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1 Introduction

The problem of compactness of embeddings between function spaces on bounded
domains £2 in R is a classical question with a long history. Many authors have studied
this problem by using a variety of techniques, some of them based upon piecewise-
polynomial approximation, more refined spline approximations, the Fourier-analytical
approach, or wavelet bases. See, for example, the books by Triebel [48, 4.10], Konig
[29, 3.C], Edmunds and Triebel [22, 3.3] and the references given there; see also the
papers by Leopold [36] and Cobos and Kiihn [14]. The related question of embed-
dings between weighted function spaces on RY has also been extensively studied, as
can be seen in the papers by Haroske and Triebel [28], Kiihn, Leopold, Sickel and
Skrzypczak [33-35], Kiihn [31,32] and Haroske and Skrzypczak [26,27]. The out-
come is the description of the degree of compactness of the embeddings id in terms
of the asymptotic behavior of entropy numbers (e, (id)) and of approximation num-
bers (ay(id)). For the case where £2 is a bounded domain in R? with C* boundary,
1l < p<o00,0<gqg <o00,s >0, and we consider the embedding operator id from
the Besov space B‘;)) q(.Q) into the Lebesgue space L, (£2), it turns out that a, (id)

and e, (id) behave asymptotically as n—s/d (see [22, Theorems 3.3.3/2 and 3.3.4]).
The space Bf,! q(Rd) is defined by using the Fourier transform, and B;,q (£2) is the

restriction of Bf,’ p (R?) to £2.

In this paper, we deal with periodic spaces of functions on the d-torus T¢, defined

by using the modulus of smoothness. Besides Besov spaces B;',’ 4> We also consider

Besov spaces of generalized smoothness B;;ff;, where s > 0 and v is a slowly varying

function, paying special attention to the case when s = 0 and ¥ (¢) = (1 + |log¢|)”

that we denote by B(l),’,’; (see, for example, the papers by DeVore, Riemenschneider, and

Sharpley [20]; Caetano, Gogatishvili and Opic [6]; or Cobos and Dominguez [9,10]).
0,y . .

Spaces B, ; have only logarithmic smoothness.

Let 1 < p < oo. For the embedding id : B;,’fg < L, with s > 0, we show
that the approximation and entropy numbers behave as n=*/¢ /v (n'/4). If s = 0 and
V(1) = (14| logt|)?, then the behavioris as (logn) " T1/9) if y +1/g > 0, while in
thelimitcasey = —1/q and0 < g < oo, we derive that they behave asymptotically as
(loglog n)~'/4. Note that when s = 0, the estimates do not depend on the dimension d.
We also establish sharp results on approximation and entropy numbers of embeddings
B}Y < B)Y.

To establish all these estimates, we follow a new approach based on the struc-
ture of B‘Yp’f/é as approximation space modeled on L,. In fact, given an abstract
approximation scheme (X; A,), we consider the approximation spaces X”, where
b is a certain sequence of positive numbers, and we analyze the degree of com-
pactness of the embedding Xg < X in terms of approximation and entropy
numbers.
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We work with sufficiently general sequences b, so that spaces Xg include as
special cases the classical approximation spaces X;‘ (see [4,5,18,19,39,41]), the
more general spaces Xéa’w) (see [10,43]), as well as limiting approximation spaces

X7 (see [15,16,23]) and X" (see [24,44]). Almira and Luther [1,2] have also
studied an extension of spaces X%, but our conditions on the parameters are differ-
ent.

In Sect. 2, we introduce the spaces X”, show an equivalent quasi-norm in X?, and
prove a representation theorem, which allows us to describe any element f € X Z as
the sum of a series f = Z?o:O gj with g; € A, for a certain sequence (n(j)). This
result comprises several others in the literature, namely, the representation theorems
established by Pietsch [41, Theorem 3.1] for XZ‘, Cobos and Resina [16,17] and Fehér
and Grissler [23, Theorem 1] for X ;O’y) with y > —1/q, Pustylnik [43, Theorem 3.3]

for X (5“’]//), and Pustylnik [44, Theorem 3.2] and Ferndndez-Martinez and Signes [24,

Theorem 5.4] for X L[]a’w;r]. In addition, it gives new information for Xéo’_l/ q), the
extreme case where y = —1/g and 0 < g < oo which shows another jump in the

scale.

In Sect. 3, we develop a procedure that shows how one can relate limiting spaces
with classical approximation spaces by selecting an appropiate subsequence of the
approximation sets A,. As a consequence, we derive the reiteration theorem and
the interpolation theorem for limiting spaces X;O’y) with y > —1/g established in
[23, Theorems 2 and 5] from the corresponding results for spaces Xg given in [41,
Theorem 3.2], [38] and [5, Korollar 2.3.1]. This technique yields a new result in the
extreme case y = —1/q. We also use this approach to derive interpolation properties
of limiting spaces from the properties of spaces X;‘.

Then, in Sect. 4, we work with linear approximation schemes (X; A,), that is,
we suppose that A, = P,(X), where (P,) is a sequence of uniformly bounded
projections in X. We consider the embedding id : Xg <— X and we show an
upper estimate for approximation numbers and a lower estimate for entropy numbers.
When Xé’ equals X,(Ia’w) and ¢ > 0, we determine the exact asymptotic behav-
ior of entropy and approximation numbers of the embedding. We also cover the
case ij’ = XK(IO’V) for y > —1/q, as well as some other embeddings including

id : X,ﬁa’v/) — X((]O’y).
. . s, ¥
In the final Sect. 5, we apply the previous results to embeddings B,;, —

Lp, B%f; < L, and Bsp’fﬁ — B?,’,Z establishing the results already stated for approx-
imation numbers and entropy numbers.

Working with Besov spaces given by the modulus of smoothness, usually the cases
of positive smoothness and logarithmic smoothness require different tools. See, for
example, [12,13,20]. However, our approach allows us to cover both cases simulta-
neously. Other applications of the abstract results are possible. In particular, they can
be used to derive similar results for Besov sequence spaces.
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2 Approximation Spaces

Hereafter, given two sequences (i), (v,) of nonnegative real numbers, we write u, <
v, if there is a constant ¢ > 0 such that u,, < c v, for all n € N. The notation u,, ~ v,
means u, < v, and v, < u,. A similar notation is used for quasi-norms.

~ ~

Let (X, || - | x) be a quasi-Banach space, and let (A,,),en, be a sequence of subsets
of X satisfying the following conditions:

Ag={0}C A C...CA,C...CX,
AA, € A, for any scalar A and any n € Ny = N U {0},
Ap+ Ay € Ay4yy forany n, m € Np.

Given any f € X, we put Eq(f) = | f|lx and

Ey(f) = Ea(f)x =inf{| f —gllx : g € An},n € N.

Let b = (b,) be a sequence of positive numbers with by = 1, and let 0 < g < oo.
We assume that

o0
> bin~! = ocifq < 0o and sup {b,} = 00if ¢ = oo. 2.1)
n=1

n>1

The approximation space Xg = (X; An)g consists of all f € X that have a finite
quasi-norm

x 1/q
(Z (bnEnl(f))qn_l> if 0 < g < oo,

n=1

Sup,>1 {bnEn—1(f)} if g = o0.

