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Abstract The spectral decomposition for an explicit second-order differential oper-
ator T is determined. The spectrum consists of a continuous part with multiplicity
two, a continuous part with multiplicity one, and a finite discrete part with multiplic-
ity one. The spectral analysis gives rise to a generalized Fourier transform with an
explicit hypergeometric function as a kernel. Using Jacobi polynomials, the operator
T can also be realized as a five-diagonal operator, leading to orthogonality relations
for 2 x 2-matrix-valued polynomials. These matrix-valued polynomials can be con-
sidered as matrix-valued generalizations of Wilson polynomials.
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1 Introduction

It is well known that a three-term recurrence relation

APn(A) = appuy1X) +bpppn(A) +ap_1pp—1(X), n=0,1,2,...,
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with a_; = 0, can be solved using orthogonal polynomials. A generalization of this is
obtained by Duran and Van Assche [5], who show that a 2N + 1-term recurrence re-
lation can be solved using N x N-matrix-valued orthogonal polynomials. Motivated
by this result and previous work by Ismail and the second author [12, 13], a method
is presented by Ismail and the authors [8] to obtain orthogonality relations for 2 x 2-
matrix-valued orthogonal polynomials from an operator 7 on a Hilbert space H of
functions. The operator T must satisfy the following conditions:
(1) T is self-adjoint;
(ii) there exists a weighted Hilbert space L?()V) and a unitary operator U : H —
L?(V) so that UT = MU, where M is the multiplication operator on L>(V);
(iii) there exists an orthonormal basis { fn}g‘;o of H, and there exist sequences
(an)2 s (bn)ne s (cn)y2y of numbers with a, > 0 and ¢, € R for all n € N,
such that

Tfw=anfos2+bpfus1+cufu+buo1fno1+an—2fu_2,

where we assume a_| =a_» =b_; =0.

In [8], two explicit examples are worked out, where the operator 7 is, besides a five-
term operator, also realized as the second-order g-difference operator corresponding
to well-known g-hypergeometric orthogonal polynomials. Thus, the unitary opera-
tor U is the integral transform with the corresponding orthogonal polynomials as
a kernel. This leads to complicated, but explicit, orthogonality relations for certain
matrix-valued polynomials defined by an explicit matrix three-term recurrence rela-
tion. We note that the explicit weight function differs structurally from the usually
considered weight functions for matrix-valued orthogonal polynomials consisting of
a matrix-deformation of a classical weight.

In this paper, we apply the method from [8] with the second-order differential
operator T = T @#¥) defined by

2 d
T=(1 —xz)zﬁ—i-(l —xz)[ﬂ—a—(ot+ﬁ+4)x]a
+i[/<2—(a+/3+3)2](1—x2). (1.1)

Here x € (—1,1), @, B > —1, and « € R>o U iR (. The differential operator T is
closely related to the second-order differential operator to which the Jacobi polyno-
mials are eigenfunctions. It should be noted that T raises the degree of a polynomial
by 2, so there are no polynomial eigenfunctions. We will show that the differential
operator T, considered as an unbounded operator on a weighted L?-space, satisfies
conditions (i)—(iii) given above. An interesting problem here is that 7" does not cor-
respond to orthogonal polynomials or to a known unitary integral transform such as
the Jacobi function transform [15].

The unitary operator U needed in condition (ii) is given by an explicit integral
transform F which is obtained from spectral analysis of 7. The spectrum of T con-
sists of a continuous part with multiplicity two, a continuous part with multiplic-
ity one, and a (possibly empty) finite discrete part of multiplicity one. As a result,
the integral transform JF has a hypergeometric kernel which is partly C?-valued and
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partly C-valued. There are several (but not very many) hypergeometric integral trans-
forms with C2-valued kernels available in the literature, see, e.g., [9, 17], [14, Exer-
cise (4.4.11)], see also [7] for an example with basic hypergeometric functions. To
the best of our knowledge, all known examples can be considered as nonpolynomial
extensions of hypergeometric orthogonal polynomials, in the sense that the corre-
sponding kernels are eigenfunctions of a differential/difference operator that also has
orthogonal polynomials as eigenfunctions. For example, Neretin’s C2-valued » F) -
integral transform [17] generalizes the Jacobi polynomials. The integral transform F
we consider in this paper, however, does not seem to generalize a family of orthogonal
polynomials, although in a special case it can be considered as a nonpolynomial ex-
tension of two different one-parameter families of Jacobi polynomials. Furthermore,
other hypergeometric integral transforms and hypergeometric orthogonal polynomi-
als correspond to a bispectral problem, see, e.g., [10], which can always be related
directly to contiguous relations for hypergeometric functions. From the explicit ex-
pressions as hypergeometric functions for the kernel of F, it is unclear whether F is
also related to a bispectral problem.

In a special case, the 2 x 2-matrix-valued orthogonal polynomials we obtain can
be diagonalized. In this case, the orthogonality relations correspond to orthogonality
relations for two subfamilies of Wilson polynomials [19], and the matrix-three-term
recurrence relation corresponds to the three-term recurrence relations for the two sub-
families. Moreover, the differential operator arises as an extension of [12, §3] from
a three-term to five-term recurrence operator for such a differential operator as de-
scribed in [8]. In [12, §3], a subfamily of the Wilson polynomials play the role of the
matrix-valued polynomials of this paper. This is why we consider our matrix-valued
polynomials as generalizations of (subfamilies of) Wilson polynomials. It should be
stressed that it is completely unclear at this point whether the matrix-valued poly-
nomials have other properties that are fundamental for the Wilson polynomials. For
example, the Wilson polynomials are eigenfunctions of a second-order difference op-
erator, but a similar result for the matrix-valued polynomials in this paper is not (yet)
known.

The organization of this paper is as follows. In Sect. 2, we introduce the integral
transform F and show that the differential operator 7 (1.1) satisfies conditions (i)
and (ii). The proofs for this section are given separately in Sect. 4, where the spectral
analysis of T is carried out, which can be quite technical at certain points. In Sect. 3,
we realize T as a five-diagonal operator on a basis consisting of Jacobi polynomi-
als, so that condition (iii) is also satisfied. The corresponding five-term recurrence
relation is equivalent to a matrix three-term recurrence relation that defines 2 x 2-
matrix-valued orthogonal polynomials P, for which the orthogonality relations are
determined. We also consider briefly the special case « = 8, in which case the in-
tegral transform F reduces to two Jacobi function transforms and the orthogonality
relations for P, correspond to the orthogonality relations for certain Wilson polyno-
mials. Finally, in Sect. 4, eigenfunctions of T are given, which are needed for the
spectral decomposition of 7. The spectral decomposition leads to a proof of the uni-
tarity of the integral transform F, and to an explicit formula for its inverse.

Notation We write N for the set of nonnegative integers. We use standard notation
for hypergeometric functions, as in, e.g., [2, 11]. For products of I"-functions and of
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shifted factorials, we use the shorthand notation
F(a17a23 .. 'aan) = F(al)F(az) o 'F(aﬂ)ﬂ

(ar,az,...,apn) = (@)k(@2)k - - - (@n)k.

2 Spectral Analysis and a Hypergeometric Function Transform

In this section, we describe the spectral analysis of the operator 7 defined by (1.1).
The spectral decomposition is given by an integral transform with certain hypergeo-
metric » F1-functions as a kernel which is interesting in its own right. The proofs for
this section are postponed until Sect. 4.

Let a, B > —1 be fixed, and let w®# be the Jacobi weight function on [—1, 1]
given by

R Fa+B+2)
Fa+1,8+1)

The corresponding inner product is denoted by (-, -),

w @A) (x) = (1 =01 +2)P. @D

1
(frg) = f @R @) ds.

The weight is normalized such that (1, 1) = 1. We denote by H = H®#) the corre-
sponding weighted L?-space; H = L>((—1, 1), w®#) (x) dx). To stress the depen-
dence on the parameters o and 8, we will sometimes denote the inner product in
H@P) by (-, )gp. Let us remark that the substitution x > —x sends T @5 to
7B and H@P) to HP-9 So without loss of generality we may assume 8 > a,
which we do from here on.

