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1 Introduction
1.1 Some Historical Remarks

In 1873, Charles Hermite published in [31] his proof of the transcendence of ¢ making
use of simultaneous rational approximation of systems of exponentials. That paper
marked the beginning of the modern analytic theory of numbers.

The formal theory of simultaneous rational approximation for general systems of
analytic functions was initiated by K. Mahler in lectures delivered at the University
of Groningen in 1934-1935. These lectures were published years later in [37]. Impor-
tant contributions in this respect are also due to his students J. Coates and H. Jager,
see [13] and [32]. K. Mahler’s approach to the simultaneous approximation of finite
systems of analytic functions may be reformulated in the following terms.

Let f = (fo, ..., fn) be a family of analytic functions in some domain D of the
extended complex plane containing co. Fix a nonzero multi-index n = (no, ..., n;) €
Z’fﬁ“, In| =no+ -, ny. There exist polynomials ap g, ..., an,m, not all identically

equal to zero, such that

(i) degan,j <nj—1,j=0,...,m (degap, ; < —1 means that a, ; =0),
(i) Y7gan,j(2) fj (@) — dn(z) = O(1/2"), z — o0,

for some polynomial d;,. Analogously, there exists Oy, not identically equal to zero,
such that

(i) deg On < [n,
(i) On(2)fj (@) = P, j(2) = O/ ), 2= 00, j =0,...,m,

for some polynomials Py, j, j =0,...,m.

Initially, the polynomials ap g, ..., an,m Were called Latin and Oy, German poly-
nomials, due to the letters employed in denoting them (see the papers of Mahler,
Coates, and Jager cited above). The polynomials dy and Py j,j =0,...,m, are
uniquely determined from (ii) once their partners are found. Later, the two con-
structions were called type I and type II polynomials (approximants) of the system
(fo,---, fm). Algebraically, the two constructions are closely related. This is clearly
shown in [13, 32], and [37]. When m = 0, both definitions coincide with that of the
well-known Padé approximation in its linear presentation.

Apart from Hermite’s result, type I, type II, and a combination of the two (called
mixed type), have been employed in the proof of the irrationality of other numbers.
For example, in [8], F. Beukers shows that Apery’s proof (see [1]) of the irrationality
of £(3) can be placed in the context of mixed type Hermite—Padé approximation. See
[53] for a brief introduction and survey on the subject. More recently, mixed type
approximation has appeared in random matrix and nonintersecting Brownian motion
theories (see, for example, [7, 14, 34], and [35]).

In applications in the areas of number theory, convergence of simultaneous rational
approximation, and asymptotic properties of type I and type II polynomials, a central
question is if these polynomials have no defect; that is, if they attain the maximal
degree possible.

Definition 1.1 A multi-index n is said to be normal for the system f for type I ap-
proximation (respectively, for type II) if degay j =n; —1,j =0,...,m (respec-
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tively, deg O = |n|). A system of functions f is said to be perfect if all multi-indices
are normal.

It is easy to verify that (an 0, ..., @n,m) and Oy are uniquely determined to within
a constant factor when n is normal. Moreover, if a system is perfect, the order of
approximation in parts ii) above is exact for all n. The convenience of these properties
is quite clear.

Considering the construction at the origin (instead of z = oo, which we chose for
convenience), the system of exponentials considered by Hermite (e™0%, ..., e¥m%),
w; #wj,i#j,1,j=0,...,m, is known to be perfect for type I and type II. A sec-
ond example of a perfect system for both types is that given by the binomial functions
(I=2", ..., (1 =2)"", w; —wj &Z. All multi-indices n such that ng > --- > n,
are known to be type I and type II normal for (log” (1 —x), ..., log(1 —x), 1). When
normality occurs for multi-indices with decreasing components, the system is said to
be weakly perfect. Basically, these are the only examples known of perfect or weakly
perfect systems, except for certain ones formed by Cauchy transforms of measures.

1.2 Markov Systems and Orthogonality

Let s be a finite Borel measure with constant sign whose compact support consists of
infinitely many points and is contained in the real line. Hereafter, we only consider
such measures. By A we denote the smallest interval which contains the support,
supp s, of s. We denote this class of measures by M(A). Let

§(Z)=/ ds(x)

I—X

denote the Cauchy transform of s. Obviously, § € H(@ \ A); that is, it is analytic in
C\ A.

If we apply the construction above to the system formed by § (m = 0), it is easy
to verify that Qy turns out to be orthogonal to all polynomials of degree less than
n € Z4. Consequently, deg Qn = n, all its zeros are simple and lie in the open con-
vex hull Co(supps) of supps. Therefore, such systems of one function are perfect.
These properties make it possible to deduce Markov’s theorem on the convergence of
(diagonal) Padé approximations of § that was published in [38]. For this reason, § is
also called a Markov function.

Markov functions are quite relevant in several respects. Many elementary func-
tions can be expressed as such. The resolvent function of self-adjoint operators admits
that type of representation. If one allows complex weights, any reasonable analytic
function in the extended complex plane with a finite number of algebraic singularities
adopts that form. This fact, and the use of Padé approximation, have played a central
role in some of the most relevant achievements in recent decades concerning the ex-
act rate of convergence of the best rational approximation; namely, A.A. Gonchar and
E.A. Rakhmanov’s result, see [26, 28], and [5], on the best rational approximation of
e~ on [0, +00); and H. Stahl’s theorem, see [50], on the best rational approximation
of x* on [0, 1].

Let us consider two other examples of general systems of Markov functions much
more illustrative for our purpose.
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1.2.1 Angelesco Systems

In [2], A. Angelesco considered the following systems of functions. Let Aj, j =
0, ..., m, be pairwise disjoint bounded intervals contained in the real line and s;, j =
0,...,m, asystem of measures such that Co(supps;) = A;.

Fix n e Z’ﬁ“, and consider the type II approximant of the so-called Angelesco
system of functions (So, ..., §,) relative to n. It turns out that

fx”Qn(x)dsj(x)=O, v=0,...,n;—1,j=0,...,m.

Therefore, Qn has n; simple zeros in the interior (with respect to the Euclidean
topology of R) of A;. In consequence, since the intervals A; are pairwise disjoint,
deg O, = |n|, and Angelesco systems are type II perfect. Type I perfectness for An-
gelesco systems has not been studied.

Unfortunately, Angelesco’s paper received little attention, and such systems reap-
pear many years later in [39] where E.M. Nikishin deduces some of their formal
properties.

Though type II normality for Angelesco systems is so easy to deduce, the multiple
orthogonal polynomials and the rational approximations associated with them do not
have good asymptotic behavior. In [27] and [3], their logarithmic and strong asymp-
totic formulas, respectively, are given. In this respect, a different system of Markov
functions turns out to be much more interesting and foundational from the geometric
and analytic points of view.

1.2.2 Nikishin Systems

In an attempt to construct general classes of functions for which normality takes
place, in [40] E.M. Nikishin introduced the concept of an MT-system. Let Ay, Ag
be two nonintersecting bounded intervals contained in the real line and o, €
M(Ay), 08 € M(Ag). With these two measures, we define a third one as follows
(using the differential notation):

d{oq, 0p)(x) =06p(x) dog(x);

that is, one multiplies the first measure by a weight formed by the Cauchy transform
of the second measure. Certainly, this product of measures is noncommutative.
Above, 65 denotes the Cauchy transform of the measure og. The reader may ar-
gue, and we agree, that the appropriate notation is 6g. However, throughout the paper,
we will need Cauchy transforms of measures with several sub-indices and supra-
indices; for example slz, i (and much more extended). The correct notation causes

space consumption and aesthetic inconveniences. So, note carefully that 512 j is not
the Cauchy transform of s sub-indexed with 1, j and then squared, but precisely the
Cauchy transform of a measure denoted sl2 j The good news is that powers rarely

appear in the paper, and they are clear from the context (for example, (—1)/ or z2).
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Definition 1.2 Take a collection A;, j =0, ..., m, of intervals such that
AiNAj1 =0, j=0,....m—1.

Let (o0,...,0,) be a system of measures such that Co(suppo;) = Aj,0; €
M(Aj), j=0,...,m. We say that (so, ..., ) =N (00, ..., 0m), where

50 = 00, s1=1(00,01), .-, sm=<oo,(01,...,am)>

is the Nikishin system of measures generated by (oo, ..., o).

Fix n e Z'jf“, and consider the type II approximant of the Nikishin system of
functions (So, . .., §,,,) relative to n. It is easy to prove that

/x”Qn(x)dsj(x)zo, v=0,...,n;—1, j=0,...,m.

All the measures s; have the same support; therefore, it is not immediate to conclude
that deg O = |n|. Nevertheless, if we denote

Sj’k = (aj,aj_H, e ,Gk), j < k, Sj’j = (O’j’) ZUJ',

the previous orthogonality relations may be rewritten as

m
f (po(x) +Y pj (xm,k(x)) On(x) dog(x) =0, (1)
k=1
where po, ..., pn are arbitrary polynomials such that deg py <ny —1,k=0,...,m.
Definition 1.3 A system of real continuous functions uy, ..., u, defined on an in-
terval A is called an AT-system on A for the multi-index n € ZT’I if for any choice
of real polynomials (that is, with real coefficients) po, ..., pm,deg px < niy — 1, the
function
m
> pe)ur(x)
k=0

has at most |n| — 1 zeros on A. If this is true for all n € Zﬁ“, we have an AT system
on A.

In other words, ug, ..., u,, forms an AT-system for n on A when the system of
functions
(uo, e x™ e uy, ...,x”’"_lum)

is a Tchebyshev system on A of order |n| — 1. From the properties of Tchebyshev

systems (see [33, Theorem 1.1]), it follows that given x1, ..., xy, N < |n|, points in
the interior of A, one can find polynomials Ay, ..., h,, conveniently, with degh; <
nx — 1, such that Z;C":O hi(x)ur(x) changes sign at x1,...,xy, and has no other

points where it changes sign on A.
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In [40], Nikishin stated without proof that the system of functions (1, §1,1, ..., $1.m)
forms an AT-system for all multi-indices n such that ng > - - - > n,, (he proved it when
additionally ng — n,, < 1). Due to (1), this implies that Nikishin systems are type 11
weakly perfect.