1f 1y =

It is easy to check that if (2.1) does not hold, then we are in the trivial case where
X=X 3 with equivalence of quasi-norms.

Clearly, X (’; — X, where < means continuous embedding. Moreover, if b, ~ h,,
then X (’; =X g with equivalence of quasi-norms.

Next we give some examples.

Example 2.1 Let b, = n®, where o > 0. The approximation spaces X 2‘ generated by
b = (b,) are the classical approximation spaces considered in [5,18,19,39,41]. It is
shown in [41, Proposition 2] that

i 1/q
IIf llxe ~ IIfII}g =1 IfI% +22j°‘qE2/(f)q

j=1

This equivalent quasi-norm is very useful for developing the theory of spaces X f]‘. It

involves the sequences (¢(j)) = (27 and (n( j)) = (27), which have the following
connection with the sequence (b,) = (n%): If ¢ = oo, we have
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max{by - n(j) + 1 <k 5n(j+1)}=maxik°‘:2j+1§k 52]’“] — (+De

~ (),
and if 0 < g < oo, we obtain
n(j+1) g i+
b d .
X - / xS 20 = (),
k=n(j)+1 2

Note also that 1 = n(0) < n(l) < --- <n(j) < ---,1 =¢0) < (1) <--- <
o(j) <---,andthat 1 < @(j+1)/¢(j) =2%, j € Ny. Furthermore,

r—1 r—1

don(y=> 2/ <2 =n@).

J=0 J=0

In a more general way, if i is a slowly varying function (see [21, pp. 108—109] and

also [3]), we designate by X, [(Ia"//) the approximation space generated by b = (b,) =
(n%yr(n)) (see [10,43]). Without loss of generality, we may assume that (b,) is an
increasing sequence. If we take this time (p(j)) = (2/’%(2/)) and (n(j)) = 29,
then we have similar relationships as above between (b,,) and (¢(j)), (n(j)). Indeed,
if 0 < g < oo, by [21, Proposition 3.4.33], we get

n(j+1) q 2J+l1
b d . .
> /2]_ (Y )1 5 ~ 20y 201 = ().

k=n(j)+1

Moreover, using [3, Theorem 1.5.6], we obtain that there are N € N and constants
1 < K| < K> such that

i+ 1
1§—¢)(]—i._ )SKz, Jj=N.
()

Example 2.2 Let b, = (1 4+ logn)” withy > —1/qif 0 < g <ocoandy > 0
if g = oco. We write X ;0,}/) for the approximation spaces generated by the sequence
b = (b,). These kinds of approximation spaces have been studied in [15-17,23].

If y > —1/q, according to [23, Lemma 1], we have

1/q

o
1£lgon ~ 1F 150 = LA+ DRI PE, ()]
Jj=1

where =_22j. So, the companion sequences of (b,) are now (n(j)) = (u;) and
(9(j)) = (2/*+1/9)) We have again
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n(j+l) 5 q Hj+1 ‘

b 14 logk)?4 Rjt1 d

> Loy SRR Mgt

k=n(j)+1 k=pj+1 Wi X
~ AT = (),

with

- p(j+1) —or+l/q
e(j)

1 , J€Np,

and

r—1 r—1 )
Y on(hy=>) 2" <2¥ =n().
j=0

Jj=0

Ify =—1/gand0 < g < o0,let pj =2/ = 22" The choice n(j) = pj and
@(j) = 27/ yields sequences satisfying similar relationships as above.

Extracting the common features from these examples, in what follows we work
with approximation spaces X f]’ satisfying that there is a sequence of positive integers
1 =n0) <n(l) <--- <n(j) < --- and another sequence of positive numbers
(¢(j)) jen, such that 1 = ¢(0) and

n(j+1)
> bk~ () if g < oo,
k=n(j)+1 2.2)

max by ~ j if g = oo.
n(j)+1<kzn(i+1) K v(j) q

We also suppose that there are an integer N € N and real constants 1 < K1 < K»
such that Gt D)
Kl < L

— <K, j = N. (2.3)
()

In particular, the sequence (¢(j)) is increasing with ¢(j) ~ ¢(j + 1) and
lim;_, o ¢(j) = oo. In addition, we also assume that

r—1

> n(j) <n(r)forallr e N,

j=0 or (2.4)

Aj is a linear subspace of X forall n € N.
Next we show an equivalent quasi-norm in X 3 .
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Lemma 2.1 Under the assumptions (2.1), (2.2), and (2.3), the quasi-norm of X (}1’ is

equivalent to
1/q

11 = | 11k + > @) Enijy(f)?

j=1
(the sum should be replaced by the supremum if ¢ = 00).

Proof Suppose 0 < g < o0o. According to (2.2), our assumption on (¢(j)), and the
fact that (E, (f)) is nonincreasing, we obtain

. 1/q
oo n(j+1)
(bkEx—1(f))?
Il = {1715+ Y~
j=0k=n(j)+1
I~ nGHD 14
< | W%+ 2 Eap(DT 3 F
Jj=0 k=n(j)+1
o 1/q
S{IAIG + D 0D Eniiy (1)
j=1
_ o
=11/ l5-
Conversely, using (2.2), we derive
. 1/q
oo n(j+1)
(brEr—1(f))?
1flg = | 1A+ D D e
J=0 k=n(j)+1
. 1/q
211G+ D2 EnGirn-1(HT0()
j=0
<&
~ 1l
The case g = o0 is similar. O

Writing down Lemma 2.1 for the case b, = n“y¥ (n) (Example 2.1), we recover a
result contained in [43, Theorem 3.2]. In the special case ¥ (¢) = 1 for all t > 0, that
is, in the case of classical approximation spaces, we obtain [41, Proposition 2].

It b, = (1 +1logn)” with y > —1/q (Example 2.2), we recover [23, Lemma 1].

For the case y = —1/g and 0 < ¢ < 0o, Lemma 2.1 gives that
i 1/q
£l ~ 1 g0 = | 11+ Do QI E, (1)
j=1
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The following result provides a characterization for elements of X, (}1’ as sums of series
with terms in the sets A,,(j). Recall that we may assume without loss of generality that
Il - llx is a p-norm with 0 < p < ¢q (see [30, 15.10] or [29, Proposition 1.c.5]).

Theorem 2.1 Assume that (2.1), (2.2), (2.3), and (2.4) hold. Let f € X. Then f €
XZ if, and only if, tl.dere is a representation f = 2?0:0 gj (convergence in X) with
gj € An(j) and (p(j)IIgjlix) € Lq. Furthermore,

1/q

00 o
115 =inf 3 [ 2@WDlIgi 07 | = gj € Angyand f =) g;
j=0 Jj=0

is an equivalent quasi-norm on X é’.

