefficients of f with respect to the singular
value decomposition of the embedding 7. In most applications, however, it is not
possible to sample these coefficients, and we may only make use of function values.
This leads to the following questions:

e How does the error e(n) of optimal randomized algorithms using n function values
compare to the error o (n + 1) of the orthogonal projection P,?
e If possible, find a randomized algorithm A,, whose error is close to o (n + 1).

These are not new questions in the fields of Monte Carlo methods and information-
based complexity. There are several results for particular spaces F where e(n) behaves
similarly to the error of P,. See, for instance, Traub, Wasilkowski and WoZniakowski
[20], Mathé [13] and Heinrich [5]. Results by Cohen, Davenport and Leviatan [2] and
Cohen and Migliorati [3] contain a similar message, see Remark 3. In 1992, Novak
[16] proved that

o(2n)
V2
holds for arbitrary spaces F. This means that optimal randomized algorithms using n

function values are never much better than the orthogonal projection P,. On the other
hand, Wasilkowski and WoZniakowski [23] proved in 2006 that

e(n) >

on) <nPnn)? = em) <n PInn)?(nlnn)PT1/?

for all p > 0 and ¢ > 0. Here, we write x, < y, if there is some C > 0 and np € N
such that x, < Cy, for all n > ng. If x, < y, and y,, < x,,, we write x, =< y,. This
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means that optimal randomized algorithms using function values are always almost as
good as the orthogonal projection P,. The proof of this result is constructive. It raises
the question whether the additional power of the double logarithm is necessary or not.
In fact, Novak and WozZniakowski showed in 2012 that this is not the case for ¢ = 0;
that is,

ocn)xn? = em)yxn?

for all p > 0. The proof of this result, however, is not constructive. Both proofs
can be found in their monograph [18, Chapter 22]. In the present paper, we prove
the corresponding statement for g > 0. More generally, we consider upper bounds
with the following property. We say that the sequence L : N — (0, 00) is regularly
decreasing if there is some r > 0 such that

L(m) > 2""L(n) whenever n <m < 2n. (1

If there is some ng € N such that L(n) is nonincreasing for n > ny, this is equivalent
to L(2n) < L(n). Property (1) is satisfied if L(n)n" is nondecreasing. The sequence

L(n) =n"? (1 +log,n)?

is regularly decreasing for any p > 0 and ¢ > 0. It satisfies (1) for r = p. Another
example is

L(n) = (1+1logyn)?

for any ¢ > 0, which satisfies (1) for » = g. The sequence is not regularly decreasing
if it decays exponentially or has huge jumps. We obtain the following result.

Theorem 1 If L : N — (0, 00) is regularly decreasing, then
on)xLin) = em) < Lmn).

This solves Open Problem 99 as posed by Novak and WozZniakowski in [18]. One
problem with this result is that it does not provide any algorithm; it only states the exis-
tence of good algorithms. Another problem is that the error bound is only asymptotic.
The preasymptotic behavior of e(n) may, however, be very different from its asymp-
totic behavior. This is typically the case if the set D is a domain in high-dimensional
Euclidean space.

These problems are tackled by Theorem 2. In Sect. 3, we provide a randomized
algorithm A}, forany n € Nand » > 0. This algorithm is a refinement of the algorithm
proposed by Wasilkowski and WoZniakowski [23]. It asks for at most n function values
and satisfies the following error bound.
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Theorem 2 Assume that L : N — (0, oo) satisfies (1), and let ¢, = 2" T2 +31+1,

If o(n) < L(n) forall neN,
then eM(AN) < ¢ L(n) forall neN.

The constant ¢, only depends on the order r. If D is a domain in d-dimensional
Euclidean space, this order is often independent of d or even strictly decreasing with
d. See Sect. 3 for the definition of this algorithm and several examples.

We find that the error of randomized algorithms using » function values of the target
function can get very close to the error of the orthogonal projection P, and that this is
achieved by the algorithm AJ,.

