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Abstract On the n-dimensional hypercube, for given k € IN, wavelet Riesz bases
are constructed for the subspace of divergence-free vector fields of the Sobolev space
H*((0, 1)) with general homogeneous Dirichlet boundary conditions, including
slip or no-slip boundary conditions. Both primal and suitable dual wavelets can be
constructed to be locally supported. The construction of the isotropic wavelet bases is
restricted to the square, but that of the anisotropic wavelet bases applies for any space
dimension n.
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1 Introduction
1.1 Overview

This paper concerns the construction of a Riesz basis, consisting of wavelets, for the
space
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Hydiv0; Q) :=={v e Lr(Q)": divv=0, v-n=0on 3R},

where Q C R”, or for this space intersected with H k(Q)”, or with some closed
subspace of the latter that incorporates additional boundary conditions. We take €2 to
be the hypercube Z"”, where Z := (0, 1). The construction can be transferred to other
bounded domains by means of the Piola transform.

Divergence-free wavelet bases find their applications in approximating the solu-
tion of the incompressible (Navier—) Stokes equations. They can be used either for
solving these equations, see, e.g., [9,26,29], or for analyzing, or finding efficient rep-
resentations, of approximate solutions that were obtained by other means, see, e.g.,
[7,28].

Battle and Federbush [2] were the first who constructed an orthogonal wavelet basis
for Hydiv0; R") = Hdiv0; R"*) := {v € Ly(R™)": divv = 0}. These wavelets were
globally supported and therefore cannot be applied on bounded domains.

The construction by Lemarié—Rieusset in [21] of a wavelet Riesz basis for
Hdiv0; R™) relies on the availability of two pairs of biorthogonal Riesz bases (W, \il)
and (W, \fl), both for the pair (L>(R), L2 (IR)), that, for some invertible diagonal matrix
D, satisfy
v =Dv, ¥ =_-DJ (1.1

(bases are formally viewed as (infinite) column vectors). Compactly supported primal
and dual wavelets that satisfy these conditions were constructed. Having such collec-
tions of univariate wavelets at hand, the coordinate functions of the divergence-free
wavelets are constructed as tensor products of the univariate wavelets (and possibly
scaling functions).

The construction from [21] on R” can be mimicked on Z" once one has pairs
of biorthogonal Riesz bases (W, W) and (U, \T)), now for (Ly(Z), L2(Z)), that satisfy
(1.1). Quite a few papers have been devoted to this approach, see, e.g., [8,14,15,19,27].
It seems, however, that results fully analogous to those on R” have not been realized
forn > 3. The reason for this can b_eg understood as follows: Integration by parts shows
that (1.1) implies that for all $ eVandy € VW,

J (Y1) — Y0 (©0) = 0.

To obtain such vanishing boundary terms, one may consider, e.g., \f C HO1 (Z). Yet,
then any element of ¥ = D~'{’ has a vanishing mean, so that ¥ can only be a basis
for Ly o(Z) :={u € Lr(Z): fI u = 0}. When one ignores this defect and follows the
construction from [21], one ends up with a Riesz basis for

Ho@iv0; Z%) N Ly,0(Z"),

where
Loo(T") :=Lo(D) @ Lro(Z) Q-+~ ®L2 (1)

(1.2)
XX Lyo(I)® - ® Lao(Z) QL2 (T).
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‘Coincidentally’, it holds that Hy@div0; Z%) N Ly 0(Z?) = Ho@iv0; Z?), so that a Riesz
basis for Hyodiv0; Z?) is obtained. For n > 3, however, Hydiv0; Z") N Lyo(T") isa
true subspace of Hodiv0; Z"), with a co-dimension that is infinite.

To solve this problem, in [25] we made an orthogonal decomposition of Ly (Z")"
into 2" — 1 subspaces, each of them being isomorphic to Ly o(Z¢) for some £ =
1,...,n. Using the approach from [21], the divergence-free parts of each of these
subspaces could be equipped with wavelet bases. Moreover, the union of these bases
was shown to be a Riesz basis for Hydiv0; Z").

Since functions in the aforementioned subspaces have components that are con-
stants as function of some variables, the divergence-free wavelets that were obtained
do not satisfy boundary conditions beyond having vanishing normals. Consequently,
this construction was restricted to slip boundary conditions.

The aim of the current paper is to extend the approach to general boundary con-
ditions, including no-slip boundary conditions. The key to achieve this will be the
replacement of the orthogonal decomposition of L>(Z")" into 2" — 1 subspaces, by
a biorthogonal decomposition of (L (Z")", Lo(Z™)") into 2" — 1 pairs of subspaces.
With this approach, we will be able to construct a Wavelet Riesz basis for Hydiv0; Z")
that for given k, renormalized, will be a basis for H (Z™) N Hydiv0; Z"), with the
first space being the closed subspace of H¥(Z")" defined by imposing (very) general
homogeneous Dirichlet boundary conditions up to order k.

1.2 The Construction from [21]

To further explain the difficulties and possibilities with transferring the construction
of a divergence-free wavelet basis on R” from [21] to one on a hypercube, first we
describe it in some detail. To appreciate the steps that will be taken in the following
sections in an abstract framework, we expect that the reader will find it useful to go
through this description and the remainder of the introduction.

For ease of presentation, in this subsection we consider n = 2, and, although
in [21] isotropic bivariate wavelets are constructed, we consider the construction of
anisotropic bivariate wavelets. With an isotropic construction, a bivariate wavelet is
the tensor product of two univariate functions on the same scale, either both wavelets or
a wavelet and a scaling function. With an anisotropic construction, a bivariate wavelet
is the tensor product of two univariate wavelets on arbitrary, unrelated scales. The idea
to construct anisotropic divergence-free wavelets originates from [8].

We write W = {i;: A € V}, with V being a countable index set, and similarly
for the other three collections from (1.1), and D = diag[d)])cv. From Lr(R?) ~
L>(R) ® L>(IR), and the fact that all four collections are Riesz bases for L;(RR), we

infer th
e U [Frowe v e i), (13)
A, neVv
U {7 @ e i@ e (1:4)
r,uev

are biorthogonal Riesz bases for (L>(R?)?, Lr(R?)?). That is, denoting the elements
of the first (primal) and second (dual) basis as o3 ,; and 63 ,,;, where i € {1,2},

@ Springer



236 Constr Approx (2016) 44:233-267

it holds that (o) yu.i» G i) L, m2y2 = 1 when (&, p, i) = (X, i/, i), and it is zero
otherwise.

Using that [_d“ d)‘:| is an orthogonal matrix, we find that also

d, dy,

1/d2+d2

U —du% @ Yue +divn ® \Jﬁuez dﬂ% @ Yuer +duvi ® izuez
huey Vi +d2 Vir +d2
U —d, U @ Yuer + dln @ Yuer dis @ Yuer +du v @ Ve

hueV Va4 +d2 N
(15)

are biorthogonal Riesz bases for (L» (R?)2, Ly (R?)?). By the crucial relation (1.1), the

first element of each couple of primal basis functions is divergence-free, and the second

element of each couple of dual basis functions is equal to \/% grad vy, ® ¥, €
A2 +d2

grad H'(R?). So when writing v € HdivO; R?) C Ly(R?)? w.rt. the primal basis,
the coefficient in front of the second element of any couple, being an inner product
of v with the second element of the corresponding dual couple, vanishes because of
Hdiv0; R?) L Lo(R2)2 grad H 1(R?). Together, both observations imply that

is a Riesz basis for Hdiv0; R?),

U —d;ﬂ?;x ® Yuer +din ® \%ﬂz

rpey Jai +d2

with a dual basis given by U, ,cv {

(1.6)

GV 00e1+d oY uer }
\/d2+d2

Moreover, taking ¥ and (thus) \If such that, renormalized, they are Riesz bases for
H*(R) and H**1(R), respectively, then, renormalized, the collection from (1.6) is a
Riesz basis for H* (R?)2 NHAiv0; R?). In particular, the case k = 1 is most relevant
for the application in solving flow problems. This construction of a divergence-free
wavelet basis generalizes to R” for n > 2.

Note that here, and similarly in the remainder of the paper, for X C Lo(R™)" and
¥ being a Riesz basis for X N Hdiv0; R"), we call ¥ C X a dual basis when

(X)) =1d, andv > X(v) € BX, £2(%)). (1.7)

So, in view of some nonexistence results proven in [20,22], we do not impose that
¥ c Hdiv0; R"). Note that nevertheless, X — X: v~ X(v)' X is an oblique, and
by the second property in (1. 7) bounded projector onto X N HAiv0; R").

For completeness, with E(v) and Z(E) we mean the infinite column vector
[0 (V)]; 5 - and the bi-infinite matrix [¢ (a)]ae}:,uez (also denoted by (%, 2) LRy
when £ C Ly(R™)™).

For the application of a wavelet basis X for solving an operator equation, in this
setting typically a flow problem, the availability of a corresponding dual basis ¥ is
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not required. For other applications of divergence-free wavelets, as the analysis or
compression of earlier computed approximate solutions, explicit knowledge of a dual
basis is essential. Moreover, for efficient implementations of such applications, it is
needed that, as the primal functions, the dual functions are locally supported.