Proof Suppose 0 < g < oo, and let f € Xg. Take any ¢ > 0, and for each j €
Ny, select fj € An(j) such that || f — fj”X < {1+ S)En(j)(f). Put f_1 = 0 and
gi=1fi— fi-1,J € No.Since f € Xé’ and (2.1) holds, we have that E,,(f) — 0 as
n — oo. This yields that

k
Hf - ZngX =|f - fillx <A+ &)Eyu(f) — 0ask — oo.
=0

Hence f = Z?io g; with convergence in X. Moreover,

lgillx <cx(lf = fillx +I1f = fi-1llx) <200 +&)ex Eni-n(f), j €N,
and
lgollx <cx(lfllx +11f — follx) <21+ &)exll fllx-

Here cyx is the constant in the quasi-triangle inequality in X, whence, using (2.3) and
Lemma 2.1, we get

o 1/q
1 < | D (eligllx)?
q =0
o 1/q
SIS+ D200 = DIEa-n (N | S 1 fllxe-

j=1

Next we check the converse inequality. As we pointed out before, we may assume
that || - ||x is @ p-norm with O < p < g. Lets > Osuch that 1/p = 1/q + 1/s.
Given any representation f = Z?io g; (convergence in X) with g; € A,(;) and
(e(Dlgjllx) € &4, we have by (2.4) that Z;:o gj € Aup+1),r € N. Take any
1 < D < K. We have
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Eng4+1)(f) < f—zngX = ” Z ngX
j=0 j=r+1

1/p 1/p

o0 o
dlgilk ] = D Dilgilx)PpI
j=r+1 j=r+1

1/q . 1/s

> gjlx)? Y Dt

]=r+] ]=r+]

IA

IA

1
p-+D e

o
:m Z (D7 Nlgjlx)?
j=r+1

Therefore, using Lemma 2.1 and (2.3), we obtain

1/q

1 lxs ~ | 1A% + D2 @) Eniy ()

j=1
o . 1/q
S{IAIG + D @D ™)y (DM lglix)?
j=1 k=j
1/q

00 k
= [ 1715 + DD gkl D (@D
k=1

j=1

On the other hand, since D/ K| < 1, (2.3) also implies that ((p(k)D’k)kzN is increas-

ing because
pk) _9k+D D _ok+1)

Dk —  Dk+l1 71< Dk+1 ,kZN.
Moreover, .
0(j) < K{ *ok) for N < j < k.
Therefore,
D @D ™HT <D (@(HD™H + (e KM Y (K1 /D)
j=1 j=1 j=N
N—1 .
<Y (@)D + (p(k) D7)
j=1

< (@)D,
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Consequently, we derive that

00 1/q
I/ 1 xe S <||f||31( + Z(@(k)ﬂgkﬂx)q) .

k=1

Finally, since
v(j)

1 =¢0) <p(N) < v for j = N,
Kl
using Holder’s inequality, we obtain
o0 1/p s Va /o N\ e
I < (Do lgily | S Doelglix)? > kY
Jj=0 Jj=0 j=0
. 1/q
> eiligill? |
j=0
and we conclude that ||f||Xb < I/ 1
The case ¢ = oo can be treated analogously O

When b, = n®y(n) (Example 2.1), Theorem 2.1 gives [43, Theorem 3.3] for ¢,
spaces. The case ¥ (t) = 1 for all # > 0 corresponds to [41, Theorem 3.1]. Applying
Theorem 2.1 in the case b, = (1 +logn)?” withy > —1/g (Example 2.2), we recover
the representation theorem for spaces X;O’y) established in [16, Theorem 1.2], [17,
Theorem 2], and [23, Theorem 1]. For the case y = —1/g and 0 < ¢ < oo, Theorem
2.1 produces the following result which covers a case left open in [16] and [23].

Theorem 2.2 Let 0 < g < 00. An element f € X belongs to X;O’il/q) if, and
only if, there exists g; € Ap,; such that f = Z?io gj (convergence in X) with
(27/4|g;lx) € €. Moreover,

o0 l/q (o9}
A1 0 = inf { | D@70 | cgj € Ap f=D8;
q

j=0 J=0

. . . 0,—1
is an equivalent quasi-norm on X; 19,

In Examples 2.1 and 2.2 and Theorem 2.2, the powers of 2 can be replaced by
powers of e (see [42, Sect. 3] for more general results in the case of spaces X7). We
close this section with another concrete case of approximation space, involving now
iterated logarithms and exponentials. We put

Li(t) = logt, Ly(t) = log(Ly_1 (1)), E1(t) = €', E.(t) = &1V r > 1.
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Example 2.3 Let0 < g < o0o,a > 0,r € N, and let ¢ be a slowly varying function.
Put

by=1, by=L,m*Y(Lm)[]rjm™, n>1.
j=1

Clearly, (b,) satisfies (2.1). Take
n(j) =E1()) and @(j) = L (n()) ¥ (Lr (n()))) = /Y (e’).
Then we have

n(j+1) By i1 (j+1)

1
D
k=n(j)+1 k=E,41(j)+1 j=17d
Eyi1(j+1)
Nejaqlp(ej)Q/ Y rdx
g X[Tj=1 L)
=p(H?.

This shows that (2.2) holds. Using [3, Theorem 1.5.6], we can find 1 < K| < K5 and
N € N such that

_eUAD et

1= - =e — < K>.
() Y(el)
So, (2.3) is also satisfied. Moreover,
m—1
> n(j) < mErpi(m — 1) < Epyi(m) = n(m).
j=0

We put X g“”;r] for the approximation space generated by the sequence (b,,) defined
above. Notice that if » = 1 and ¥ (¢) = 1 for all # > 0, then Xg“’l;l] coincides with
the space X;O’a_l/q) in Example 2.2. Moreover, X{[Il/q’hz] is the space X;O’_l/q).

It follows from Lemma 2.1 that

o ) 1/
1o ~ (LF1% + D2 (WD Es un()') . @9

j=1

Writing down Theorem 2.1 for spaces Xo"¥""!, we obtain the following result.
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Theorem 2.3 Let0) < g < oo, > 0,7 € N, and let  be a slowly varying function.
Then f € X‘[;x’w;r] if, and only if, there is a representation f = Z;io gj (convergence
in X) with g € Ag,,,(j) and (e’ (e/)|g;jllx) € £q. Furthermore,

1/q

o0 o
1/ Wgeyin = inf > (e yenligilix)! | i€ Anyhand f =) g;
j=0 j=0

a r
is an equivalent quasi-norm on X vl

When r = 1 (respectively r > 1), Theorem 2.3 gives back a result contained in
[44, Theorem 3.2] (respectively, [24, Theorem 5.4]).

3 Relationships Between Approximation Spaces Generated by Different
Approximation Families

Let X and (A;)neN, be as in the previous section. Let again u; = 22 and pj=2M.

