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Abstract We construct 2 × 2-matrix linear problems with a spectral parameter for
the Painlevé equations I–V by means of the degeneration processes from the elliptic
linear problem for the Painlevé VI equation. These processes supplement the known
degeneration relations between the Painlevé equations with the degeneration scheme
for the associated linear problems. The degeneration relations constructed in this paper
are based on the trigonometric, rational, and Inozemtsev limits. The obtained 2 × 2-
matrix linear problems for the Painlevé equations III and V are new.
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Painlevé–Calogero correspondence · Inozemtsev limit
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1 Introduction

We study the Painlevé equations and the associated 2 × 2-matrix linear problems.
The Painlevé equations are six nonlinear ordinary second-order differential equations
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discovered by Fuchs [9], Gambier [10], and Painlevé [29,30], at the beginning of the
twentieth century. The approach to the Painlevé equations from the point of view of
the monodromy preserving deformations of linear ordinary differential equations was
established by Fuchs in the work [9] and generalized in the works by Schlesinger [33]
and Garnier [11,12]. After a long break, this approach was further developed in the
works [7,16–18,20], see also the books [8,14,32].

Another important approach to the Painlevé equations was established in the work
[23]—the Hamiltonian approach. It turns out that each Painlevé equation is equiva-
lent to the equations of motion of some nonautonomous Hamiltonian system. Such
Hamiltonian systemswere first introduced byOkamoto in theworks [26–28]. The next
step in the development of the Hamiltonian approach was the representation of the
Painlevé equations as nonautonomous Hamiltonian systems describing the motion of
a particle in a nonstationary potential. TheHamiltonian of this type was constructed by
Manin [24]. Soon after, Levin and Olshanetsky discovered [21] that the Lax pair of the
elliptic Calogero system forms the linear problem for the equation of isomonodromic
deformations on a torus and, particularly, for the Painlevé VI equation with specific
choice of arbitrary constants. This connection between the Painlevé VI equation and
the integrable model of the Calogero type [6] was called the Painlevé–Calogero cor-
respondence. Later, Takasaki [34] derived Hamiltonians for the Painlevé equations
I–V from the Manin’s Hamiltonian using degeneration relations (1.1) between the
Painlevé equations [28]. It isworth noting that the similar diagramof degeneration (1.1)
was known (without any connection to the Painlevé equations) for the autonomous
Inozemtsev systems [35].

PIV

���������������

PVI �� PV

���������������

��������������� PII �� PI

PIII

���������������

(1.1)
Thus, Takasaki extended the Painlevé–Calogero correspondence to the whole set
of the Painlevé equations. Recently, this result was further developed in [37,38],
where a “quantized” version of the Painlevé–Calogero correspondence was sug-
gested.

The goal of this paper is to construct 2 × 2-matrix linear problems with a spec-
tral parameter for the Painlevé equations I–V by means of degeneration processes.
In papers [1,2,4], we proposed limit relations between the elliptic SL(N ,C) top and
Toda systems in the autonomous case for N � 2 and in the nonautonomous case
for N = 2. These relations are based on the Inozemtsev limit [13] and allow one to
obtain the Lax pair of a Toda system from the Lax pair of the elliptic SL(N ,C)

top. It is known that there is a connection between the systems discussed above
and the Painlevé equations. The equations of motion of a nonautonomous ellip-
tic SL(2,C) top are equivalent to a particular case of the Painlevé VI equation
[22], and the equations of motion of nonautonomous Toda systems are equivalent
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to the Painlevé III equation with a definite choice of arbitrary constants. Also, in
[1], it was shown that the linear problem for the particular case of the Painlevé
III equation can be obtained from the particular case of the Painlevé VI equation.
Thus, we can apply the procedure from [1] to the linear problem for the general
case of the Painlevé VI equation in the elliptic form [5,24,31]. Zotov constructed
the 2 × 2 Lax pair with spectral parameter z for the Calogero–Inozemtsev system
with one degree of freedom [39]. This Lax pair also provides the linear problem
for the Painlevé VI equation in the elliptic form. The Calogero–Inozemtsev sys-
tem considered in [39] is described by the Hamiltonian on an elliptic curve 〈1, τ 〉,
where the parameter τ stands for the time in the nonautonomous version of this
system. So, using the linear problem for the Painlevé VI equation from [39], we
obtain linear problems for other Painlevé equations by means of the degeneration
processes.

In Sects. 2 and 4, new linear problems for the Painlevé equations V and III are
constructed. They are obtained as limits of the linear problem for the Painlevé VI
equation. The common component of these limits is the following decomposition of
the parameter τ of an elliptic curve:

τ = τ1 + τ2,

where τ1 stands for the time in the limiting system and τ2 gives the trigonometric limit
Im τ2 → +∞. In other words, we introduce the infinite shift of the parameter of an
elliptic curve. Thus, we have the linear problems for the Painlevé equations V and
III defined on an infinite complex cylinder C/Z. The difference between the limits
from Sects. 2 and 4 is due to the infinite shifts of the Calogero–Inozemtsev system
coordinate u and spectral parameter z. The limits also differ in the scalings of constants
of the linear problem for the Painlevé VI equation [39].

In Sect. 3, we construct a linear problem for the Painlevé IV equation using the
result of Sect. 2. In Sects. 5 and 6, using the linear problem from Sect. 4, we obtain
linear problems for the Painlevé equations II and I, respectively. The limiting pro-
cedures used in Sects. 3, 5, and 6 are based on the transformation of an infinite
complex cylinderC/Z to a complex planeC. Thus, the degeneration relations between
the linear problems obtained in this paper can be described by the following dia-
gram:

PV(2.7, 2.15) �� PIV(3.3)

PVI ��

�������������
PIII(4.9, 4.17) ��

������������� PII(5.3)

PI(6.3)

(1.2)

The diagram (1.2) differs from (1.1) due to the fact that the known degeneration pro-
cedures [15] for the Painlevé equations themselves cannot be directly applied to the
corresponding linear problems.
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1.1 Painlevé Equations

Wewill now reviewgeneral facts and notation about the equations under consideration.
The six Painlevé equations [9,10,29,30] in the rational form [15] are

PVI:
d2λ

dt2
= 1

2

(
1

λ
+ 1

λ − 1
+ 1

λ − t

) (
dλ

dt

)2

−
(
1

t
+ 1

t − 1
+ 1

λ − t

)
dλ

dt

+ λ (λ − 1) (λ − t)

t2 (t − 1)2

[
α − β

t

λ2
+ γ

t − 1

(λ − 1)2
+

(
1

2
− δ

)
t (t−1)

(λ−t)2

]
,

PV:
d2λ

dt2
=

(
1

2λ
+ 1

λ − 1

) (
dλ

dt

)2

− 1

t

dλ

dt
+ (λ − 1)2

t2

(
αλ + β

λ

)
+ γ

λ

t

+ δ
λ (λ + 1)

(λ − 1)
,

PIV:
d2λ

dt2
= 1

2λ

(
dλ

dt

)2

+ 3

2
λ3 + 4tλ2 + 2

(
t2 − α

)
λ + β

λ
,

PIII:
d2λ

dt2
= 1

λ

(
dλ

dt

)2

− 1

t

dλ

dt
+ 1

t

(
αλ2 + β

)
+ γ λ3 + δ

λ
,

PII:
d2λ

dt2
= 2λ3 + tλ + α,

PI:
d2λ

dt2
= 6λ2 + t,

where α, β, γ, δ are arbitrary complex constants. The Painlevé equations I–V can be
derived from the Painlevé VI equation by means of the degeneration processes (1.1)
[28].