1.3 Difficulties with Transferring the Construction from R” to Z"

- + =
The key is to have available two pairs of biorthogonal Riesz bases (W, ¥) and (¥, V),
now for (Ly(Z), L2(Z)), that for some invertible diagonal matrix D, satisfy (1.1).
Under these assumptions, integration by parts shows that the bi-infinite matrix

+ - + - +, = T
Wlem Wy — Wm0 Wl ]_g = (W' 0) 1,y + (0, 0 ) 0
= (W, ¥),, 7 — (U D),z =Dold—1doD = 0;

i.e., as has been claimed before, necessarily,

JMFM) - JOFO0) =0 @ e, b (1.8)

To obtain such Vanishing boundary terms, one may consider \JIG C HOl (Z). Yet, then
any element of W = D~y has a vanishing mean, so that ¥ cannot be a basis for
L>(Z), the reason being that the mean value is a nonzero, continuous functional on
L>(Z). (Taking the mean value is not continuous on Ly (RR), and therefore the latter
space can be equipped with a Riesz basis of functions all having a vanishing mean.
This difference can be seen as the main reason for the difficulties of transporting the
construction of a divergence-free wavelet basis on R" to the hypercube.)

Alternatively, we may search U in HO1 (Z). In this case, the same argument shows
that W cannot be a basis for L, (Z), and so neither can W, and we end up with the same
problem. N ~

A third possibility is to impose periodic boundary conditions for both W and W. In
this case, any element from even both W and U has vanishing mean, giving rise to the
same problem as above. 3 N

Finally, a valid choice, which was made in [24], is to search Riesz bases ¥ and W
for Ly (Z) such that the elements of U vanish at 1 and those of W vanish at 0. With this
choice, (1.1) can be satisfied, and with that a divergence-free wavelet Riesz basis can
be constructed on Z". In view of (1.3), it is, however, a basis for {v € L,(Z)": divv =
0, v-n = 0on dRR" }, being the space of divergence-free functions on Z" subject to
the unusual boundary condition of having vanishing normal components on half of
the boundary of Z7".

A seemingly related solution was found in [18], where a wavelet basis was con-
structed for HodivO; Ri).

1.4 A Remedy

Taking \Tl C HOl (Z), the condition (1.1) can be satisfied for $, U, U being Riesz bases
for L2(Z), and W being a Riesz basis for Ly o(Z). Then, similarly to (1.3),
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U {{)z)\] ®¢)L2 Q- ®wlnels B 1//A1 Q- ®1//)»,,,1 ® {;z)u,,en} (19)
A

is a Riesz basis for Ly o(Z"). Now when from (1.9) a collection of divergence-free
wavelets is constructed, similarly as (1.6) was constructed from (1.3), then this col-
lection will be a Riesz basis for Hydiv0; Z") N Lo o (Z").

In [25], this fact was employed as follows: Consider the orthogonal decomposition

Ly = Lyo @ [1],
where 1 := x +— 1, and where we used the shorthand notation Ly := La(Z), Ly o :=
L3.0(2), and [-] := span{-}. It gives rise to an orthogonal decomposition of L (Z")"

into 2" — 1 subspaces, (;) of them, for £ = 1, ..., n, being isomorphic to L;.0(Z".
For example, for n = 3, this decomposition into 7 subspaces reads as follows:

Lo(T?)? = La®Lyo®Lyo XLy o®La®L.o XL2.0®L2.0®Ly (= Lao(Z%))

ST La®Lyo®[1] xL2o®L2®[1] x 0 (> Ly 0(Z%))

1L, [1] ®Lao x 0 xLyo® [1] ®La (== Lo.o(Z%))

et 0 x [1]®L2®Lao x [1]®L20®L2 (= Lo o(Z%)

O L@ [1] ®[1] x 0 X 0 (= L2,0(D))

ot 0 x [1]®L®[1] x 0 (= L2,0(2))

ot 0 X 0 x [1]® [1] ®L> (= Ly,0(2))
(1.10)

(note Ly(Z) = Ly o(Z)). The isomorphisms between the spaces Ly o(Z ¢y and the
corresponding subspaces in this decomposition are of the simple type of adding n — ¢
zero coordinates to an £-dimensional vector field, and extending the nonzero coordinate
functions as a constant function of the additional n — £ variables.

Building on the approach from [21], we can equip each of the spaces Lz,o(I‘Z),
or more precisely, each pair (LQ’O(ZE ), Lz,o(IZ)), with biorthogonal Riesz bases that
split into two parts, the primals from the first part being divergence-free with vanishing
normals at the boundary, and the duals from the second part being gradient fields. The
embeddings of the spaces L o(Z¢) into Ly(Z")" preserve the properties of a vector
field being divergence-free and having a vanishing normal at the boundary, or, at the
dual side, being a gradient field. Consequently, we obtain biorthogonal Riesz bases
for (Lo(Z™)", L>(Z™)") that split into two parts, the primals from the first part being
divergence-free with vanishing normals at the boundary, and the duals from the second
part being gradient fields. Together both observations imply that the primals from the
first part form a Riesz basis for Hydiv0; Z7).

By applying suitable univariate biorthogonal wavelet bases, which serve as a build-
ing block of this construction, simultaneously one obtains a basis for H¥(Z")" N
Hydiv0; Z") for a range of k, being most relevant for k = 1.

Remark 1.1 The aforementioned splitting of the biorthogonal bases for
(Lz,o(Ie), Lz,o(Iz)) into two parts yields for £ = 1 a first part that is empty (indeed,
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u' =0onZ,and u = 0 on dZ implies u = 0). As a consequence, in view of

Ly(T*? =Ly ®Lag x Lag® Ly & Ly®[1] x 0 @& 0 x [1] ® Lo,

L20(Z?) ~Ls 0(Z) ~Ly o(2)

we have Hydiv0; Z2) = Hydiv0; Z2) NL2,o (Z?). For the cube, however, (1.10) shows
that Hodiv0; Z°) ~ Hy@iv0; Z3) N Ly,0(Z%) x Ho@iv0; Z?), which confirms that
the co-dimension of Hydiv0; Z3) N L2,0(1'3) in Hydiv0; Z°) is infinite.

Because of the aforementioned constant extension of functions of £ variables to a
functions of n variables, the divergence-free wavelets that are obtained do not satisfy
boundary conditions beyond having vanishing normals. Indeed, one verifies that, e.g.,
the tangential components at x3 = {0} or x3 = {1} of the divergence-free wavelets
on Z° that stem from the second subspace at the right-hand side of (1.10) span the
whole of Hydiv0; 7 2). In other words, the construction from [25] is restricted to slip
boundary conditions.

The aim of the current paper is to extend the approach to general boundary con-
ditions, including no-slip boundary conditions. The key to achieving this will be
the replacement of the orthogonal decomposition Ly(Z) = L3 o(Z) ot [1] by a
biorthogonal decomposition

LyT) = (L@ N [e]hH @ [o], LoD = (Lo@) N [o]H) @ [6],

with o, 6 being some functions on Z with [, oG # 0. Any biorthogonal (wavelet)
basis for (L2(Z), L»(Z)) gives rise to such a decomposition by identifying one pair
of a primal and a dual wavelet as the pair (o, ¢). Starting from this biorthogonal
decomposition of (L2(Z), L2(Z)), we will construct a biorthogonal decomposition of
(L2, Lo(Z™)™), with both instances of L, (Z")" being split into 2" — 1 subspaces.
For n = 3, this decomposition reads as (1.10) with, at the primal or dual side, L3 o
being replaced by L»(Z)N[]* or Lo(Z)N[o]*+, and [1] by [o] or [5], respectively.
The pair (o, 6) may be chosen differently for each coordinate direction.

As we will see, in view of constructing divergence-free wavelets, the role of 6 has to
be played by the function 1, because of its special property of having a zero derivative.
Since the sole condition on o (or o; if it depends on the coordinate direction 1 < i < n)
is that fZ o1 # 0, the univariate primal wavelets, so in particular o, can be arranged to
vanish at {0} and {1} to any given orders. As a consequence, we will be able to construct
a wavelet Riesz basis for Hydiv0; Z"), that for given k, renormalized, will be a basis
for Hk (Z™) N Hodiv0; Z™), with the first space being the closed subspace of H kgmyn
defined by imposing (very) general homogeneous Dirichlet boundary conditions up
to order k.

1.5 Organization of this Paper

This paper is organized as follows: In the next short Sect. 2, we will recall that the con-
struction of divergence-free wavelet bases in rwo space dimensions is straightforward
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due to the special properties of the curl operator. This holds true for simply connected
Lipschitz domains €2 as long as one is not interested in properties of a corresponding
dual basis. It suffices to have available a wavelet Riesz basis for HO1 (2), which is
known to be possible on arbitrary polygons.

Section 3 is devoted to the construction of the aforementioned biorthogonal space
decomposition of (Ly(Z™)", L,(Z™)™) with both instances of L, (Z™)" being split into
2" — 1 subspaces. A general framework is presented to construct a divergence-free
wavelet basis from divergence-free wavelet bases for the subspaces in the primal
decomposition, as well as a dual basis from dual bases inside the corresponding sub-
spaces in the dual decomposition.

To find such divergence-free wavelet bases for the primal subspaces, as well as dual
bases in the corresponding dual subspaces, as in [21], we need two pairs of univariate
biorthogonal wavelet Riesz bases on Z, possibly different in the different coordinate
directions, that are related by integration or differentiation as in (1.1). In Sect. 4.1, we
will show that given one pair of biorthogona] wavelet Riesz bases, which plays the role
of (W, W) in (1.1), the related pair, being (W, W) in (1.1), can always be constructed.
Apart from being Riesz bases for the relevant Sobolev spaces, the sole condition on
the first pair is that 1 is a dual wavelet, and, when one aims at locally supported
divergence-free primal and/or dual wavelets, that the primal and/or dual wavelets of
the first pair are locally supported. The findings in this subsection generalize those
from [14], where such pairs of biorthogonal wavelet bases are constructed by adapting
translation invariant wavelet bases on R to the interval.