Theorem 3.1 Consider the new approximation families defined by
B, = Ay ifn € Nwith By = {0}
and
D, = A, ifn € Nwith Dy = {0}.
(a) If 0 < g <ococandy > —1/q, then
X(O ¥) = (X; Bn)VH/q (3.1)
(b) If 0 < g <ococand y = —1/q, then
x0TV = (x; D)y (3.2)
Proof According to Example 2.2, Lemma 2.1, and Example 2.1, we obtain

X(O ) (X A )(0 V)
/9

oo
FeX il Igon = | IfI5 + 2@ PE, ()] <00

j=1

1
= (X; Bn)21/+ /q-
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This establishes (a). Concerning (b), we get

X;O’_l/q) — (X, An);o’_l/q)
1/q

00
FeX I 0mm = | IF1% + D CIE, ()| <o
q .
j=1

1
= (X; D).
(]
As aconsequence of Theorem 3.1, certain results on limiting spaces X ;O’ ") that have
direct proofs in the literature can be derived from the known results for the classical

approximation spaces X Z‘ This is the case of the reiteration formula. It was shown by
Pietsch [41, Theorem 3.2] that

a B a+p :
(Xq) = X, 7" provided that 0 < o, 8 <o00oand 0 < g, r < o0. (3.3)
r

For limiting spaces, Fehér and Grissler [23, Theorem 2] proved that

(0,6)
(X},O’”) = xOrHHVD for0 < g r <00,y > —1/gand 8 > —1/r. (3.4)

r

Formula (3.4) follows from (3.3) using (3.1). Namely,

0.5) S+1/r
0, 1
(x7) 7 = (06 By B, )

P
= (X: B, VAt

_ XﬁO,y-ﬁ-l/q-‘ré).

This method allows us to treat the extreme case y = —1/¢, 8 = —1/r, which was
not covered in [23, Theorem 2].

Theorem 3.2 Let 0 < g, r < oo. Then

_ 0,-1/r)
(XC(IO’ 1/‘]))

r

~ 1/r
.1
—lrex: )= (||f||;( + Y (1 +logm) 1 Ex(f)) ;) <>

n=1
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Proof By (3.2), (3.3), and (3.1), we derive

_ 0,—-1/r) 1/r
<X((10, 1/‘1)) — ((X, D,,)(l/q, Dn)

1 1 0,1
= (X; D),/ = (X By

r

~ 1/r
1
_ feX:||f||=(||f||§(+2((1+10gn)1/qE2"(f)) Z) =%
n=1

The case (X ((10’_1/ ) 50’8) with § > —1/r can be treated with similar ideas.

Theorem 3.3 Let0 < g < 00,0 <r <00,and§ > —1/r. Then

1\ ©9)
(x0vo)

r

o 1/r
o1
—lrex:ur1= (IIfIISﬁZ("“W(l +logm) /1 Ex () ;) =

n=1

Proof We claim that X;O’_l/q) = (X; Bn),(]O’O). Indeed, for all k € N, we have

k+1
il 1 M 1y 1
Z -~ =log|(l+-)~~-.
n(l +logn) ok xlogx k k
n=2k—1
Hence,
00 2k+1
o = (A1 + 3 Y Bt ———)"
xg e = X =5 " n(1 + logn)
=1 pnk_

o
1\1/q4
~ (1 + Yo Ex(H72) = 1l 001
k=1

which establishes our claim. Therefore, applying [10, Theorem 3.2] with ¥ (t) =
(1 +log1)'/4, we obtain

(0,8) S+1/r
0,—1 S+1/r,

~ 1/r
L1
—drex:|fll= <||f||;{ +Z(n5+1/’(1 +logn)'/4 Exn(f)) ;) <00

n=1
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This approach is also useful to establish interpolation formulae. Let (Ag, A1) be
a pair of quasi-Banach spaces, that is to say, two quasi-Banach spaces A; that are
continuously embedded in the same Hausdorff topological vector space. Peetre’s K -
functional is defined fora € Ag + A1 by

K(t,a) = inf{[|aolla, + tllatlla, :a =ao+a1,a; € Ai}, 1 > 0.

For0 < g < ocoand 0 < 6 < 1, the real interpolation space (Ag, A1)g,q is formed
by all those a € Ap + A having a finite quasi-norm

© dr\'1
”a”(A(),Al)g# = (,/(; (t_ K(tv a))q7>

(the integral should be replaced by the supremum if ¢ = o0).
According to a result of Peetre and Sparr [38] (see also [5, Korollar 2.3.1]), for
O<oag#a1 <00,0<rg, 7,9 <o0,and 0 < 0 < 1, we have

(Xxeo Xf‘ll)e’q = X7, (3.5)

ro

where o = (1 — 0)ag + Oa;y.

If0 < ¢q,90,q1 = o0,yj > —1/q;,j = 0,1, 0+ 1/90 # y1 + 1/41, and
0 < 6 < 1, Fehér and Grissler [23, Theorem 5] proved that

0,70) y(O,y1) ©,y)
(qu L Xg 1) =Xg ", (3.6)

0.,q

where y =9 +1/90 — 1/, 1/90 = (1 —6)/q0+60/q1, and yp = (1 = 0)yo +Oy1.
We can recover (3.6) from (3.5) by using (3.1):

(0,70) (0,71 . g yotl/ gyt
(%67 %617, = (06 B ™, s BRI

.q
= (X; Bn)go+1/qe—1/q+l/q
_ y©O»)
=X,
For the extreme case y; = —1/q;, we derive the following new interpolation

formulae.

Theorem 3.4 Let0 < go,q1 < 00,0 <60 < 1,and1/qo = (1—0)/q0+0/q1. Then

0,—1/q0) +(0,—1/q1) _ v(©0,=1/g9)
(qu ’ X(11 )9 g6 - qu .
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Furthermore, if 0 < r # qqg, then

0,—1/g0) (0,—1/41)
(qu ' ’ qu 1 )6,r

~ 1/r
“drex:f= (llfll} +y @ +1°g”>”‘”_l/r’52"(f”r%) =

n=1

Proof According to (3.2) and (3.5), we get

0,—1 0,—1 1 1 1
(X7 X @) = (6 D™, (X D) = (G D
0.,q0 0.q9
(0,—1/46)
= Xy .

Similarly, if » # gy, we obtain

0,—1 0,—1 1 0,1/gp—1
(X((j() /40)’ X{({] /ql)>0r — (X, Dn)r/% — (X, Bn)y(- /qo—1/r)

~ 1/r
={fex:|fl= (||f||§( +> +logn)1/q91/r52"(f))r%> <0

n=1
O

Next we consider interpolation of approximation spaces generated by different
quasi-Banach spaces. Let X, X1 be quasi-Banach spaces with X; — X, A, C X
for n € N, and suppose that the following assumption holds.

Assumption A. There exist a second approximation family (A,,),,ENO in X; and a
sequence of linear operators L, : A, — Ay, n e Ny, with the following property:
If there are a positive constant M and a sequence (g,)neN,, & € A,, such that

If — gnllxy < ME,(f)x,,

where E »(f)x, is the best approximation error of f € X( with respect to An, then

If = Lugallx, < CiEa(f)x;,j =0, 1.

Here the constants C; depend only on M and X ;.
Under Assumption .4, DeVore and Popov [19, Theorem 2] proved that

(XKoo, x) = ((Xo, X0Do.gu) i (3.7)

0.q0

provided that 0 < «g, ] < 00,0 < gp,q1 < 00,0 <60 < 1,09 = (1 —O)ap + Oy,
and 1/qp = (1—-0)/q0+60/q1. We can complement (3.7) with the following formulae
for limiting approximation spaces.
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Theorem 3.5 Let X, X1 be quasi-Banach spaces such that X1 — Xo, A, € X for
n € N, and Assumption A holds. Let 0 < 6 < 1.