In Sect. 4, we use these algorithms for the integration of functions f in F with
respect to probability measures . We simply exploit the relation

/Dfdu=fDA;fdu+/D<f—A;f>du.

We compute the integral of A, f and use a direct simulation to approximate the integral
of (f — A}, f), which has a small variance. This technique is called variance reduction
and widely used for Monte Carlo integration. See Heinrich [5, Theorem 5.3] for
another example. Even if D is a high-dimensional domain, the resulting method can
significantly improve on the error of a sole direct simulation for a relatively small
number of samples.

These results are based on the a priori knowledge that our target function is contained
in the unit ball of the space F. In Sect. 5, we discuss how this assumption can be
weakened.

2 The Setting
Let (D, A, 1) be a measure space and K € {R, C}. The space L> = L?(D, A, i) is

the space of quadratically integrable K-valued functions on (D, A, 1), equipped with
the scalar product

<f,g>2=/ -z du.
D

Let F be a second Hilbert space and F, be its unit ball. We assume that F is a subset
of L? and that

T:F—L> Tf=f
is compact. With the embedding 7', we associate a positive semi-definite and compact
operator W = T*T on the space F. By the spectral theorem, there is a (possibly finite)

orthogonal basis B = {by, by, ...} of F, consisting of eigenvectors corresponding to a
nonincreasing zero sequence (A,),en of eigenvalues of W. Let N be the cardinality of
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BB. One can easily check that B is orthogonal in L2, as well. We take the eigenvectors

b, to be normalized in L?. We call this basis the singular value decomposition of 7'.!

The number o (1) = /A, is called its n-th singular value or approximation number.
The worst case error of a deterministic algorithm A : F — L? is the quantity

e®(A) = sup | f — A5
feFs

The worst case error of a measurable randomized algorithm

A:FxQ— L% (f 0)— A°(f),

where €2 is the sample space of some probability space (€2, F, IP), is the quantity

1/2
ran Ay = E, |l — Aa“(H|?) .
e (A) fs:g( |7 (f)Hz)

We usually skip the w in the notation. See Novak and Wozniakowski [17, Chapter 4] for
a precise definition of such algorithms. We furthermore define the following minimal
worst case errors within certain classes of algorithms.

The quantity
edet(n, T, Aall) — inf edet (A)
Ac Agel.all
is the minimal worst case error within the class Aﬂet'a” of all deterministic algorithms

evaluating at most n linear functionals of the input function.
The quantity

eran(n’ T, Aall) — lnf eran(A)
AeAian,all

is the minimal worst case error within the class Azan’a“ of all measurable randomized
algorithms evaluating at most n linear functionals.
The quantity

n, T, A = inf  e%(A)
Ac Aget,atd
is the minimal worst case error within the class Aﬂet’Std of all deterministic algorithms
evaluating at most n function values of the input function.
The quantity

e(n) =™, T, A = inf €™(A)
AeA;‘dn,std

' This term is more commonly used to refer to the representation T'f = Y, 5 (f, b) Tb of the compact
operator. Here, the altered terminology shall ease the notation.
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finally is the minimal worst case error within the class A™™*Y of all measurable
randomized algorithms evaluating at most n function values. This is the error to be
analyzed. It was proved by Novak [16] that

1
eran(n’ T, AStd) > eran(n’ T, Aall) > Eedet(zn _ 1’ T, Aall) (2)

The error edet (n, T, Aa”) is known to coincide with o (n + 1). We refer to Novak and
Wozniakowski [17, Section 4.2.3]. The infimum is attained for the nonadaptive linear
algorithm

nAN

Py:F— L% Pu(f)=) (fibi)rbi.
k=1

Here, log, x denotes the logarithm of x > 0 in base 2, whereas In x denotes its natural
logarithm. The minimum of a € R and b € R is denoted by a A b. Recall that we
write x,, < y, if there is a positive constant C and some n¢ € N such that x,, < Cyj,
for all n > ng. We write x, < y, if x, < y, and y, < x,.