1.2 Elliptic Linear Problem for the Painlevé VI Equation

The sixth Painlevé equation in the elliptic form [5,24,31] is

d2u

dτ 2
= −2

3∑
α=0

ν2αE
′
2 (u + ωα, τ) ,

where ωα = {
0, 1

2 ,
τ
2 , 1+τ

2

}
and the second Eisenstein function E2(z) (9.1) is defined

on a complex torus 〈1, τ 〉 (see “Appendix 2”). In this form, the Painlevé VI equation
is equivalent to the equation of motion of a nonautonomous Calogero–Inozemtsev
system with one degree of freedom, which is described by the Hamiltonian

HVI = v2 −
3∑

α=0

ν2αE2 (u + ωα). (1.3)
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We will also need the following equivalent form to calculate the limits in Sects. 3 and
5:

H̃VI = v2 −
3∑

α=0

ν2α (E2 (u + ωα) − E2 (z + ωα)) . (1.4)

The nonautonomous version of the Calogero–Inozemtsev system with one degree
of freedom has the following 2 × 2 Lax representation constructed in [39]:

∂τ L
VI − 1

2π i
∂zM

VI =
[
LVI, MVI

]
. (1.5)

The Lax pair LVI, MVI is of the form

LVI =
(

v 0
0 −v

)
+

3∑
α=0

LVI
α , LVI

α =
(

0 ναϕα (u+ωα, z)
ναϕα (−u+ωα, z) 0

)
,

(1.6a)

MVI =
3∑

α=0

MVI
α , MVI

α =
(

0 να fα (u + ωα, z)
να fα (−u + ωα, z) 0

)
, (1.6b)

where functions ϕα, fα [19] are defined in the following way (see “Appendix 2”):

ϕα

(
u + ωβ, z

) = e (z∂τωα) φ
(
u + ωβ, z

)
,

fα
(
u + ωβ, z

) = e (z∂τωα) ∂wφ (w, z) |w=u+ωβ ,

φ(u, z) = θ11(u + z)θ ′
11(0)

θ11(u)θ11(z)
.

2 Linear Problem for the Painlevé V Equation

In order to obtain a relation between linear problems for the Painlevé equations VI and
V, we consider two different degeneration procedures. These procedures give linear
problems for the following ordinary differential equations:

d2u

dt2
= C2

0
cos u

sin3 u
+ C2

1
sin u

cos3 u
+ C2

2e
2t sin(4u) + C2C3e

t sin(2u), (2.1)

d2u

dt2
= C2

0
cos u

sin3 u
+ C2

1
sin u

cos3 u
+ C2

4e
t sin(2u), (2.2)

which are the particular cases of the Painlevé V equation (8.2). Equations (2.1) and
(2.2) describe the Painlevé V equation with any choice of arbitrary constants. Even
though these equations are connected by the following limit:

C2 → 0, C3 → ∞, C2C3 → const = C2
4 , (2.3)
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the Lax pair of the linear problem for Eq. (2.1) (obtained in Sect. 2.1) diverges upon
taking (2.3). Thus, we construct linear problems for Eqs. (2.1) and (2.2) separately.

In both degeneration procedures, we use the following decomposition of the para-
meter τ of an elliptic curve:

τ = τ1 + τ2, (2.4)

where τ1 stands for the time in the limiting system and τ2 gives the trigonometric limit
Im τ2 → +∞. In other words, we introduce the infinite shift of the parameter of an
elliptic curve. Thus, we have the linear problem for the Painlevé V equation defined on
an infinite complex cylinderC/Z. The difference between the degeneration procedures
is due to the infinite shifts of coordinate u and spectral parameter z. The degeneration
procedures also differ in the scalings of constants of the linear problem for the Painlevé
VI equation.

Wewill startwith the degeneration procedure giving the linear problem forEq. (2.1).

2.1 Linear Problem for Equation (2.1)

We decompose the parameter τ of an elliptic curve as it was described earlier, τ =
τ1 + τ2, which implies

du

dτ
= du

dτ1
.

The scalings of coupling constants are defined by the limiting behavior of Laxmatrices
(1.6a), (1.6b) as follows:

ν0 = ν̃0

π
, ν1 = ν̃1

π
, ν2 = −ν̃2q

− 1
2

2 + ν̃3

2π
, ν3 = ν̃2q

− 1
2

2 + ν̃3

2π
,

where q2 ≡ e (τ2) . Thus, we obtain the limiting Hamiltonian and the linear problem
of the following form:

HV = v2 − ν̃20

sin2(πu)
− ν̃21

cos2(πu)
− 8q

1
2
1 ν̃2ν̃3 cos(2πu) + 8q1ν̃

2
2 cos(4πu),

(2.5)

∂τ1L
V − 1

2π i
∂zM

V =
[
LV, MV

]
=

{
HV, LV

}
, (2.6)

where
HV = lim

Im τ2→+∞ HVI, q1 ≡ e (τ1) ,

LV = lim
Im τ2→+∞ LVI =

(
v 0
0 −v

)
+

3∑
α=0

ν̃αL
V
α ,

LV
0 =

(
0 cot(πu) + cot(π z)

− cot(πu) + cot(π z) 0

)
,
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LV
1 =

(
0 cot(π z) − tan(πu)

cot(π z) + tan(πu) 0

)
,

LV
2 = 4q

1
2
1

(
0 − sin (π(2u + z))

sin (π(2u − z)) 0

)
, LV

3 = 1

sin(π z)

(
0 1
1 0

)
,

(2.7a)

MV = lim
Im τ2→+∞ MVI =

3∑
α=0

ν̃αM
V
α,

MV
0 = − π

sin2 (πu)