The proof of Nikishin’s assertion is a consequence of [16, Theorem 4.1]. Actually,
Driver and Stahl proved normality for the wider class of multi-indices

ZT‘I(@):{HGZT'I:O§j<k§m=>nk§nj+l}

(see also [29]). In [16, Theorem 4.2], for the same class of multi-indices, the authors
also proved type I weak perfectness for Nikishin systems. In the same paper (see
remark on p. 171), it is shown that when m = 1, Nikishin systems are type II perfect.
Improvements are also contained in [10, Theorem 1] (see also [23, Theorem 2]),
where normality is proved for all multi-indices in

Ziﬁ“(*):{neZﬁH:ﬁ0§i<j<k§m such that n; <n; <nk}

and [20, Theorem 1], containing the proof that for m = 2, Nikishin systems are type 11
perfect.

Ever since the appearance of [40], a subject of major interest for those involved
in simultaneous approximation was to determine whether or not Nikishin systems
are perfect. The main result of this paper gives a positive answer to this question.
Moreover, we will prove perfectness for mixed type Nikishin systems, containing
type I and type II as particular cases. The proof is based on the reduction of the
problem to the case of multi-indices with decreasing components (that is, to weak
perfectness). Hereafter,

Zﬂ-H(o) = {neZT_H ing> - an}.

Notice that
zit @) czit @) c iyt o c it

When m = 0, these sets are equal. For m = 1, the last two coincide. If m > 2, they
are all distinct.

The proof of the main result relies on interesting reduction formulas concerning
products and ratios of Cauchy transforms of measures. We will see numerous con-
sequences of the perfectness of Nikishin systems in: convergence of simultaneous
Padé approximation, convergence of simultaneous quadrature rules, and asymptotic
properties of multiple orthogonal polynomials.

1.2.3 Mixed Type Nikishin Systems

In [47], Sorokin introduced the following construction. Let

F=(fix

be an (m2 + 1) x (m1 + 1) dimensional matrix of analytic functions in some domain
D of the extended complex plane containing oco. Fix a multi-index n = (nj; ny) €
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ZTH X ZTH such that [nj| = |mz| + 1. We write n; = (1.0, ..., Rim;),1 = 1,2.

There exists a vector polynomial Ay, = (dn,0, . .., @n,m,) such that

(a) An %09 degan,k Enl,k - 19k201 cee,my,
(b) (FAL —DL)(z) = (O(1/z20F ), .., O(1/z"2m Y = O(1/z"H), 7 — o0

for some m, + 1 dimensional vector polynomial Dy, (the super-index ¢ means tak-
ing transpose and 0 denotes the zero vector). Finding A, reduces to solving a linear
homogeneous system of |ny| equations determined by the conditions (b) on |nj| un-
knowns (the total number of coefficients of the polynomials ap .,k =0, ..., m1).
Since [mz| + 1 = |n;|, a nontrivial solution exists.

Definition 1.4 A nonzero vector A, satisfying (a)—(b) is called a mixed type vector

polynomial relative to F and n € Z"”H ZT_ZH, In| = |mp|+1.If degani =nix —
1,k=0,...,mp, the multi-index n is called mixed type normal. F is mixed type

perfect When all multi-indices in Z il Z"”H

such that |nj| = |np|+ 1 are normal.
This construction has as particular cases type I (my = 0) and type Il (m; = 0)
polynomials.
Let S = (sgo,.. cSom) = N@gs i), 8% = (5500255 my) = N (o,
o mz) 00 = 00, be two given Nikishin systems generated by m| + 1 and my + 1
measures, respectively. We emphasize the fact that both Nikishin systems stem from
the same basis measure 001 = og, but there is no other restriction on them. Let us
introduce the row vectors
U= (1 sll,.. §2 ) V= (1 sll,.. 51 )

ST my .8 m
and the (m, + 1) x (m1 + 1) dimensional matrix function
W=0U'V
Define the matrix Markov type function
5= [ 1020

understanding that integration is carried out entry by entry on the matrix W. We say
that S is a mixed type Nikishin system of functions.

In the rest of the paper, we will study mixed type Nikishin systems and their mixed
type polynomials. Occasionally, we reduce the study to type II (m; = 0). In such
cases, for simplicity, we reduce the notation. Namely, n = (no, ..., 1), the vector
function will be f = (S, ..., §;y), where m = my, and (so, ..., sm) =N (00, ..., o).
The mixed type polynomials A, will then be denoted by Qj.

1.3 Statement of the Main Results

Mixed type Nikishin systems and their associated mixed type polynomials satisfy
many interesting properties. Let us begin with:
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Theorem 1.1 Let (s11,...,51,m) = N(o1,...,0m) be given. Then the system
(1,811, .-, 81,m) forms an AT-system on any interval A disjoint from A; =
Co(suppo1). Moreover, for each n € ZTH, and arbitrary polynomials with real
coefficients py,deg px <ng— 1,k =0,...,m, the linear form po+ Y ;_, pkSi x has
at most lm| — 1 zeros in C\ Aj.

From here, we can prove:
Theorem 1.2 The matrix S is mixed type perfect. For each n € ZTH X ZTH,
[ni| = |my| + 1, the vector polynomial Ay is uniquely determined up to a constant
factor.

In particular, this means that Nikishin systems are type I and type II perfect.
An easy consequence of Theorem 1.2 (more precisely, of Lemma 2.3 below) is
that the linear form

mj
An = an,0 + Zan,kfllyk
k=1
has at least |ny| sign changes in the interior (with respect to the Euclidean topology
of R) of the interval Ag. In particular, for any n € ZT“, the type II polynomial
On(=an,0) has all its zeros located inside Co(suppop). This has a striking conse-
quence in terms of the convergence of type II rational approximation of Nikishin

systems.
In [40], it was proved that for (sq, s1) = N (09, 01),
P,
lim 2% —5, k=0,1,
n—o0o Qn

uniformly on compact subsets of C \ Co(supp o), where the limit is taken along the
sequence n = (n,n),n € Z;. When my = 0, the corresponding result is Markov’s
classical theorem on the convergence of Padé approximants, see [38]. The extension
to diagonal sequences for arbitrary m andn € A C ZTFI (e) such that |n| — oo and
max{ng —n,, :n € A} < oo is contained in [12, Corollary 1] (which also includes the
case when the measures have unbounded support and a Carleman type condition is
satisfied). Combining Theorem 1.2 and [22, Theorem 1], we obtain:

Corollary 1.1 Let (so.0,---,50.m) = N (00, ...,0m) and A C Z’f"l be given. As-
sume that there exist constants ¢ > 0,k < 1, such that

w1 e =0 m
R , S ..., M.
Then
. Pn,k ~ -
lim =50.k» K c C\ Co(suppoyg), k=0,...,m.
neA Qn
Moreover,
_ . Pk 1/2|n|
limsup |[So.x — <dékc<l1, k=0,...,m,
neA Qn C
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where || - || xc denotes the uniform norm on IC,
S = max{lfﬂr(z)l :z€K,t € Co(suppoy) U {oo}},

and @; represents conformally C \ Co(suppoy) onto the unit circle with ¢;(t) =0,
@/ (1) > 0.

Throughout the paper, the notation

limg,(z) =g(x), KcC4,
neA

stands for uniform convergence of the sequence of functions {g,},n € A, to the func-
tion g on each compact subset K contained in the indicated region (in this case §2).
This result gives a very general extension of Markov’s theorem. Notice that the
sequences are not required to be close to diagonal (equal components in the multi-
indices).
Since the zeros xy,j, j =1, ..., |n|, of Oy are simple, we can decompose Py x/ On
as follows:
Poi(z) % An ki
On(2) Z—Xni

Pn,k(Z) _ Pn,k(xn,i)
On(2) Qﬁ(xn,i) .

Anki= lim (2 —xn;)
i—1 Z—>Xn,i
i=

The following analog of the Gauss—Jacobi quadrature formula holds:

Corollary 1.2 Lert (s.0, - --,50.m) = N(00,...,0m) and n = ZT_'H be given. Then
foreach k =0, ..., m and every polynomial p,deg p < |n| + ny — 1,

[

/ px)dsox(¥) =D AnkipCni)-

i=1
Ifan=m,n+1,...,n+ 1), then
sign(An ki) =sign(sox), i=1,...,|n|.

Consequently, for the sequence of multi-indices {(n,n+1,...,n+ D},ez, C Zﬂ“ ,
for any bounded Riemann—Stieltjes integrable function f on Co(suppog) and each
k=0,...,m,

In|

/ f@)dso @)= lim Y nkif ().
i=1

This result provides convergence of the quadrature formulas simultaneously for
all the measures in the Nikishin system taking the same nodes in all the quadrature
formulas. Simultaneous quadrature formulas were studied in [9] in connection with
certain applications to computer graphics illuminating bodies. Whenever feasible, si-
multaneous quadrature formulas are more efficient, from the computational point of
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view, compared to the use of Gauss—Jacobi quadrature independently on each mea-
sure. In [23], a more detailed study of simultaneous quadrature formulas for Nikishin
systems of measures may be found. We wish to point out that for the class of multi-
indices considered in Corollary 1.2, all the statements in [23, Corollary 2] hold true
forallk=0,...,m

Theorem 1.1 follows easily from:

Theorem 1.3 Let (sy 1,...,51.m) =N (01,...,0m) andn = (ng, ..., ny) € ZTFI be
given. Then there exists a permutation A of (0, ..., m) which reorders the components
of m decreasingly, ny) = -+ = nym), and an associated Nikishin system S(A) =
i1y T1m) = N1, ..., pm) such that for any real polynomials py,deg py <
ny — 1, there exist real polynomials gy such that

m m
po+ ) piSix = (f]O + Zéﬂfl,k)ﬁ,x(()), degqr <muwy—1, k=0,....m.
k=1 k=1

We wish to point out that here §; ¢ denotes the function identically equal to 1;
this is relevant when A(0) = 0. There may be several permutations A for which the
statement holds, each one with an associated S(A). We do not know if there is an S())
for each A which reorders the components of n decreasingly. As reference, we can
say that there exists S(A) (but not exclusively) for that A which additionally satisfies
the condition that for all 0 < j < k <n with n; = ny, then also A(j) < A(k).