We consider 7' as an unbounded operator on H. The domain Dy for T is described
in Sect. 4.2, where the following result is proved.

Proposition 2.1 The operator (T, Do) has a unique self-adjoint extension.

We denote the extension of 7' again by T. The spectral analysis of T will be
described by the integral transform F mapping functions in ‘4 (under suitable condi-
tions) to functions in the Hilbert space L2(V). We first introduce the latter space.

Let £21, £2o C R be given by

21=(-B+ D% —(@+D?) and £2,= (00, —(8+ 1)?). (2.2)
We set
Spi=iv—A—(a+ 12, re2 U2,
m=iv=A—(B+1D2 re,
S =Vai+@+D%  reC\ (21U,
) =Vi+t B+ reC\ .

(2.3)
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Here /- denotes the principal branch of the square root. For n € N, we define A, € C
as the solution of

S+ =vAi+@+ D2+ /A+B+1D)2=-2n—1+k. (24

We define the finite set £24 by
1
Q4= An‘nENandnfi(K—l) . (2.5)

i.e., £2,4 consists of the real solutions of (2.4). Note that 2, =@ if k < 1 orx € iR~ .
The number A, € £2, has the explicit expression

2
(06—,3)(01+f5+2)> @+ 1)?

1
==+ =(c—1
" ("+2(" R S

(@—B)a+B+2)
—4n — 242k

1 2 5
:(—n+§(/c—l)— ) - B+D"

We will denote by o the set £2, U £21 U £24. Theorem 2.2 will show that o is the
spectrum of 7.

Next we introduce the weight functions that we need to define L2(V). First we
define

r'ad+y,—x)
cx;y)=— : . (2.6)
FGAd+y—-x+«),;(1+y—x—«))
With this function, we define for A € £21,
1
v(A) = . 2.7
c@r;n(W)e(=8r:n(d))
For A € §2,, we define the matrix-valued weight function V () by
1 vi2(A)
V(h) = , 2.8
) <v21(K) 1 ) (2.8)
with
08 F(=ma, 5L+ 8 +m+x6), 5(L+ 8, +m — &
a1 (A) = cm;8)) (=, 5( MK, 5( A+ ))7 2.9)

(=138 T 51 +8 — m +1), 21 +8;, — 3 — 1)

and vi2(X) = vo1 (). Finally, for A,, € £24, we set
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N,\n:Res< c(n(r); 8(A)) )
r=ra \ n(AM)c(=n(1); 8(L))

o A5(h)
T n—1+4«

y D" (=n(y), k —n) .
nt T (M), 5(1+80n) = n(hn) +K), 5(1+8(hn) — n(hn) — K))
(2.10)

Note here that §(A,) — n(A,) = %W

Now we are ready to define the Hilbert space L>(V). It consists of functions that
are C2-valued on §2, and C-valued on £2; U §2;. The inner product on L2(V) is given
by

_ 1 AV (A dx
ey =5.5 | 0V

-J—/‘ A_T'Al&— 1 LgN
30D J F RO )—i3k+DA§dﬂ )gAINy,

where

b M@+ p+2)

- —TFT @2.11)
Fa+1,8+1)

Next we introduce the integral transform . For A € £21 and x € (—1, 1), we define

1— x)—é(oz—th+l)<l _i_x)—;(ﬂ—ﬁ()»)‘f‘l)

%\(X):( > 2

AP %@+®x+nu)—xy%0+wx+n@y+@;1+x e
L+n(®) 2

By Euler’s transformation, see, e.g., [2, (2.2.7)], we can replace §, by —§, in (2.12).
Furthermore, we define for A € £2; and x € (—1, 1),

N 1—x\~2@8+D /1 4o\ —2BFmAD
ito=(57) ()

1 |
(146, ) — (1468, = 1
o F, s(L+8 £ —«), 5(1+65 m-i-K); tx) 2.13)
14, 2

Observe that (p;' (x) = ¢, (x), again by Euler’s transformation. Finally, for A, € £24,
we define
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1 —x\~2@30+D /1 4\ —7 B0+
‘“"(x)=< 2 ) ( 2 )

—n,k—n 14+x
X 2 Fq ; . (2.14)
L+n(y,) 2

Now, let F be the integral transform defined by
1 +
[ s (0w mar, re e
-1 @, (x)
1
(FH) = / F0)or 0w (x) dax, A e QL (2.15)
—1

1
/ F@)@n, w®P (x)dx, A=y € 24,
-1

for all f € ‘H such that the integrals converge. The following result says that F is the
required unitary operator U from the introduction.

Theorem 2.2 The integral transform F extends uniquely to a unitary operator
F:H — L (V) such that FT = MF, where M : L>*(V) — L%(V) is the unbounded
multiplication operator given by (Mg)()) = Ag(A) for almost all A € o.

Remark 2.3 In case o = B, the spectral decomposition of T can be described using
the Jacobi function transform [15]. To see this, we apply the change of variable x =
tanh(?). Then the second-order differential operator T defined by (1.1) turns into

2 d &%= (a+p+3)>
T__+[13_a_(a+5+2)tanh(t)]a+ 4 cosh® (1)

dt?
For o = B, let f, be a solution of the eigenvalue equation T fo. = Afo. Now define
Ff(t) = cosh%(2“+3ik)(t)fx(t). Then F) satisfies

d’F dFZE , 1 5\
3+ E0anhO—2 = (A +@= D= (1 £0 ) F

Using the differential equation for Jacobi functions, see [15, (1.1)], we now see that
the spectral decomposition of T can be given using the Jacobi function transforms

11 11
corresponding to the Jacobi functions ¢§k 22 and (]ﬁ(g_A 2779,

We have an explicit inverse of the integral transform F. Define for x € (—1, 1) the
integral transform G by

L B 2
GNHx) = %D 92(% @) ¢, ())VR) fF) ~im

! Der @) -2 4 (Der(ON.
+ﬁ/;zlf( o (x)v T‘S’\+Bxezg:df @i (x)N;,

for all functions f € L?(V) for which the above integrals converge.
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Theorem 2.4 The integral transform G extends uniquely to an operator G :
L2(V) — H such that G = F 1.

Theorem 2.2 and 2.4 are proved in Sect. 4. The following orthogonality relations
are a result of Theorem 2.2 by considering the discrete spectrum of 7', see Corol-
lary 4.17 for the proof.

Corollary 2.5 Let k > 1. Then the following orthogonality relations hold.:
1
—m,k—m 1+x —n,k—n 1+x
/ 2F1( ;—>2F1< ;—)
—1 1 +n(wm) 2 1+n,) 2
% (1 = x)200m+300=2) (1 4 ) 300w +100)=2) g
2K—n—m

N;.

n

= 8mn

forall n,m € N such that n,m < %(K —1).

3 Matrix-Valued Orthogonal Polynomials

In this section, we show that the differential operator 7 can be realized as a five-
diagonal operator with respect to an orthonormal basis for 7. Using the spectral
decomposition for T, this leads to orthogonality relations for 2 x 2-matrix-valued
orthogonal polynomials.

3.1 The Five-Diagonal Operator

The Jacobi polynomials are defined by

1 —n, 11—
Pn(a,ﬂ)(x)zszl< nn+o+p+ ' x).

n! a+1 )
For «, B > —1, they form an orthogonal basis for H;

at+p+1 (@+1,B+1),
2n+a+B+1(a+B+1,n!"

(Pn(fl’ﬁ), ny%ﬁ)) — 5mnh§f‘”3), hgﬂt,ﬁ) —

The Jacobi polynomials are eigenfunctions of the Jacobi differential operator
2
dx?

L&A PP — _p(nta+p+1)P*P.

L(“"B):(l—xz) +[/3—a—(ot+/3+2)x]%,

We define r(x) = 1 — x2. Then for x € (—1, 1), the polynomial » can be written as

w@ LA+ (x) R CERICERD
w@hx) T @+ B+ +B+3)

rx)=K 3.1
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The differential operator T = T *#) defined by (1.1) is related to L*# by

TP =ML 4 p), p=2(kP —@+p+3)7). (2

ENJIES

where M (r) denotes multiplication by r.