In combination with the results from Sect. 3, in Sect. 4.2, we will end up with wavelet
Riesz bases for Hk (Z™) N Hpdiv0; Z™), as well as with dual bases. The multivariate
wavelets will be anisotropic, i.e., tensor products of univariate wavelets.

Finally, in Sect. 5, single-scale bases will be constructed for the spans of the various
univariate primal or dual wavelets up to a given level. Using these single-scale bases,
we will also construct an isotropic wavelet Riesz bases for H (Iz) N Hydiv0; Z2),
as well as a dual basis. Other than on R", we could not manage to do this on Z” for
n > 3. Fortunately, anisotropic approximation has the advantage anyway that the best
possible convergence rate does not deteriorate with increasing 7.

In this work, by C < D, we will mean that C can be bounded by a multiple of D,
independently of parameters on which C and D may depend. Obviously, C 2 D is
definedas D < C,andC < DasC < Dand C 2 D.

2 Divergence-Free Wavelets in Two Dimensions

In this short section, we will recall that on two-dimensional domains, the construction
of Riesz bases of divergence-free wavelets is rather straightforward because of the
special properties of the curl operator in two dimensions.

For @ C R? being simply connected with a Lipschitz continuous boundary, it is
known that

curl: HO1 (2) — Hpdiv0; ©2) is boundedly invertible. 2.1
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Indeed, it is clear that for v € Hé(Q), curlv € Hyp(div0; 2) and || curl v||L2(Q)z =
Vlgi@) ~ lvllgiq) by Friedrich’s inequality. The remaining nontrivial part is to
show that curl is surjective, which is demonstrated in [11, § 1.3.1].

As a consequence, for k € IN. (¢ and a measurable I' C 92, we have that

curl: HO1 ()N Hé‘j:l () - Hpdiv0; ) N Hé"F(Q)2 is boundedly invertible,
(2.2)

where H(f,F(SZ) = closyeq{u € C(Q) N HYQ): u = 0onT}. Indeed, for v €

Hy ()N H 7 (), we have curl v € Ho@div0; )N HY [(2)%, and || curl v]|2,, @ =

Zl§|a|§k+1 ||8av||%2(9) =~ ||v||§_1k+1(9) by Friedrich’s inequality. To show surjectivity,
given w € Hodiv0; ) N H&F(Q)z, letv € H(} (2) be such that curl v = w. Then
S Hk‘H(Q), and for 1 < |a| < k + 1, we have that d%v vanishes at I", or v €
Hi () N H Q).

From (2.2), we conclude that if ¥ is a Riesz basis for HO1 ()N Hé‘yltl (), e.g., of
wavelet type, then ¥ := curl X is a Riesz basis for Hydiv0; €2) N H(’i r(82)2.

With the approach of constructing a basis of divergence-free wavelets discussed so
far, there is no guarantee that a dual basis consisting of locally supported functions
exists. For = 72, in the next sections, starting from biorthogonal univariate wavelet
bases, we will construct both anisotropic and isotropic divergence-free wavelet Riesz
bases, with duals that are locally supported whenever the univariate duals have this
property. The results for the anisotropic wavelets will be valid for Q2 = Z" for arbitrary
dimension n, being the main point of this work.

3 A Biorthogonal Space Decomposition of (Ly(Z")", L,(Z")")

In this section, we split (Lo (Z")", L»(Z™)") into 2"* — 1 pairs of subspaces such that
the union of Riesz bases for the divergence-free parts of the primal subspaces is a
Riesz basis for Hy(div 0; Z"). As we will see in the next section, such bases for the
subspaces can be constructed following the approach from [21].

Definition 3.1 For § # S = {ji, ..., jus} C {1,...,n}, let Ly(Z5) be the space of
functions of (xj,, ..., xj,) that are square integrable over T#5. With Lo(Z5)5, we
will denote the space of v = (v}, ..., vj,,) for whichv;, € Lo (Z5) (Vi). Analogous
definitions will be used for H*(Z5) and H*(Z5)S. Note that L, (Z!l:+") = L,(7")
and Lz(I{l ,,,,, n}){l ,,,,, n} _ Lz(zn)n.

For each 1 < i < n, we fix two functions o;, 6; € L»(Z) with {0y, 6;)1,7) = 1.
We set the biorthogonal projectors P;, P; by

Piu = (u, &) 1, 1)0i,  Piu = (u, 01) 1,16
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Forany ¥ # S = {j1, ..., jas} C {1, ..., n}, we set

L2.0(Z5)

- {v € Ly(T5S: /Ivji(le, e X)G (j)dxy, =0 (1 <i Ak < #S)],

and LZ’O(IH) = LZ,O(I{I ,,,,, n}) )
At the dual side, we get an analogous definition of Ly 0(Z5) by replacing Gj, by
O ji -

On many occasions, we will impose that 6; € span{1} (Vi). Then LZ’O(ZS ) is the
space of (vj,...,Vj,) € LZ(S)S, where, for any k # i, v; has zero mean as a
function of x; when frozen in the other variables. So, in particular, in this case the
definition of Ly o(Z") coincides with the one given earlier in the introduction in (1.2).

.....

.....

Definition 3.2 We define embeddings and projectors
E®: Ly 0(T% = La@)", 09: Ly@")" — Lao(T®)
by
#S
(E®v)(x) := Z Vi (X, s Xyg) H ok(x) | ej;,

i=1 ke{l,...n]\S

where e,; denotes the s;th canonical unit vector in IR”, and

()] (.
(Q(S)V)i — fzn—#s Qil R ® Qin v; dxkl .. .kanf#S (c9).

I i=j
where {k1, ..., ky_ss) ;={1,...,n}\S,andQ§f) =11—Pii#jeS
Pj j¢S

At the dual side, we get an analogous definition of E® and 0 by replacing
(L2,0(Z%), ok, Pj) by (La,0(Z%), 6, P)).

Note that when &; € span{1} (Vi), then E‘S is the embedding that was discussed
in Sect. 1.4 below (1.10). It extends the nonzero coordinate functions vj,, ..., Vj,s as
constant functions of the variables x; fori ¢ {ji, ..., jis}.
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Proposition 3.3 The bounded mappings

E: [] L20@® = L@ ¢%)s> D EOVS,
W#SC{l,...,n} S

0: LT > [] L20@:vi (9w
B£Sc{1,....n}

are each other’s inverse.

Defining E, Qsimilarly byreplacing (LQVO(IS), E®), Q(S)) by (I:2’O(IS), E(S), Q(S)),
the analogous result is valid at the dual side.

Proof For § # S,S" C {1,...,n}, consider (Q(S/)E(S)w)i fori € §'.Ifi ¢ S,
then (---); = 0 since (E®w); = 0.Ifi € Sand 38" 5 j # i with j ¢ S, then
(---)i =0since (I — Pj)o; =0.1fi € Sand § > j #i with j ¢ S’ then(---); =0
since Pju = 0 when u 1;,.7) span{d;}. So Q(S/)E(S) = 0 when S’ # S. Because
of Pjoj = oj, and (I — Pj)u = u when u L,z span{c;}, similarly we infer
0 E® = J. We conclude that QF = I.

,,,,,,,,,,

have EQ = 1. O

As an easy consequence of Proposition 3.3, we have the space decompositions

LyIY'= P mE® L)'= P k. (3.1)
W£Scll,...,n} W£Sc{l,...,n}

Example 3.4 Recalling the abbreviations Ly := Lp(Z) and [-] := span{-}, and setting

Lél) =LrN [[ON’,‘]]J‘,

.....

(the most relevant case) reads as follows:

LyT*? = L®LY x LY®Ly (S={1.2))
®LrR®[o2] x 0 (S={1})
® 0  x[o]®Ly (S={2).

and

LT = L@LY®LY xLY@L,@Ls xL{VeLY ®L, (S =1{1.2,3})

®LOLY ®[o3] x LS ®Lr®[03] x 0 (S =1{1.2}
BL®[0]LY x 0 x L@lo]oLy (S =1{1,3})
® 0 x[01]@L2@LY x[o1]@LP®Ly (S ={2,3))
BL:&[02]®[03] x 0 x 0 (s ={1)
® 0 x [o1]®L2@[o3] x 0 (S =1{2h
® 0 X 0 x[o1]®[o3]®L, (S = {3}).
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The decompositions at the dual side are obtained by replacing o; by 6; and Lg) by
BV = Ly o]t

As shown in the next proposition, the decompositions in (3.1) are biorthogonal.

Proposition 3.5 For § # S, S C {1,...,n}, we have (Q)* = E® (Q®)* =

~ 1S=¢
S (S)yx 7 (S)
EY) and (E"®’)*EY) = [0 s S’}'

Proof To show the first, and so the similar second statement, it is sufficient to consider
S={1,...,¢}forsomel < ¢ <n.Forv e Ly(Z")" andw € I:zyo(ZS),itis sufficient
to verify whether for 1 < i < €, ((Q®V);, wi),ze, = (i, (E'W);)1,zn). Note
that (Q(S)V),-, (I::(S)w)i depend only on v;, w;, respectively. W.Lo.g. leti = 1. It is
sufficient to consider v; = ®;’:1ri, wp = ®f=1s,~, where r;,s; € L,(Z) with, for
i >2,(si,0i),) = 0. Now from

n
Q%) =( [1 <riv&i>Lz(I)) n@®U—="P)ra® QU= Pory,
=011

(EFW) =51 ® - @5 @611 @ ® &,

the first, and so second statement follow.
The last statement follows from the first one using that QF = I. O

Next, we define Sobolev spaces of divergence-free functions.