Theorem 1.4 Suppose that S' = (s g, .-, 50,,) = N(@g, .-, 00, 8% = (550,

mi+1 x Zm2+1

SOmz) N(UO,..., mz) oo_oo,andn_(nl,nz)eZ Ing| =

|n2| + 1, be given. Let Ay and S(l2) = N(pl, e, ,omz) be a permutation and a

Nikishin system associated with N (012, ) and ny by Theorem 1.3. Construct

b m2
2 2 2 2
g0+ Tomy) =N(og,---» Piny)s Where ,00 = SI,AQ(O)GO' Then

/x”An(x)drg,k(x)zo, v=0,....m5,0 — 1, k=0,...,ms.

Using Theorem 1.4 and results from [24], we can obtain logarithmic and ratio
asymptotics for sequences {Ap}nea, A C Zﬁ‘“ X Z'PH, [n;| = [m2| + 1, under
appropriate assumptions on the measures generating S', 2, and A.

A positive measure o is said to be regular if

hm Kn = 1/cap(suppo),

where cap(-) denotes the logarithmic capacity of the Borel set (-) and «,, denotes the
leading coefficient of the nth orthonormal polynomial with respect to o. A negative
measure o is regular if —o is regular. In either case, we write o € Reg. For equiva-
lent forms of defining regular measures, see sections 3.1 to 3.3 in [51] (in particular
Theorem 3.1.1). For short, we write (S!, $?) € Reg to mean that all the measures
which generate both Nikishin systems (S!, $?) are regular.
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A region 2 of the extended complex plane which has a compact complement E
is said to be regular if the Dirichlet problem has a solution on §2 for any continuous
function defined on dU = 0 E. This is equivalent to proving that the Green’s function
on £2 with singularity at co can be extended continuously to all C (for details on
Green’s function and regular domains, see [30, Theorem 10.12]). In this case, it is
customary to say also that E is a regular compact set.

Definition 1.5 We say that a compact set E is quasi-regular when E = E Ue, where
E is a regular compact set and e is at most a denumerable set whose accumulation
points lie in E.
Let A = A( ; ) C 2 % 272 be an infinit

€ = .p1,0,-.-.,p1,¢1,p2,0,--.,pz,mz C 4y X Ly e an infinite se-
quence of distinct multi-indices such that for eachn= (n;,ny) € A, [nj| = |np| + 1,
and

ni,j

im —= = e(0,1), j=0,...,mp,
neA | P1,j ( ) J nmi

. N .
lim —= =p; ;€(0,1), j=0,...,ma.
neA [np|

The following two results require some normalization on the sequence of linear

forms under consideration. By Theorem 1.2, for each n € ZTH X Z?H, Ing| =

[ny| + 1, Ay is uniquely determined except for a constant factor.

Definition 1.6 Let min{rnj,...,n1,,,} > 1. We say that A, is monic if the leading
coefficient of ay, ; is 1, where j is either m when ny ,, =min{ni,...,n1 m,}, or
ifnym >min{ny o, ..., R, }itissuchthatny ; =min{n;,...,n1m }andny j <

nik, j<k<mi.
We do not need to normalize A, when n; has components equal to zero. We have:

Theorem 1.5 Let A = A(P1.0,---, Plonyi P2.0s-- > Pomy) C ZTT x 772t
(S', $2) € Reg, S! :N(aol,...,a,}”), and S? :./\/(002,...,0,,212) be given. As-
sume that the supports of the measures which generate S',S* are quasi-regular.

Then the associated sequence of monic mixed type multiple orthogonal linear forms
{An}, n € A, satisfies

lllienA1|An(z)|”'“" =G(z), KcC\(ajual),

where Al.l = Co(suppal.l),i =0,1.

A formula for G is given in (48) during the proof of Theorem 1.5. It is expressed
in terms of the solution of a vector equilibrium problem for the logarithmic potential.
The matrix governing the interaction between the different potentials in the system
depends on (p1,0, ..., Plmys P2,05 - » P2my)-

By allowing quasi-regularity of the supports, this theorem is already novel for stan-
dard orthogonal polynomials (m| = my = 0) (see Lemma 5.3 below). Theorem 1.5
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unifies the study of the logarithmic asymptotics of type I and type II multiple orthog-
onal polynomials under the most general conditions on the measures, their supports,
and the behavior of the sequence of multi-indices on which the limit is taken. It is mo-
tivated by the results of [11, 29], and [41], where type I and type II were considered
separately, and the generating measures are supported on intervals on which their
Radon Nikodym derivative is positive almost everywhere. In [24, Theorem 1.3] an
analog was obtained assuming that the components of ny, n, are decreasing and the
supports of the generating measures are regular sets. The first study of the logarithmic
asymptotics of mixed type multiple orthogonal polynomials of Nikishin systems was
carried out in [48].

For the next result, we assume that supp(aj’:) = A~3. U e;,j =0,....mj,i =1,2,
where A~§. is a bounded interval of the real line, |(0})’ | >0 a.e. on A~§., and ej. is at

most a denumerable set without accumulation points in R \ Z’j We denote this by
writing
S1=N’(0()1,... ol ), Szzj\/"(ag,... o2 )-

s Y my > Ymy

Notice the “prime” on N In the context of this paper, this condition is the analog of
the one imposed by S.A. Denisov (see [15]) in his extension of E.A. Rakhmanov’s
celebrated theorem on ratio asymptotics of orthogonal polynomials. The original
proof of Rakhmanov’s theorem is in [44, 45]. An improved and reduced version of
the proof by the author may be found in [46].

Fix a vector [ := (I1; 1) where 0 <[y <mj and 0 <[, < mjy. We define the multi-
index n’ := (n; +¢'!; my+€2) = (nlll : nlzz), where eli denotes the unit vector of length
m; + 1 with all components equal to zero except the component (/; + 1), which
equals 1.

Fix two permutations A, A2, of (0,...,m1) and (0, ..., m7), respectively, and
a positive number C. By A(A1, A2, C) we denote the set of all multi-indices n =
(n;mp) € Z'_ﬁ'“ X Z:"_ﬁl such that

(@ m| =g +1,

(d) A1,S(A1), and Az, S(Ap), are solutions given by Theorem 1.3 to nl,N(all,
..,anl“), and nz,N(Ulz, e, 0,3,2), respectively.

©) nix© —ninmy <C,i=1,2.

Any sequence A C Z’_t‘“ X ZTH of distinct multi-indices satisfying a) and

sup{max{n;, ..., nim} —min{n;g,....,nim}:ne A i=12}<oo

is contained in Uy, ;, A(A1, A2, C) for some sufficiently large C, where the union is
taken over all possible pairs of permutations. Thus, any such A can be partitioned in
a finite number of sequences of indices satisfying (a)—(c) for the same pair A1, 1o of
permutations, plus a set containing a finite number of multi-indices.

Theorem 1.6 Let S! =J\/’(a(},...,a"1”),82 =N/(002,...,a"212) and Ay, Ay, be
given. Fix | = (I1;12),0 <11 <m1,0 <l <my. Let A C ZTH X Z'ﬁzﬂ be an in-

finite sequence of distinct multi-indices such that for allm € A, n, n' e A(Xy, A, O)
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for some sufficiently large C. Then the associated sequence of monic mixed type mul-
tiple orthogonal linear forms {Ap}, n € A, satisfies

A ) o) 1 1
lim N AY(z), KcC\ (suppoy UCo(suppay)),

where AD is a one-to-one analytic function in C \ (Z(l) @) Z%)

An expression for A? will be given in (49) at the end of the proof of this result.
The answer is given in terms of a conformal representation of an associated Riemann
surface with m 4 m2 4 2 sheets and genus zero onto the extended complex plane. It
also depends on /, A1, and A2. We wish to point out that if A C A(Aq, A2, C), taking
[t = A1(0) and I, = A»(0), then n e A(A1, Ay, C 4+ 1), for all n € A. Therefore, for
any sequence A C A(A1, 2, C), we can always find at least one pair (/1; /) for which
ratio asymptotics can be proved. In general, (/1; [>) is admissible if A1 and X, applied
to nll1 and nlzz, respectively, are also decreasing for all n € A except at most a finite
number of multi-indices.

For type II multiple orthogonal polynomials, with generating measures supported
on intervals, and multi-indices in ZT“] (e), ratio asymptotics was proved in [6]. Dif-
ferent extensions followed in [36] and [24]. Theorem 1.6 follows from Theorem 1.4
and [24, Theorem 6.4].

Let M be the least common multiple of m| + 1 and m; + 1. Set n = (ny; Mp),
which is obtained by adding M /(m + 1) to each component of ny and M/(m, + 1)
to each component of n,. We have:

Corollary 1.3 Let S! =./\/'/(001,... ol ),S2=./\/"(002,... 02.) be given. Let A C

s Y my )
Z'_ﬁ'“ X ZTH be an infinite sequence of distinct multi-indices such that |n|| =

Ino| + 1 foralln € A and
sup{max{n; o, ..., nim} —min{nio, ..., nim}:ne A} <oo, i=1,2.

Then

i Ai(2)
nedA Ay (2)

= A(z), K C C\ (suppoy UCo(suppay)).

An expression for A appears in (50).

The strong asymptotics of type II multiple orthogonal polynomials for Nikishin
systems was given by A. I. Aptekarev in [4] for diagonal sequences of multi-indices
and systems of generating measures formed by weights satisfying Szeg6’s condition.
It remains the best result in this respect. To conclude the introduction, we call the
reader’s attention to the excellent survey by J. Nuttall [43] on Hermite—Padé poly-
nomials. Here, in the form of a general conjecture, the author draws the general pic-
ture of the asymptotic behavior of Hermite—Padé polynomials in terms of functions
which are solutions of boundary value problems on associated Riemann surfaces. Our
asymptotic results once more confirm his (at that time somewhat bold) predictions.
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2 Proof of Theorems 1.1, 1.2 and Corollary 1.1
We begin with some auxiliary lemmas.