In [8, Sect. 3.1], it is shown that an operator of the form (3.2) acts as a five-term op-
erator on a suitable basis of H. In this case, the basis consists of Jacobi polynomials.
We define ¢, = PP /(h*P))1/2, n € N. Then {¢}nen is an orthonormal basis for
H@B) We also define @, = P THATD /(@ EEDN2 1 e N. Then {@,)}nen is
an orthonormal basis for 7 ©@+1:A+D In order to write T explicitly as a five-diagonal
operator on the basis {¢, },cN, We need a connection formula between {¢, },cn and
{Pn}nen.

Lemma 3.1 The following connection formula holds:
On =0y Dy + B Pn—1+ YnPn—2,

where

2 1
T JK2ta+p+2

273

k]

L |etnt DB+t DotatptDtatp+2)
(+B+2n+1)(a+B+2n+3)
5 —(-1)”i B—o)/nn+a+p+1)
" VK (@+B+2n)(a+B+2n+2)
2 n(n =1 +m)(B +n)
M= T JRamta+ B\ @tpran—Datprantl)

Proof There exists an expansion ¢, = ZLO an Py, where

ank = (Pns Pidat1,p+1 = K, r®i)ap.

Since r has degree 2, it follows from the orthogonality relations for ¢, that a, y =0
forO<k<n-—3.
We compute the three remaining coefficients. The value of a,, , follows from com-

paring leading coefficients; a, , = llcc((g”)) We have

2n+a+B+1 (@+B+1),
a+pB+1 nla+l,B+1),

le(gn)=2""(n+a+p+ l)n\/

and Ic(®,) is obtained by replacing (o, ) by (o + 1, 8 + 1), which leads to the result
for a, = au. .
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For a polynomial p of degree n, let k(p) denote the coefficient of (1 — X)L
Then

a _ k(pn) — an,nk(@n)
T T le(@am)

We have
2n(a + n)
a+p+2n°
and k(®,) is obtained by replacing («, 8) by (« + 1, 8 4 1), which gives the expres-
sion for B, = an n—1.
Finally, the expression for y, = a, ,—2 follows from

k(¢n) = (—1)" ic(pn)

e ®,-2) 1 1e(Dy2)
ann-2= N = TR 0

lc(én) le(¢n)

We now use [8, Lemma 3.1] to write the differential operator T as a five-diagonal
operator.

Proposition 3.2 The operator T defined by (1.1) acts as a five-diagonal operator on
the basis {¢n }nen of H by

Ton = anbni2 + bpdni1 + cndp + by 19n—1 + an_20n-2, (3.3)
with coefficients given by

ap = Koy ypi2(Ay + p), by = Koy But1(Ap + p) + KBnvn+1(Ans1 + 0),
cn = Kog(An + p) + KB (An—1 + p) + Ky, (Au—a + p),

where A, = —n(n+a + B+ 3), K, p are given by (3.1), (3.2), and oy, By, yn are as
in Lemma 3.1.

One easily verifies that a_; = a_» = b_; = 0. Furthermore, we have the factor-
ization

A,,+p=—(n+%(a+/3+3+/c))(n+%(a+ﬂ+3—/<)>.

3.2 Matrix-Valued Orthogonal Polynomials

From Theorem 2.2 and Proposition 3.2, it follows that the functions F¢,, n € N,
satisfy the five-term recurrence relation

MFG) ) = an(FPn42) () + bp(F 1) (A) + cn(F ) (1)
+ b1 (Fpn-1)(A) + an—2(Fdn—2) (), 34

for almost all A € o. Furthermore, the set {F ¢, },en iS an orthonormal basis for
L?(V). We can determine an explicit expression for F¢, in terms of hypergeometric
functions.
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Lemma 3.3 Forn €N, let F,,(8,n) = F,,(8, n; «, B, k) denote the series

n

G — D Z(—n,n+a+ﬂ+1,%(oe+5+1))z
O L a1, e B+ o+ )

TA+8+n+6), A +8+n—K), 5B+n+1)
X 3 | i),
l+n,5(@+B+n+38+2+2I)

with

2

D _l 2nta+B+l(@+B+1la+1),
" a+B+1 n!(B+1),

y Fa+p+2,5@+8+1),5(B+n+1)
Fa+Lp+Li@+B+n+8+2)

Then, for ) € o,

(10 reo
Fob) () = n{Ox, =1
( ¢)() Fn(8)un()"))’ )"6915

Fa(6(A),n(d), A€l

The above 3 F>-series converges absolutely if (o« — § 4+ 1 + 21) > 0, which is the
case if A € £21 U §2,. For A € £2, the 3 F»-series terminates.

Proof We compute

, _/1 1—x\~2@8+D /1 4 o\ —3B—n+D)
"0 2 2

(%(1+3+n+x),%(1+5+n—/<) 1+x>
x 2 F ;——
147 2

—n, 11—
X 2 F mutetpt ;—x w @B (x)dx.
a+1 2

Interchanging the order of summation and integration, and using the Beta-integral,
we obtain

n [e%e) 1 1
(—n,n+a+B+1);, GA+6+n+k),5(1+5+n—k))
=Gy LR 2 "

i !
= 21N+ 1) 2Mmm!(1 + n)m

1
X/ (1 _x)%(ot+5—1)+l(1 +x)%(/5+n—l)+m dx
—1
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, (—n,n4+a+pB+1, (oz+8+1)1
—ay Yy

!
== N+ 1),

( A+8+n+K), LA +8+n—1), LB +n+ 1)
ml(1+mm G+ B+n+8+2)i4m ’

where
C__1Fw+ﬂ+l%m+ﬁ+lxaﬂ+n+n)
"2 Te+ LB+ i@+B+n+8+2)

Now the result follows from the explicit expressions for ¢, and the integral trans-
form F. 0

From Lemma 3.3, it follows that

1+34 146 — 1
F0(5,n)=D()3F2< s(L+38+n+kK), 2( +8+n—x), 2(ﬂ+;7_|_ ), )

1+ 5@+B+n+8+2)

and

. l)[F<%ﬂ+8+n+x)a1+8+n K. 3B+n+1) )
10, n) = U132 5

l+nta+p+n+6+2)
(@+B+2)(a+d5+1)
(a+D@+p+n+8+2)
Ta+s+n+0), 0 +8+n—x). 3B+n+1D) ]
x 3Fy 1 1] .
I1+n,3@+B+n+8+4)

These two functions and the five-term recurrence relation from (3.4) completely de-
termine the functions F¢,,.

We define 2 x 2-matrix-valued orthogonal polynomials P,, n € N, by the three-
term recurrence relations

3Pu (1) = Ay Par1 (0 + By Py (3) + A%_,

azn 0 Con by,
A, = , = , 3.5
8 <b2n+l a2n+1> (bzn Czn+1> (3-5)
and the initial conditions P_j(A) = 0 and Py(A) = I. The matrix elements a,, b,,

and ¢, are given in Proposition 3.2. From the five-term recurrence relation (3.4), we
obtain, for m € N,

( Fom(A) ) =P,(\) ('7:4)0()”)) if L e 22U 82,

Pnfl()\')v )"GO"

]:¢2m()h)t _ ]-'d)o()h)t ) .
(J:¢2m+l()x)t) =Pu() (f(]ﬁ](k)t) if A € 2.
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The orthogonality relations for F¢,, n € N, can now be reformulated as orthogonality
relations for the matrix-valued polynomials P,, see [8, Theorem 2.1].