(@ If0 < qo,q1 < 00,y > —1/qj for j = 0,1,y = (1 — )y + Oy, and
1/g9 = (1 —0)/q0 + 6/q1, then
0, 0. 0,
<(X o™ (XD, Vl)) = ((Xo, X1)s, 619)( "
9,(19
) If0 < qo, q1 < 00, then

0,—1 0,—1 0,—1
(o ™ X ) = (Ko X )y
sq0

Proof 1Tt is not hard to check that Assumption A also holds for the approximation
schemes (Xo; By), (X1; By), whence (3.1) and (3.7) yield

0, 0, | '
(o™, ™) = (G B, s B )
' -4

= (X0, X1)o.q05 B)!" ™% = (X0, X1)o )"

The proof of (b) is similar but using (3.2). O

Now we turn our attention to spaces X([ja’w;r] introduced in Example 2.3. As we

show in the next result, spaces X “V are related to spaces X ((Ia,w)

we make a suitable selection of the approximation sets A,.

of Example 2.1 if

Theorem 3.6 Given r € N, consider the approximation family
G = Ag,, ( ifn € Nand G’ = {0}.
If0 < g <o00,a >0, and  is a slowly varying function, then
. ¥ir]l — oy (Y (@¥)
Xy = (XG5

Proof This follows from (2.5). O

Let0 < ap, o1 < 00, 1 < qo,q1 < o0, and let ¥, Y| be slowly varying functions.
By [43, Theorem 4.2], the following holds:

(X(ao ¢0))(a| N2y X[(]aoJral,lﬂo‘//l)_ (3.8)
q1 1

Combining Theorem 3.6 with (3.8), we obtain the following reiteration formula:

leo, Wosr N @Y1l gt yovn:r]
(XqOO 0 )q1 — quo Loy,

which is a special case of [44, Theorem 3.5] if r = 1 and [24, Theorem 5.6] if r > 1.
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As for interpolation formulae, it follows from [43, Corollary 5.4] that

((1-0ra0-+6er.u3 1)
(X((;)lo,%)’ X((;TI,W]))Q"] =X,
provided that 0 < ap # o1 < 00,0 < 6 < 1,1 < g0, 91,9 < 00, and Y, Y| are
slowly varying functions. Hence, for any r € N, using Theorem 3.6, we derive

— 1-0.,6.
(X[UOJ/fOZ"] X[al’]/jl;r]) _ Xq[(] 9)a0+0a1,1ﬂ0 ‘ﬁl,r]
)| :

q0 0,q

4 Approximation and Entropy Numbers of Embeddings

Let T € £(V, W) be a bounded linear operator between the quasi-Banach spaces
V, W. For k € N, the k-th approximation number a;(T) of T is given by

ax(T) = inf{||T — R|lv.w : R € £(V, W) withrank R < k},

where rank R is the dimension of the range of R. The k-th (dyadic) entropy number
ex(T) = e (T : V —> W) of T is defined as the infimum of all & > 0 such that there
are wi, ..., Wy-1 € W with

k-1

TWy) € |Jw; +eUw).
j=1

Here Uy, Uy are the closed unit balls of V, W, respectively (see [8,22,40]).

Note that 7" is compact if and only if limg_, o ex(T) = 0. On the other hand,
if limg— oo ax(T) = 0, then T is compact, but there are compact operators T
such that limg_, oo ax(T) > 0 (see [22]). The asymptotic decay of the sequences
(ex(T)), (ax(T)) can be considered as a measure of the degree of compactness of the
operator 7.

It follows from the definitions that

ITIlv.w =a(T) = ax(T) = --- = 0and | Tlly,w > e(T) = ex(T) > --- > 0.

Moreover, entropy and approximation numbers are multiplicative; that s, forall k, / €
Ns
ak41-1(So T) < ar(S)ai(T),  ex11-1(So T) < ex(S)er(T).

In this section, we determine the exact asymptotic behavior of the approximation
and entropy numbers of embeddings involving approximation spaces.

In what follows, we assume that (X; A,) is a linear approximation scheme. This
means that there is a uniformly bounded sequence of linear projections P, mapping
X onto A,,. Then
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If = Pufllx <cEn(f), feX neN, 4.1

where ¢ = cx[1 + sup{|| P,|lx,x : n € N}]. Note that (2.4) holds. We also have the
following stability property.

Lemma 4.1 Let 0 < g < oo, and assume that (2.1), (2.2), and (2.3) hold and that
(X; Ay) is a linear approximation scheme. Then (Xé’; Ay) is a linear approximation
scheme as well.

Proof Suppose that 0 < g < oo. The case ¢ = oo can be treated in the same way. Let
(Py) be the sequence of linear projections on X with || P,||x,x < M foralln € N. We
are going to show that these projections are also uniformly bounded in X f;. We may
assume that X is p-normed with0 < p < g.Putl/s =1/p —1/q.

Given any n € N, let jo € Ny be such that n(jo) < n < n(jo + 1). Take any
fe XZ. We can find a representation f = Z?O:O gj with g; € A,(;) and

o 1/q
Y @Wlgiln? | <2015 <clflx-
j=0 !
Since
Jo 00
Jj=0 Jj=Jjo+1

applying Theorem 2.1 and Holder’s inequality, we obtain

P( Y o)

Jo
1Paf Wy S D078l + 9o + 1)@\
Jj=0

J=jo+1
i 00 q/p
<Y e lgil% +eGo+ DI D IIPgillk
j=0 Jj=jo+1
io . q/p
<Y elgil% +MoGo+ D[ D lgillk
j=0 j=jo+1
Jo
<Y el gl
j=0
0 o0 q/s
+M9Go+ DT Y eI | YD e
J=Jjo+1 J=Jjo+1
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Now using (2.3), we derive that

Jo 00
12w S D0 e g% + MU= K™ 35 oG lg %
j=0 Jj=jo+1
< (L+MI(1— K79 11
This proves that (P,) is uniformly bounded on X 2. O

Working with a linear approximation scheme (X; A,) with projections (P,), let
Qo= Prand Q; = Pyj) — Pyj—1 for j € N.

Forany f € X?, we have by (2.1) that (E,(f)) — 0. Then (4.1) yields that (P, f) —
f in X and therefore f =} 72, Q; f in X.

The following result can be proved by using (4.1) with the same arguments as in
Theorem 2.1.