Definition 3.6 For ¥ # S C {1,...,n}, on HY(ZS) we set gradv = (8xj1v, ey
3y, )| € La(Z%)%, and define

Ho@iv0; Z%) = [v € Ly D> 050 =0, vilgeo) =0G € )t .
ieS
Note that Hy@div0; Z5) = {0} when #S = 1, and that

Hodiv0; Z") := Hydiv0; Z+") = {v € Ly(Z"): divv=0, v-n = 0 on 3Z"}.
Furthermore, recall the Helmholtz decomposition

L>(Z%)% = Hydiv0; Z°%) @+ grad H' (Z5). (3.2)
It is an easy consequence of the fact that foru € L»(Z5), the solutionv € H'! EIS) =
{we H'(TS: [zsw=0}of [;sgradv-gradw = [;5u-gradw (w € H'(Z%))

satisfies u — grad v € Hydiv0; Z5).
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Proposition 3.7 For 1 <i <n, let 0 # 6; € span{l}. Thenford = S C {1,...,n},

E® (Ly.0(Z% ngrad H' (Z5)) c grad H'(Z"),
E®)(Ly.o(Z%) NHpdiv0; %)) ¢ Hodiv0; "),
0 (Hodiv0; ")) C La.o(Z%) N Hpdiv0; Z5),
0% (grad H'(Z")) C Ly,0(Z%) Ngrad H' (Z5).

Proof The first two results follow directly from the definitions of E¢) and E®). For
the first one, it is used that the &;’s are multiples of 1.

For u € Hydiv0; Z"), v € Lo(Z™), Proposition 3.5, (3.2), and the first statement
show that

(Q(S)ll, Vv)Lz(IS)S = (ll, E(S)VU)LZ(In)n = 0,

which shows the third statement again by (3.2). The last statement is proved analo-
gously. O

For # S C {1, ..., n}, we define Sobolev spaces, being subspaces of LZ(S)S, of
vector fields whose coordinates satisfy homogeneous Dirichlet boundary conditions of
certain orders. Since we are working on the hypercube, these boundary conditions can
be identified as normal or tangential boundary conditions on the vector field. For any
1 <i <nandb € {0, 1}, we will fix two integer parameters nl(f) and tlgl). They will be
the orders of the normal or of all tangential boundary conditions at x; = b, respectively,
when i € S. So the orders of the boundary conditions in different Cartesian tangential
directions at x; = b cannot be chosen individually. Although the Sobolev spaces
depend on these 4n parameters, this will not be expressed in their notation, to avoid
making them too heavy.

Dgﬁniﬁon 38 Let k € IN := {0,1,...}. Fixing, for | < i < nrand b € {0, 1},
n ) €0, k), ford £ S C{l,...,n}, let

H-(Z5) = {v e H*@5)5: 98 vily=p =0G € S,0<p <n’—1, b€ (0,1},
o vl =0G£jeS. 0=p=t) -1, beo1p}].

and HE(77) = HE (20 n)y,
For po, p1 € {0, ..., k}, we set

H{pyopp @) = {” e H*@): uP(b) =000 < p < pp—1, b € {0, 1})} .

Note that H(’B,O) (Z) = HX(Z) and H& @ = HE (D).

Remark 3.9 Although for ease of presentation, we consider only Sobolev spaces with
integer orders, everything can be generalized to noninteger orders, with some care for
orders in IN + %

@ Springer



246 Constr Approx (2016) 44:233-267

The following proposition extends upon Proposition 3.3.

Proposition 3.10 For 1 <i <n, leto; € H(’;([) t(,.))(I). Then
0 °°1

E: H LZ’O(IS) N ﬁk (7% — ﬁk (I™) is boundedly invertible.

P£SC{L,....n}

yeeey

Proof Thanks to the condition on the o7, E: Ly o(Z%) N H(ZS) — H*(Z") and
0 H* am — Lz,o(IS) N HF (Z5) are bounded. Now use that E~! = Q by Propo-
sition 3.3. o

Below, we will assume thatg; € span{1} (Vi). Obviously these functions are smooth
but do not satisfy homogeneous boundary conditions of any order. Consequently, the
corresponding statement of Proposition 3.10 at the dual side reads as

E: H L0(Z5% N HYZ%)S — H*@")" is boundedly invertible.
B£SC,....n)
As a consequence of Propositions 3.7 and 3.10, we have:
Corollary 3.11 For 1 <i <n, leto; € Hk(i) t(i))(I) and 0 # 6; € span{l}. Then
!l

a

both

E: I1 L, o(Z5) N H*(Z%) N Ho@iv0; 75) — H*(Z") N Hy@iv0; 77),
{Sc{l1,...,n}: #S>2}

E: H L.0(Z% N HYZ5)S N grad H (Z%) — H*(@™)" N grad H' (1),
p#£Sc{l,....n}

are boundedly invertible.

We are ready to formulate one of the two main ingredients for the construction of
the divergence-free wavelet basis (the other one is the construction of the collections

\Ilg) that is given in the forthcoming Theorem 4.4).

Corollary 3.12 For1 <i <n,leto; € H(kt(,.) t(,.))(z) and 0 # &; € span{1}. For § C
0 °'1 °

{1,...,n), #S > 2, let W be a Riesz basis for L,o(TS) N H*(Z%) N Hydiv0; T°).

Then

U E(S)\Ilfi‘z) is a Riesz basis for i @™ NHydivo; 7).

If, furthermore, \il(({:) - f;z,o(I $) is a dual basis for \Iléf), then a dual basis is given
by
U ES

{Sc{l,...,n}: #5>2}
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Proof The first statement is obvious, and the biorthogonality is a consequence of
Proposition 3.5.

. < (S . . o
The collection \Ilflf) being a dual basis additionally means that for

o ~ (S) o
v € Loo(Z%) NHNTS), ||(v, ¥y Yiasyslles S IVIge(zs)s- Now let u € H 2"
Then

2(5) i (S) A

> lw, ESN G = D QP W), 5517,
{SC{l....n}: #5>2} {SC{l.....n}: #5>2}
S > 1wl 3k zs)s < Il gy

(SC{l,....n}: #5>2}

which completes the proof of U{Sc{l,...,n}: #5>2) E(S)\iléi) being a dual basis. O

Obviously, a similar result can be formulated for the construction of a Riesz basis
for H*(Z")" N grad H'(Z").

4 Construction of Divergence-Free Wavelets on the Subspaces
For S C {l,...,n}, #§ > 2, biorthogonal collections (\Ilé‘z), \il((ii)) C L2’0(IS) X
I:z,o(I $) are constructed as needed in Corollary 3.12. As building blocks, first two

pairs of univariate biorthogonal wavelet bases will be constructed, possibly different
for each coordinate direction.

4.1 Pairs of Biorthogonal Riesz Bases on the Interval Related via
Differentiation/Integration

Starting from a general pair of biorthogonal univariate wavelet bases (W@ W)
(1 < i < n)for (L2(Z), L2(2)), in this subsection a new pair is constructed by
integration/differentiation. This construction generalizes the one from [21] for the
stationary multiresolution case on the line, as well as those from [14] for stationary
multiresolution analyses adapted to the interval.

We will require that the collection of dual wavelets is such that there exists a dual
wavelet that is a multiple of 1. This condition means that all primal wavelets, except for
the one that forms a biorthogonal pair with the multiple of 1, have at least one vanishing
moment, and that no Dirichlet boundary conditions are incorporated in the dual system.
The special biorthogonal pair will play the role of (o;, ;) in the construction of the
biorthogonal space decomposition of (Ly(Z™)", L>(Z")") discussed in Sect. 3, and
will be excluded from the integration/differentiation process.

Theorem 4.1 For1 <i <n, k € N, and téi), tl(i) € {0, ..., k}, assume that:

(1) v = {%Ei): A e vy U0 = {IZ)E[): € VOV are Ly(T)-biorthogonal
collections, o

(2) D e VD such that for (o1, 5;) = i), ¥, it holds that 5; € span{1},

20 V3w
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k+1 ()
(141 t(i>+1)( ) > ¥
0 1
integration T
H

iorth (i - -
Hip oy @ 2 (e U0\ (e biorth — 40\ {5} U{er} € H'(T)
0 "1 .
6101? . .
% differentiation
¥ c 1,(7)

Fig. 1 Schematic relation between lll(i), gl ), ;i;(i ), and \Tl(i)

(3) 2y 5 e VOV is a Riesz basis for H'(T),
(4) (27 kgD ) e VO is a Riesz basis for H(kt(,.) t(,.))(z).

Here, as usual, |\| € IN denotes the level of > € VY (or that Of'(ﬁ(l) or IZ)Ei)).
Then setting, for A € v .= v@ \ (A0,

. X . — . ~ . ’
PO = x /0 My D (dy, | = -2 WD | 4.1)

cf. Fig. 1, it holds that:

(5) UO = (@12 e VO, FD = (01 5 € VO are Ly(Z)-biorthogonal Riesz
bases,

(6) {2 IAI(k+1);Z(z) S V(l)} is a Riesz basis for H(k("+1 i
0

04 1y D

+1)

Moreover, supp w(l) C supp 1} and supp 12( D convhull (supp wkl))
onversely, when satis, then settin = U
C Iy, when (b, \p(’)) (5)-(6), th ¢ VI .= vy o),
selecting a 1//((,) =o0; € H( ® zl(i))(I) with [ o; # 0, taking wi((i) =0; =1/ [0

and, for A € V(’), taking

MU S b Ul U 4.2)
X T (i) .

— x> ol (/ 79 (dy - Jo JEY (dyo; (Z)dz)’
0 fo 0i(2)dz

the conditions (1)—(4) are valid.

The relations indicated by the boxes are the analogues on the interval of (1.1) on
the line.