Lemma 2.1 Let sg,k = 1,...,m, be finite signed Borel measures with compact
support such that Co(suppsi) = A C R. Let F(z) = fo(z) + Y jy fx(@)5k(2) €
H(C \ A), where fr € H(V),k=0,...,m, and V is a neighborhood of A. If
F(z) = O(1/2%), 7 — 00, then

> / fe(x)dsi(x) =0, 2)
k=1

whereas F(z) = O(1/z), z — oo, implies that

/ fk(X)dSk(X) 3)

Z—x
Proof Let I' C V be a positively oriented closed smooth Jordan curve that sur-

rounds A. If F(z) = O /zz), z — 00, from Cauchy’s theorem, Fubini’s theorem,
and Cauchy’s integral formula, it follows that

_ /F F(z)dz=; fr @ () dz
m d m

:Z// fi@) stk(x)=27‘ri2/fk(X)dSk(x)»
k=17 2T k=1

and we obtain (2). On the other hand, if F(z) = O(1/z),z — oo, and we assume
that z is in the unbounded connected component of the complement of I", Cauchy’s
integral formula and Fubini’s theorem render

1 F(§)dt

FO=0i ) = —¢
L A©8B©dE
2l ]; r Z—é’
fu@@)dg [ fi(x) disi (x)
J— d — ,
Z/m/r(z—o(; o P ; i—x
which is (3). O
Lemma 2.2 Let (s1.1,...,51,m) =N(oi,...,0pn) andn Zﬁ“ be given. Consider

the linear form

Lo=po+ ) pifi degpr <mx—1, k=0,....m,
k=1
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where the polynomials py have real coefficients. Assume that ng = max{ng,ni —
1,....nm — 1}. If Ly had at least |m| zeros in C\ Ay, the reduced form pi +
ZZ;Z DiS2.k would have at least |n| — ng zeros in C\ Aj.

Proof The function £, is symmetric with respect to the real line L£,(Z) = Ln(2);
therefore, its zeros come in conjugate pairs. Thus, if £, has at least [n| zeros in
C\ Ay, there exists a polynomial wy, degwy > |n|, with real coefficients and zeros
contained in C\ A; such that £, /wy € H(C\ Ay). This function has a zero of order
> In| —no + 1 at co. Consequently, forall v =0, ..., |n| —ng — 1,

7V Ly

Wn

=0(1/z*) e H(C\ 4)), z— oo,

and

m
2Ly Z"po 2" pi .
Wn Wn = Wn

From (2), it follows that

0=fxv P1+ipk§2k (X)dm(x) v=0,...,|n| —np—1
s wn(x)’ ) ) )

k=2

taking into consideration that s;,1 = o1 and ds ¢ (x) = §2 x (x) doy(x), k=2, ..., m.

These orthogonality relations imply that p; + Y ;, pkS2.x has at least [n| — ng
sign changes in the interior of Aj. In fact, if there were at most |n| — ng — 1 sign
changes, one could easily construct a polynomial p of degree < |n| —ng — 1 such
that p(p1 + Y_j—, pi$2.x) does not change sign on Ay, which contradicts the orthog-
onality relations. Therefore, already in the interior of A} C C\ A,, the reduced form
would have the number of zeros claimed. g

Using induction, this lemma already allows one to prove the AT property for multi-
indices in Z’jﬁ‘“ (®). That result is due to Driver and Stahl (see [17, Theorem 2.4.1]).
We reduce the general case to the one with ng = max{ng,n; —1, ..., n, — 1} with:

Lemma 2.3 Let (s1.1,...,51.m) =N(01,...,0m),m>1, and n € Z'_ﬁ“ be given.
Consider the linear form Ly defined in Lemma 2.2. Assume that nj = max{ng + 1,
ni,...,Nm}. Then there exist a Nikishin system (si’il, - si‘,m) =N(of,....00),
a multi-index n* = (n(’g, .. k)€ Z’f“ which is a permutation of n with ng =nj,
and polynomials with real coefficients py,deg p; <nj —1,k=0, ..., m, such that

m m
Lo=po+ Y pedix= (PS + Zp}fff,k>51,j =Ly,
k=1 k=1

The proof is quite intricate and we leave it to the next section. Instead, let us prove
Theorem 1.1 assuming that the Lemma 2.3 is true.
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Proof of Theorem 1.1 Obviously, the first statement of the theorem follows from the
second. We prove the second one using induction on m. For m = 0, the linear form
reduces to a polynomial of degree < ny — 1 and thus has at most ng — 1 zeros in the
complex plane as claimed.

Assume that the result is true for any Nikishin system with m — 1(> 0) measures,
and let us show that it is also valid for Nikishin systems with m measures. To the
contrary, let us suppose that £, has at least [n| zeros on C\ Aj.

Should ng = max{ng, n, ..., n,}, by Lemma 2.2 the linear form p; + ka:2 DiS2.k
would have at least |n| — ng zeros in C \ Aj. Now, |n| — ng is the norm of the multi-
index (ny,...,n,;) which together with the Nikishin system N (03, ..., 0y,) define
the reduced form. This contradicts the induction hypothesis.

Suppose that n; = max{ng + 1, n1, ..., ny,}. According to Lemma 2.3, the linear
form L} has the same zeros as Ly in C\ Ay, since §1 ; is never zero on that region.
The multi-index n* which determines £ has the same norm as n and its first com-
ponent satisfies the assumptions of Lemma 2.2. Following the same arguments as
before, we arrive at a contradiction. The proof is complete. U

For the proof of Theorem 1.2 and Corollary 1.1, we also use:

Lemma 2.4 LetS andn e ZTH mz“ ,Ini| = |mz| + 1, be given. Then A, sat-
isfies

[ £ ann doo =0 @
for any linear form
Lny () = po(x) + Z pi(®)8] ;(x),

j=1

where the pj,j =0,...,my, denote arbitrary polynomials such that degp; <
na,;j — 1. Ap has exactly |n| zeros in C\ Co(supp 011), they are simple, and they
lie in the interior of Co(supp cr(}).

Proof In fact, from the condition (b) of Definition 1.4, it follows that there exists a
polynomial dy,_; such that for any polynomial p;,degp; <ns ;j—1,j€{0,...,maz},

52 .(x)§! (x)daz(x)
PJ(Z)<Zank(z)/ LI L 0 dn,j(z)>=0(1/z2), 7 — 00,

(here §7, = 1) and the function on the left-hand side is holomorphic in C \
Co(suppao) Using Lemma 2.1, it follows that

/ pj (ST ;(x) Zan (3] () dog (x) =

k=0

Adding these relations for j =0, ..., my, we obtain (4).
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From Theorem 1.1, we know that A; has at most [nj| — 1 = |ny| zeros on C \
Co(supp all). From (4) it follows that this form has at least [ny| sign changes in the
interior of Co(supp 002) = Co(supp 0(; ). Therefore, the last statement is obtained. [J

Let us prove Theorem 1.2 assuming that Lemma 2.3 (Theorem 1.1) is true.

Proof of Theorem 1.2 Suppose that for some n, Ay, is not normal. That is, some com-
ponent an i of Ap has degan x < nj x — 2. According to Theorem 1.1, A, can have on
the interval Co(supp 002) atmost [n;| —2 = |ny| — 1 zeros. Consequently, this function
can have in the interior of Co(supp crg) at most N < |np| — 1 sign changes. Suppose

this is the case, and let xy, ..., xx be the points where it changes sign. According
to Theorem 1.1, (1,§12 Preees 512 m,) 18 also an AT system. Using the properties of
Tchebyshev systems, we can find polynomials po, ..., pm,, withdegp; <np ; — 1,

such that £, (x) = po(x) + Z']"i] Dj (x)§12’j(x) changes sign at xp, ..., xy, and has
no other points where it changes sign in the interior of Co(supp croz). Therefore, the
function £, (x).Ap(x) has constant sign on Co(supp croz), but this contradicts (4) since
002 is a measure with constant sign whose support contains infinitely many points.
Thus, degan xr =n1 4k — 1,k =0, ..., m1, and perfectness has been established.

Let us assume that there are two noncollinear solutions Ay, A}, to (a)-(b). Then
there exists a real constant C # 0 such that A, — CA}, % 0 and at least one of the
components of Ay — CA}; satisfies deg(an,x — Ca;'; «) <n1— 2. This is not possible,
since Ap — CA} also solves (a)-(b), and according to what was proved above, all its
components must have maximum possible degree. g

Definition 2.1 Let E be a subset of the complex plane and U/ the class of all cover-
ings of E by disks U,. The radius of U, is denoted by |U,|. The (one-dimensional)
Hausdorff content of E is

h(E) =inf{2 Unl - (U} eu}.

Let {fu}nea be a sequence of functions defined on a region D C C. We say that
{fulnea converges to f in Hausdorff content on D if, for every compact set X C D
and any ¢ > 0,

limh({z € K:1£,(2) = f @) > e}) = 0.
We denote this by
n—oo

In [25, Lemma 1], A.A. Gonchar proved that if the functions f, are holomorphic
in D and they converge in Hausdoff content to f in D, then f is in fact holomorphic
in D (more precisely, differs from a holomorphic function on a set of zero Hausdorff
content), and the convergence (to the equivalent holomorphic function) is uniform on
each compact subset of D.
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Proof of Corollary 1.1 In [22, Theorem 1], it was proved that under the assumptions
of the corollary, for each k =0, ..., m,

H — lim Ry x = Sk, K c C\ Co(supp o9).
neA

Due to Gonchar’s lemma and the last assertion of Lemma 2.4, it follows that conver-
gence is uniform on each compact subset of C \ Co(supp op). Regarding the proof of
the rate of convergence, we refer to the last sentence on page 104 of [22] (see also
[22, Corollary 1]). Il

3 Proof of Lemma 2.3 and Corollary 1.2

It is well known (see appendix in [33] and [51, Theorem 6.3.5]) that for each s €
M(A), there exists a measure T € M(A) and €(z) =az+ b,a=1/|s|,b € R, such
that

1/5(z) = £(z) + 7(2), 5)

where |s| is the total variation of the measure s. For convenience, we call 7 the inverse
measure of 5. Such measures will appear frequently in our reasonings, so we will fix
a notation to distinguish them. They will always refer to inverses of measures denoted
by s and will carry over to them the corresponding sub-indices. The same goes for
the polynomials £. For instance, if 5o, = (04, 08),

1/§a,ﬂ(z) = Ea,ﬁ(z) + fa,ﬁ(z)-

—~

For convenience, sometimes we write {0y, og) in place of 5y g. This is especially
useful later on where we need the Cauchy transforms of complicated expressions of
products of measures for which we do not have a shorthand notation. Since sy, = g,
we also write

1/6'01 ()= Ea,a(Z) + fot,oz (2).