Theorem 4.1 Let 0 < g < oo, and assume that (2.1), (2.2), and (2.3) hold and that

(X; Ap) is a linear approximation scheme. Let f € X. Then f € XS if and only if
f= Z?OZO Q; f (convergence in X) with (o()HQ; flix) € £,4. Moreover,

115 = W@ (DIQ; Fl1x) e,

is an equivalent quasi-norm in X (11’
Now we can establish the following estimates.
Theorem 4.2 Let 0 < g < oo, and assume that (2.1), (2.2), and (2.3) hold and that

(X; Ay) is a linear approximation scheme with m(j) = dim A}, j € No. We have
for embedding id : qu’ — X,

1
an(j+131d) S —— < em(j)+1(id).
m(j)+ 0(j) m(j)+

Proof We know thatid = Z,fio Q. Moreover,

J
rank Z Qi =rank P,y = dim A, ;) = m(j).
k=0
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Since we can assume without loss of generality that || - || x is a p-norm, we get

J 00
am(j)+1(1d) < Hid— Z Qk‘ oy H Z Qk’ Y x
k=0 T k=j+1 e
. 1/p
<[ > nou?,
. q’
k=j+1

Theorem 4.1 implies that || Qk”xg,x < c¢/p(k), k € Np. Therefore, using (2.3), we
obtain for j > N,

. 1/p 0 1/p
. - 1 (+1-k)p
am(j)-i—l(ld) <c Z pk)~? <c m Z K
k=j+1 Y k=j+1
<L
G+ 1D

This yields that a,,(jy41(1d) S 1/¢(j).
Next we establish the lower estimate for entropy numbers. Since m (j) = dim A,(j),
volume arguments (see [8, (1.1.10), p. 9]) show that
em(j)+l(id : An(j) — An(j)) ~ 1.

Consider the following commutative diagram:

id

b
xb X
idT /
An(j)

We have

1 ,S em(j)+1(id : An(j) —> An(j)) < Zem(j)_,_l (ld : An(j) — X)

< 2llidll, ). x em(jr+1(id : X) — X).

In order to estimate ||id|| 4 (). Xb» DOte that if f belongs to A, j), then f is already a
n ’ q
series representation as in Theorem 2.1. Hence,

£ xe < IIfII’}}g <o fllx-
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Consequently,
em(j+1Gd : Xb — X) 2 1/9()j).

]

The estimates in Theorem 4.2 can be improved in the important concrete cases
that we discuss below, where we give the precise asymptotic behavior for entropy and
approximation numbers.

Hereafter, we suppose that there is 0 < A € R such that

m(j) = dim Ay ~ n(j)*. 4.2)
We write [-] for the greatest integer function.

Corollary 4.1 Let b,, = n“Y(n), where o > 0 and  is a slowly varying function.
Assume that (X; Ay) is a linear approximation scheme satisfying (4.2) and that 0 <
q < oo. Then for the embedding id : Xg — X, we have

1

an(id) ~ e, (id) ~ W.

Proof As we have seen in Example 2.1, in this case ¢(j) = 2je v (27) and n(j) = 2/,
According to Theorem 4.2, we derive

. 1 .
apiy1id) S 2%y 2) S eping4 (id).
This yields that
. 1 .
an(id) < el (17 S en(id).
Now using [14, Theorem 3.3], we conclude the desired result. O

Corollary 4.2 Assume that (X; Ap) is a linear approximation scheme satisfying (4.2),
andlet0 < a; < agand 0 < qo, g1 < 0o. Then for the embedding id : Xg0 < Xg/,
we have

a, (id) ~ e, (id) ~ n~(@=D/*
Proof According to (3.3), we have that

ap ay\ap—a]
qu - (qu )qo ’

and, by Lemma 4.1, the approximation scheme (Xf;ll; Ap) is also linear. Hence, the
result follows from Corollary 4.1. O

Since (Xéo’y))‘; = ng’y“/q) if y > —1/q (see [10, Theorem 3.2]), we can also
derive the following.
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Corollary 4.3 Assume that (X; Ap) is a linear approximation scheme satisfying (4.2),

and let « > 0,0 < qo,q1 < oo and y1 > —1/q1. Then for the embedding id :

X((]‘())Z,VI‘H/(II) s X{({?m)’ we have

an(id) ~ e, (id) ~ n~%/*.
Corollary 4.4 Let 0 < g < oo,y > —1/q, and assume that (X; A,) is a linear

approximation scheme satisfying (4.2). Then for the embedding id : X ((Io’y) — X, we
have:

(a) Ify > —1/q, then

an(id) ~ e, (id) ~ (logn)~ V1D,
(b) Ify =—1/q and 0 < g < oo, then

an(id) ~ e, (id) ~ (loglogn)~ /4.

Proof Suppose first that y > —1/g. By Example 2.2, we have ¢(j) = 2/(r+1/4) and
n(j)=pj= 2%'. Applying Theorem 4.2, we get

@41 (0d) < (og )~V HVD S ey (id).

J

It follows that
an(id) < (logn)~ YTV < ¢, (id).

Then [14, Theorem 3.3] yields the estimate (a). .
Ify =—1/gand 0 < g < oo, then ¢(j) = 2// and n(j) = p; = 2"i. By
Theorem 4.2, we obtain

@131 (d) S (loglog p)) ™17 S ey (id).

This yields that
an(id) < (loglogn) ™"/ < e, (id),

and so, applying again [14, Theorem 3.3], we derive that
an(id) ~ e, (id) ~ (loglogn)~!/4,

]

Having in mind Lemma 4.1, we can combine Corollary 4.4 with the reiteration
formula (3.4) to obtain the following result.
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Corollary 4.5 Let0 < qo,q1 < oo and vy, y1 € Rwithyy+1/q0 > y1+1/q1 > 0.
If (X; Ay) is a linear approximation scheme satisfying (4.2), then for the embedding
id : X[Sg’m) — X;?’V]), we have

an(id) ~ e, (id) ~ (log n)*(VO*V1+1/‘10*1/[11).

Remark 4.1 Note that the estimates in Corollaries 4.4 and 4.5 do not depend on the
exponent X in (4.2).

Next we analyze the degree of compactness of the embeddings from spaces X ;om//)

with o > 0 into limiting approximation spaces. The proofs are more involved due to
the jumps in the scale and the lack of relationships among the parameters.

Theorem 4.3 Let 0 < o < 00,0 < u,q <00,y + 1/q > 0, and v be a slowly
varying function. Assume that (X; A,) is a linear approximation scheme satisfying

(4.2). Then for the embedding id : X" < X3, we get
an(id) ~ e, (id) ~ n=*(logn)? /4y (n'/*) 1.