Theorem 3.4 The 2 x 2-matrix-valued orthogonal polynomials P,, n € N, defined
by (3.5) satisfy the orthogonality relations

di
8mn1 P 0‘) WZ()\)Pn (A)*Tm\

=27TD 25

. dh
t5D o P (M) W1(2) P () U(A)TSA

1
+ 5 D PnOWIG) Pa()* Ny
reS2y

with

|(Fgo) (M2 (-7"¢o)(l)(f¢1)()»)>

Wi(h) = ((f(ﬁo)()h)(]:(m)()‘) |(f¢l)()¥)|2

Wa(h) = (((}—450)()»), (FPo) M) vy (Feo) (L), (~7:¢’1)()\))V(A))
(Fo ), (Foo)M))viy (Fo) ), (Fo)M))vay )’

where (x,y)yo) =x*V(X)y. Here §21,$22, 24 C R are as in (2.2) and (2.5), the
functions 8, and n, are as defined in (2.3), the weight functions v,V and N are
defined by respectively (2.7), (2.8), and (2.10), and the constant D is given in (2.11).

Remark 3.5 In [8, Proposition 3.6], a g-analog of Theorem 3.4 is considered. The
functions ¢, in this case are the little g-Jacobi polynomials, and the integral trans-
form F is simply the integral transform corresponding to the continuous dual g-Hahn
polynomials. It would be very interesting to see if similar results can be obtained for
other g-analogs of the Jacobi polynomials, such as big g-Jacobi polynomials [1],
Askey—Wilson polynomials [3], and Ruijsenaars’ R-function [18].

3.3 The Special Case o = f8

We assume o = 8, and for convenience we also assume 27 = (. In this case, 21 =0,
and 8, = n, for all A € §£2,. The spectral decomposition of 7 can now be obtained in
a different way.

The coefficient b, in the five-diagonal expression for T vanishes, so T reduces to
a tridiagonal operator or Jacobi operator. Explicitly,

Ty = anPui2 + cndp +an—2¢n—2,
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with
(A 5@+ A3+ + 5@+ B+3—K)
an = 20+ 20 + 3
9 m+2)n+1D(n4+2a+1)(n+2a+2)
Qn+20+1)2n +2a +5) ’
) 420+ D420+ 2+ 5@+ B3+ + J@+B+3 k)

2n 420+ 1)2n 420 +3)

=Dt 3@+B-14+0) 0+ 3@+ B —1-K)
Cn+20—-1D)2n+2a+1) ’

The spectral decomposition can be described with the help of the orthonormal Wilson
polynomials [2, 19], which are defined by

W(xz'abcd)— (a+b,a+c,a+d),(a+b+c+d)y
T TV b+ e, b+d,c+d,n+a+b+ce+d—1),

—n,n+a+b+c+d—-1,a+ix,a—ix
X ¢4 F3 ;1.
a+b,a+tc,a+d

If a,b,c,d > 0, these polynomials are orthonormal with respect to an absolutely
continuous measure on (0, 00).
For m € N, we define

We () = W (@)% Ha+ 1), Ha+ 1), 0 +1), 31 —x)),
Wo(x) =W (0% e+ D, d@+1), 13 +6), 13 -x).
Then we obtain from the three-term recurrence relation for the Wilson polynomials,
—((@+ D* + X)W () = am We 1 (X) + comWE (x) + aom—2 W _ (1),
—((@+ D + X)W (x) = azms1 W, (X) + Comp1t W (x) + dom—1 Wo_ (x).

Let u® and pn° denote the orthogonality measures for the Wilson polynomials W,
and W°. The unitary operator U : H — L?(u®) @ L*(u°), given by

we¢ ifn=2m,
U, = ’g’ ] 3.7
W, ifn=2m+41,

satisfies UT = MU, where M is multiplication by —((« + D2 + x2). So T indeed
has continuous spectrum (—o0, — (o + 1?) = £2,, with multiplicity 2.

The Hilbert space H*® can also be split up in a natural way. From (1.1), we
see that T (with o = B) leaves invariant the subspaces of even/odd functions, so
we can split 7 accordingly into #° and H°. The Jacobi (Gegenbauer) polynomials
¢2m (x) are even polynomials; hence they form an orthonormal basis for ¢, and by a
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_1
quadratic transformation they can be transformed into multiples of Pn(;x’ 2) 2x2—1).
Similarly, the odd polynomials ¢,,11(x) form an orthonormal basis for H°, and

1

they can transformed into multiples of x P,ila' 2 (2x% — 1). Obviously there are similar
transformations for the Jacobi polynomials @;,, and @;,,41. Now the operator T
restricted to H® or H° can be treated as in [12, Sect. 3]. The unitary operator U is
given in each case by a Jacobi function transform, see Remark 2.3, so that we obtain
a special case of Koornwinder’s formula [16] stating that Jacobi polynomials are
mapped to Wilson polynomials by the Jacobi function transform. In this light, (3.6)
can be considered as a matrix-analog of Koornwinder’s formula.

Remark 3.6 There exists an extension of Koornwinder’s formula on the level of Wil-
son polynomials [6, Theorem 6.7]: Wilson polynomials are mapped to Wilson poly-
nomials by the Wilson function transform. It would be interesting to see if there also
exists a matrix-analog of this formula.

4 Proofs for Sect. 2

In this section, we perform the spectral analysis of the second-order differential op-
erator T defined by (1.1), considered as an unbounded operator on the Hilbert space
‘H defined in the beginning of Sect. 2.

4.1 Eigenfunctions

The eigenvalue equation T f, = Af), is a second order differential equation with regu-
lar singular points at 1, —1 and oo, so it has hypergeometric (i.e., 2 1) solutions. We
first determine these solutions.

We define for A € C\ (£2] U §27), see (2.2), the functions

\~Larson+n —3(B+10)+1)
qb)\(x):(l x) 2 <1~|—x> 2
2
o (21780 =0y = k), 3 (1 =8 = n() +x) 1+x
2 1= () 2 )
=\ 2@HOED £y N =B+
¢k+(x)=< 2 ) < 2 )
o (31300 00 =), 3 (1= + () +k) 1 +x
2 L+n() 2 )
and
) | — o\ 2@ N =3B+
v, (x)=< ) ) < 2 )
o (21780 =Gy = k), 3 (1 =8 —n() +x) 1—x
2 1—8(1) 2 )
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] |
|\ —HEB0D g\ b+
Wm:( 2 > ( 2 )
g (2800 =100 = k), 5 (14800 =Gy +x) 1—x
2F1 1+8(0) 2 )

where § and 7 are defined by (2.3). From Euler’s transformation for » F-series,
it follows that ¢/\ is invariant under S(A) > —=8(); s1m11ar1y, wx is invariant
under n(A) — —n(X). Note that 1//A (x) is obtained from ‘f’/\ (x) by the substitu-
tion (¢, B, x) — (B, o, —x), and vice versa. Note also that the 2F 1-series in qb/\ is
summable at x = 1 if H(5(A)) > 0, and that the , F|-series in w,\ is summable at
x=—1ifR(nH)) > 0.

Remark 4.1 From here on we will just write § and 7, instead of §(1) and n(}).

Proposition 4.2 The functions qbit, wit are solutions of the eigenvalue equation

Tf =Af.

Proof Suppose f is a solution of the eigenvalue equation 7 f = Af. A calculation
shows that if f(x) = (1 — x)~2@F+D (] 1 )=3B+1+D g (x) then ¢ satisfies

(1—x2)¢ () +[8—n+ @S +n—2)x]¢ (x)
1
—7(I=n=8—0)1=n=0+K)px)=0
Now set t = %(1 + x). Then

t1t2¢ 1 1118 118 td¢
(1—1) [( —n)—( +o=6—n—k)+ (- —n+x>)]5

—i(l—?’]—S—K)(l—T]—S—FK)(b:O.

This is the hypergeometric differential equation (see, e.g., [2, Chap. 2]) with coeffi-
cients

1 1
a=-(1-6§—n—x), b==-(1-8—-n+«), c=1-—n.

2 2
The , Fy-functions in ¢, , v, are well-known solutions of this differential equation,
so ¢, , ¥, are solutions of the eigenvalue equation. The proof for <1>)\+ and w;r is
similar. O

For later reference, we need connection formulas for ¢f and wf.

Proposition 4.3 For ¢ defined by (2.6),

Wit(x) = c(n; £8)¢; (x) + c(—n; £8)¢; (x), 4.1
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oy (x) = (8 MY (x) + c(=8; £y (x). 4.2

Proof This follows from a three-term transformation for , F| -functions, see, e.g., [2,
(2.3.11)]. O

The following identities for the c-function turn out to be useful.