3 A Method for Multivariate Approximation

Let us keep the notation of the previous section. For any m € N with m < N, we
define

1 m 2
j=1
This is a probability density with respect to ©. We consider the probability measure
wm A= 10,11, wm(E) =/ Uy dp
E

on (D, A).Inview of ogtimal algorithms in A% we introduce the following family
of algorithms in A",

Algorithm Letn = (n1,n3,...) and m = (m, ms, ...) be sequences of nonnega-
tive integers such that m is nondecreasing and bounded above by N = |B|. We define
the algorithms M,(,k,),, : L2 — L? for k € Ny as follows.

o Set M), = 0.
e Fork > 1land f € L2 1let X }k), R X,(,];) be random variables with distribution
Mm, that are each independent of all the other random variables, and set

k=1) £\ 7~
m Nk — M f)bi
1 (f n,m ) j
k k—1 (k)
ME, f=MEDF+ o > y (Xi ) bj-
=1 mg

i=1
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Note that the expectation of each term in the inner sum is (f — M,(,lf; D fibj)a.

The algorithm M,(,kz,, hence approximates f in k steps. In the first step, n; function
values of f are used for standard Monte Carlo type approximations of its m leading
coefficients with respect to the orthonormal system B. In the second step, n, values of
the residue are used for standard Monte Carlo type approximations of its m, leading
coefficients and so on. In total, M,(,k,),, uses Z’;zl n; function values of f. The total
number of approximated coefficients is my.

Algorithms of this type have already been studied by Wasilkowski and
Wozniakowski in [23]. The simple but crucial difference with the above algorithms is
the variable number 7 ; of nodes in each approximation step. Note that this stepwise
approximation is similar to several multilevel Monte Carlo methods as introduced by
Heinrich in 1998, see [4].

The benefit from the kth step is controlled by my and ny as follows.

Lemma 1 For all nondecreasing sequences n and m of nonnegative integers and all
k e N, we have

2 2
o+ D2 = e (M) = ZEe™ (Mi,0) 4o mic+ D2,
k

Lemma 1 corresponds to Theorem 22.14 by Novak and Wozniakowski [18]. The
setting of the present paper is slightly more general, but the proof is the same. Since
Lemma 1 is essential for the following investigation, I present the proof.

Proof The lower bound holds true, since M,(,kz,, (b, +1) s perpendicular to by, 11. To
prove the upper bound, let f € Fo. By E; we denote the expectation with respect to
the random variables X ;J ) for je€landi=1...n;. Weneed to estimate

2
Ef1..k) Hf—M,(,]f) fH ZEU K} Kf Mo f: b/>2‘ :

On the one hand, we have

N N N
> sl oo = X Wrnhl= X W)L
j=mi+1 Jj=mi+1 Jj=mp+1
N 2
= 3 (Lot o) = olme+ D2 IFIE < olm + 12
j=mi+1

We use the abbreviation

(f = Miu7) By

U,

g =
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for each j < my. Note that u,,, = 0 implies b; = 0, and we set g; = 0 in this case.
We then obtain, on the other hand, for each j < my, that

1 & ?

-, - S 1)

i=1
1 &
(x)d S .(x@)
/D 7 (x) ditm, (x) nkl;g, ,

1
<— / ;O dptmy (x) = / |20ty () dia(x),
nk ng Jp

® ?
B Kf — Mymf, bj>2‘ =Ky

2
= E

and hence

mp
> B |(f - M r.0)) <—/ Zlg,<x>| t () dpa(x)
j=1

mp B
B _f ’(f_Mi(lkml)f) (x)’ dM(X)Z—Hf M(k l)fH
nrg Jp "
With Fubini’s theorem, this yields that
(k) 2 mg 1) 5 i
Eq1..x) Hf M sz < EE{li..k—l} ”f—Mn’m szJra(mk+l) ,