Proof Either by (1), (2), and (4), or by the assumptions in the last paragraph of the the-
orem, we have (07, 6;)1,7) = 1,0; € H(’;(,.) ) (Z), and 6; € span{1}. Consequently,
0 "1
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u +— (u,6;)r,oi and u +— (u,0;)r,(7)0; are projectors, which are bounded

on H( o (,))(Z) and H'(Z), respectively. They give rise to the stable, biorthogo-

nal decompositions H(kt(l.) t(i))(Z) span{o;} ® ( e U))(Z) N span{n}lmm) and
0 °°1

HY(Z) = span{l} & (H'(Z) N span{ai}LL2<I>).
With this at hand, the conditions (1), (3), and (4) reduce to:

@) {1//)Ei): A € %(i)}’c{‘{}ii): RS %(i)} are L, (Z)-biorthogonal collections,
(i) {2"”%@ A€ V(Z)} is a Riesz basis for HY(Z) N span{oi}LLzm,
i) 27Ky 1 e V) is a Riesz basis for H(’;(,.) 0,@0N span{1}*2@.
0 71

The mapping H'(Z) N span{o;} 2@ — Lp(D): f — [’ is bounded, with
fo] 0i(2)dz

17 (T) kJ,‘»l ) . X :
(Z) N span{1}~L2@ — H(té’)+l,t,<”+1)(z)' g = (x =[5 g(ydy) is

bounded with bounded inverse f — f’. These facts show that the definitions (4.1)
and (4.2) are equivalent. Furthermore, they show that (ii) is equivalent to g being a
Riesz basis for L7 (Z), and that (111) is equivalent to (6).

From (iii), or (6), we have v - HJ (), and so for A, i1 € V(l)

bounded inverse g > (x > f(f g(y)dy — ) The mapping

HF
@)

( S)JZ(Z) LT = :ﬁ(l) 2_‘”'1/7,5{) )LZ(Z)=2|M_|m(1/fl(l),1/},9')&2(1);

i.e., (iii) is equivalent to b10rth0g0na11ty of (\_ﬂ(’) \IJ('))
Finally, both suppl/f C Supptﬁ ) and supp \Z() C convhull(suppw ) follow
from (4.1), for the latter using that [, 1//(’) = 0 by (iii). i

Corollary 4.2 Assuming (1)-(4), then forq € {1, ...,k + 1},

[Al(1=¢) @) . @) 1
{2 ¥, A € V¥}is a Riesz basis for H(mm(t(()’) 4 1)min® g 1)

@,

and so {2"”(1_4)1#;): A€ %(i)}isaRieszbasisforthis space intersected with Ly o(Z);
and, forq € {0, ..., k+ 1},

a5 ¢ v
{2 17; TAE } is a Riesz basis for H( in() 1,09, minG ¢ +1,q))(I)'

Proof Conditions (3) and (1) show that {2'“1/4”: A € V®} is a Riesz basis for
H'(Z)'. Together with (4), it shows that {2‘“(1_’1)1//(’) . & € VWD) is a Riesz basis for
/ g—1
the interpolation space [H ), ((,) <’>)(Z)]m 5 H(mm(l((),) g1 min(? g 1))( )
forg e {1,...,k+1}. ' .
Properties (5)—(6) show that for ¢ € {0,....k + 1}, 271D % e VO is a

Riesz basis for [L(Z), H*! H . 7).
iesz basis for [L2(1), 41, z<’)+1)( )]mz (mln(tol)+l,q),min(t1(')+l,q))( )
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If WO WO that satisfy (1)—(4) are local, in the sense that diam supp Iﬂ(’) < 2 IAM,
diam supp 1//(’) < 271, then the same holds true for \Il(’) and U? defined by (4.1).
Alternatively, one may start with (\I/(') U%) that satisfy (5)=(6), and then, using a
suitable o), define W@ and W) by (4.2). Following this approach, however, go
being local does not imply this property for W@,

Finally in this subsection, we note that it is well known how to construct pairs
(W@, GOy that satisfy (1)~(4) for any k € N and ), 1" € {0,...,k} and that
additionally are local. We refer to the discussion in Sect. 5.1, where additionally the
existence of suitable single-scale bases will be discussed.

4.2 The (Anisotropic) Divergence-Free Wavelets

For some k € N, and, for 1 <i <nandb € {0, 1}, tlgl) e {0, ..., k}, from now on
we fix biorthogonal pairs (W, WOy and (‘:ﬂ(i), \171(")) as in Theorem 4.1.

Then the pairs (o, 6;), and so the spaces Lzso(IS) and I:z,o(IS) in Definition 3.1,
and the embeddings E®, E® and projectors 0, 0 in Definition 3.2 have
all been determined. Upon setting n(l) = mln(t(’) + 1, k), the spaces ﬁk(IS ) in
Definition 3.8 have been fixed as well

Note that the conditions ¢; € span{l} and 0; € H (];éi),tfi))(z) required in Corol-
lary 3.12 are guaranteed by Theorem 4.1.

Using the pairs (W) \ {o®}, WD\ {5®Y) and (\I/(’) \IJ(Z)) in th1s subsectlon we
construct, for any § C {1, ...,n} with #§ > 2, bases \Ilé}?) and \Ildf as needed in
in Corollary 3.12. The key will be to make a Riesz basis W = {y{¥: 1 € v}

for Lo.o(Z%) N H¥*(Z%) with dual collection ¥ ¢ L, 0(Z%), such that VS splits
into two disjoint subsets, with the primals with indices from the first subset being
divergence-fee and having vanishing normals at the boundary, and the duals with
indices from the second subset being gradients.

For notational simplicity,

w.l.o.g., we consider S = {1, ...,n}. 4.3)
Lemma 4.3 Fori e V := VO %o x VD gnd 1 <i<n, let

1ﬁ 1)0(1) . ® w(l 1) ® ‘Z(Z) ® 1//)511-11) . ® Il/(n) s
.'ﬁ w(l) ® 1/[(1 1) I/I(l) I/f)(\l:fll) ® w}E")el '

Then

1
2

1
n 2 n
Doy eV i <i<ng, 1D 4| g, cheV, I<i<ng,
j=! =

4.5)
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are Ly(I")"-biorthogonal collections; the first collection is a Riesz basis for
L o(ZT" N Hk (I™), and the second collection is in Lz o@™).

Proof The biorthogonality is obvious.

(j) ];él
Let 1 <i < nbefixed. For 1 < j < n, setting pp, := (J)
j=i

{2 \Aj\kl/f(l) ®W 1)®$<z>®%(zjll>®m®w<n> XEV}

is a Riesz basis for

uel,()®---® (popl)(1)®~~®Lz(I):/u(m,...,xn)dxm:O(m#i) ,
—_— A

Jjth position

by Corollary 4.2, and the definition of n(j )

Consequently,

given at the beginning of this subsection.

n
>4l 1p<1) .® llfi' D& i(z) ® %(zw ® - ® I/fx(:)‘ LeV

is a Riesz basis for the intersection of these spaces over 1 < j < n (cf. [13, Proposi-
tion 2]), being

{u e HYT"): aluly—p =0 (p €(0,...,n =1} (b€ {0, 1)),
0l uly=p =0 (p € {0,y =1} (b0, 1}, j #10),

/Iu(xl,...,xn)dxj=0 (J#0D

In view of the definitions of Ly o(Z"), I:z’o(I"), and ﬁk (Z7), the proof is completed.
O

Next we are going to orthogonally transform the biorthogonal system of Lemma 4.3
into a new biorthogonal system that splits into two parts, with the primals from the first
part being divergence-free, and the duals from the second part being gradients. This
transformation generalizes upon the one that was used in the introduction to arrive at
(1.5).

For any A € V, we transform the biorthogonal system {le 1 <i < n},

{ix ;-1 =i = n}. We select an orthogonal A® e R™" with its nth row given
by
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1
n 2
AY = o™ where ™ = [2M1]. -~2M”|]T/(Z4M") . 40
i=1

An example of such a matrix A®) is given by the Householder transformation

2™ —e)(@® —e,) "

AV =1 — ,
(@® —e,)T(@® —ey)

which for n = 2, 3 reads as

» W g™ o™ %1
—ay” « 3 3
()%) %x) , _“;A)O‘; ' _ ("‘é )2 @) |,
o) oy g™ —a® 2
) ) - )
1 2 3

respectively. The transformed system is now defined by

Y1 ﬂx,l 'h,l zx,l
Dol =AM =AW | 4.7)

lh,n fx’,, 'l’)u,n 'ﬁx,n

Note that since A%) applies to a group of basis functions that correspond to the same
A, this transformation does not affect possible locality of the basis functions.

Theorem 4.4 In the situation of Lemma 4.3, we have that

~1
n 2

U= (D 4MK) gy irevii<izn—1
j=1

is a Riesz basis for Ly o(Z™") N ﬁk (™) N Hydiv0; Z™), with dual basis

1

n 2

Ugp = [ D AWK gy eVi i <i<n—11 CLyo@.
j=1

Proof From A™ being an orthogonal transformation, and the fact that the normaliza-
tion factors of ¥, ; and ¥, ; in Lemma 4.3 are independent of i, this lemma shows
that
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_1
n 2
DAl g iaev 1<i<ng,
j=1

1

2

n
DAkl g iiaeV.l<i<ng, 4.8)

are Lo(Z")"- blorthogonal collections; the first collection is a Riesz basis for
L o(T" N H (Z™), and the second collection is in Lz o(@™).

By definition of the nth row of the orthogonal A®), and a(] -y |1//(] )|, for

1<i<n-—1,

n
divy,,; = ZA‘”dm/f =[S a%2l) yV g oy =
j=1

Since for 1 < i < n, it holds that \ll(l) - H0 (Z), furthermore we have 1# -n =0on
07", and so ¥ ; -n = 0 on 9Z", which thus in particular holds true for 1 5 i<n-—1.