Lemma 4.4 The c-function defined by (2.6) satisfies:

(i) clx;y)=—2c(—y; —x), ,
(i) c(x; y)e(=x;—y) —c(x; —y)e(=x;y) = —1.

Remark 4.5 Using the reflection equation for the I"-function, Lemma 4.4(ii) is equiv-
alent to the trigonometric identity

sin(rx) sin(wry) = sin<%(y —x+ K)) sin(%(y —Xx — K)>

N (T
- sm(E(—y —X +/c)> sm(g(—y —x— /c)),

and can also be proved in this way.

Proof The first identity follows from I'(z + 1) =z (z).
For the second identity, we note that Proposition 4.3 implies

< c@m  c(=8m) ) _ ( cm:8)  c(=n: ) >_1
c(@—n) (=8 —n) c(n; =8) c(=n;=68))

which in turn implies

c(—n; —=98)
c(n; 8)c(—n; =8) — c(n; =8)c(—n; 8)

c@n) =
Applying the first identity to the numerator then gives
)
c(n; 8)c(=n; =8) —c(n; =8)c(=n: d) = s
which proves the second identity. d

We also need the behavior of the eigenfunctions near the endpoints —1 and 1.

Lemma 4.6 For x | —1, we have

—5(BFn+1)
dﬁ(x):(l;x) 2 (1+0(1 +x)).
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For x 1 1, we have

>5<a¢a+1>

1—
Y = (—x

> (1+00d —x).

Proof This is straightforward from the explicit expressions as ; F{-series. g

Remark 4.7 Observe that the function ¢ |>w@#) is in L'(~1,0) if and only if
+9() > 0. Furthermore, |¢;"|>w®# is in L' (0, 1) if and only if £%(8) > 0.

4.2 Spectral Analysis

We determine the spectrum and the spectral decomposition of 7'.
For functions f, g that are differentiable at a point x € (—1, 1), we define

Lf, gl(x) = p()W(f, g)(x),
where

wpt T@+B+2)

_ a2 B+2 =2
p)=CU -0+, =2 Fa+1.p+1)’

and W(f, g) denotes the Wronskian

W(f, 8)x) = f'(x)g(x) — f(x)g (x).

For 1 <a < b <1 we denote by D(a, b) the subspace of L%((a, b), w@P) (x)dx)
consisting of functions f such that:

e f is continuously differentiable on (a, b),
e [’ is absolutely continuous on (a, b),
e TfeL*((a,b),w™P (x)dx).

Note that D(a, b) is dense in L%((a, b), w® P (x) dx).

Lemmad4.8 Letl <a<b<1land f,g €D(a,b). Then

h —_—
/ (THEX)gX) — FOT X)) w P (x)dx =, g1(b) — [f, gl(@).
Proof We write the differential operator 7' as
d d
_ _ — -B“ _ a+2 p+2 “ 2
T=01-x""0+0""— ((1 )21+ x) dx) +p(1—x%).
Then it follows that

b
f (THWEW - fOTHO)wP (x) dx

br___a d
=/a [g(x)a(p(x)f’(x)) —f(x)a(p(x)g/(x))}dx.
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Using integration by parts, this is equal to

[p@) f (1)) — p) f)g M ]

which gives the result. O

Let Dy C ‘H consist of the functions in D(—1, 1) with support on a compact inter-
valin (—1, 1).

Proposition 4.9 The densely defined operator (T, Dy) is symmetric.

Proof Clearly, we have limy | _1[ f, g](x) =lim,41[f, g]l(x) =0 for f, g € Dy. Then
the result follows from Lemma 4.8. O

The function x +— [ f, g]l(x), x € (—1, 1), is constant if f and g are solutions of
the eigenvalue equations 7y = Ay. In the following lemma, we determine the value
of the constant in the case of the eigenfunctions l”it en ¢>f.

Lemma 4.10 For 1 € C\ (—oo, —(a + 1)?),
[¢5. 6 |=—nD and [y, ¢ ]=-nDc(—n;9),

where D =20HPH3C = %’m (see also (2.11)).

Note that [y, , 1/}&"] and [y, ,¢, ] can be obtained from Lemma 4.10 using
(o, B, x) — (B, a, —x) and (8, n) — (—8, —n), respectively.

Proof We have

28

(¢3¢ ]=C lim (1 -0 +x>ﬂ+2< (g (1) =y () —= a4, (x)).

Using

—LBFn+D-1
2
“) (1+00+x). x| -1,

dey 1 1
W(x)——z(ﬁq:ﬂ‘f‘l)( >

we find
[, ¢]=—nD.
Now from the connection formula (4.1), we obtain
(Vi ¢ = c=n: 9|8 . 7 ] =—nDc(=n: 9). O

Let us mention that from the explicit formula (2.6) for c¢(—7; §) and Lemma 4.10,
it follows that [y;", ¢;"] = 0 if and only if A € C\ (—o0, —(a + 1)?) is a solution of

%(1 +8) + () £x) =—n, “4.3)
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for some n € N, or equivalently,

Vit @t D24+ it B+ D2=—2u— 15k (4.4)

Proposition 4.11 The symmetric operator (T, Dy) has a unique self-adjoint exten-
sion.

We denote the self-adjoint extension again by 7.

Proof By [4, Theorem XIII.2.10], the adjoint of (T, Do) is (T, D(—1, 1)), so the
deficiency spaces of (T, Dg) consist of the solutions of the differential equations
Tf = +if that are in H, [4, Corollary XIII.2.11]. Let f € H be a solution of
Tf =if. Then f must be a linear combination of qb;r and ¢; , since these are lin-
early independent solutions of this eigenvalue equation by Lemma 4.10. Note that
N(n(@@)) > 0, so by Remark 4.7, ¢;” is not L? near —1, which implies that f is a mul-
tiple of d)i+ . In the same way, it follows that f is a multiple of 1/fl-+. But qb;“ and 1//1'+
are linearly independent by Lemma 4.10; hence f = 0. In the same way, it follows
that f € H satisfying Tf = —if is the zero function. So T has deficiency indices
(0, 0), which implies it has a unique self-adjoint extension. g

Assume A € C\R. In this case, % (1), R(S) > 0,50 ¢;" € L2((—1,0), w @ (x) dx)
and xlf;r € L*((0, 1), w@P (x) dx). We define the Green kernel by

AELANG))
[V, ¢
Ki(x,y) =
’ ST Y ()
(v, 671

’ 3

’

Then K (-, y) € H for any y € (—1, 1). The Green kernel is useful for describing the
resolvent operator Ry, = (T — L

Lemma 4.12 For A € C\ R, the resolvent R), is given by
Rif =(y+=(f. K:(y).  f€Do.
Proof First note that if f € Dy,
Jlim [47, £]) = 0= lim[ys", £]00).
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Now from Lemma 4.8 we obtain

+ y
[ji (;l] (T =0 )@ @ ) dx
AT -

()
[V, 631

Ri(T =M f(y)=

+

1
/ (T = f) v Dw P x) dx
y

1
= ——— (W, W[ 6710 = s D[F v 1),
[, 671

since (T — )L)¢;r =0and (T — A)l/fA+ = (. Writing out the terms between brackets,
we obtain

Ru(T =1 f(y)

1 d¢+ dw+
it <—f WPV D0+ FOIP0S] (y)d—x*(y))
=f. -

Now we can determine the spectral measure £ of T by

1 b—¢’
E(a,b)f, g)=1limlim — Ryticf, &) — (Ra_ie f, dair, . g €Dy,
(@b fg)=timlim = [ (Riviefog) = (Racie ) dhe Frg D

+e&’
4.5)
see [4, Theorem XII.2.10]. We write
— —— & @Y )
(R,.f. 8) = // FEW + fMgX)) ——F—5—
<x,y>eA( ) [V, 671
x w P @w P (y)d(x, y), 4.6)
where A ={(x,y) eR?| -1 <x <1, x <y <1}.
Let A € R. To compute the spectral measure, we have to consider the limit
il a0 e 0v )
e\ (A —ig)c(—n(A —ig); (A —ig)) nA+ige)c(—n(h+ie);8(A+ie)) /)
4
Note that
1%1;7(1 —ig)eRsy ifA+(B+1)?>0,
&
limn(A +ie) =
el0

nﬁ}n(x —ie)eiRoy ifA+(B+1)?<0,
&
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and
1%3@ —ig)eRsy ifA4(a+1)?>0,
&
limé(A +ie) =
&40 liSS(A—is)eiRw ifA+ @+ 1D2<0.
&
We see that we have to distinguish several cases.