and the upper bound is proved. O
We now define the algorithm of Theorem 2. We consider such algorithms M,(,k,),,,
where the number of nodes 7 ; is doubled in each step and the rat10 L of approximated

coefficients and computed function values is constant, say 27¢. ThlS way, the total
number my, of approximated coefficients is linear in the total number n of computed
function values. This is necessary to achieve an error of the same order as with optimal
algorithms using arbitrary linear information, which precisely compute the first n
coefficients. The algorithms by Wasilkowski and WoZniakowski [23] do not have this
property. If the ratio is small enough, Lemma 1 ensures that M,(, m inherits optimal

error bounds from M,(,]fml).

Algorithm Given r > 0, we set £, = [2r + 1] and define the sequences n and m by

n— 0, for j < ¢, ~_]o, for j <¢,,
J 271 for j > &, J 2071t AN, for j > ¢,.

For n € N, we choose k € Ny such that 2k <pn < 2k+1 and set
k
A =M.

The algorithm A}, obviously performs less than n function evaluations.

@ Springer



Constr Approx (2019) 49:385-403 393

Proof of Theorem 2 Let n and m be defined as above and k € Ny. We first show that
e (M) = & LY, 3)
where ¢, = 2" +D+1 We use induction on k. If k < £,, we have M,sk,),, =0 and
™ (M,ﬁ’j)n) = o(l) < L(1) < 27*L@2Y < & L@h.

For k > ¢,, we inductively obtain with Lemma 1 that

2 2
gran (Mlgl,(r)n) < Zfﬁreran (Mr(t]frzl)) + o(mk + 1)2
2 2
<270 L (27) 4L (20
S 2—5,63 22rL(2k)2 + 22r(€r+l)L(2k)2
_ (22r—Z,- + 2—2) Ef L2,

where the term in brackets is smaller than 1. This shows (3). For n € N, we choose
k € Ny with 28 < n < 2%*+! and obtain

e (A7) = e (M,g’j),,) <& L% <276 Ln) = ¢, L(n),

as was to be proved. O

Note that Theorem 1 is a direct consequence of Theorem 2. Of course, the best
possible upper bound for o (n) is o (n) itself. If we combine Theorem 1 for L(n) = o (n)
with Novak’s lower bound (2), we obtain the following statement on the order of
convergence.

Corollary 1 Assume that o (2n) < o (n). Then
e (n, F e L2 AM) e (n, F > L2 AM) < % (n, F > 12, AM).

Note that the error %! (n, F < L?, A®Y) of optimal deterministic algorithms
based on function values may perform much worse, as shown by Hinrichs, Novak
and Vybiral [7], see also Novak and WoZniakowski [18, Section 26.6.1]. It is a very
interesting question whether the condition on the decay of the singular values can be
relaxed. Note that we use this condition both to prove the upper and the lower bound
of Corollary 1. On the other hand, if we combine Theorem 2 for L(n) = o (n) and the
lower bound (2), we obtain the following optimality result.

Corollary 2 Assume that there is some r > 0 such that o (2n) > 27" 0 (n) holds for
alln € N. We set & = 212 +4143/2 Then we have

emn (A,';) < ¢y e (n, T, AStd) forall neN.
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Let us now consider some examples. In each example, we first discuss the order of
convergence of ¢™" (n, F < L?, Asm). We then talk about explicit upper bounds.