From| 24194 = — " it holds that
n 2 n
S gy, =0y = —grad i) @@y, 4.9)
j=1 j=1

We infer that for u € Ly o(Z") N ﬁk (7 NHydivo; M),

1

n 2
'h,i> Pl R
j=1

1
2

n—1 n
53 30 b 3000
J=1

AeV i=1

L 7 .
and >,y >” ! l(u MO - ARy 2, 2 = ”u”Hk(I")”’ which completes the
proof. O

Together, Corollary 3.12 and Theorem 4.4 yield anisotropic wavelet Riesz bases for
Hk (T™ NHydivo; ") constructed from the biorthogonal pairs of univariate wavelet
bases (W@, \IJ(’)) and (\D(l) lI/(’)) from Theorem 4.1. We exemplify the construction
for space dimensions n = 2 and n = 3.

For n = 2, a similar construction was presented in [15,16] based on the properties
of the curl-operator (cf. Sect. 2).
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Example 4.5 Forn = 2,

| a0 &y + 24140 0§

: 22 2 . an) e VO x VO L @40)
411k 4 4122lky2 (4|)~1| + 4lh2lyz

is a Riesz basis for H* (Z2) N Hy@iv0; Z2), with a dual basis given by

[ 2\/\2|w(1) ® Iﬁa)e + 2|M|W(l) ® 1p(Z)

SO0 e VD v L g
(AMlk 4 4l221ky= 3 (4\M\ + 4|)»2|)2

For n = 3, with a® as in (4.6) (reading n = 3),

1 2 3 1 2 3 (oY 1 2 3
(1_«11 (A))‘Zi])®w( ) w( Der — al_az WA(R@Q;;Z)@“#ZJF“] "y Vey® Q;( )

(41Mlk 4 4lhalk 4 4M3\k)§

(A, A2, A3) € v % v® 5 v®

U

1 2 3 ( 1 2) 3 A 1 2 3
lm l,};() OoyDe +(1- D‘z m)l/fi )®{5<M>® v + oMy eyl )®$§3e%

(4IM lk 4 glralk 4 4\13V<)7

(0, A, ) € VD 5 VO 5 v

H 2|x2\¢<1> 2 v @ase + 21y @ 2 @ ose;

; (A, M) € %(1) X %(2)
411k 41221ky 2 (4.|M| + 4172l 3

(4.12)

| 5D @0y @y P + 20D © 0y © T Ve

(A, A3) € %(1) X %(3)
(@lk 1 4\)»3\k)2 (4|K1| + 4|)»3\)2

(4.13)

| Moy @2 @y Ve + 2700y @ Y2 © P es

(A, M3) € %(2) X %(3)
(4lr2lk 4 4lks\k)z (4|/\z| + 41231y 3

(4.14)

is a Riesz basis for ﬁk (73 N Hydivo; 7°).

@ Springer



Constr Approx (2016) 44:233-267 255

A dual basis is obtained by replacing, in all places, {/;(’) by Iﬂ(’) (’) by 1//(’)
(4 ilk 4 glaalk 4 4I?»3\k) 2, (4lMlk 4|?»2|k) 2, (4lMlk 4|)\3|k) 2, and (4|>»2|k + 4\13\1()2
by their reciprocals.

Remark 4.6 The biorthogonal collections constructed in Theorem 4.4 are clearly not
unique. W.r.t. the splitting {1, ..., n} xV = {1, ..., n—1} x V [ J{n} x V, let us write

the primal and dual bases from (4.8) as [zdf] and [\!’df}. Then for Ay, Axp bound-
ar

gr
edly invertible, and A, bounded matrices (w.r.t. £, topologies and with the appropriate

A 0 | [Wqr gdf _
Ay Ay | [V | | Wy,

] share the properties with the original systems. That

. . v
dimensions), the transformed systems [Edf]

—gr
T A-TAT A-TIré
[An —Ap észAzz } |:‘£’df

0 Ay ar

v o v
is, they are biorthogonal, [Edf} is a Riesz basis for Ly o(Z") N H* @m, [Edf} -
—&r —gr

L2 o(Z™), ¥4 C Hodiv0; "), and \II c grad H'(7"). Consequently, Wyis a
Riesz basis for L o(Z") N Hk @"HnNn Ho(dlvo Z") with dual basis ¥4 C L2 o@™).

5 Single-Scale Bases, and Isotropic Divergence-Free Wavelets

To compute an approximation to a function u € ﬁk (™) NHydivo; Z") from our
divergence-free wavelet basis, one has to select a subset of its infinite index set.
For sufficiently smooth u, choosing a so-called sparse-grid index set, reading as
the union of all indices (A1, ..., A,) that for some ¢ € IN satisfy > 7", [Ai] < ¢
(where the absolute values of “lacking coordinates” A;, cf. (4.12)—(4.14), should
read as zero), the approximation error in H*¥(Z")" is of order N~“@+1=% up to
log-factors. Here N is the cardinality of the sparse-grid index set, and d is the
order of the univariate wavelets. For k > 0, the log-factors can even be avoided
by applying a somewhat modified index set known as an optimized sparse grid
([12], [10, Ch.4]). These results should be compared with the generally best pos-
sib13 apProximation error realized with isotropic approximation which is of order
+1—

When u is the solution of a PDE, say the (Navier-) Stokes equations, then a
near-best approximation from the span of the wavelets with indices in a given
index subset is given by its corresponding Galerkin approximation. Since the
basis is Riesz, the stiffness matrix is well-conditioned, uniformly in the index
subset. Consequently, the Galerkin system can be solved by the application of
a simple iterative scheme. Due to the anisotropic nature of the basis functions,
the stiffness matrix is, however, generally far from being sparse. Nevertheless,
for (optimized) sparse grid index sets, the application of this matrix to a vector
can be computed in linear complexity using the so-called unidirectional approach
[1]. This approach relies on the availability of locally supported single scale
bases and corresponding refinement relations for the univariate wavelets that are
used as building blocks of the divergence-free wavelets. This is the topic of
Sect. 5.1.
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The above considerations apply under the assumption that u is sufficiently
smooth. For a much larger class of functions, an error of order N~(@+1=h
can be realized by a Galerkin approximation w.r.t. an adaptively created index
set [6]. For index sets that have a certain multi-tree structure, the application
of the stiffness matrix to a vector can still be applied in linear complexity
[17].

Although the application of anisotropic basis functions clearly offers important
advantages, it is fair to say that their implementation is more demanding than that
of isotropic basis functions. Therefore in Sect. 5.2, a construction will be presented
of an isotropic Riesz basis for H (I2) N Hydiv0; Z?), so unfortunately only for n =
2.

5.1 Single Scale Bases and Refinement Equations

In this subsection, we fix the index 1 < i < n, and drop it from our notations.

Assuming that biorthogonal (locally supported) single scale bases are available for the
univariate primal and dual wavelet collections W and W, in thig section we construct
biorthogonal (locally supported) single scale bases for ¥ and W.

Proposition 5.1 (single-scale bases) Let W, 0, (E U be as in Theorem 4.1, and so in
particular with & = ; € span{1}. W.Lo.g. we may assume that |A| = 0.
(a). For £ € IN, let

Dy ={gn: A= (rl,q) € Ag:={€} x {1,... Ne}},
={ds: 1 € Ag)

be biorthogonal bases for {yr;: . € V,|A] < £}, span{lh: A€V, |\ < ¥}, scaled
such that for each £,

¢, is independent of A € Ay. 6.1

Then

ca

{¢A )»—(5 Q)EAZ (€} x {1,...Ng — 1}},
={gs: r € Al

defined by

" —xH/ 2 (rgr100) = prgONdy, peg :=—2"FD Z By e

p=q+l

are biorthogonal bases for span{ly;;\: VS %, A < £}, span{lzxz VS % A < £}
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(b). In addition, let |¢¢.4 || Ly 1)s 16e.q |1,y S 1, and let @y, @y be uniformly local
and locally finite, meaning that the diameters of the supports of the basis functions
are of order 27¢, and that each interval of length 2~¢ intersects the supports of a
(uniformly) bounded number of basis functions.

Then, numbermg the basis functions such that inf supp ¢¢ , < inf supp o)) g+l it

holds that ®y, d>g are uniformly local and locally finite. Moreover, @y, CD@, 0 d>g
are uniform Ly (Z)-Riesz bases for their spans. E.g., for ®y, the latter means that

le™ ®ellz, @) = llell (e € RN,

Proof (a). An application of a basis transform shows that
4 B 14 5 B
(be1. bea —Gras - ben, — bene-1)h 1D brg. D Prge-ben t (52)

are biorthogonal bases for span ®;, span Dy
Because of flém»@l ¢e,q = 0by (5.1), and so <I>g C H0 (Z), integration by parts
now shows that ®,, ®, are biorthogonal.

Again (5.1) and 1 € span ®; show that Z;v“ 1 ¢~5g ¢ € span{1}. So for A € %,
A < ¢, wehavewx € span{d)zz—qbg e s ®e.N, — Pe,N,—1), and s0 V¥, € span

Finally, since Z 1¢£ g = =0, forx € V |A] < € we have ¢A € span oy

(b). By supp &,q C convhull(supp ¢¢ 4+1 U supp ¢¢ ) by (5.1), the assumption on
the numbering of the basis functions, and ®, being uniformly local and locally finite,
we have that ®y is uniformly local and locally finite. Together with ||¢¢ 4ll1,7) S 1,
it shows that ||¢¢ 4|l 7,(z) < 1, and so

le" el < llel. (5.3)

By the assumption on the numbering of the basis functions, supp (]Sg,q Asupp ¢¢,q #
(#, and the uniform locality and local finiteness of @, and @y, it follows that at the left of
some neighborhood with diameter of order 2~* of supp ¢ 4, the function Zg"z g+190p
is identically zero, whereas at the right of this neighborhood it is equal to ZII:U 1 Pe.p-
From Z p=l ¢£ p = =0, it follows that @y is uniformly local and locally finite.