4.3 The Continuous Spectrum

We define an integral transform .FC(Z) mapping f € Dy to a C?-valued function on
§22=(—00, —(B+1)*) by

1 +
(F2 1)) = / @ (g‘?_g;) w@P (x)dx, i€, feDp,
- A

where the functions (pjE are defined by (2.13).

Proposition 4.13 Let a, b € £2, with a < b. Then
1 b 1 v dx
E@bf g)=— | (FPgn* ) (FP £ o) ——,
(E@bfg)=575 | FO0 0 1 ) FNO

where (recall from (2.9))

c(n; 85)
(=i 81)’
and v12(A) = v1(A). Here 8, and n;, are defined by (2.3).

11(d) =

Proof First observe that limg o 6(A + ie) = 6, and limg od(A — ie) = 85 = —6).
Similarly, limg o n(A +ie) = n; and lim; o (A — ig) =7, = —n,,. This gives us

. + _ + . + . —
E&}‘/’Hie =@ Eﬁ}‘ﬁ/\—is =@ -

Now the limit in (4.7) is equal to

AN ANGY N w;(x)wf_is(y)>

I (x, )=lim<
pY —mc(=nn;8)  —mc(n; —d3)

el0

Using the connection formula (4.1), this becomes
b ( c(m; 81)

M\ (= 81)

c(—=nx; —63)
c(m; —83)

L(x,y)=— oF e () + o e, () + o (e ()
o, (X)o, (y)),
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which is manifestly symmetric in x and y. Using (p;F (x) = ¢, (x), we see that

1 (o * +
I(x,y) = —— (‘”U”) ( ! ”12(“> (‘”U”) .
m. \¢. ) v21(A) 1 @, (x)
Now we can symmetrize the double integral in (4.6) again, and then the result follows
from (4.5). O

Next we define an integral transform .7-'6(.1) mapping Dy to complex-valued func-
tions on 21 = (—(B + 1), —(e + 1)) by

1
(FOf)0) = / F@ 0w (x)dx, re 21, feDy,
-1
where @) (x) is defined by (2.12).

Proposition 4.14 Let a,b € 21 with a < b. Then

b 1 D di
— / (FO £ (Fe g)(“”(”Tay

(E(a,b) f, g)= D

where (recall from (2.7))
1

A) = .
Y = (=8 1)

Proof 1In this case,

IimS(A +ig) =6, =—lmdé(A —i li At+ie)=nA) =1 A—ig).
8118 (A+ie) 2 81&)1( ie) and 81&)117( +ie)=n) glﬁ)ln( i€)

Consequently, using Euler’s transformation for , 1 -functions,
i, i = oa = lime ..

and

lim g, () = lim 1, (0.
so that the limit (4.7) is equal to

0OV 0) 0.V () )
—=81c(Bin(A)  =8ie(=8isn() )’
where we have used Lemma 4.4(i). Using the connection formula (4.2), we obtain
@ (O[e(=83: NONY 1. ) + (s 10NV 1o ()]
=8¢ (825 n(A))e(—=6x5 N ()

_ 0 () ()
—83¢(8; n(W))e(=83;n(A))

The result follows from (4.5) and (4.6) after symmetrizing the double integral. Il

Ly(x,y) =l
(X, y) Elﬁ}(

L (x,y)=Ilim
A (X, ) lim
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Since the spectrum is a closed set, the points —(a + 1)> and —(8 + 1)*> must
belong to the spectrum.

Proposition 4.15 The points —(a + 1) and —(B + 1)? belong to the continuous
spectrum of T .

Proof This follows from the fact that none of the eigenfunctions is in A for these
values of A, see Remark 4.7. O

4.4 The Discrete Spectrum

Recall from (2.5) the finite set
1
4= {xn |neNandn < E(K— 1)},

where A, is defined by (2.4). For k > 1, i.e., if £2; is nonempty, we define the integral
transform F; on H by

(FaHQ)=(fipr), L€, [fEH,
where ¢, is defined by (2.14). Note that ¢, = ¢>;;.
Proposition 4.16 Ler —(a+ 1)2 < a < b. If 24N (a, b) consists of exactly one num-
ber A, then

N,
D

(E(a.b) f.8)= (Faf) ) Fag)On) ===,  f.geH,

where (recall from (2.10))

N;, =Res( ctn(®),s) )
"= \n(W)e(=n(h); 8(A))

Furthermore, if 24 N (a,b) =@, then
(E(a,b)f.g)=0, f.ge™H.

Proof Assume £24 N (a, b) = {A,}. By (4.5) and (4.6), we have

(@ b)fg) =D //< 1,80 + T )W P @w P ()
X,y)€E

+ +
% [L/ o, ()Y, (y) d)»:| d(x, y),
C

27i Jo —n(W)e(=n(R); 8(L))

where C is a small clockwise oriented rectifiable closed curve encircling A, exactly
once. The integral over the curve C is equal to

o5 (DY, (y)Res ( 1 )
o Mt = \ (e (—=n(); (1))
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By (4.3), we have c(—n(1); 6(2)) =0 if and only if A = A,,, n € Z, where A, is de-
fined by (2.4). So in this case, (4.1) becomes ;" = c((An); 8(An))¢; , from which
we see that the integrand is symmetric in x and y. Symmetrizing the double integral
gives the result. O

Corollary 4.17 Suppose §2; is nonempty. Then the following orthogonality relations
hold:

D
<§0)»mv (Px,l) = N_(Smns )\m» An S -Qd~

n

Proof Let A, Ay, € §24, and set f = @,,, and g = ¢;,. From Proposition 4.16, it
follows that (¢y,,, ¢x,) = 0 if A, # A,,. Furthermore, if A, = ,,, then

Ni,
(@rs 1) = {@as 01,0 (P22 11D
from which the result follows. g
We have now completely determined the spectrum of 7.

Theorem 4.18 The self-adjoint closure of the densely defined operator (T, Dy) has
continuous spectrum (—oo, —(a + 1)1 and (possibly empty) discrete spectrum $2,.
The sets §2o and §21 inside the continuous spectrum have multiplicity two and one,
respectively.

4.5 The Integral Transform
We define an integral transform F on Dy C H by

Ff=FPf+F f+Faf. feDy. (4.8)
For f € Dy, this coincides with the integral transform defined in (2.15).
Proposition 4.19 F extends uniquely to an isometry F : H — L*(V).

Proof For f, g € Dy, we have

(f.8)=(Ff.Fgy

by Propositions 4.13, 4.14, and 4.16, so F : Dy — L*(V) is an isometry. By continu-
ity of F and density of Dy in 7, it extends uniquely to an isometry H — L?(V). [

Our next goal is to show that F : H — L?(V) is surjective and determine the
inverse. For convenience, we assume that 7' has no discrete spectrum.
For 0 <a < 1, we define

a

(f8)a= | f)g@)w P (x)dx

—a
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for all functions f, g for which the integral converges. Note that for f, g € H, the
limit @ 1 1 gives the inner product ( f, g). Suppose now that f; is a solution of the
eigenvalue equation 7' f) = Afy. Then by Lemma 4.8,

_ [f)w f)»’](a) - [f)w f)»’](_a)
B A—N

(fas fa)a ., MM ER, A#L.

We will use this expression with f;, = gof, and we want to let a 1 1. We need to
consider several cases.