Example 1 (Approximation of mixed order Sobolev functions on the torus). Let D be
the d-dimensional torus T, represented by the unit cube [0, 1]¢, where opposite faces
are identified. Let A be the Borel o-algebra on T¢ and u the Lebesgue measure. Let
F be the Sobolev space of complex-valued functions on D with dominating mixed
smoothness r € N, equipped with the scalar product

(f.8)p= Y  (D“f D%),. @

lalloo<r
We know that
edet (n, F — L2, Aa“) =n " In"@D .
This classical result goes back to Babenko [1] and Mityagin [14]. Corollary 1 yields
emn (n F < L2 AStd> =n " In"@ Dy,

This is a new result. The optimal order is achieved by the algorithm A}, and the author
does not know of any other algorithm with this property. It is still an open problem
whether the same rate can be achieved with deterministic algorithms based on function
values. So far, it is only known that

n @D, g pdet (n, F s LZ,Astd> < D@D

The upper bound is achieved by Smolyak’s algorithm, see Sickel and Ullrich [19].
We now turn to explicit estimates. We know that there is some C; 4 > 0 such that

o (n Fes L2, AStd> < Cran~" "9V forall n>2. (5)

This upper bound is optimal as n tends to infinity. However, it is not useful to describe
the error numbers for small values of n. Simple calculus shows that the right-hand
side in (5) is increasing for n < ¢?=1. The error numbers, on the other hand, are
decreasing. Moreover, the right-hand side attains its minimum for n = 2 if restricted
ton < (d — 1)~ and is hence larger than €™ (2, F < L?, A*Y9). This means that
the trivial upper bound

oran (n Fes L2 A“d) < mn (2, Fes L2 A“d) forall n>2

is better than (5) foralln < (d — 1)4~! and regardless of the value of C, 4. For these
reasons, it is important to consider different error bounds, if the dimension d is large.
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See also the paper of Kiihn, Sickel, and Ullrich [12]. Based on this paper, it is shown
by the author [9] that

r

o(n) < @2/n)? forall neN, if p=2+lnd'

We obtain with Theorem 2 that
ran P [2p+4] P
e (Af) =2+ (27441 n)" for ne N, ©)

Example 2 (Approximation of mixed order Sobolev functions on the cube). Now, let
D be the d-dimensional unit cube [0, 1]¢ with the induced topology, and let A be the
Borel o-algebra and u the Lebesgue measure. Let F be the Sobolev space of complex-
valued functions on [0, 1]¢ with dominating mixed smoothness r € N, equipped with
the scalar product (4). Just like on the torus, we have

ern (n F < L2, ASld> = edet (n F < L2 Aau> =n " In"@D p,

where the optimal rate is achieved by A,. Like in Example 1, the corresponding upper
bounds are bad forn < (d — l)d_l. In this range, we need different estimates for the
approximation numbers. It is known that

o(n) < (2/n)? for neN, if p=

This estimate cannot be improved significantly for n < 2¢, even if r = oc. See the
author’s paper [9] for more details. With Theorem 2, we obtain the upper bound

e (AR) <2-2%/m)P for neN.
Example 3 (Approximation in tensor product spaces). This example is more general
than the previous ones. By H; ® H, we denote the tensor product of two Hilbert spaces
Hyand Hy.For j =1...d,let (Dj, Aj, v;) be a o-finite measure space and F; be a

Hilbert space of K-valued functions that is compactly embedded in L?(D;, A;, vj).
The o -finity of the measure spaces ensures that

L*(D1, A1, 1) ® -+~ ® L*(Dy, Ag, va) = L*(D, A, 1),

where D is the Cartesian product of the sets D; and y is the unique product measure
of the measures v; on the tensor product A of the o-algebras .A;. The tensor product
space

F=FQ® --®F

@ Springer



396 Constr Approx (2019) 49:385-403

is compactly embedded in L>(D, A, ;). Assuming that the approximation numbers
of the univariate embeddings F; — L*(D i, Aj, vj) are of polynomial decay, that is,

et (n, Fj > LDy, Ajovj), A) =< ™)
for some r; > 0, it can be derived from Mityagin [14] and Nikol’skaya [15] that
edet (n’ F — LZ(D, A’ M)’ Aall) = n—r lnr(do—l) n,

where r is the minimum among all numbers r; and dy is its multiplicity. Corollary 1
implies

ern (n F < L*(D, A, W, AStd> = n " In" =Dy

where the optimal order is achieved by A/. We do not discuss explicit estimates in
this abstract setting.