Lemma 3.1 Let o, € M(Ay), 08 € M(Ag), and Ay N Ag = . Then:

o~ o~

64(2)84(2) = (0a. 0p)(2) + (05, 0a)(2).  2€C\ (Aa U Ap), 6)
64(2) ol / (0p. 0u) (Xa) dTa,p(xXa)
=~— = + =
(00 08)(2)  {owop)l 0p(xa) 7= Xg
= 1%l <"f’ﬂ o5, oo,;(z), ™
[{ow, 0p)] op
(00, 05)(2) _ (0w, 0| _ / (05 0a) (xr) d T 0 ()
Ga(2) |0w| 7 — Xg
= ool e 0p 0070, @®)
|0
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Proof 1In fact, (6) follows from the chain of equalities

daa(xa)dolg(xﬁ) //< 1 3 1 )daa(xa)daﬁ(x,g)
0ul2)6p(2) = // (z — Xa)(z — xp) I—Xa Z—Xp X — Xp

do doy(xq -~ -~
fa( g LB Z) / ) Oala) _ (5 553(@) + (05, 0a) ).

Xa

Notice that

6o (2) _ low|

(0w, 0p)(z)  l{oaop

Y =(9<%) eH(C\ Ay), z— oo.

From (5) and (6), it follows that

64(z)  0p(2)0a(2) (0us 08)(2) + (05, 00} (2)
(0w, 08)(z)  0p(2)(0a,0p)(2) 64(2)(0q, 08)(2)
1 {05,02)(2) (op. aa>(z) .
= - + — Lo p+ —5—Tap).
G I 15 N &)
Since I g‘a‘;ﬁ 1 s, + Uﬁ ) Lo,p and Lﬁ"‘) are analytic on a neighborhood of the

interval Ag, Wthh contams the support of 7, g, relation (3) implies (7).
The proof of (8) is similar but somewhat more direct. Again, we have that

(0a,0)(2) _ |(0a,0p)]

6a(2) |ow|

:O(%) e H(C\ Ay), z—> 00.

From (5) and (6), we get

(00, 08)(2) _ 6a(2)65(2) — (05, 04)(2)
6uz) 6 (2)

= 65(2) — (08, 00) (Dl (2) — (08, 00) (2) T a (2).

But — w + 65 — (o8, aa)ﬁa « and (og, oa) are analytic in a neighborhood of

Ay ; therefore, (3) implies (8). O

Formulas (5)-(6) are the building blocks for (7)—(8) and many more interesting
relations. Let us further extend Lemma 3.1. The new formulas may be put into two
groups, since (9) may be regarded a special case of (10) and (11)—(12) as special
cases of (13). Putting each group in one formula causes some notational incongruence
which we prefer to avoid for the benefit of the reader.

Lemma 3.2 Let (s1.1,-..,51,m) =N (01, ...,0n) be given. Then:

Stk Isixl ~ .
= —(r1, (s20.01)), 1=j<k<m, )
11 sl

>
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~

Stk
51,

51,k
51,51

2<j<k<m,

Sty sial [T
~ +< L (82,5, 01)
S sl 52,
Ist,1l . s2,j.01)] .
= g <Tl,j
51,1 2,71
S12 Is12] <r (T2,j551,5)
= = —{n,j =
st ISl T8y
[s1,2]  [{s3,,02)]
= - <T1,]v (7:2,]7
51,1 |53,

2=k<j<m,

_Isikl

+ (=D
1,1

X <Tl,j» (12,75 81,505 -+ o5 {Th—1,

ISkl
|Sl,j|

(= l)k_l [{Sk+1,7, 0%

[Sk+1, ;1

X <t1’j, <t2,jvsl,j>7-"7
k

+ (=D 1, (12, 51,500 -,

3=k<j<m.

+ (=D (t1j, (T2, 5150, s

53]70'2

o~

(Tjjs8j=1,7)> (Sjt1 ks Uj))a

(10)

~

A2, S1,j>),
Sl,]>)+<fl,j, (T2,j551,7)> (TS,jst,j)/)\a

(12)

o~

)

(Th,j> Sk—1,/)

- 2 ASkt1,j,Ok)
Sk+1,j

o Sk=2,7)s

o~

(Tk—1,j» Sk=2,7)+ (T, j» Sk—1,7))

-~

(Thjo Sk—1,7)s (Tka1,j5 Sk )

13)

Proof Cauchy transforms equal zero at infinity; therefore, the constants appearing on

the right-hand sides in each of the first equalities of (9)—(13) must be as indicated if

in fact the other term is a Cauchy transform. Consequently, we will not pay atten-

tion to the constants coming out of the co

nsecutive transformations we make in our

deduction and simply denote them by consecutive constants C;.

Obviously, (9) is deduced from (8), taking o = 01 = 51,1 and og = (02, ...

,0k) =

s2.k. Formula (10) is obtained applying (8) inside out several times as we will indicate.

Let2 < j <k <m.Using (8) on §;/S;, j, we have that

o~

ki s‘],k>

Sil1
J—LJ
(0j-1,0j,... -

~

Sj.i
k

<sjy
Sj'

5J

Sj—1,j
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In particular, if j =2, we get
~ [s12 82k . ~
< » 82, > = <A—S1,2> =Ci812 — (51,2, 2.2, (83,k, 02)),

(01,02, ...,0¢) =
$22

52,2

o~

and applying (8) on (s1,2, 72,2, {53k, 02))/51 2, it follows that

o~

1Lk 1
=Ci1— —(s1,2, 12,2, (53,4, 02))
1.2 512 |s

which is (10) for j =2.
Assume that j > 3. We write then

U

|51kl
+ (1.2, (12,2, 51,2), (53,4, 02)),
1.2

9>

. Sik
SLk=\01,...,0j-2, =—S8j—1,j |
Sj.j

and on account of (14), we obtain

~

>
=~

1, 1
=Ci——(o1,....0j2,5j-1,j, Tj.js (Sj+1.ks 0})).

S1,j

>

1,j

This means that

Stk 1 [s13 .
— =C1— > <A 2523, T3,3, <S4,k703)> . J=3,
51,3 51,3\52.3
or
S1k Sj-2,j .
— =C1 — = <01,...,Uj—3, 81, T (Sj4Lks0f) ) =4
S1,j S1,j Sj—1.j

Using (8) again, it follows that

(8=1,jTj,j»Sj+1,ksOj)
=Cy —(tj—1,j. (Tjj Sj=1,j)s (Sj4+1.k: 0))).

Sj-Lj

Substituting above, we have

o~

Stk ) 1 )
—= =C3 4 (—1)" (513, 72,3, (13,3, 52.3). (544, 03)),  j =3,
51,3 51,3
or
=G () (010 03,822, T (T Sj=1, ) (841,60 0,
S1,j S1,j
jz4
If j =3, one more use of (8) brings us to (10). If j > 4, we keep on applying (8)
inside out until we arrive at
§1,k j—1 1 T
o= Ci+ (-1 §—<Sl,j, 12,7, (13,72 82,70 - oo (Tjjn Sj=1,)s (Sj 1.k, 0))s
Lj Lj
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which is just one step away from (10) through (8), taking
Oq = S$1,j, 08 =127, (13,7, 52,7 s (Tj.j Si=1,j)s (Sj41,ks O))).

Now, let us prove formulas (11)—(13). The second equality in each one of these
relations is an immediate consequence of (8), since from it we get

(k1.7 00) (S, 0u)] ~
= = —{Th+1,j» Sk, j)- (15)
Sk+1,j Isk+1, ]

The proof of the first equality is obtained, generally speaking, as in proving (10),
except that we begin using relation (7) once. In fact, when k = 1, formula (11) follows
directly from (7), taking oy = 01 = 51,1 and o =52 ;.

Assume that 2 < k < j <m. Using (7), it follows that

~  [Sk-1j Sk.k
(o1, 0%) ={ === Stk ) = 2= Sk-1.j

Sk, j k,j

o~

A Tk, j
= Cs8—1,j + <Sk_1,j, > Sk 1,55 0/<>> .

Sk+1,)
Consequently,
$1.2
= =C5+A—'<Sl,j7A—.’<S3,j702)> , k=2,
S1,j j 53,j
or
§1,k 1 Tk, j
— =Cs5 + < <017-~7Uk—275k—1,j, —, (Sk+1,j,0%)) » k>3,
S1,j S1,j Sk+1,j

From this point on, we use (8). From this formula, we obtain

o~

Tk, j o
<Sk—1,ja ﬁa (Sk+1,j7 Uk>>
- ) (sk+1,jvak> )

(Tk,j> Sk—1,j)

=Ce— <fk—1,j,

Sk—1.) Sk+1.j

and (12) readily follows if k = 2. For k > 3, this implies

513 1 (13.7,52.5)
~ =C7_A—<S1,j7‘[2,j5;\77<s4,j70—3> ) k=3’
Sl,,' Sl,j S4,j
or
S1k 1 (Th,j> Sk—1,j)
— = C7—A—<01, s Ok—3, k=2, The1,j» ————, {Sk+1,j,0k) ) » k=>4
S1.j 51, Sk+1,j

Continuing down, using (8) on each step, we obtain

>

1
L g+ (— 2 —
1 S1,j

5
<
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-~

(Th,js Sk—1,)
———, (Sk1,j, Ok) ) -

X <S1,j, 72,7, (73,55 52,7)s oo {Th=1,7» Sk—=2,7)» —=
Sk+1,j

One more use of (8) with

Oq = 981,j>»
(Th,j» Sk—1,/)

= s ASk+1,js Gk)>,
Sk+1,j

of =<1'2,j7 (73,7582, o s {Th—1,j5 Sk=2,j )
gives the first equality of (13). With this we conclude the proof. g

Remark 3.1 We wish to point out that formulas (9)—(10) and the second equalities in
(11)—(13) are contained in [18, Theorem 3.1.3], where they were deduced using the
Stieltjes-Plemelj inversion formula. Our explicit expressions of the right-hand sides
are necessary for the arguments to follow. Additionally, the first equalities in (11)-
(13) are of great value for the proof of the general case.