(
0 1
1 0

)
, MV

1 = − π

cos2 (πu)

(
0 1
1 0

)
,

MV
2 = −8πq

1
2
1

(
0 cos (π(2u + z))

cos (π(2u − z)) 0

)
, MV

3 = 0. (2.7b)

We will also need an equivalent form of the Hamiltonian to calculate the limit in
Sect. 3. This form can be derived from expression (1.4):

H̃V = lim
Im τ2→+∞ H̃VI = v2 − ν̃20

(
1

sin2(πu)
− 1

sin2(π z)

)

− ν̃21

(
1

cos2(πu)
− 1

cos2(π z)

)
− 8q

1
2
1 ν̃2ν̃3 (cos(2πu) − cos(2π z))

+ 8q1ν̃
2
2 (cos(4πu) − cos(4π z)) . (2.8)

Limiting Hamiltonian (2.5) coincides with the one known for the fifth Painlevé
equation [34]. It is useful to note that (2.6) is equivalent to (2.1), which is a particular
case of the Painlevé V equation. Indeed, we rewrite (2.6) as a system of two first-order
differential equations

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

du

dτ1
= 2v,

dv

dτ1
= −2πν̃20

cos(πu)

sin3(πu)
+ 2πν̃21

sin(πu)

cos3(πu)
− 16πq

1
2
1 ν̃2ν̃3 sin(2πu)

+ 32πq1ν̃22 sin(4πu),

which gives

d2u

dτ 21
= − 4πν̃20

cos(πu)

sin3(πu)
+ 4πν̃21

sin(πu)

cos3(πu)
− 32πq

1
2
1 ν̃2ν̃3 sin(2πu)

+ 64πq1ν̃
2
2 sin(4πu).

2.2 Linear Problem for Equation (2.2)

In this subsection, besides decomposition (2.4) of the parameter τ , the following shifts
are used:
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u = ũ − τ

2
, z = z̃ − τ

2
. (2.9)

The scalings of coupling constants are defined by the limiting behavior of Hamiltonian
(1.3) as follows:

ν0 = ĩν2q
−1/4
2√
2π

, ν1 = ν̃3q
−1/4
2√
2π

, ν2 = ν̃0

π
, ν3 = ν̃1

π
.

Since τ1 stands for the time in the limiting system, the shifts (2.9) are time-
dependent, hence,

du

dτ
= du

dτ1
= dũ

dτ1
− 1

2
,

and the Hamiltonian defining the equations of motion of the limiting system is given
by

HV = lim
Im τ2→+∞ HVI + 1

2
v + 1

16
.

Using the Hamiltonian (1.3) of the Painlevé VI equation, we get

HV =
(

v + 1

4

)2

− ν̃20

sin2 (π ũ)
− ν̃21

cos2 (π ũ)
− 4

(̃
ν22 + ν̃23

)
q1/21 cos (2π ũ) .

(2.10)

In order to obtain convergent Lax matrices, it is necessary to perform the gauge
transformation of the form

LVI → gLVIg−1, MVI → gMVIg−1,

g =
(
1 0
0 q−1/4

2

)
.

Since the shift of the spectral parameter in the degeneration procedure under consid-
eration is time-dependent, Eq. (1.5) turns into

∂τ1L
VI − ∂̃z

(
1

2π i
MVI − 1

2
LVI

)
=

[
LVI, MVI

]
,

where LVI = LVI (̃u − τ/2, v, z̃ − τ/2, τ ) , MVI = MVI (̃u − τ/2, z̃ − τ/2, τ ) .

Thus, the Lax pair of the linear problem for Eq. (2.2) is defined via

LV = 2π i lim
Imτ2→+∞ gLVIg−1, MV = lim

Imτ2→+∞ g
(
MVI − π iLVI

)
g−1.

Equation of zero curvature (1.5) takes the following form in the limit:

∂τ1L
V − ∂̃zM

V =
[
LV, MV

]
, (2.11)
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where

LV = 2π i

(
v 0
0 −v

)
+

3∑
α=0

ν̃αL
V
α ,

LV
0 = 2π i

sin (π ũ)

(
0 eiπ(̃u+̃z)q−1/4

1

−e−iπ(̃u+̃z)q1/41 0

)
,

LV
1 = 2π i

cos (π ũ)

(
0 ieiπ(̃u+̃z)q−1/4

1

ie−iπ(̃u+̃z)q1/41 0

)
,

LV
2 = 2

√
2π i

(
0 e2π i(̃u+̃z) − 1

−2ie−iπ(̃u+̃z)q1/21 sin (π (̃u − z̃)) 0

)
,

LV
3 = −2

√
2π

(
0 e2π i(̃u+̃z) + 1

2e−iπ(̃u+̃z)q1/21 cos (π (̃u − z̃)) 0

)
, (2.12)

MV = iπ

(−v 0
0 v

)
+

3∑
α=0

ν̃αM
V
α ,

MV
0 = −π

cos (π ũ)

sin2 (π ũ)

(
0 q−1/4

1 eiπ(̃u+̃z)

q1/41 e−iπ(̃u+̃z) 0

)
,

MV
1 = iπ

sin (π ũ)

cos2 (π ũ)

(
0 q−1/4

1 eiπ(̃u+̃z)

−q1/41 e−iπ(̃u+̃z) 0

)
,

MV
2 = √

2π i

(
0 1 + e2iπ(̃u+̃z)

q1/21

(
e−2iπ z̃ + e−2iπ ũ

)
0

)
,

MV
3 = √

2π

(
0 1 − e2iπ(̃u+̃z)

q1/21

(
e−2iπ z̃ − e−2iπ ũ

)
0

)
. (2.13)

Lax pair (2.12), (2.13) can be simplified by means of the following gauge transfor-
mation:

L̃V = g̃LV g̃−1 − (∂̃z g̃) g̃
−1, M̃V = g̃MVg̃−1 − (

∂τ1 g̃
)
g̃−1,

g̃ =
(
q1/81 e−iπ(̃u+̃z)/2 0

0 q−1/8
1 eiπ(̃u+̃z)/2

)
. (2.14)

After this transformation, the coordinate velocity v enters into the Lax matrix L̃V with
the same shift v + 1

4 as in the Hamiltonian (2.10), i.e.,

L̃V = 2π i

⎛
⎜⎝ v + 1

4
0

0 −v − 1

4

⎞
⎟⎠ +

3∑
α=0

ν̃α L̃
V
α ,
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L̃V
0 = 2π i

sin (π ũ)

(
0 1

−1 0

)
, L̃V

1 = − 2π

cos (π ũ)