Example 4 (Approximation of isotropic Sobolev functions on the torus). Let D again
be the d-torus, this time represented by [0, 277]. Let F be the Sobolev space of
complex-valued functions on D with isotropic smoothness r € N, equipped with the
scalar product

(f’g>F= Z (Daf9Dag)2°

lleelly=<r

This example is not a tensor product problem. For this classical problem, it is known
that

edet (n’ F < L2,AStd) = eran <n’ F — LZ,AStd)

< et (n, F s L2 A) < e (n, F s L2, A1) 7/

for r > d/2. In the case r < d/2, where function values are only defined almost
everywhere, the last three relations stay valid. See Jerome [8], Triebel [21], Mathé
[13], and Heinrich [6]. For n < 2¢, however, the function n~"/ 4 s not suited to
describe the behavior of o (n). It has been proved by Kiihn, Mayer, and Ullrich [11]
that there are positive constants b, and B, that do not depend on d such that

log, n log, n

log, (1+d/1 2 log, (1+d/1 1z
br(ng( + /0g2”)> §o(n)§B,<0g2( + /0g2")> 7
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foralld > 1and n € N withd < n < 2¢.If we apply Relation (2) and Theorem 2,2
we obtain the existence of d-independent positive constants b, and B, such that

; <log2 (14d/log, n))r/2 ~ <log2 (1+d/log, n))r/2
:

<e() < B,
log, n log, n

foralld > 1 andn € Nwithd <n < 24=1 This optimal behavior is achieved by the
algorithm AJ.

Remark 1 (Implementation of these algorithms). The construction of the algorithms
Al is completely explicit. We are able to implement these algorithms if we know
the singular value decomposition B of the embedding F < L? and if we are able to
sample from the probability distributions p,, . This task may be very hard. In Example 1
and 4, however, it is not. Here, B is the Fourier basis of L2, and all the random variables
are independent and uniformly distributed on the unit cube. Also the case of general
tensor product spaces F and L> can be handled if the singular value decompositions
B; of the univariate embeddings F; < L?(D;, A;, v;) are known. Then, the singular
value decomposition of the embedding F < L? is given by

B:[b(')®~-®b(‘1> |59 € B, for j:l...d},

and the probability measure p,, is the average of m product densities; that is,

1 m d
Mm =;Z®m,,‘,

i=1 j=1

where dn; ; = |b; j|*dv; with some b; ; € B;. A random sample x from this distri-
bution can be obtained as follows:

(1) Get i from the uniform distribution on {1, ..., m}.
(2) Getxi,...,xq independently from the probability distributions 7; 1, ..., 1i.4.

The second step can, for example, be done by rejection sampling, if the measures 7; ;
have a bounded Lebesgue density. This way, the total sampling costs are linear in d.
Another method of sampling from p,, is proposed by Cohen and Migliorati in [3,
Section 5].

2 We take L(n) as the right-hand side in (7) ford < n < 24, L(n) = L(29) forn > 24, and L(n) =
max {1, L(d)} forn < d. Then o (n) < L(n) forn € N, and L(n)n" is nondecreasing.
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4 A Method for Multivariate Integration

In this section, we require the measure n to be finite. This ensures that the integral
operator

[:F—>K, I(f):ffdu
D

is well defined and continuous on F. Let us assume that u is a probability measure.
We want to approximate / (f) for an unknown function f € F, by a randomized
algorithm Q,, that evaluates at most n function values of f. The worst case error of
Q,, is the quantity

172
(0, = sup (EI1(H) - 0u(HP) "

fers

The minimal worst case error among such algorithms is denoted by
eran(n’ I, AStd) — lgf eran(Qn).
Like any method for L2-approximation, the algorithm Al from Sect.3 can also be
used for numerical integration.
Algorithm Forall r > 0,anyn € N, and f € L2, let
1 n
Q5 (f) = 1AL )+~ 3 (f = AL ) (X)),
j=1

where X1, ..., X,, are random variables with distribution p that are independent of
each other and the random variables in A.