Proof of Lemma 2.3 when j =1 From (5) and (9), we have

L Po I Sk
_n = 3 +p1 +ZpkA 2
S1,1 0 S1,1 = 1,1
51,k ] . = ~
Li,ipo+p1+ E —|Pk + poti,1 — E PilT1,1, 82k, 01) = Ly,
k=2
We are done taking n* = (ny, ng, ny, ..., n;) and

N(of,....o0)=N(z1,1.(02,01),03, ..., 0m),

since (s2.x, 01) = ((02,01), 03, ..., 0k) when k > 3. Il

Hereafter, 2 < j <m. From (5), (10), and the first equalities in (11)—(13), one has

Ln 5 k
51 S k;ﬁ]kl 51,
|S1k| \
tijpo+pj+ Z + ot +p1 (Sz,,Ul)
ket = 1|S1*J| $2.j
j—-1
+Y =D
k=2
(Tk,j» Sk—1,j) \
X<f1,j7<f2,j,51,j>,---a(Tk—l,j’sk—2,j>,%a(sk—i-l,j,ak)
Sk+1,j
m —~
+ (=1’ Z Pr(Ti g (1o 81,5 -0 (Tijs Sjm1)s (Sj4 1k, 05)). (16)
k=j+1

@ Springer



320 Constr Approx (2011) 34:297-356

Now, it is not so clear what the auxiliary Nikishin system should be because some
annoying ratios of Cauchy transforms have appeared. We shall see that already for
Jj = 2 there are two candidates, and for general j the number of candidates equals
271

We can use (15) (see the second inequalities in (11)—(13)) to obtain

L N Il [{s2,,01)I
§l"_=(£1,jpo+17j+ Z P |+ po+sj—p1 T,
]

ey 18] ls2, 1
= l{sks1,, 08|
_ k+1,/> Ok
+ (=D 1(pk—l + 7jpk>
=2 |Sk+1,/1
X (T1,ju (12,7, S1,j)s oo (Thyj Sk—1,5))
+ (—1)j_1pj_1(fl,j, (02,5 S1,)s s (TjjuSj=1.7))
. m -~
+ (1)’ Z pilTi g (T2 s ) o (T sj—1 ) (Sjre o). (17)
k=j+1

(The sum Zi;; is empty if j =2.)

If we are in the class ZTFI(*) of multi-indices, and we take j to be the first
component for which n; = max{no+1,n1,...,n,},thenng > --- > n;_1. It follows
that

m
|51kl
deg(ﬁl,jpoerj-lr ) WL <n;—1
kst johe=1 1

and

[(Sk+1,j» 0%

Pk)fnk—l_lv k=1,...,j—1.
ISk+1,1

deg <Pk—1 +
Thus £}, is the right-hand side of (17), which is a linear form generated by the multi-
index n* = (nj,ng, ..., nj—1,nj41,...,Nm) € ZT’l and the Nikishin system

N(O'l*, . ..,O':l) =./\/‘(‘51,j, (‘Ez,j,sl,j), ey (Tj,jssj—l,j% (O‘j+1, O'j), Oj425--- ,O'm).

This would be sufficient to prove the AT property within the class ZTFI(*) be-
cause it is easy to observe that then (no,...,n;_1,nj41,...,1) € Z’jﬁ(*) (see the
proof of Theorem 1.2). This result was first obtained in [23, Theorem 2].

Of course, (17) is still valid in the general case, but, if it is not true that ng > ... >
nj_1, some of the degrees of the polynomials in the linear form on the right-hand
side blow up with respect to the bounds established by the components of n*. We
must proceed with caution. For this, we need two more reduction formulas which are
contained in the next lemma.

Let 74,p;,, denote the inverse measure of ({(0y, o), 0},). That s,

o~

1/<<Uav Uﬁ), Uy)(z) =Lupiy.y (@) + fa,ﬁ;y,y(z)v
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where ¢4 g., ,, denotes a first-degree polynomial. This notation seems unnecessarily
complicated. It is consistent with the one used later for more general inverse measures
which will be needed.

Lemma 3.3 Let A, Ay, and Ag be three intervals such that Ay, N Ay =0 = Ag N
Aq. Let 0, € M(A), 04 € M(Ay), and og € M(Ap). Then for any f € Li(o,),

o~

Oa2) <<ra,a,o,s,oa>,fay,aa7<z>%%w fay,aa,a,s>(z) (18)

(0w, p) (2)

-~

(0w, 05)(2) <<oﬁ, o)

= Ty 8,0y, O,
(G op). 0@\ 65 P ”’3>(Z)

(0p. 0a. ) (0y. 0u.0p) \
(g et )@ (19)
O’ﬁ (Ty
Proof Let us prove (18). Taking into account (6) and (8), we have that

((Ta a»0:0q), (foy, Ua)/>\(Z)

= (foy,00) () (Taa, T8, 0a)(2) — ((fOy, Oa), Tua, T8, 0u)(2)

(o, op)| <aa,a/§(z>>

=(foy, oJ(z)(

|ow| 0a(2)
_/(Haa’ o)l _ (O, O—B/)\(xy)> f(xy)d<0'y’ Ua)(xy)
|0 | &a(xy) Z—Xy

f(xy) de (x)/) _ <f0'y» O'qT(Z) (O—a: Gﬂ)(z) .
Z— Xy 0a(2)

= / (0ws 08) (X))

This and (7) render

Ga(2) -
m((fa,ay og, Oy), fgy, Ua)(Z)

LG [ s Fde)

(00, 0p)(2) (e 7)) - Xy (foy,0a)(2)

|ow|

—(fay,00)(2) + w07

7oy o op)(2)

o~

>> (2).

o~ 1 _
((Ta,avgﬁ’aa>v faV7Ua)(Z)=O(E> GH((C\Aa)s 7 —> 00,

~ T
+<fOY3aa9oﬁ)(Z)< (fﬁv
op

Since

&a(Z)
(00, 0p)(2)
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and the transforms — (fay,aa) + GaoaT U Uﬁ (fay,oa,aﬂ) and (fo,,,oa,og) are ana-
lytic on a neighborhood of A, on account of (3), we obtain (18).
Now we prove (19). From (8) and (6),

<<O—,B’ Ua)faﬁ,ay,o'a,o'ﬂ> (Z)
op
= Hﬁ#‘ﬁ”(mﬂ, Oy, 0q, Uﬂ/)\(z) — <(ra,,3, Oy,0ua,08),T8,B, Oas Uﬁ/ﬁz)
_ [{og, 0q)l ~ ~ ~
- —<Ta,ﬂao'ys0'as0'ﬁ>(z) - (Ta,ﬂ’GyaUaaaﬁ>(z)<fﬁ,ﬂvaavaﬂ>(z)
[{op)]
+{(7p,6: 0u, 9p) (Tw,p 9y O Gﬁﬁ(Z)
= %(rd,ﬂv in Ou, Uﬂ’)\(z) + <(Tﬁ,ﬂﬂ Ou, Uﬂ), <Td,ﬁv U)u Ou, 0—/3)/\>(Z)
_ (03,05 <|<<oa,a,s>,ay>| ) <<aa,aﬁ>,oy7(z))
65(2) (0w, op)] (0a, 95) (2)

+/(|<<aa,oﬂ>,oy>| <<oa,o,s>,oﬁ(x,w)d<rﬁ,5,oa,o,3><xﬂ>

0as o)l (0w 0p)(xp) z—xp

_ (04,04)(2) {(0a, 08), 0,)(2)

p(2) (0ws 08)(2)
(08, 04)(2) ~ )|<<oa,aﬂ>,ay>|
+( Gaz) e O op)@) )

- <'L'/3,ﬁ, (Ga’ Gﬁ>’ Gy,}\(z)

~(05,0a)(2) ((0a,08),0,)(2) | 1(05,00)] [({0a, Tp), 0)]
552 (0w, 0p)(2) lop)l 1o, o)

- (rﬂ’ﬂ’ (0a, Gﬂ)a Uy’)\(Z)

_ <G/3’ O'Ot/)\(Z) (<Ua, Uﬁ), O’V/>\(Z) _ |(<O—a’ 0/‘3)5 O_V>| B N
682 (0ws 08)(2) log] (t8.+ (00, 9p), 0y )(2)

_ {05,02)(2) ({94, 08),0,)(2)  (05,0a,0y)(2)
5p(@) (00 0p)(2) o)

In the second to last equality above, we employed that
0= lim z64(2)64(z)
77—
= lim z{o4, 04)(2) + lim z{op.0a)(2) = (0w, op)| + (0, 9a),
77— 77—
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which implies that [{oy,0p)| = —|(0,04)|. Analogously, —|{{ow,08),0,)| =
—|{{oa, 0y), 0p)| = (0. (0u, 0y))|, and by (8),

(08, (00, 0,)) [T, (0a, 0p))] ~

o B logl ~lw (w0105

|({0w, 08), 0y)] n
= RO IBL Oy . (O 0p), Oy ),
logl

which is used in the last equality. Therefore, from the chain of equations and (7), we
derive that

{0, O',BT(Z) (O‘ﬁ s o‘a/>\ ’>‘
(00, 95), 0, (2) < Gy b Oy 0w 0p) ()

o~ o~ o~

_(08,0a)(2) | (08,04,0y)(z)  (0,08)(2)

) 68(2) (0w, 0p),0)(2)