Proof Assume 0 < u, g < o0o. According to Example 2.1, for the space Xb(ta’w, we
haven(j) =2/.Let Qg = Pyand Qj = Py; — Pyj-1, j € N. Write alson,, (j) = u;
and R; = Pny(j) — Pny(jfl),j e N, with Ry = P». Take j, r € N with

272 < j<27! sologj ~r. (4.3)

Asm(j) ~ n(j)* = 2/*, there are positive numbers ¢, ¢ such that ¢;2/* < m(j) <
c227* . We have

J
211 (0) = 1id = Pagyll g o = [id = > o Hxia,wyxéo.y)

o
- H Z Qi+ Z Ry H X@0) x 0

k=j+1 k>r
2r
=c ” Z Ok me,w) x 0. + H Z Ry HX(W//) x 0.
k=j+1 " e k>r " e

We proceed to estimate the norm of these operators. Given any f € X ,Sa’w), since

Z,%r:jﬂ Ok f € Ay, , applying Theorem 2.1 to X((]O”/), where ¢(j) = 2/ H1/9) we
get that

2r 2

+1
| & ous]yon s20] 3 0us]
k=j+1 1 k=j+1
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In order to estimate the last term, we may assume without loss of generality that || - || x
isa p-norm with0 < p < u.Putl/s = 1/p — 1/u. We obtain

2 2 /p
p
| 2 our|, = | X newsi
k=j+1 k=j+1
o 1/u o 1/s
< > @™ v@hioecsin" > 2ty
k=j+1 k=j+1
or 1/u
Sy @) DD Q@10 flln”
k=j+1
S22 TS g,
Therefore,
27“
| 30 01y o 2PV @Iy ey iy,
j+1
As for the norm of the other operator, first we notice that
k ok 1/p
RSl =] X ouf| = X 1ok
v=2k=141 p=2k=141
ok 1/u 2k 1/s
<| D @y flx* Do ey
v=2k=141 v=2k=141
2k 1/”
_ k=1 k—1__
S22y )7 YD @il
v=2k-141

Therefore, if u < g, we have

1/q 1/u
HZka | 0 S (Z(Z“V“/‘“nkkfux)q) §<Z(Zk(y+1/q)llefllx)”)

k>r
Sk 1/u
k=1 k=1 _
S [ Yokt 2 e S @0, £l
k>r v=2k=141
1/u

2/(
52r(y+1/q)27012"*11/,(22'71)*1 Z Z QYOI flIx)"

k>r p=2k=141
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Now using (4.3) and Theorem 4.1, we conclude that H D ks kaH

jyHiag—iey 2y,
If g < u,then p = u/qg > 1. Let 1/p + 1/p’ = 1. By Holder’s inequality, we
obtain

0,7) ( ) SJ
s Y

1/
HZR"f | «mN( (2"‘V+‘/q>||ka||x>Q> q

ok q/u 1/q
S| X | 2trrtamgad ey 02T N @y )@ fllx)"
k>r 2k 14
ok 1/u
<[> > ev@ioesin

k>r y=2k=14]

A Vao'
- - 4
% (Z <2k(y+l/q)2—a2" lw(22k 1)_1>lj ) .

k>r

Hence
_or—1 r—1__
| 2 Rer| oy S 2700272 @ g
k>r 4
S VR QDT e

Consequently, for any 0 < g,u < oo, it follows that ap. pi41(id) S
jy+lag=iey,(27)~1 which yields that

an(id) < n=**(ogn)? T4y ') ~1, (4.4)

Next we establish the lower estimate for entropy numbers. Let kg € N with
c12K0* — ¢y > 0. Take any r € N, and let j € N be such that

j=2"+ko. @.5)
LetY ={g € Ayj : P,,g =0} =ker(P,, : Ayj —> A,;). Since

A, = Pu, Ay, © Py Ayj © P, X = Ay,
we have that P, : Ay; —> A,; has rank equal to dim A, . Hence,

dim A,; =dim [ker(P,, : Ayj —> Ayj)] +rank [ Py, : Ayj —> Ayjl
=dimY +dim A, .
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Using (4.5), we get
dim Y > 127 — cyp? = 20—k (clzkoA _ cz> ~ 2%,
By volume arguments (see [8, (1.1.10), p. 9]), we derive
1S 2=DMmY G DY — V) S epiryd 1Y — V).

Moreover, since (id — P, )g = g forany g € Y, the following commutative diagram

holds
Y %d- Y

idl Tid —Py,
Xl(da,w) id XL(IO,)/)

It follows that
. . X , ©,y) .
LS llidly yenepry (id 2 X9 = X0V lid = Py llyo -

We now proceed to estimate the norms of the two operators. By Theorem 2.1, given
any f € Y C A,;, we obtain

1l g@n S 0 Vn < 27 @DISIx,

whence [[id], y@w < 2/*¥(27). As for the other operator, given any f € X ((Io,y)’

~

using that || - ||x is a p-norm with 1/p = 1/g + 1/s and Theorem 4.1, we obtain

d — s = (0 - YR ], = | 3R],
k=0 1

=r+

i 1/q 00 1/s
< ( > (2<y+1/q>k||ka||X)Q) ( 3 2—(V+1/q)sk>

k=r+1 k=r+1
— 1
S 27D £l o
q

ST oo
So, llid — Py, Il S j~7 /9. This yields that

epiry(id) 2 2714y @)yt jrHi/e

and therefore
en(id) 2 n= g (n'*) " logn)r /4. (4.6)

@ Springer



480 Constr Approx (2018) 47:453-486

Finally, by (4.4), (4.6), and [14, Theorem 3.3], we conclude that
an (id) ~ e, (id) ~ n~%y (n"/*) " logn)r +1/4.

The cases g = oo and/or u = oo can be treated similarly. O

Remark 4.2 In the particular case ¥ () = (1 + |logt|)Y*1/4 ¢ > 0, of Theorem 4.3,
we recover Corollary 4.3.

The techniques used in the proof of Theorem 4.3 can be modified to deal with the
limit case y = —1/¢g, where there is another jump in the scale. Instead of R ;, we work
with §; = P, — Py, |, and the space Y is defined as the collection of all g € A,;
such that P, g = 0. The result reads as follows.

Theorem 4.4 Let 0 < o < 00,0 < u < 00,0 < g < 0o, and let Y be a slowly
varying function. Assume that (X; A,) is a linear approximation scheme satisfying
(4.2). Then for the embedding id : Xf,a’w) — X;O’_l/q), we have

an(id) ~ e, (id) ~ n~%*(loglogn)"/4y (n'/*)~".

To complete this section, we establish a result on spaces Xga’w;r] (Example 2.3).

Theorem 4.5 Let 0 < @ < 0o,r € N,0 < g < 00, and let r be a slowly varying
function. Assume that (X; A,) is a linear approximation scheme satisfying (4.2). Then
for the embedding id : X,[Ia"/’;r] — X, we have

an(id) ~ ey (id) ~ L ()" (L (m)) "
Proof This time ¢(j) = e/*y(e/) and n(j) = E,41(j). Theorem 4.2 yields

. ) — . -1 .
aig, 1 (7 141D S Lr (B (D) U (Lr (Bri1 (D)) S egp,p (7141 (D,

and so
anid) S Ty () (1) T S enlid).
Besides,
Ly (/)Y (Lr (nV7)) ~ T ()Y (L ()
Then the result follows by using [14, Theorem 3.3]. O
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5 Applications to Besov Spaces
Letd € N, and let T¢ be the d-torus
Td:{x:(xl,...,xd) eR?: |xj| <mforj=1,...,d}.