(
0 1
1 0

)
,

L̃V
2 = 4

√
2πq1/41

(
0 − sin (π (̃u + z̃))

sin (π (̃u − z̃)) 0

)
,

L̃V
3 = −4

√
2πq1/41

(
0 cos (π (̃u + z̃))

cos (π (̃u − z̃)) 0

)
. (2.15a)

Using the Hamilton equation of motion for the coordinate ũ

dũ

dτ1
=

{
HV, ũ

}
= 2v + 1

2
,

one can ensure that transformation (2.14) removes v from the second Lax matrix
(2.13), namely,

M̃V =
3∑

α=0

ν̃α M̃
V
α ,

M̃V
0 = −π

cos (π ũ)

sin2 (π ũ)

(
0 1
1 0

)
, M̃V

1 = iπ
sin (π ũ)

cos2 (π ũ)

(
0 1

−1 0

)
,

M̃V
2 = 2

√
2π iq1/41

(
0 cos (π (̃u + z̃))

cos (π (̃u − z̃)) 0

)
,

M̃V
3 = 2

√
2π iq1/41

(
0 − sin (π (̃u + z̃))

sin (π (̃u − z̃)) 0

)
. (2.15b)

To show that Eqs. (2.11) and (2.2) are equivalent, we rewrite (2.11) in the form of
a system of two first-order differential equations

⎧⎪⎨
⎪⎩

dũ

dτ1
= 2v + 1

2
,

dv

dτ1
= −2πν̃20

cos(π ũ)

sin3(π ũ)
+ 2πν̃21

sin(π ũ)

cos3(π ũ)
− 8πq

1
2
1

(̃
ν22 + ν̃23

)
sin(2π ũ).

Eliminating v, we obtain

d2ũ

dτ 21
= −4πν̃20

cos(π ũ)

sin3(π ũ)
+ 4πν̃21

sin(π ũ)

cos3(π ũ)
− 16πq

1
2
1

(̃
ν22 + ν̃23

)
sin(2π ũ).

3 Linear Problem for the Painlevé IV Equation

We construct a linear problem for the Painlevé IV equation as the limit of the linear
problem for the Painlevé V equation obtained in Sect. 2.1. We make the substitutions

τ1 = tw2

2π i
, u = ũ

w

2π i
, z = z̃

w

2π i
, v = ṽ

w
, (3.1)
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the scalings of coupling constants and the limit w → 0. Note that the limit w → 0
describes the transformation of an infinite complex cylinder from Sect. 2 to a complex
plane. After applying (3.1), the canonical Poisson bracket acquires the following form:

{̃v, ũ} = 2π i.

We define scalings of coupling constants by the limiting behavior of equations of
motion (2.6) and the Lax matrices (2.7a), (2.7b) via

ν̃0 = β

4
√
2
, ν̃1 = −2iw−4, ν̃2 = i

4w4 , ν̃3 = 8i + w4iα

4w4 .

To obtain the Hamiltonian of the limiting system, we use Hamiltonian (2.8) for the
Painlevé V equation, because the other Hamiltonian (2.5) diverges as w → 0. Thus,
the Hamiltonian and the Lax matrices of the limiting system are defined as

H IV = lim
w→0

w2

2π i
H̃V, L IV = lim

w→0
wLV, M IV = lim

w→0

w2

2π i
MV.

Finally, we get the following limiting Hamiltonian and the equation of zero curva-
ture:

H IV = − ĩv2

2π
+ i

(̃
u6 − z̃6

)
32π

+ it
(̃
u4 − z̃4

)
8π

+ i
(
t2 − α

) (̃
u2 − z̃2

)
8π

− iβ2

16π

(
1

ũ2
− 1

z̃2

)
,

∂t L
IV − ∂̃zM

IV =
[
L IV, M IV

]
=

{
H IV, L IV

}
, (3.2)

where

L IV =
⎛
⎜⎝ ṽ − ũ3

4
− ũ2̃z

4
− ũ

z̃2 + 4t

8
− z̃3

32
− t̃ z

4
ũ3

4
− ũ2̃z

4
+ ũ

z̃2 + 4t

8
− z̃3

32
− t̃ z

4
−ṽ

⎞
⎟⎠

+

⎛
⎜⎜⎝

0 − α

2̃z
+ iβ

2
√
2

(
1

ũ
+ 1

z̃

)

− α

2̃z
+ iβ

2
√
2

(
1

z̃
− 1

ũ

)
0

⎞
⎟⎟⎠ , (3.3a)

M IV =

⎛
⎜⎜⎝

0 −3ũ2

4
− ũ̃z

2
− t

2
− z̃2

8
− iβ

2
√
2ũ2

−3ũ2

4
+ ũ̃z

2
− t

2
− z̃2

8
− iβ

2
√
2ũ2

0

⎞
⎟⎟⎠ .

(3.3b)
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The equivalence of Eq. (3.2) to the Painlevé IV equation in the form (8.4) can be
shown in two steps. First, we rewrite (3.2) as a system of two differential equations

⎧⎪⎨
⎪⎩

dũ

dt
= 2ṽ,

dṽ

dt
= β2

4ũ3
+ 1

2

(
t2 − α

)
ũ + t ũ3 + 3ũ5

8
.

Second, after eliminating v from the system we get the following second-order differ-
ential equation:

d2ũ

dt2
= β2

2ũ3
+

(
t2 − α

)
ũ + 2t ũ3 + 3ũ5

4
.

4 Linear Problem for the Painlevé III Equation

As in Sect. 2 we construct a limiting procedure which transforms the linear problem
(1.6) for the PainlevéVI equation into linear problems for the following two equations:

d2u

dt2
= C2

0e
2t+2u + C2

2e
2t−2u + C0C1e

t+u + C2C3e
t−u, (4.1)

d2u

dt2
= C2

2e
2t−2u + C2

0e
t+u + C2C3e

t−u . (4.2)

Equations (4.1) and (4.2) describe the Painlevé III equation (8.6) with any choice
of arbitrary constants. In Sects. 4.1 and 4.2, we construct two distinct degeneration
procedures which give different linear problems for Eq. (4.1). A linear problem for
Eq. (4.2) is constructed in Sect. 4.3.

Degeneration procedures under consideration are based on a generalization of the
Inozemtsev limit and differ in shifts of the spectral parameter and scalings of coupling
constants. The generalization of the Inozemtsev limit consists of the decomposition
of the parameter τ ,

τ = τ1 + τ2, (4.3)

with τ1 denoting the time of the system, the shift of the coordinate

u = ũ + τ

4
, (4.4)

and the trigonometric limit Im τ2 → +∞. In other words, we introduce the infinite
shift of the parameter of an elliptic curve. Thus, we have the linear problem for the
Painlevé III equation defined on an infinite complex cylinder C/Z.