(08.00)2) (95,06, 07(2)  |(0a. 0p)]
35 (2) 35 1((0a. ). oyl

-~ o~

08,04,0,)(2) [ Tu.8:
( B Aa y>( )< a’fyy’y7o—}/ao—a5o—ﬁ>(z)'
0p(2) Oy

Taking into consideration that

(0, Uﬁ)(Zl <(Gﬂ: Oq) ta,ﬁ,ay’o'“’oﬂ> () = O(%) e H(@\AQ), 77— 00,

({(oa,08),00)(2)\ 08

whereas — % Ca) 4 (0p.0uw0y) _llow.ap)] (op.00.0) are analytic on a neighbor-
5 55 (0a0p).0y)] 5 y g

hood of Ay, using (3), we obtain (19). O

Proof of Lemma 2.3 when 2 < j <m Set

~ T1,j
Ly =p;+ poti,j+ p1<;]‘, (Sz,j,01)>
s J

j—1
+Y (=D
k=2

(Th,j» Sk—1,/) \
X <Tl,j, (T2, 81,j)s -+ s (Th=1,js Sk=2,j)» —— (Sk+1,j, Ok)
Sk+1,j
m -~
+ =077 prlrig (st (Tgsion) Stk o)) (20)
k=j+1
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where

1.kl
s1, ]

m
po="t1,jpo+pj+ 2: Pk degpy <n;—1l=ng—1.

ktj k=1

We took this function from the right-hand side of (16). We must show that there
exist a multi-index n* € ZZ"_H, which is a permutation of n, and a Nikishin system
N(o§, ..., o) which allow for the expression of L}; as a linear form generated by
them with polynomials with real coefficients. So far, nj defined above serves the
purpose of being the first component of n* and p of being the polynomial part of
the linear form.

First step. Is ng > ny or ng <n1? (When ng =n; we can proceed either way.)

(A1) If ng > ny, take ”1 =ng and crl =11,j- Decompose usmg (8). Then
the first three terms of £} are

*

Po + pooy +p1< Y ,,o1>>

2,j
[{s2,,01)I
52,51
)I

=py+ <P0 + pl)al* — pilo, (2, j. 51,))

Consequently, taking p} = po + p1, we have that deg pf <ni—1(=ng—1).

ISz
In the case that j = 2, we obtain

m

o~ o~

Ly =p5+ pitia— pi{ti. (2. 512)+ Z PilT12. (12.2.51.2). (s34, 02))
k=3

(compare with (17)). Then the proof would be complete taking n* = (n2, ng, n1,
n3...,n,) and the Nikishin system

N(Gl*7 .. ,U;;) =./\/'(7,'1’2, (12,2, 51,2), {03, 02), 04, . ..,Gm).

(If m = 2, then n* = (ny, ng, n1) and the Nikishin system is N (7] 2, (12,2, 51.2)).)
If j > 3, we obtain

n 3 <S3,j»52/)\ \
Ca =i+ 0107 = pilof (oo ] - oo, S s
sJ

j—1
+Y =D
k=3

o~

(Th,j» Sk—1,j)
X <01*, (12,7, 81,705 o+ (Th1,js Sk—2,j )y ————, {Sk+1,j» Ok)
Sk+1,j
m —~
+ (=1’ Z PR(OF s (T2 S1j)s o (Tj o S 1), (Sjt1k0 7))
k=j+1
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(Sz,,ol)
52,

(B1) If ng < ny, take ny =ny and o] = 71,j. We can rewrite (20) as fol-

lows:

>+Z< .

E3=P§+P131*+P0<
(21701

o~

52, (Th,j> Sk—1,j)
X <(7A01*, (T2, 81,70 -+ oo {The1,js Sk—2,j)s ———, {Sk+1,j> Ok)

$2,7,01) Sk+1,j

o~

" K3

. 2"1'

+ (=1 Z Pk<m01*,(Tz,j,S1,j),-.-,(Tj,j,Sj—l,j),(Sj+1,k,0j)>~
k=j+1 o

2L

$2.j 5 using (7). Then the first three terms of £} in (21) can be
ol

Decompose
(s2,)s
expressed as

. $2.j
po + p16] + po<—"A01*>
(s2,7,01)

Is2.1 S1j \

*

=D +<p1+4po o1 + polof, =111} -
0 (52,7, 01)] ! g B

Taking p} = p1 + %po, we have that deg p] <n} — I(=n; —1).

If j =2, due to (18) (in the next formula §4 4 = 1 if k = 3),

A
o~

o) ~ 2 R
—=((12,2,51,2). {53k, 02)) = ——=((12,2, 51,2), 84403, 02)
(s2,2,01) (02, 01)
(01,02) (o1,02)
=\ 2L . 84.k03, 02, 01 sz,z;m,(03702,01),S4,k .
1

Consequently,
512
Ly = py + pioy +PO<01, £ T22,1,1>

+Zpk<01, ~ T2211,<‘73702,01>,S4,k>~

In this situation, we would be done considering n* = (ny, ny, ng, n3, ..., n,) and the
system
(02,01) (o1,02)
N(Gf,--.,ﬁ,f,)=J\/< = T2~ 12211,(03,02,01),04,....0m ).
2 1
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(Should m = 2, then n* = (ny, n1, ng), and the Nikishin system is J\/’(M 1,

<"" o) 72,2:1,1).) This result already includes new multi-indices for which it is possible
to prove normality. The only sub-case studied previously (see [20]) was for m = 2.
Therefore, if j = 2, we are done.

Let us assume that j > 3. (The algorithm ends after j — 1 steps.) So far, we have
used the notation s ; only with k < /. We will extend its meaning to k > [, in which
case

Skl = {0k, Ok—1,...,00), k>1I.
Notice that if I < k < j, then
(Sk,j»Sk=1,1) = {Sk.l, Sk+1,j)-
The inverse measure of (si, ;, sx—1,;) we denote by ti_j.x—1,; that s,
1/(Sk, s Sk—1.0) = L jsk—1.0 + Tk, jik—1.1-

In particular, 75 ;.1 1 denotes the inverse measure of (s2 ;,01).

Let us transform the measures in Z,{;; of (21). Regarding the term with p;, using
(19) with o4 = 02, 0 =53, and 0}, = 01, we obtain

S2.j [(r2j.81,) (s3,j,02,01) 81,
A< - (83,5,00) ) ={——F———="T2,j:1.1) -

(s2,j,01) 53, $3, &1

For j =3, Z/j(;; is empty, so here the formulas make sense when j > 4. Using (18),
with oy =52 j, 0g =01, 0y =13, and

f=fjk
bap), 3=k<j=m,
.8‘411
2 d=k<j=m,
55, g
) ) (Th,j>Sk—1,j) N 5<k :
((Ta,j,83,j)s ooy (Th—1,j> Sk—2, ) e (Skv1,j,0k)), S<k<j=<m,
we obtain
52, (Th,js Sk—1,5)
A<(Tz,j,81,j), o Tk, Sk—2, )y ————, {Sk+1,j» Ok)
(s2,7,01) Sk+1,j

S1,j
=< Pl NINE f1,j,kT3,j,S2,j,01>
1

S1j (13,7.52,/,01)
(5 T72,j:1,1» §4,j

(s4j,03)), 3=k<j<m,

2>

1, (T4,7,53,5) o~ .
( &’fzj 11, (T3, 82,7, 01), =57, (85.j,04)), 4=k <j=<m,

“>

(Chsk1,08k=1j =
)

SLjo 5150 Nra i Gr Ta o .
( 5, 2,j;1.1 (0152,j)73,j,83,jTd,js -+ Sk=2,j Th—1, ) Sk+1.j

S<k<j<m.
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In the last row, we used a more compact notation to fit the line. Notice that it is the
same as

<§1,j (Th,j» Sk—1,j)

=12, 71,15 (73,5 52,7, 01), (T, j, 83,7 ) -+ oo {Th—1,j» Sk—2,j ) —= s (Sk+1,7,0k) ) -
o Sk,

As for the terms in ZZ:/._H, applying (18) with oy = 57 j, 0 =01, 0, =13 j,

and

Py (S4.k>03), 3=j<k<m,
= Jl,jk= —~

((Ta,j,83,7)s -2 (T j>Sj=1,j) Sj+1,k,05)), 4= j<k=<m,

it follows that

Y -
— L ((m2,j, 51,70 - (T Si=1)s (S 1k0 )
(s2,7,01)

.
=<& Tz,j;l,lvfl,j,kTS,jst,j7C71>
1

o~

(Fr 310, (133,523, 01), (s4k.03)) , 3=j<k=m,

>

= 1,j o~
(352,000 (13,7592, 010 (T o 83,70 -0 (T Sj—1) (4 1k0 0))
4<j<k<m.

When j = m, no such terms exist.
Therefore,

o~

. 51,) (s3,j,02,01) 51,

* * * Ak * »J * »J »J

Ly = ps+ pio; +po<01, 3 fz,j;1,1> —P2<01,7A—T2,j;1,1
1

53, 01
i1 R ~
k—1 x SLj
—i—Z(—l) pk<01, —=T2,j:1,1> f1,/.kT3,j,52,j, O1
01
k=3
m A .
J * Sl,j
+ (=D Z PR OTs T2 f1kT3.55 82,5501 ) -
k=j+1 !

Using the notation for fi ;x defined previously, in (A1) we ended up with

o~ o~

-~ < . (83,7,02)

Ly = pg+ pi6; — pilof, (). s1.7)) — p2{ofs §4(Q,p$1,,’)>

3,j

—1
—1
+ ) D ot (m2 1) 1T 2,))
k=3

m

+ (=17 7 prlof (rages1) fiats.s2.5).
k=j+1
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Set

SLj , —
51 72,./;1,17 ll =0.

$1.iTo i, =1,
S0 _ {sf'f 2. !
V=
The two formulas for £;; may be unified as

. (53,520, 41) ¢
ch Po+p’fof‘+(—1)11pz](0f, (W)‘ P2 < ; 7%3 _l 2(])
3,7

! ~ .
+ Z 5k,j1?k<01*,02(1),fl,j,kf3,j,S2,11+1,S3,j), ny, =minfng, n1}, (22)

k=3,k#]
where
(=D k<,
6k~] = i .
=1/, k> j.
We also have
degpy <n;—1=nj—1, deg pi <max{ng,ni} —1=nj — 1.