Any u € span <bg can be written as Z{/\ev <€) ;271 |1ﬁk From {2~ mth A€
V} and W being Riesz bases for H'(Z) and L, (Z), respectively, by Corollary 4.2, we
have ”””?11(1) ~ ey wzg leal? <4 ey =g 162717 S 440ul7 4 So
on span &y, a so-called inverse inequality applies.

o e . _9y—(+D

Writing ¢ 4 == —2~ ZP g+ q)( p|supp¢
nonzero terms is uniformly bounded, we conclude that ||¢)g gl S 1. From @,
being uniformly local and locally finite, we infer

and noting that the number of

T
le” ellr, ) < lell.
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. + -
Givenavectore=(cy)q,letu = cTCDg.Then|cq| = [{u, de.q) L, @) S ||u||L2(Supp$M).

From CT)( being uniformly locally gnite, we conclude that |[c|| < [lc d|| Lo(Z)- Simi-
larly, (5.3) shows that ||c|| < ||CTCDg||L2(I).

The proof of &, &)g being uniform L, (Z)-Riesz bases for their spans is similar. O

Proposition 5.2 (refinement equations) In the situation of Proposition 5.1(a), let
M, =[M;o Mg 1]lwithMgo € RNew1xNe, My € RNewtxWNer1=Ne) pe sych that

(@] v/

_ &
411 = q’e+1Mi ’

where Wy = {y: A €V, [A| =L+ 1}
Putting \-Ibg“ = {IZA: L eV, A =L+1)}, and defining A, € RN>*NemD) py

SE (Ne—D)xN, lp<gq
= = e—1)XNg — ’
(Ag)pg = lp=gq + I, and By, € R by (By) pg [O otherwise,
0 otherwise,
we have
&, G 1=dL [1BriMioA; LB M
[ £ €+l]_ €+][2 (+1VE, 00 7 D041 l,l]-
1
b X o041 $T17 -1l
Proof We set @, = [x — fo 28 g 1 (v)dy q>K] ,and Ty, = . c
—11

RNNe, From &b, (x) = 2641, [ @ (2)dz and Wy (x) = 2¢ [ Wy(2)dz, we infer
that

T T T 11T T Ip=T
[©, Woii] =P [3T MeoT, 5T, M.

+  +
ZJFTI Mz,oTz—, and by realizing that by span ®,UW
-7

T . . .
= span @41, and O, | being independent, the first row of %Tz +1M6,0T2—, without
-T
£+1
+ . +
\IIZH in terms of (DZH. O

By deleting the first column of %T

. . iy
its first column, and that of %T My, are zero, we get the expressions of dbz— and

Remark 5.3 Biorthogonality shows that in the situation of Proposition 5.2, we also
have

[&’;zr ‘I'eTJrl] =d/

-7
e+1My

and

[®] ¥/1] =&/ [3BeriMe oA %BulMe,l]_T '

In the situation of Proposition 5.1(b), all these four basis transformations are uniformly
“sparse” (despite of the fact that By is not sparse), and uniformly well-conditioned.
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At this point, we note that for any k € INg and 79,11 € {0,...,k}, U, U as in
Theorem 4.1, with corresponding single-scale bases ®;, ®; as in Proposition 5.1 have
been constructed in [5]. Choosing IN > d>d >k, withd+d even, and d sufficiently
large to ensure Theorem 4.1(3) (valid choices are, e.g., (d, d)=(2,4),3,7),4,10)),
span @, is the space of splines of order d w.r.t. knot sequence

©,...,0,r27 5 r+ D278 1 =270 1, 1),
—— ——
d—tg times d—ty times

forsome]NBrzd—l. 3
The dual space span @ is a subspace of span{d,‘;qb(Ze -—m)|0,1] : m € Z}, where,

with ¢¢ denoting the cardinal B-spline of order d, ; jcfﬁ is a compactly supported
refinable function with (;¢, dl qu(- —m)),R) = 00,m (m € Z) constructed in [4].

Since it holds that P;_, C span ®, in particular we have that 1 € span ®¢. After
making a simple basis transformation, which involves only primal and dual wavelets
at the coarsest level, we have that for some A € V with |i| =0, &;\ € span1, as
required.

In [3,23], [10, Ch. 2], modified constructions were proposed yielding quantitatively
better conditioned bases. With these constructions, span @, is the space of splines of
order d w.r.t. uniform knot sequence

©,...,0,27¢ .. 1=2751,...,1).
S—— S——
d—tq times d—t) times

Refinement matrices My o and My i, as defined in Proposition 5.2, which determine
the whole construction of the anisotropic (and forthcoming isotropic) divergence-free
wavelet basis, can be found in these references.

Finally in ghis subsection, recall c)that the collection ®, (5)[) is not a basis
for {Yn: A eV, |A| <€} ({(Yn: 1 eV, |r| < L)), but for the slightly bigger space
{p: X eV, A <t} ({I}A: A € V, |A| < £}). This is not a problem for the appli-
cation of multi-to-single scale transforms to facilitate an efficient application of a
stiffness matrix in (anisotropic) wavelets coordinates. In order to construct isotropic
divergence-free wavelet bases, however, biorthogonal single scale bases for the smaller
spaces will be needed, which issue we take up now.

From (5.2), and Z;Vi | (7)(4 € span{1}, it follows that
O ={0rg = brgr1 —drq: (L.q) = h e Ay (54)
is a basis for span{y, : A € %, [A| <€} =span{y: A €V, |A] < £} N1t Let
Op={0,: 1€ &g}
denote the basis for span{1/~/x L€ % |A| < £} that is biorthogonal to ®,.
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It holds that

%A/ = 2IA+lg, | 9~)L/ = 2Hlg | (e 25), (5.5)

+
where the first equality follows from the definitions of ®; and ®,. The second equation
is a consequence of

~ _ + _ =+ ~ [e}
$1u=100, 0) Loy =2~V 0 L= —2 (IMH)((PM%)LZ(I) (A, LEAY),

thefactthatjl; (jél) span{{/;,\: AE %, M <€} = span{J),\: AE gg},andthebiorthog-
onality of ®,, ®,. N

Recall that if ®; is uniformly local and locally finite, then @, is uniformly local
and locally finite. Obviously, then also ®; is uniformly local and locally finite. It can,
however, not be expected that @, is uniformly local and locally finite, or that ®, (or a
rescaled version) is a uniform L7 (Z)-Riesz basis for its span. Indeed, if the latter would
be true, then from the fact that f — £’ : I-ﬁ} (Z) = Lo(Z) N1+ is an isomorphism,
the first relation in (5.5) would imply that ®; is a uniform H 1(7)-Riesz basis for its
span, which cannot be expected for uniformly local and locally finite collection nested
collections &y, with Uycy ¢ being dense in H(} (7). As we will see in the next section,
this fact will hamper the construction of an isotropic divergence-free wavelet Riesz
basis for dimensions n > 3.

5.2 Isotropic Divergence-Free Wavelets

In this subsection, we discuss the construction of isotropic divergence-free wavelet
bases. .
In Corollary 3.12, it was shown that a Riesz basis for H* ™ NHydiv0o; Z") is

given by
U E®OY®), (5.6)
(SC{l,....n}: #5>2}

whenever Y are Riesz bases for POIk (Z5) N Hydiv0; Z5) N Lz,o(IS).
W.l.o.g. considering S = {1, ..., n}, in Theorem 4.4 we constructed Y {Lnd) of
the form

U =

AeVv
with E, being a uniform H*(Z")"-Riesz basis for the (n — 1)-dimensional space

span{z“ ;1 <i <n}NHydivo; Z™).

To find a single scale substitute for this basis Y+ et us think of V being
partitioned into a collection of finite subsets {¢: o € [}, and let I, be a uniform
HK(Z™)"-Riesz basis for
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span{zx i A€o, 1 <i<n}nNnHydiv0o; Z"). 5.7
Clearly, the latter space includes

T span{y, 1 1 <i <n) NHo@iv0; I"), (5.8)

Aeo

being a space of dimension (n — 1) x #¢. Soif #I', = (n—1) x #9, then both spaces are
equal. Since the dimension of the first space in (5.7) is equal to n x #¢, the condition
to be verified is that its dimension is reduced by a factor ",—:1 by the intersection with
Hydiv0; Z™). Although we verify this in the application below, actually, using the
dual wavelets, this can be proved to be always true. Anyway, in this case, I',, provides
a uniform H* (Z™)"-Riesz basis for the space in (5.8) as an alternative for | J Leo EA-
Consequently, erD I',, is a Riesz basis for ﬁk (IS) N HydivO; IS) N Lz,o(IS) that
can be used as the collection Y in (5.6).

Again w.l.o.g. still focussing on the case S = {1, ..., n}, we are going to apply the
above for sets o of the form {A € V: max; |A;| = £} for £ € IN. Let

Vi = span{ﬁuz 1<i<n, AeV, m?x|kj| =/},

‘7@ = span{ﬂh_: 1<i<n, AeV, mj;lx|kj| =/}.