4.1 First Linear Problem for Equation (4.1)

To construct a linear problem associated with Eq. (4.1), we use decomposition (4.3),
shift of the coordinate u (4.4), and the trigonometric limit Im τ2 → +∞. From the
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decomposition of the Lax matrices (1.6a), (1.6b) as a series in q, one can determine
the scalings of coupling constants

ν0 = ν̃0q
− 1

4
2 + ν̃1

2π
, ν1 = −ν̃0q

− 1
4

2 + ν̃1

2π
, ν2 = ν̃2q

− 1
4

2 + ν̃3

2π
,

ν3 = −ν̃2q
− 1

4
2 + ν̃3

2π
.

Since τ1 is the time of the system, shift (4.4) of the coordinate u is time-dependent,
which implies

du

dτ
= du

dτ1
= dũ

dτ1
+ 1

4
. (4.5)

Thus, the Hamiltonian of the limiting system has the following form:

H III = lim
Im τ2→+∞ HVI − 1

4
v + 1

64
.

Using the Hamiltonian for the Painlevé VI equation in the form (1.3), we get

H III=
(

v− 1

8

)2

+ 4q
1
2
1 ν̃20e

4π ĩu+4q
1
2
1 ν̃22e

−4π ĩu + 4q
1
4
1 ν̃0ν̃1e

2π ĩu + 4q
1
4
1 ν̃2ν̃3e

−2π ĩu .

(4.6)

Expression (1.4) gives an equivalent Hamiltonian

H̃ III = lim
Im τ2→+∞ H̃VI − 1

4
v + 1

64
=

(
v − 1

8

)2

+ 4q
1
2
1 ν̃20

(
e4π ĩu − e4π iz

)

+ 4q
1
2
1 ν̃22

(
e−4π ĩu − e−4π iz

)
+ 4q

1
4
1 ν̃0ν̃1

(
e2π ĩu − e2π iz

)

+ 4q
1
4
1 ν̃2ν̃3

(
e−2π ĩu − e−2π iz

)
, (4.7)

which will be used to calculate a limit in Sect. 5.
The equation of zero curvature (1.5) preserves the form in the limit

∂τ1L
III − 1

2π i
∂zM

III =
[
L III, M III

]
, (4.8)

where

L III = lim
Im τ2→+∞ LVI =

(
v 0
0 −v

)
+

3∑
α=0

ν̃αL
III
α ,
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L III
0 = 2iq

1
4
1 e

2π ĩu
(
0 −1
1 0

)
, L III

1 =
(

0 −i + cot (π z)
i + cot (π z) 0

)
,

L III
2 = 2iq

1
4
1

(
0 e−iπ(2ũ+z)

−e−iπ(2ũ−z) 0

)
, L III

3 = 1

sin (π z)

(
0 1
1 0

)
, (4.9a)

M III = lim
Im τ2→+∞ LVI =

3∑
α=0

ν̃αM
III
α ,

M III
0 = 4πq

1
4
1 e

2π ĩu
(
0 1
1 0

)
, M III

1 = 0,

M III
2 = 4πq

1
4
1

(
0 e−iπ(2ũ+z)

e−iπ(2ũ−z) 0

)
, M III

3 = 0. (4.9b)

Equation (4.8) describes the Hamilton equations of motion of the limiting system

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dũ

dτ1
= {

H III, ũ
} = 2v − 1

4
,

dv

dτ1
= {

H III, v
} = −16iπq

1
2
1 ν̃20e

4π ĩu + 16iπq
1
2
1 ν̃22e

−4π ĩu − 8iπq
1
4
1 ν̃0ν̃1e2π ĩu

+ 8iπq
1
4
1 ν̃2ν̃3e−2π ĩu,

and is equivalent to the following second-order differential equation:

d2u

dτ 21
= −32iπq

1
2
1 ν̃20e

4π ĩu + 32iπq
1
2
1 ν̃22e

−4π ĩu − 16iπq
1
4
1 ν̃0ν̃1e

2π ĩu

+ 16iπq
1
4
1 ν̃2ν̃3e

−2π ĩu,

which in turn coincides with (4.1) up to a change of arbitrary constants.

4.2 Second Linear Problem for Equation (4.1)

Adding to the degeneration procedure described in Sect. 4.1 the shift of the spectral
parameter

z = z̃ + τ

2
, (4.10)

we get another linear problem associated with Eq. (4.1). The gauge equivalence of the
second linear problem to the first linear problem 4.9 has not been established.

Thus, we use decomposition (4.3) of the parameter τ , shifts of the coordinate (4.4)
and the spectral parameter (4.10), and the trigonometric limit Im τ2 → +∞. Scalings
of coupling constants are determined from the decomposition of the Hamiltonian (1.3)
as a series in q,
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ν0 = ν̃0q
− 1

4
2 + ν̃1

2π
, ν1 = −ν̃0q

− 1
4

2 + ν̃1

2π
, ν2 = ν̃2q

− 1
4

2 + ν̃3

2π
,

ν3 = ν̃2q
− 1

4
2 − ν̃3

2π
.

Since substitution (4.4) is time-dependent, the time derivative of the coordinate u
of the Calogero–Inozemtsev system and the time derivative of the coordinate ũ of the
limiting system are connected via (4.5) as follows:

du

dτ
= du

dτ1
= dũ

dτ1
+ 1

4
.

Thus, the Hamiltonian of the limiting system is of the form

H III = lim
Im τ2→+∞ HVI − 1

4
v + 1

64
.

Using the Hamiltonian (1.3) associated with the Painlevé VI equation, one can derive
the following explicit formula for H III:

H III =
(

v − 1

8

)2

+ 4̃ν20q
1/2
1 e4π ĩu + 4̃ν0ν̃1q

1/4
1 e2π ĩu + 4̃ν22q

1/2
1 e−4π ĩu

+ 4̃ν2ν̃3q
1/4
1 e−2π ĩu . (4.11)

After substitutions (4.3), (4.4), and (4.10), the equation of zero curvature (1.5)
transforms into

∂τ1L
VI − ∂̃z

(
1

2π i
MVI + 1

2
LVI

)
=

[
LVI, MVI

]
,

where LVI = LVI (̃u + τ/4, v, z̃ + τ/2, τ ) and MVI = MVI (̃u + τ/4, z̃ + τ/2, τ ) .

This implies the following definitions of the Lax matrices:

L III = 2π i lim
Imτ2→+∞ LVI, M III = lim

Imτ2→+∞

(
MVI + π iLVI

)
.