It is easy to verify that Q% is unbiased, evaluates at most 2n function values of f,
and satisfies

1
E|IH - 05D < Elf = arfl;

for each f in L2. We thus obtain the following corollary.

Corollary 3 Assume that L : N — (0, 0o) satisfies (1), and let ¢, = 2712 +31+1,

If o(n) < L(n) forall n €N,
then e (05,) < ¢ n~2Ln) forall neN.
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In particular:
edet (n, F < L2, Aa") <n Pmin

= ™ (n, 1, AStd> <n P7121n9 p.

The result on the order of convergence is quite general but not always optimal.
An example is given by integration with respect to the Lebesgue measure p on the
Sobolev space F with dominating mixed smoothness r on the d-dimensional unit
cube, as treated by Novak and the author [10] and Ullrich [22]. In this case, we have

et (n Fes L2 Aall) =0 I @D

eran (n’ I, Astd) - n—r—l/2_

The main strength of Corollary 3 is that it provides us with unbiased methods for high-
dimensional integration achieving a small error with a modest number of function
values.

Example 5 (Integration of mixed order Sobolev functions on the torus). As in Exam-
ple 1, let F be the Sobolev space of dominating mixed smoothness » on the d-torus,
and let  be the Lebesgue measure. Among all randomized algorithms for multivariate
integration in F, the randomized Frolov algorithm Q} is known to have the optimal
error rate. It is shown by Ullrich [22] that there is some constant ¢ > 24 such that

e (Q*) <cn72 for neN. ®)

n) =

However, this estimate is trivial if n is not exponentially large in d. For smaller values
of n, an error less than one is guaranteed by the direct simulation

1 n
Sa(f)= =D FX),
j=1

with independent and uniformly distributed random variables X ;. It satisfies

€M (S) <n Y2 for neN. )
However, this error bound converges only slowly, as n tends to infinity. It does not
reflect the smoothness of the integrands at all. The above method also guarantees
nontrivial error bounds for smaller values of n but converges faster than S,,. Relation (6)
immediately yields that

e (Qh) < Cn P2 for neN, (10)

with p = 55— and C = 2P[2*41+1 For example, let d = 500 and r = 8. For one
million function values, the estimate (8) for the Frolov algorithm is larger than one,
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the estimate (9) for the direct simulation gives the error 1073, and the estimate (10)
for our new algorithm gives an error smaller than 5 - 1077,

Remark 2 (Implementation of these algorithms). We are able to implement the algo-
rithms Q7 under the following assumptions:

e We are able to implement A,. This issue is discussed in Remark 1.
e We know the integrals I (b;) of the eigenfunctions b; € B forall j < 27bn.
e We can sample from the probability distribution .

In the above example, the implementation is particularly easy, since B is the Fourier
basis and all the random variables are independent and uniformly distributed on the
unit cube.

5 A Weaker Type of A Priori Knowledge

In the previous sections, we assumed that the target function f is contained in the unit
ball of a Hilbert space F that is compactly embedded into L2, that is,

IFllF <1. (11)

As we have seen in Sect. 2, the space F induces a nonincreasing sequence o, the
singular numbers

o(l) >0(2)>--->0

of the embedding F < L. This sequence is either finite or tends to zero. It also
induces a nested sequence V of subspaces

VocVicVac---CL? dim(Vy,) =m,

where V,, is spanned by the first m elements of the singular value decomposition.

In turn, any such pair (o, V) induces a Hilbert space F that is compactly embedded
into L2, We choose by, as an element of the orthogonal complement of V,,,_ in V,,
with ||b;, ]|, = 1 and define F by its orthonormal basis {o (1)b1, 0 (2)b3, ...}. It has
the scalar product

(f.8)r =Y o) 2 (f.be)s (g bi)as

where we take the sum over the whole sequence o. It is not hard to see that the
correspondence between F and the pair (o, V) is bijective up to the choice of the
spaces V,, for which we have o(m 4+ 1) = o (m).