So V is the first space in (5.7) corresponding to this choice of ¢, and our task is to
find a uniform H*(Z")"-Riesz basis (i.e., I'v) for V, N Hydiv0; Z").
o 1
Since a Riesz basis for Ly ¢(Z") N H*(Z") is given by {(z;le 4|*.i|’<)*7£x =
i<n,Ace V}, and, thanks to Corollary 4.2, {zx . 1<i<n, Ae V} is a Riesz

basis for L2 o(Z"), from (3;_, 41hjlky=3 = 2=tk when max; || = ¢, we infer that

I gt znyn = 250 - y@ny on Ve (5.9)

So it suffices to find a uniform L, (Z")"-Riesz basis for V, N Hydiv0; Z"), and then
to scale it with 27K¢,

The spaces V; and V; were defined as spans of biorthogonal anisotropic wavelets.
We now construct biorthogonal isotropic wavelet bases for these spaces. The start-
ing point are the biorthogonal univariate two-level bases @2’21 U \lfél), @2’21 U
\TJZ(’) for span{l/fil): A€ % L] < £}, span{lﬁk(l): A€ %, L] < £}, and $2’11 U ‘:ﬂ(l),
&v)gll U \32) for span{t%\”: VS %, A < £}, span{lzy): VS %, A < £},
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We set
»o Difs=1, Jifs =1,
() . . =) .
50 ¢\ ifs=0, ) ¢, ifs =0,
»9 Diifs =1, Diifs =1,
0. AP if§ =0,
b eV =g ifs=1,

where ZQ{ := (). Then from Theorem 4.1 and (5.5), we have the key relations

+(7) i ~(7) =) i i
1 =20 iV, =2 Gegua). (510)
With
N O R 1) B
Ek,é,i = M8 M8 M8, €0

= (D) = ~(n)
Ms.i = s Q@5 & QM s €

biorthogonal isotropic wavelet bases for V, and V ; are now given by

n
i () :
n,, 0#8e0 ) Ae ]« 1si<ng,
j=1

n
i, .10 () .
B 080 e[ 1=isn
j=1

Next, analogously to Theorem 4.4, we are going to transform these bases to identify
divergence-free primal wavelets, and dual wavelets that are gradients. Let Q € R"*"
be orthogonal with its nth row given by [1...1]/./n. We define

M.6.1 5.1 N.8.1 5.1

M8, U M50 1 5.0
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Proposition 5.4 Biorthogonal bases for V¢ and V¢ are given by

n
Wior = Mg 080, 1), re[[af) 1<i<nt,
=t

n
Wisor = {iingi: 0#£8€({0,1)", 1 e Hqg{;j, l<i<n
j=1

Furthermore, for 1 <i <n—1, ny 5; € Ho(div0; Z"), and 1, s ,, € grad HY(TM).

Proof For 1 <i <n — 1, it holds that

n n
. . (5.10) .

Jj=1 j=1
and
Z (5.10)
- - . _ ~(1 ~
Vi s, = Z i = —2 'grad ’751),51 Q- ® ’7%),5,,-
i=1
]
Consequently,
n .
Wi, = A mai 080, 1) re[[af) 1=izn—1
Jj=1

dim VyNHodiv0;Z") __ n—1
dim V, ~ n
We conclude that, possibly after an L, (Z™)"-stabilization of \III(SOf )z’ by Gram-Schmidt

or otherwise, so that it becomes a uniform (in £) L,(Z")"-Riesz basis of its span, the

collection ”
> o kbw), (5.11)
elN

is a basis for V, NHydiv0; Z"), and apparently as required.

can serve as the Riesz basis Y for }OIk (Z5) N Hydivo; 75 N LQ’O(IS) as needed in
(5.6) (here for S = {1, ..., n}).

Unfortunately, due to the presence of factors Oi'/ ) in the definition of n, 50 and the
fact that the G)EJ ) are not uniform L, (Z)-Riesz bases for their spans, for n > 3, the

aforementioned L, (Z™)"-stabilization of ‘I’ffof,)e is required, and it spoils locality of
the basis functions.

As we will show below, for n = 2, however, \Ili(;l()f?e is already an L,(Z")"-Riesz
basis of its span, and a further stabilization is not required. Related to this is the fact that
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for n = 2, we can use the freedom in the construction of a dual basis (cf. Remark 4.6)
such that it becomes a local one, despite the fact that ®, is not local.

Theorem 5.5 Fori € {1, 2}, consider the situation as in Theorem 4.1. Le; lI/(")., V10X
and so $('), \i(’), be local. In the situation as in Proposition 5.1, let CD(l), be), and

s0 $g) , ég) , and ®g) defined in (5.4), be uniformly local and locally finite. Then

— 1 2 1 2 S S
U2 {00 e vPe—u @ T 0e: (i) e VO x VO, ayi=laal=t)
telN

1 2 1 +(2 o ° 2
u{ &1) ®9,{2)61 - lﬂil) ®¢,(\2)ezi (A1, 22) € VD x Aé_)l, Al = ¢}

+(1 2 1 2 2 %2
Uy @ uiDer — 6 @ U er: G, da) € ALY, x VO, ol = ¢}

is a Riesz basis for ﬁk (Z%) N Hydiv0; Z2), with dual basis

U2

telN

T (1 72 7 (1 T2
tk ngl) ® W)Ez)el B 1'0)(»1) ® Wiz)ez
V2

7 (1 (2 o °
U{i) @ ¢ 7er: (. h2) € VOV AP (o] = ¢}

D h2) € VY 5 v g = gl =z]

- l ~ 2 o l o
U @ i Per: G ro) € ALY, x VP, Jag] = e}] :

Proof Let us denote the primal and dual collections as | J, <y 2‘“‘{‘1’?1) U \Ilélo) u

01 = (1) = (10) = (01)

Wy and oy 2400, UV, U, ) o

The biorthogonality follows from the biorthogonality of the pairs (W@, W),

IO GO O SONENFNOR- S0 M _ BAGR

( V), (9,7, ®,7), (@,7,P,’), and from span®, = span{y, : A
e VP Al < ¢, span EI’)E') = span{lz)({): 2 eV al <), and span ®§') =
span{y ) 1 e VO 2 < 0}

Apart from a harmless factor V2, the primal collection is equal to that from (5.11).
Since forn = 2, (5.6() reads as Y{1-:2D) , in order to conclude that the primal collection
is a Riesz basis for H® (Z%) N Hydiv0; Z2), in view of the preceding analysis in this
subsection, what remains to show is that (J_5¢(0.12 \Ilff) is a uniform L>(Z?)-Riesz
basis for its span.

From the collections being uniformly local and locally finite, and the functions hav-

T
ing uniformly bounded Lo (Z%)2-norms, it follows that up := ZO;&SG (0,1)2 CE‘S) \Il?)
satisfies ||ug ||iz(12) < 20#56{0’1}2 c® ||%2. Below we will show that the dual collec-

. . . ~ (8§
tion is a dual basis in the sense of (1.7). Then, ||c® lle, = [l{ug, \Ili ))Lz(Iz)z le, S
12~ *Cuy | wkye S el z2)2 by (5.9), with which the proof is completed.

. . . . = (11) .
Since, up to a harmless difference in scaling, |J, o 2% \Ilé ' is a subset of the

collection in (4.11), we infer that foru € H¥(Z?)2, > ren l{u, Lk \fléll))Lz(Iz)z ||%2 <

2

||“||Hk(z2)2~
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To show that the dual collection is a dual basis, it remains to prove that for u €
HKT?)?,

= (10)
Dl 2%, ) ppll7, S e el g, (5.12)
LelN

because the proof for ‘i,;lO) reading as \ilgm) is similar.
From ¥ and {2~ |Mkl//(l) : & e VW) being Riesz bases for Ly(Z) and

H( I~ (1))(1) respectively, and \If( ) and {2~ |Mk\};(2) YS V(z)} being Riesz bases

for Ly(Z) and H( ) ,0) (2), respectively, we have that
ny ng

|
I—

2
Z4|)~j|k (1) ® 17;(2) (A1, 20) € VD x VIV L i a Riesz basis for

(w-erue H@) > HY ) o) @O LoD N LoD @ HY ) o (D).
(VN 0 71

(5.13)
Since {w(l) (2) t (A1, A) € VD x V(z)} is a Riesz basis for L (Z2), we have
for £ € IN,

I Ngkzzy = 250 - 22y on
span(y " @ U : (11, 0) € VO 5 VO, max(hi, 2D = 6. (5.14)
An alternative, uniform L, (Z?)-basis for the space from (5.14) is given by

+ +
\Ije(l) ® q)ff_)1 U Q(l)l Q \11(2) U \I/(l) QW (2)

The latter result, (5.14), and (5.13) show that

+
U z—k[ \Ij(]) ® CD(Z) U q)(l) ® \11(2) U \Ij(l) ® \lj<2))
£elNg

is a Riesz basis for {u-e; : u € ﬁk(IZ)}.
Its unique dual basis in L>(Z?) reads as

U 2k€ \I/(l) ® q)f)l U q>(1)1 ® \I’(Z) U \IJ(I) ® \IJ(Z)).
telN

(10)

Since ¥ P \Il(l) ® @éz)lez, we conclude (5.12), which completes the proof. O

6 Conclusion

Anisotropic wavelet Riesz bases were constructed for the space of divergence-free
vector fields on the n-dimensional hypercube that have vanishing normal components,
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or for this space intersected with higher order Sobolev spaces that may incorporate
additional boundary conditions, e.g., no-slip boundary conditions. The construction
relies on a principle introduced by Lemarié—Rieusset in [21] for the construction
of divergence-free wavelet bases on R”, but only after making an initial biorthogonal
decomposition of (L, (0, 1)), L,(0, 1)*)") into 2" — 1 pairs of subspaces. Forn = 2,
an alternative isotropic wavelet basis was constructed.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.
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