Finally, the equation of zero curvature acquires the form

∂τ1L
III − ∂̃zM

III =
[
L III, M III

]
, (4.12)
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where

L III = lim
Im τ2→+∞ LVI = 2π i

(
v 0
0 −v

)
+

3∑
α=0

ν̃αL
III
α ,

L III
0 = 4πq

1
4
1

(
0 e2π ĩu − e−2π i(̃u+̃z)

−e2π ĩu 0

)
, L III

1 = 4π

(
0 1
0 0

)
,

L III
2 = 4πq

1
4
1

(
0 eπ ĩz − e−π i(4ũ+̃z)

eπ ĩz 0

)
, L III

3 = −4πe−π i(2ũ+̃z)
(
0 1
0 0

)
,

(4.13)

M III = lim
Im τ2→+∞ MVI = iπ

(
v 0
0 −v

)
+

3∑
α=0

ν̃αM
III
α ,

M III
0 = 2πq1/41

(
0 e−2iπ(̃u+̃z) + 3e2iπ ũ

e2iπ ũ 0

)
, M III

1 = 2π

(
0 1
0 0

)
,

M III
2 = 2πq1/41

(
0 3e−iπ(4ũ+̃z) + eiπ z̃

eiπ z̃ 0

)
, M III

3 = 2πe−iπ(2ũ+̃z)
(
0 1
0 0

)
.

(4.14)

As in Sect. 2.2, we can remove v from the second Lax matrix M III (4.14) by means
of the gauge transformation

L III → gL IIIg−1 − (∂̃zg) g
−1, M III → gM IIIg−1 − (

∂τ1g
)
g−1,

g =
(
q1/161 eiπ(2ũ+̃z)/4 0

0 q−1/16
1 e−iπ(2ũ+̃z)/4

)
.

Applying the transformation, we get the first Lax matrix L III (4.13) with the same
shifted velocity v − 1

8 as in the Hamiltonian (4.11).
Equation (4.12) is equivalent to the Hamilton equations of motion

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dũ

dτ1
= 2v − 1

4
,

dv

dτ1
= −16π ĩν20q

1/2
1 e4π ĩu − 8π ĩν0ν̃1q

1/4
1 e2π ĩu + 16π ĩν22q

1/2
1 e−4π ĩu

+ 8π ĩν2ν̃3q
1/4
1 e−2π ĩu .

These equations in turn are equivalent to the following second-order differential equa-
tion:

d2ũ

dτ 21
= − 32π ĩν20q

1/2
1 e4π ĩu − 16π ĩν0ν̃1q

1/4
1 e2π ĩu + 32π ĩν22q

1/2
1 e−4π ĩu

+ 16π ĩν2ν̃3q
1/4
1 e−2π ĩu,

which coincides with (4.1) up to a change of arbitrary constants.
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4.3 Linear Problem for Equation (4.2)

In this subsection we use decomposition (4.3) of the parameter τ of an elliptic curve,
the substitution of the coordinate (4.4), and the shift of the spectral parameter

z = z̃ + τ

4
.

The scalings of coupling constants are determined from the decomposition of the
Hamiltonian (1.3) as a series in q in the following way:

ν0 = ν̃0q
−1/8
2

2π
, ν1 = ĩν1q

−1/8
2

2π
, ν2 = ν̃2q

−1/4
2 + ν̃3

2π
, ν3 = −ν̃2q

−1/4
2 + ν̃3

2π
.

Aswasmentioned in Sect. 4.1, shift of the coordinate (4.4) is time-dependent. Thus,
the Hamiltonians of the limiting system have the following form:

H III = lim
Im τ2→+∞ HVI − 1

4
v + 1

64
.

Using the Hamiltonian (1.3) for the Painlevé VI equation, one can derive

H III =
(

v − 1

8

)2

+
(̃
ν20 + ν̃21

)
q1/41 e2iπ ũ + 4̃ν22q

1/2
1 e−4iπ ũ + 4̃ν2ν̃3q

1/4
1 e−2iπ ũ .

(4.15)

In this case, in order to get convergent Lax matrices it is necessary to make the
gauge transformation

LVI → gLVIg−1, MVI → gMVIg−1,

g =
(
1 0
0 q−1/8

2

)
.

After applying the shift of the spectral parameter, equation of zero curvature (1.5)
becomes

∂τ1L
VI − ∂̃z

(
1

2π i
MVI + 1

4
LVI

)
=

[
LVI, MVI

]
,

where LVI = LVI (̃u + τ/4, v, z̃ + τ/4, τ ) , MVI = MVI (̃u + τ/4, z̃ + τ/4, τ ) .

This implies the following definition of the Lax matrices:

L III = 2π i lim
Imτ2→+∞ gLVIg−1, M III = lim

Imτ2→+∞ g

(
MVI + π i

2
LVI

)
g−1.
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Finally, the equation of zero curvature acquires the following form:

∂τ1L
III − ∂̃zM

III =
[
L III, M III

]
, (4.16)

where

L III = 2π i

(
v 0
0 −v

)
+

3∑
α=0

ν̃αL
III
α ,

L III
0 = 2π

(
0 1

q1/41

(
e2iπ z̃ − e2iπ ũ

)
0

)
, L III

1 =2π i

(
0 1

q1/41

(
e2iπ ũ + e2iπ z̃

)
0

)
,

L III
2 = −4πq1/81 e−2iπ ũ

(
0 e−iπ z̃

−q1/41 eiπ z̃ 0

)
, L III

3 = 4πq1/81 eiπ z̃
(
0 0
1 0

)
,

(4.17a)

M III = iπ

2

(
v 0
0 −v

)
+

3∑
α=0

ν̃αM
III
α ,

M III
0 = π

2

(
0 1

q1/41

(
3e2iπ ũ + e2iπ z̃

)
0

)
, M III

1 = iπ

2

(
0 1

e2iπ z̃ − 3e2iπ ũ 0

)
,

M III
2 = πq1/81

(
0 3e−iπ(2ũ+̃z)

5q1/41 e−iπ(2ũ−̃z) 0

)
, M III

3 = πq1/81 eiπ z̃
(
0 0
1 0

)
.

(4.17b)

As in Sects. 2.2 and 4.2, we can remove v from the second Lax matrix M III (4.17b)
by means of the gauge transformation

L III → g̃L III g̃−1 − (∂̃z g̃) g̃
−1, M III → g̃M III g̃−1 − (

∂τ1 g̃
)
g̃−1,

g̃ =
(
q1/321 eiπ(̃u+̃z)/4 0

0 q−1/32
1 e−iπ(̃u+̃z)/4

)
.