Let P,, denote the orthogonal projection onto V,, in L. It is readily verified that
our assumption (11) on the target function f implies that

If = Pufll3 <o(m+1)* forall m e Ny. (12)
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In general, however, (12) is strictly weaker than (11). For example, if o (k) = 1/k for
k € N, the function

f=) 0k —alk+1H" b

satisfies (12) but is not even contained in the space F. In Sect. 3, we constructed a
randomized algorithm AJ, : L? — V,, and proved upper bounds on the mean square
error |E || f—=A(f) ||§ for any f from (11). In fact, the same error bounds hold for
any f from (12). We state this as Theorem 3.

Theorem 3 Let (D, A, j1) be a measure space and L*> = L*(D, A, n). For any
m € Ny, let V,, be an m-dimensional subspace of L? such that V,, C Vin+1, and let
P, : L? — V,, be the orthogonal projection onto V,,. Assume that f € L? satisfies

If — Pufll3 <e(m) forall m e Ny, (13)

with some ¢ : Ny — (0, 00). Then the randomized algorithm Q,, : L*

defined below satisfies

— Vi, as

Ellf — Qufl3 <2e(m)

for any m = 2 and k € Ny. The number of requested function values is at most

Ry ) "

n(Qm) <4m - max ’7 )

0<j<k

To define the algorithm Q,,, we choose b, in the orthogonal complement of V,,_;
in V,, with ||b, ||, = 1 foralln € N. For j € N, we set

j—2
mj=2j_l and nj=2j [M—‘

g2/
Then the method M,(,kz,, : L? — V,,, for k € Ny can be defined as in Sect. 3. Given
m = 2% for some k € Ny, we define Q,, = M,g]f,j,_l) L2V,

Proof We only sketch the proof since it is very similar to the proof of Theorem 2. Just
like in Lemma 1, we can show for any k& € Ny that

2 2
E|f-m0r|) < 2 E| - M| + e,
' 2 M4 ' 2
The statement follows by induction on k € N. O

Note that we did not impose any condition on the upper bound ¢ : Ny — (0, 00).
If ¢ is regularly decreasing, the maximum in (14) is bounded by a constant that does
not depend on m. Roughly speaking, the algorithm Q,, admits a mean square error of
order ¢(m) with a sample size of order m for any f from (13).
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Remark 3 (Optimal approximation within a subspace). Let D be a Borel subset of
R with positive Lebesgue measure, .A be the Borel sigma algebra on D, and u be a
probability measure on (D, A). The best approximation of f € L?(D, A, i) within
the subspace V,, is given by P, f. Its error is given by the number

em(f) = inf || f —vly,=1f = Pufl,.
veVy

In general, we cannot find P, f by sampling only a finite number of function values
of f. What we can provide is a random approximation v, within V,,, whose root mean
square error

(E17 —vai3)”

is close to e, (f). If we know the numbers e, (f) for all m € N (or some good upper
bound) and if they are regularly decreasing, we can choose vy, as the output of the
method Q,, from Theorem 3, which uses a sample size of order m. But even if we do
not know anything about f € L?, we can still find an approximation v,, like above.
We only need the mild assumption that V), consists of functions defined everywhere
on D and that for each x € D, there is some v € V,, with v(x) # 0. We can then
choose vy, as the output of a weighted least squares method, see Cohen and Migliorati
[3, Theorem 2.1 (iv)]. The sample size of this method, however, is at least of order
m Inm. In both cases, the involved proportionality constants are independent of the
dimension of the domain D.

Acknowledgements I wish to thank Erich Novak, Robert Kunsch, Winfried Sickel, and two anonymous
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