4.5.1 Casel: A, ) € £2,

From Lemma 4.6, we find for x | —1, cf. the proof of Lemma 4.10,

1+x
2

D %(m—ﬂ,v)
[wf,fp;](x)=3(m+m/)< > (14+00 +x)),

1
D 1+x 7 (ma+n,)
[wf,wﬂ(x)=3(m—nw)< 5 > (1+001 +x)).

The behavior at x = —1 of [, , <p27](x) and [g, , ¢, 1(x) follows from go;f(x) =

@, (x). For x 1 1, we use the expansion from (4.2) (recall that goit = lim, o ¢f\t+i£)
and Lemma 4.6 to find

D
[o o] =3 D ceduimde(—€'8s —ny)(edr + €'8y)
e, e'e{+,—}

l_x %(651*6/81/)
x( 5 ) (1+ 001 -x),

and

D
[o)f el == > clediimde(—€'8ui ) (€8, + €'8,r)
e, e'e{+,—}

1 — x\ 2(€—€8,)
x< > ) (1+00 —x)).

We will need the following behavior of the c-functions.
Lemma 4.20 The c-function defined by (2.6) satisfies

O(e_”*/__)‘), A — —00,

COnim) = {om, =B+ 12,

o), r— —oo,

—8imy) =
M= 00 ah B+ D
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Proof This follows from the definition (2.6) of the c-function and well-known
asymptotic properties of the I"-function, see, e.g., [2, Sect. 1.4]. O

Proposition 4.21 Let f € C(£27) satisfy

O(IA717%), A — —oo,

A) =
7@ {0(1), At —(B+ D2,

for some € > 0, and let )/ € §2,. Then
llm/ FWes . @), dh = =27iD 83c(=8,; e =) f (V).

Proof Note that, for A # A/,

mtm 1 m—m 1
A—=X m—m A=A o

(4.9)

and similar expressions are valid for §,. Now use 8§, = i3, | and 1, =i|n,|, and write
N = ——ln(1 2). Then

li Mot 07) da
;{I}/sz( e o),

[of . 0 1(@) — (o5, o 1(—a) "

=}lig o, f)

AN
cos N(|8x] + €| ])
_2 hm(/ fo Y (s R
eef{+,— A€o
ce o SINN (|85 ] + €[y ])
A d,
i s,
N — , in N — /
_ f(A)COS (Im ln“)d)»—i f(}\)sm (Ima dex),
2y m.— Ny 2, M. — v

where
ES() = (B m)c(edy; —nur) £ (=85 m)c(—€dys —ny).

The terms with £} vanish by the Riemann—Lebesgue lemma, which follows from
Lemma 4.20 and the assumptions on f.

Claim
N (S —_ 8 / N _ ,
lim ( [ sy =R IZ B gy [ = ) d/\)
N—o0 2, (S)L — 3}»’ 2 N — N
=0.
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Proof of Claim Using (4.9) and cos 61 — cos 6, = —2sin(24%2) sin(45%), we obtain

cos N(|8y| — |8x[) — cos N(|ma| — [nw])
8y — Sy Ny — N
_EZ)G+8) — (. + )
- Y
N 2sin F (18] + ma] — 1831 — I sin X (1821 — [ma] + 8] — |nar])
. — Ny ’

§2 (1)

cos N (181 — 18,/])

We multiply the right-hand side of the above identity by f(A) and integrate

over A. Since the function A > = (A)(Sﬁff ;,—(nﬁny) has a removable singularity

by Lemma 4.4(ii), it follows from the Riemann—Lebesgue lemma that the first term
vanishes as N — 00. For the second term, we may use

sin 3 (183 + 1l — 181 — I | _
M= My B

B

for A in a neighborhood of A" and for some B > 0. Then we see that we can apply the
Riemann-Lebesgue lemma again, which proves the claim. g

To finish the proof of the proposition, we use

B . _
lim + f ey SINE =Y e (4.10)
A X =y

N—oo T
if g € L'(A, B) is continuous. Then

in N (|8,] — |6/
sin V(18] — 16w D) o

| . . iD _
im [ sl el an="3 Jim [ o) TR

atl

i D in N — |ny
iDL FoySn (mal = InD .

2 NoooJo, M= My

= —miD(8y&; (M) +m) f (V).

provided &, f and f are continuous functions in L'(£2,), which is indeed the case.

Here we used the substitutions x = |8, | and x = |n, | before applying (4.10); note that

Z—’)i = —% in both cases. Finally, applying Lemma 4.4(ii) with (x, y) = (6, n,.), the

last expression becomes

=27 D §3rc(=8; m)e(Ss —ma) £ (M),

which finishes the proof. O

The following result is proved in the same way as Proposition 4.21.
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Proposition 4.22 Let f € C(£2,) satisfy the same conditions as in Proposition 4.21,
and let ) € §25. Then

lim / T @f), dh = =27iD 83:c(835 mu)e (=835 ma) £ (V).

By combining Propositions 4.21 and 4.22, we obtain the following result.

Proposition 4.23 Let f1 and f> satisfy the conditions from Proposition 4.21. Then

1 + * /
Ol Dy ()C)) <fl()\)) ] N _is., / (fl()‘- ))
Fe [zw/gz (%(x) £0y) PG ==18A0) (00 )

where

A() = < (=& m)c@us —m) ¢ mu)e(=8y; ) )
(s —m)e(=8y; —mr) (=8 m)e@y; —nn) )

Proof Let f1 and f5 satisfy the conditions of Proposition 4.21. Then from this propo-
sition and from applying Fubini’s theorem, we obtain

— i83c(8; m)e(=8y; =) f2(A)
a

=3 Di‘ﬁl ) wgo:(xw;(x)w(“’ﬁ)(x)dxdx

!
= /_ l[ﬁ fg 2 fz(k)%(X)d)»}wy(X)w(“’ﬂ)(X)dX-

From Propositions 4.21 and 4.22, we find three similar identities, leading to

[l (5) (1) ) (60) oo

= —isi A(N) <£Ei:;) ,
which is the desired result. g
We need the inverse of the matrix A()\) from Proposition 4.23.

Lemma 4.24 For L € 2:, AQ)"L =V ), with V(X) defined by (2.8).
Proof We have

det A(L) = c(85; —m)e(=85; 1) (¢(B; —m)e(—=8x; M) — ¢(8x; ma)c(—82: —mn))

n
= B_AC(SA; —n)c(=38; )
A
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by Lemma 4.4(ii). Now it is straightforward to compute the inverse of A. The result
then follows from the definition of V(1) and Lemma 4.4(i). O

Let Co($22; (Cz) denote the set of continuous C2-valued functions g= (i;) on §2»

satisfying

1, B
jm—{o('“z P T =1
Ok +(B+ D25, At —(B+17,

for some & > 0. For g € Co(£22; C?), we define the function G g by

1 NENY di
@ o) (x) = 3 (x) _
@0 =575, <¢;(x)> Vg xe (=1,

Proposition 4.25 Let g € Co($22; C?) and ) € §25. Then (]-'C(z)gc(z)g) M) =gO).

Proof Let g € Co(§22; C?), and define the C2-valued function f by (1) = (g&;) =
L_A(1)~'g(n). Since

—is,

O(e‘”\/__}‘), A — —00,

A) =
v ) iou), At —(B+ D2,

by Lemma 4.20, the functions f and f satisfy the conditions from Proposition 4.21.
Now Proposition 4.23 shows that

1 Foo\" 1
(2) (2N (x)> -1 ] N _ ’
F! [—hD/QZ (w{(X) ——iSAA('\) gydr|(V)=g(n).

From Lemma 4.24, we see that the term inside square brackets is exactly
(2 O
(G 8)(x).

4.5.2 Case2: A, M € §

In this case,
lim [¢5,, g3/ 1(x) =0,
x}—1

and for x 1 1, we have

D
ool == D7 cledinG)e(—€ 8y n(x)) (eds +€'s)
€,€'ef{+,—}
1 ’
1— 5 (€8, —€'8,1)
x( 2x> (1+0(1 —x).

We have the following behavior of the c-functions.
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Lemma 4.26 The c-function defined by (2.6) satisfies

o(1), AL =B+ 12,

+£8,: (1) =
SRA) {OWA%Q+DH%% At —(@+ D2

In the same way as in Proposition 4.21, this leads to the following result.