Applying this transformation, we obtain the first Lax matrix L III (4.17a) with the same
shifted velocity v − 1

8 as in the Hamiltonian (4.15).
Equation of zero curvature (4.16) is equivalent to the Hamilton equations of motion

⎧⎪⎨
⎪⎩

dũ

dτ1
= {

H III, ũ
} = 2v − 1

4
,

dv

dτ1
= −2iπq1/41

(̃
ν20 + ν̃21

)
e2iπ ũ + 16iπq1/21 ν̃22e

−4iπ ũ + 8iπq1/41 ν̃2ν̃3e−2iπ ũ .
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Eliminating v from this system we get the second-order differential equation

d2ũ

dτ 21
= −4iπq1/41

(̃
ν20 + ν̃21

)
e2iπ ũ + 32iπq1/21 ν̃22e

−4iπ ũ + 16iπq1/41 ν̃2ν̃3e
−2iπ ũ,

which coincides with (4.2) up to a change of arbitrary constants.

5 Linear Problem for the Painlevé II Equation

We construct a linear problem for the Painlevé II equation by means of the degener-
ation process from the linear problem constructed in Sect. 4.1. This process involves
substitutions

τ1 = tw2

2π i
, ũ = U

w

2π i
, z = Z

w

2π i
, v = V

w
, (5.1)

scalings of coupling constants, and the limit w → 0. Note that the limit w → 0
describes the transformation of an infinite complex cylinder from Sect. 4 to a complex
plane. After applying (5.1), the canonical Poisson bracket transforms into

{V,U } = 2π i.

From the decomposition of Lax matrices (4.9a), (4.9b) as series in q, one can
determine the scalings of coupling constants

ν̃0 = i
1 + w2

4w3 , ν̃1 = −i
2 − w3

2w3 , ν̃2 = −i
1 − w2

4w3 , ν̃3 = i

2

(
α − 1 + 2

w3

)
.

Since Hamiltonian (4.6) for the Painlevé III equation diverges as w → 0, we use the
equivalent form (4.7) to obtain the Hamiltonian of the limiting system

H II = lim
w→0

w2

2π i
H̃ III.

The Lax matrices of the limiting system are defined as

L II = lim
w→0

wL III, M II = lim
w→0

w2

2π i
M III.

Thus, we get the limiting Hamiltonian and the equation of zero curvature in the fol-
lowing form:

H II = − iV 2

2π
+ iα (U − Z)

4π
+ it

(
U 2 − Z2

)
8π

+ i
(
U 4 − Z4

)
8π

,

∂t L
II − ∂Z M

II =
[
L II, M II

]
=

{
H II, L II

}
, (5.2)

123



376 Constr Approx (2015) 41:357–383

where

L II =
⎛
⎜⎝ V

t

4
− α

Z
+ Z2

16
+ UZ

4
+ U 2

2

− t

4
− α

Z
− Z2

16
+ UZ

4
− U 2

2
−V

⎞
⎟⎠,

(5.3a)

M II =
⎛
⎜⎝ 0 U + Z

4
U − Z

4
0

⎞
⎟⎠. (5.3b)

One can rewrite (5.2) as the following system of the first-order differential equa-
tions:

⎧⎪⎪⎨
⎪⎪⎩

dU

dt
= 2V,

dV

dt
= U 3 + tU

2
+ α

2
,

which coincides with the Hamilton equations of motion. Eliminating v from this
system, we get the Painlevé II equation

d2U

dt2
= 2U 3 + tU + α.

6 Linear Problem for the Painlevé I Equation

In this section, we construct a linear problem for the Painlevé I equation via the
degeneration process from the linear problem constructed in Sect. 4.1. This process
consists of the substitutions

τ1 = w2t

2π i
, ũ = U

w

2π i
, v = V

w
, z = −1

2
+ Z

w

2π i
, (6.1)

scalings of coupling constants, and the limitw → 0.After applying (6.1), the canonical
Poisson bracket transforms into

{V,U } = 2π i.

The simplest way to determine scalings of coupling constants is to analyze the decom-
position of the Hamiltonian (4.6) as a series in q. This gives

ν̃0 = i

2
√
2w5/2

, ν̃1 = − i√
2w5/2

, ν̃2 = − 1

2
√
2w5/2

, ν̃3 = 1√
2w5/2

.
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To obtain the convergent Lax matrices, we have to make the following gauge trans-
formation:

L III → gL IIIg−1, M III → gM IIIg−1,

g =
(
1 0
0

√
w

)
,

and consider the limit

L I = lim
w→0

wgL IIIg−1, M I = lim
w→0

w2

2π i
gM IIIg−1.

Using the Hamiltonian (4.6) for the Painlevé III equation, we derive the Hamiltonian
of the limiting system

H I = lim
w→0

w2

2π i
H III = − iV 2

2π
+ itU

4π
+ iU 3

2π
.

After taking the limit, the equation of zero curvature becomes

∂t L
I − ∂Z M

I =
[
L I, M I

]
=

{
H I, L I

}
, (6.2)

where

L I =
⎛
⎜⎝

V
1

4
√
2

(
2t + Z2 + 2UZ + 4U 2

)
1√
2

(Z − 2U ) −V

⎞
⎟⎠,

M I =
⎛
⎝ 0

1

2
√
2

(4U + Z)
√
2 0

⎞
⎠. (6.3)

One can rewrite (6.2) as a system of the first-order differential equations, which is
equivalent to the Painlevé I equation

⎧⎪⎪⎨
⎪⎪⎩

dU

dt
= 2V,

dV

dt
= 3U 2 + t

2

⇐⇒ d2U

dt2
= 6U 2 + t.

7 Conclusion

We have constructed linear problems for the Painlevé equations I–V via the degen-
eration processes from the linear problem for the Painlevé VI equation. These
degeneration processes can be described by the following diagram:
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PV �� PIV

PVI ��

����������
PIII ��

���������� PII

PI

(7.1)

Thus, we have supplemented the known relations (1.1) between the Painlevé equations
with the degeneration scheme (7.1) for the 2 × 2-matrix linear problems discussed in
this paper. Moreover, the derived linear problems for the Painlevé equations III and V
appear to be new.

Since one can obtain the Calogero–Inozemtsev system via the reduction from the
2 × 2 elliptic Schlesinger system with four marked points, it is possible to apply the
proposed degeneration process to the general case of the elliptic Schlesinger system.
This process can probably give new nonautonomous systems that describe the interac-
tion between the nonautonomous Toda and Calogero–Moser systems. We study such
a degeneration process in the subsequent work [3].
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8 Appendix 1: Painlevé Equations

In this section, we present a connection between the different forms of the Painlevé
equations V, IV, and III considered in this paper.