We identify points x, y if x — y = 2k for any k € Z¢.
Forl < p < o0, let L, = Lp(Td) be the usual Lebesgue space on T9. For

s > 0,0 < g <00, and ¥ aslowly varying function, Bf;fg stands for the Besov space
formed by all f € L, having a finite quasi-norm

1 dt 1/q
IIfIIB.;;’; =flc, + (/0 YO wr(f, t)p)q7>

(with the usual modification if ¢ = 00). Here s < k € N, and wi(f, 1), is the k-th
order modulus of smoothness of f, given by

or(f.t)p = sup | Ay fllz,. t>0,
|| <t

where
Apf(x) = f(x+h)— f(x) and Ay F(x) = AL(A) ().
Note that for all k € N with k > s, all these quasi-norms are equivalent. The case
Y (t) = 1 and s > 0 corresponds to the classical periodic Besov spaces B;‘ 4 defined

by differences. If s = 0 and ¥ () = (1 + | log?|)¥, we simply write Bg’)’;.
Let Ty = {0}, and forn € N, let

T, = Z cxe’®* e e Cok= (k... kg) € Z¢
Z?:l [kjl<n
be the linear space of all trigonometric polynomials of (triangular) degree less than or

equal ton. Here k - x = kjx1 + - - - + kgx4. Consider also the sets of all trigonometric
polynomials of cubic (respectively, spherical) degree less than or equal to n given by

R, = Z cre® e e Cok=(ky, ... kg) € Z¢
maxj=i,..d lkj|<n
and
S, = Z cre® e e Cok=(ky, ... kg) € 72
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Put also Ry = Sop = {0}. Itis clear thatif d = 1, then 7;, = R,, = S,,.

In multivariate approximation, the set from which the frequencies of the approxi-
mating polynomials are taken plays an important role, because some results depend
on the particular choice of this set (see, for example, [25] and [49]). However, as we
show below, the families (7},), (R,), and (S,,) yield the same approximation spaces.

We have

T, SRy S Ty, T C Sy C Tun.

For J, =T,, R,, Sy, put
El(f)=inf{||f —gllL, : g € Ju).

Let ko € N such that d < 2%, We have El () = EX(f) < EJ;(f) and
2/+ko(f) gj(f)§E2Tj(f).Theref0re,1fs>O,weget

/g
IIUG, gy = [ IF1E, +Z(2/wf<2f)E ()1

j=1

= ”f”(L T)(m/;)
1/q

S |, 3P YEDED (1)

j=1
SIFIG, o

Similarly, (Lp; T, )(S o = (Lp; Sn)“ ¥) and (Lp; Ty )(0 V) (L R )(0 V)

0,
(Lps S )( )’)
Note also that (Lp; Ry) is a linear approximation scheme with

(Paf)(x) = Z Fky et

dlkjl=n

and
Tk = @) / F)e*rdx, kezd,
Td

(see [25, Corollary 3.5.2 and Theorem 3.5.7]). Moreover, dim R, = (2n + 14, so
(4.2) is satisfied.

When ¢ (1) = 1 and s > 0, it is known that B‘ Iy = (Lp; R,,) (see [37,5.3] and
also [46, Corollary 3.7.1]). On the other hand ifd =1and ¢ (1) = (1 + |logt])?, it
is shown in [20, Corollary 7.1/(i)] that Bp g = Lp R )(O ) n fact, using Jackson
and Bernstein inequalities (see [37,47]) and a convenient form of Hardy’s inequality,
ford € N, if s > 0 and v is a slowly varying function, then B‘;jfz = (Lp: R,,)lq’, where
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b = (n*¢¥(n)), and if y > —1/¢, then B(,),‘,]; = (Lp; Rn);o’y) (see [45]; see also [9,
Lemma 2.1]). Therefore, as a direct consequence of Corollaries 4.1 to 4.5, we derive
the following results.

Corollary 5.1 Let 1 < p < 00,0 < g < 00,5 > 0, and let  be a slowly varying
function. Then for the embedding id : Bsp’fg <> Lp, we have

1

an(id) ~ e, (id) ~ w5 I (1)

Corollary 5.2 Let 1 < p < 00,0 < go,q1 < 00, and 0 < s; < sg. Then for the

. 1 . RSO S1
embedding id : Bp’q0 s Bp’ql, we have

ap (id) ~ e, (id) ~ n~Go=s1)/d
Corollary 5.3 Let | < p < 00,0 < q < 00, andy > —1/q. Then for the embedding
id : B(I),”]; < L), we have:
(a) Ify > —1/q, then
a, (id) ~ e, (id) ~ (log n)~ v+,
(a) Ify = —=1/q and 0 < q < oo, then

an(id) ~ e, (id) ~ (loglogn)~"/4.

Corollary 54 Let 1 < p < 00,0 < go, q1 < 00, and yy, y1 € Rwith yo + 1/q0 >
y1 + 1/q1 > 0. Then for the embedding id : Bg’f;% < Bg’f,}l], we have

an (id) ~ e, (id) ~ (]Ogn)*()fof}’lﬂ/%*l/m).

Remark 5.1 Itshould be noticed that the asymptotic behaviors described in Corollaries
5.3 and 5.4 are independent of the dimension d. Moreover, the fine index ¢ is involved
in the estimates, which is not the case in Corollaries 5.1 and 5.2.

Corollary 5.5 Let 1 < p < 00,5 > 0,0 < go,q1 < 00, and y > —1/qy1. Then for
the embedding id : B;,’,};(Tl/ N e B(I),’,Zl, we have

a(id) ~ e, (id) ~ n—5/4.

The following result is a consequence of Theorems 4.3 and 4.4. It shows the
degree of compactness of embeddings when we replace in Corollary 5.5 the function
(1 + |logt|)?*1/41 by any other slowly varying function . It also allows y to take
the extreme value —1/q;.

Corollary 5.6 Let 1 < p < 00,5 > 0,0 <u,qg <oo,y > —1/q, and let  be a

slowly varying function. Then for the embedding id : B‘;fﬁ — B(;,’,Z, we obtain:
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(a) Ify > —1/q, then

an (id) ~ e, (id) ~ n=5/ (log n)? T4y (n1/4)~1
(b) Ify = —1/q and 0 < q < oo, then

an(id) ~ e, (id) ~ n=*/(loglog n) /44 (n"/4)~!

Remark 5.2 In several recent papers (see [11-13]), dealing with Besov spaces with
smoothness close to zero, it has been pointed out that in this case there are important
differences between spaces defined by the modulus of smoothness and spaces defined
via the Fourier transform. Corollary 5.3 can also be used to illustrate this fact. Indeed,
if we assume that 1 < p < 00,0 < ¢ < min(2, p), and y > 0, it follows from
Corollary 5.3 that

ay (id B L,,) ~ e, (id B L,,) ~ (log )~ +1/@) (5.1)

However, for spaces defined by the Fourier transform, approximation and entropy
numbers have a worse behavior. In fact, let £2 be abounded Lipschitz domain in R4 and
define ngg (£2) by restriction from Bg:g (R9), the Besov space on R4 of logarithmic
smoothness given by the Fourier transform. According to [7, Theorem 4.3], under our
assumptions on p, g, ¥, we have that Bg:Z(Rd) is formed by regular distributions.
Hence Bgig (£2) = L. Using [14, Corollary 4.6], one can show that

ay (id L B (2) < L,,) ~ e (id L B (2) < L,,) ~ (logn)~" .
Note that the exponent of the logarithm in this formula is worse than in (5.1).
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