Proposition 4.27 Let [ be a continuous function satisfying

o), AL —(B+ 12,
A) =
e {(’)(IA+(0¢+1)2|%+€), At —(a+1)?,

for some ¢ > 0, and let ' € 21. Then

27Tl'D(S)L/

1‘ A ) ’ad)\fz /7
im 1f( ){@n, o) o0 ()

atl Jo
where (recall from (2.7)) v(X') = (c(8y; n(A))e(=8,; n(W)) L.

Note that

o), AL =B+ 12
v = 2 2
O(r+ @+ D?), At —(a+1)?

by Lemma 4.26. Let Cy(£21) denote the set of continuous functions g on £2; satisfy-
ing

o), Al —(B+ 12,
)= o) 26 2
(A + @+ D7), At —(a+ D7,

for some ¢ > 0. We define an integral transform gf.” on Co(£21) by

1 dx
@%mﬁﬁﬂmmwwwm,mmuwwm
1

Now similarly to Proposition 4.25, it follows from Proposition 4.27 that ]-'C(l) is a
0]
..

left-inverse of G
Proposition 4.28 For g € Co($21) and ) € $21, we have (fc(l)gﬁl)g)()») =g).
4.6 The Integral Transform G

We define G on Co(£21) U Co(§22; C?) by G = gé‘) @ QC(Z). We will show that F is a
left-inverse of G. We need the following result.

@ Springer



308 Constr Approx (2013) 38:277-309

Proposition 4.29

(i) Let & € 21 and g € Co(821). Then (F'GV ) (1) = ().
(ii) Let A € 2> and g € Co($22; C2). Then (FVGP g)(1) = 0.

Proof Let A € £, and A’ € £21. Then
lim [}, ¢,/ ](x) =0,
xirfl[% o e)

and for x 1 1,

D
[ vl =5 0 clediEme(=€8in (1)) (ed) +€'sy)
e, e’ef{+,—}

1 — x\ 28¢5,
><< . ) (1+0(1 - ).

Similarly to the proof of Proposition 4.21, it follows by application of the Riemann—
Lebesgue lemma that

0

. . [0, oil(a) — (¢, pul(—a)
Y R R Y e S

for suitable functions f. Asin Proposition 4.23, we obtain from this (.7-",52) g§1> )=

(5)-

In the same way, it follows from

(92, 93)(@) — 1, 93 )(—a)
li Men, o) dr=1i ) % % dx =0,
lim |, f Wlergi ), dh=lim | @) —
for suitable functions f, that (-7'—4(- ‘)géz)g) 1) =0. O

Combining Propositions 4.25, 4.28, and 4.29 shows that (F o G)g = g for
g € Co(£21) U Co(£22: CH).

Proposition 4.30 The integral transform G extends uniquely to an operator G :
L*(V) — M such that G = F~ L.

Proof Let g € Co(£21) U Co(§22; C?). Then
(g.8)v=((Fo)g, (Folg),=(9g, Gg)
by Proposition 4.19. Since Co(£21) U Co(£22; C?) is dense in H, G extends by con-

tinuity uniquely to an operator G : L>(V) — H, and F o G extends to the identity
operator on H; hence G = F -1 O
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Remark 4.31 In case the discrete spectrum £2; is nonempty, the inverse of F is the
extension of the operator G = 51) @ gf.z) @ Gq, with

1
Gag)®) =5 3 gW@(ONy, xe (=11,

LESRy

for any function g : £2; — C. The proof in this case is the same as in the case of the
empty discrete spectrum.

References

1. Andrews, G.E., Askey, R.: Classical orthogonal polynomials. In: Polyndmes orthogonaux et applica-
tions. Lecture Notes in Math., vol. 1171, pp. 36-62. Springer, Berlin (1985)

2. Andrews, G.E., Askey, R., Roy, R.: Special Functions. Encycl. Math. Appl., vol. 71. Cambridge
University Press, Cambridge (1999)

3. Askey, R., Wilson, J.: Some basic hypergeometric orthogonal polynomials that generalize Jacobi
polynomials. Mem. Am. Math. Soc. 54, 319 (1985)

4. Dunford, N., Schwartz, J.T.: Linear Operators. Part II: Spectral Theory. Self Adjoint Operators in
Hilbert Space. Interscience/Wiley, New York/London (1963)

5. Durdn, A.J., Van Assche, W.: Orthogonal matrix polynomials and higher-order recurrence relations.
Linear Algebra Appl. 219, 261-280 (1995)

6. Groenevelt, W.: The Wilson function transform. Int. Math. Res. Not. 52, 2779-2817 (2003)

7. Groenevelt, W.: The vector-valued big g-Jacobi transform. Constr. Approx. 29(1), 85-127 (2009)

8. Groenevelt, W., Ismail, M.E.H., Koelink, E.: Spectral decompositions and matrix-valued orthogonal
polynomials. Adv. Math. 244, 91-105 (2013)

9. Groenevelt, W., Koelink, E., Rosengren, H.: Continuous Hahn functions as Clebsch—-Gordan coeffi-
cients. In: Theory and Applications of Special Functions. Dev. Math., vol. 13, pp. 221-284. Springer,
New York (2005)

10. Griinbaum, F.A.: The bispectral problem: an overview. In: Special Functions 2000: Current Perspec-
tive and Future Directions, Tempe, AZ. NATO Sci. Ser. II Math. Phys. Chem., vol. 30, pp. 129-140.
Kluwer Academic, Dordrecht (2001)

11. Ismail, M.E.H.: Classical and Quantum Orthogonal Polynomials in One Variable, Cambridge Univer-
sity Press, Cambridge (2009)

12. Ismail, M.E.H., Koelink, E.: Spectral properties of operators using tridiagonalisation. Anal. Appl.
10(3), 327-343 (2012)

13. Ismail, M.E.H., Koelink, E.: Spectral analysis of certain Schrodinger operators. SIGMA 8, 061 (2012),
19 pages

14. Koelink, E.: Spectral theory and special functions. In: Laredo Lectures on Orthogonal Polynomials
and Special Functions. Adv. Theory Spec. Funct. Orthogonal Polynomials, pp. 45-84. Nova Sci.,
Hauppauge (2004)

15. Koornwinder, T.H.: Jacobi functions and analysis on noncompact semisimple Lie groups. In: Special
Functions: Group Theoretical Aspects and Applications, Math. Appl., pp. 1-85. Reidel, Dordrecht
(1984)

16. Koornwinder, T.H.: Special orthogonal polynomial systems mapped onto each other by the Fourier—
Jacobi transform. In: Orthogonal Polynomials and Applications, Bar-le-Duc, 1984. Lecture Notes in
Math., vol. 1171, pp. 174-183. Springer, Berlin (1985)

17. Neretin, Yu.A.: Some continuous analogues of the expansion in Jacobi polynomials, and vector-valued
orthogonal bases. Funkc. Anal. Prilozh. 39(2), 31-46, 94 (2005) (in Russian). Translation in Funct.
Anal. Appl. 39(2), 106-119 (2005)

18. Ruijsenaars, S.N.M.: A generalized hypergeometric function satisfying four analytic difference equa-
tions of Askey—Wilson type. Commun. Math. Phys. 206(3), 639-690 (1999)

19. Wilson, J.A.: Some hypergeometric orthogonal polynomials. SIAM J. Math. Anal. 11(4), 690-701
(1980)

@ Springer



	A Hypergeometric Function Transform and Matrix-Valued Orthogonal Polynomials
	Abstract
	Introduction
	Notation

	Spectral Analysis and a Hypergeometric Function Transform
	Matrix-Valued Orthogonal Polynomials
	The Five-Diagonal Operator
	Matrix-Valued Orthogonal Polynomials
	The Special Case alpha=beta

	Proofs for Sect. 2
	Eigenfunctions
	Spectral Analysis
	The Continuous Spectrum
	The Discrete Spectrum
	The Integral Transform
	Case 1: lambda,lambda'inOmega2
	Case 2: lambda,lambda' inOmega1

	The Integral Transform G

	References