8.1 Painlevé V

The Painlevé V equation has the following rational form:

d2λ

dt2
=

(
1

2λ
+ 1

λ − 1

)(
dλ

dt

)2

− 1

t

dλ

dt
+ (λ − 1)2

t2

(
αλ + β

λ

)
+ γ

λ

t

+ δ
λ (λ + 1)

(λ − 1)
. (8.1)

In order to obtain the equivalent form of (8.1) which we use in Sect. 2, one can perform
the following change of variables:

λ (t) = λ (u (t)) = − tan2 (πu (t)) .
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As a result, (dλ/dt)2 becomes zero. After the substitution t (τ ) = eτ , the derivative
dλ/dt becomes zero as well, which leads to

d2u

dt2
= α

2π

sin (πu)

cos3 (πu)
+ β

2π

cos (πu)

sin3 (πu)
+ 2γ eτ sin (2πu) + δe2τ sin (4πu) .

(8.2)

8.2 Painlevé IV

The Painlevé IV equation has the following rational form:

d2λ

dt2
= 1

2λ

(
dλ

dt

)2

+ 3

2
λ3 + 4tλ2 + 2

(
t2 − α

)
λ + β

λ
. (8.3)

In order to obtain the equivalent form of (8.3) considered in Sect. 3, one can make the
change of variables

λ (t) = u2 (t) ,

which leads to

d2u

dt2
= 3u5

4
+ 2tu3 +

(
t2 − α

)
u + β

2u3
. (8.4)

8.3 Painlevé III

The Painlevé III equation has the following rational form:

d2λ

dt2
= 1

λ

(
dλ

dt

)2

− 1

t

dλ

dt
+ 1

t

(
αλ2 + β

)
+ γ λ3 + δ

λ
. (8.5)

In order to obtain the equivalent form of (8.5) which we use in Sect. 4, one can make
the change of variables

λ (t) = eu(t).

Substituting t = eτ into (8.5), we get

d2u

dt2
= αeτ+u + βeτ−u + γ e2(τ+u) + δe2(τ−u). (8.6)

9 Appendix 2: Elliptic Functions

The definitions and properties of elliptic functions used in the paper can be found in
[25,36]. The main object is the theta function defined by
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θ

[
a
b

]
(z, τ ) =

∑
j∈Z

q
1
2 ( j+a)2e (( j + a)(z + b)) ,

where q = e (τ ) ≡ exp (2π iτ).
We also use the Eisenstein functions

εk(z) = lim
M→+∞

M∑
n=−M

(z + n)−k, k ∈ N,

Ek(z) = lim
M→+∞

M∑
n=−M

εk(z + nτ). (9.1)

To determine limits of Lax matrices, we use the series expansions of the following
functions:

ϑ(z) = θ

[
1/2
1/2

]
(z, τ ) =

∑
j∈Z

q
1
2

(
j+ 1

2

)2
e
((

j + 1

2

) (
z + 1

2

))
,

(9.2)

φ(u, z) = ϑ(u + z)ϑ ′(0)
ϑ(u)ϑ(z)

,

ϕα

(
u + ωβ, z

) = e (z∂τωα) φ
(
u + ωβ, z

)
,

fα
(
u + ωβ, z

) = e (z∂τωα) ∂wφ (w, z) |w=u+ωβ , (9.3)

where ωα = {
0, 1

2 ,
τ
2 , 1+τ

2

}
. The functions satisfy the following well-known identi-

ties:

φ(u, z)φ(−u, z) = E2(z) − E2(u),

∂uφ(u, z) = φ(u, z)(E1(u + z) − E1(u)), (9.4)

parity

Ek(−z) = (−1)k Ek(z),

ϑ(−z) = −ϑ(z),

φ(u, z) = φ(z, u) = −φ(−u,−z),

and quasi-periodicity

E1(z + 1) = E1(z), E1(z + τ) = E1(z) − 2π i,

E2(z + 1) = E2(z), E2(z + τ) = E2(z),

ϑ(z + 1) = −ϑ(z), ϑ(z + τ) = −q− 1
2 e(−z)ϑ(z),

φ(u + 1, z) = φ(u, z), φ(u + τ, z) = e(−z)φ(u, z). (9.5)
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Using definition (9.3), we reduce the expansion of ϕα

(
u + ωβ, z

)
to the expansion

of theta functions:

φ(u − στ, z − ςτ) = ϑ(u + z − (σ + ς)τ)ϑ ′(0)
ϑ(u − στ)ϑ(z − ςτ)

,

and for the expansion of theta functions we have:

ϑ (z + στ) = [1 + o (1)] q

(
−�σ2/2+ 1

8−�σ{σ }−{σ }/2
)
e

(
−�σ z − �σ

2

)

×
{−2 sin (π z) , {σ } = 0,

−i e
(
− z

2

)
, {σ } > 0,

where �σ is the integer part of σ and {σ } is the fractional part of σ . This gives the
following answer:

φ(u + σuτ, z + σzτ) = (1 + o (1))

×

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−2π iq−σuσz+{σu}{σz}e (−�σz u − �σu z) , {σu} > 0, {σz} > 0, {σu} + {σz} < 1,

4πq−σuσz+{σu}{σz} sin (π (u + z))
×e

(− ( 1
2 + �σz

)
u − ( 1

2 + �σu
)
z
) , {σu} > 0, {σz} > 0, {σu} + {σz} = 1,

2π iq−σuσz+{σu}{σz}−{σu+σz}
×e (−(1 + �σz)u − (1 + �σu)z) , {σu} > 0, {σz} > 0, {σu} + {σz} > 1,

πq−σuσz e (−�σz u − σuz)
e
(− u

2

)
sin (πu)

, {σu} = 0, {σz} > 0,

πq−σuσz e (−σzu − �σu z) e
(− z

2

)
sin (π z)

, {σu} > 0, {σz} = 0,

πq−σuσz e (−σzu − σuz)
sin (π(u + z))

sin (π z) sin (πu)
, {σu} = 0, {σz} = 0.

To evaluate the limits of fα
(
u + ωβ, z

)
, we use the identity (9.4) and the expansion

of E1(u − στ) from [2]:

E1(u − στ) = 2π i �σ +

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

π cot(πu) + o (1) , {σ } = 0,

π i + 2π iq{σ }e(−u) + o
(
q{σ }) , 0 < {σ } <

1

2
,

π i + 2π iq
1
2 (e(−u) − e(u)) + o

(
q

1
2

)
, {σ } = 1

2
,

π i − 2π iq1−{σ }e (u) + o
(
q1−{σ }) ,

1

2
< {σ } < 1.
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