For j =2, we found the following solutions:

max{no,n1} (ng,....n}) N(of,....o0)
no (n2,no,ni,n3,...,nm) N(t12,(12,2,51,2). 532,04, ..., 0m),
$
ni (n2,n1,n0,n3, ..., 1) N(é; 1,2,ﬁfz,2;1,1,S3,1,04,-~-,6m)~

(If m = 2, then n* has only the first three components and the Nikishin system has
only the first two measures indicated.)

We are ready for the induction hypothesis, but, for the sake of clarity, let us take
one more step.

Second step. The case j = 2 has been solved; therefore, j > 3. We ask whether
min{ng, n1} > ny or min{ng, n1} < ny. (When min{ng, n1} = n,, we can proceed ei-
ther way.)

(A2) If min{no, n1} > n, take n} =min{ng,n} and oy = 0211) Iy €0, 1}. De-

compose (“’3#“) using (8). Then the first four terms of £}, reduce to
5J
. I " (83,7, 52,1 +1)
Py 07T+ ot of] = ol 2L
o

= py + pioT + pilof. o) + palof, 0. 13, 520,41, 83,5), i, =min{ng, n1},
with p* = (_1)11 sz ss2.0+1)1
Py = 2N 53]
In the case j = 3, we have

p2,deg py <nj—1.

o~

L= py+ pi6) + pilof.o5) + palof. 05, 13,3, 820,41, 53.3)
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m

o~

- Z prlof. 03, f1.3.73.3, 520,41, 53.3)-
k=4

This subcase produces the two solutions (in both, min{ng, n1} > ns):

max{ng, n1} (n,....n%) N(of,....o0)
no (n3,no,ni,ny,...) N(113,51372,3, 52,3733, 843, - ..),
(2.3.00) S,
ni (n3,n1,no.n2,..) N 113, 520023000 (133,523, 01), 843, ).

If m = 3, then n* has only the first four components and the Nikishin system has only
the first three measures indicated. When m > 4,

(nj,...,nfn)z(n4,...,nm), (0’;,...,0;:)2(0’5,...,0},,), if m > 5).
Let j > 4. Define

(s5,j,04)

—, 4d=k<j<m,
55,
(il (s i 0s)) . S=k<j<m,
Sﬁ‘j 4
o . oy (Tejosk—,)) S,
f=rrjn =14 Wosgesa e (Tt sk=2, )y =577 Sk o)),
6<k<j<m,
(s5k,04), 4=j<k=m,
((T5,j:54,5)s oo (Tj 0 Sj=1,)s (Sjt1k5 04)), S j<k=<m.
From (22), we obtain

* * * Ak * * * * *
L= p§+piot + pilof.of) + palof, 0F 13,7, 520,41, 53, )

(54,7, o3) \
+ p3<01*, 02*, " T13,j52,1+15 53,
S4,j
m -~
+ Z Sk Pilof s 03 (T3, 70 S, 41. 83,70 fo. kT 83,7),
k=4,k#j
n;, =min{ng, n1}. (23)

(B2) If min{ng, n1} < ny, take n§ = ny and o} = Wc&al). Using (7) to
sJ
B the first four terms of L3 in (22) become

decompose
(53,j,82,1 +1

A 7 1 83,
Pi+ pl6t — palot, od)+ (~ Dl <al*, —Aa;>
(83,7, 52,1,+1)

* * Ak % % %\ l * % <S2,l1+ls s3,j)
:p0+1710'1 +p2<0'1,02)+(—1)1p11<0'1,02,7§21 : T3’j;2’]1+1 .
i+
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ny, = min{ng, n1},

‘33]|
\(V%,,V2,+|>|pll’degp2 fl’lz 1.

If j =m =3, we are done. Should m >4 and j = 3, using (18) with o4, =03 =
$3,3,08 = S$2,1,+1, 0y =S4k, and f = 1, for the terms in ) ;" ,, we obtain (see defi-

nition of fi 3 x)

where p} = —ps + (=)

o~

! 0 533
(02( V. fi3aT3 5, S2.014+1, 83,3) = <<—A 3+ (13,3, 2,01 415 83.3), S4.4 S3,3>

53355211 +1)
« (52,0141, 533)
=\0,, TT3,3;2,Z1+1’ S4,k»>S3,1;+1) -
Ji+1
Therefore,
* * * Ak %) % %\ 1 * % (S2111+1’S3s]'>
cn:p0+p101 +p2(01,02>+(—1)1p11<0‘1,0'2,4§2[ 1 T3»].§2yll+]
i+

-~

m -

x % (52041,533)

- Zpk 01,05, ————"T33.2[,+1, S4,k» 53,1, +1 ) -
52,0141

The case j = 3 is finished with two additional solutions (in both, min{ng, n1} <ns):

max{ng, m} (nf,....n}) N(al*,...,o*)

no (n3,n0,n2,n1,...) N(ti3, 2 5 81312 3, 12,3,2 2,842, ...),
S (o3 S < BE />\

ni (n3,ni,n2,ng,...) N( 25231 ,a%m 2,3,1,1,%33;2,1,
$4,15 ...

If m = 3, then n* has only the first four components and the Nikishin system has only
the first three measures indicated. When m > 4,

(nj,...,nfn)z(m,...,nm), (U;,...,o,;’;)z(crs,...,am) @if m > 5).

Let us transform the terms in 22;3 ket j of (22). Assume that j > 4. Consider the
function multiplying p3, thatis, when 3 =k < j <m. Using (19) with oy = 03,08 =
s4,j, and o) = s2,/, 41, We obtain

o~

1
(02( D 1 ia3T3 s S2041s 53,)

53,j « (84,7,03)
= =0, , . T?;,j, s2,[1+17s3,j
(83,5, 82,1, +1) 54,

<S4,j,S3,zl+17 (52,1141, S3,j7 \
<02*, ~ n 3,2+1) > 11 €{0,1}.
54, 520,41

To reduce the terms in lec;lt when 5 < j <m, and ZZ’:H_l for4 < j < m, apply
(18) with 6 = 53,j, 0 =03 or g = (02, 01), 0y = 14,5, and f = f> j x. It follows
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that
() 3
(o5 ,fl,j,kfa,j,52,1]+1,83,j>
§3’]
= <4A 3o (T3, 820,415 83,5) f2,j,k754,j753,j>
(83,7552, +1)
(82,1,+15 S3,17
= <0*, ———=T3 2.5 +1» f2,jkT4,j, 53,5, S2.0,+1) » 11 €{0,1}.
82,11 +1
Therefore,
* * % Ak % % %\ 1 * % <s2,11+]’s3»j>
Ly =ps+pioT + pilof.or)+ (=D ‘P1.<61 10 s — T3 2.0 +1
§2,11+1
(54,7, S3,0141) (2,141, 53,7)
+P3<61*,02*, A - LT3 o041 ) s
$4. $2.0141 (24)
(S2,11+1,S3,j7
Z 5k,jpk<01*,02*, T B S2, i kT4 j2 83,5, S2.0+1) »
k=4 k] Zh+l
I € {0, 1).
Let us write down (23)—(24) in one expression. Recall that j > 4. Take
§2,j1:3,j, 1 =1in (23),
(s2,j,01)73,), l1 =0in (23),
ol =15 .
3 ﬁm,/;z,z, Iy =1in (24),
(52,1»33,;)\ ) N
T‘L’lj;z,], l] = 0 m (24).
Then
L5 = p* 4 prér + *(G* 0*7_’_ (_1)12 <U* ok a(lzfy
n = Po T P191 T P2\91,03 PKr\01,0,,03
(54,5, 3.10+1) ¢
+p3<01*,02*, Sl 2t 5B
S4J
m -~
(l2)
+ Z Sk jprlor. 05,037, fa, kT4 js S31p41, 84,5,
k= kit
nj, =min{ng, ny, na}. (25)
We also have that deg p; <nj — 1,k =0, 1,2, where
nj=max{no+1,n1,...,n,}, k=0,
ni; = { max{ng,ni}, k=1, (26)
max{min{ng, n1}, na}, k=2
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and the measures o', 05 have also been determined. The polynomials pj, py, p;, the
indices nj, n}, n3, and the measures o, o will not change in subsequent reductions.
The structure of a Nikishin system breaks down in the Cauchy transform multiplying
p3 due to an annoying ratio of Cauchy transforms modifying the third measure in the
corresponding product.

With this unified formula, you can repeat the line of reasoning employed in
step 2 (or 1) and so on. Let us write down the eight solutions corresponding
to j = 4. In the table, besides (26), we have that n§ = max{min{ng, ny, no}, n3},
ny =min{no, ..., n3}, and of course n; = ny4.

(ny,...,n}) N(of,....o0)

(no,n1,n2,n3) N(t14,51,472,4, §2,4T3,4, §3.4T44,554,...)

(52.4,01) ~
(n1,no,n2,n3) (TTI e 724,1,1,(T3 4,52.4,01),83,4T4 4,554, --.)
33.4,0 )
(no, na,n1,n3)  N(ti4,* P §1 4T S T 13,422, (4.4, 53.2,04), 55,4, ..)
(52_4,01) (53.4,62.1>£ (52.1,53.4)
(n1,n2,n0,n3) N4, =577 50411, — 50 B34,

(T4,4,53,1,04),554,...)

(ng,ni,n3,n2) N(t14,514724, TS2 4T3 4, - T44 3,3,553,...)

($2.4,01) 51,4 3. ‘4
(1, n0,n3,m2)  N(7=1014, 502410, = (T3 4,52,4,01), 5 T4,4:33, 553, - )
34 2) 42 524 (53,2,04)
(no,naunz,my) N (rpa, B2205 4o 4, o 3422, A, 4,432,852, .-
(S2.4,01) (53.4:52,1) §1.4 Sa1 (52.1,53.4)
ni,np,n3,n ~ T = -T2 4- - —=—T3 4-
(1, n2,n3,n0) N7 T4, =55 3ran 1, 505 Bal
(53.1.04)
O 1y 431,851, . 2)

$3,1

If m = 4, then n* has only the first five components and the Nikishin system has only
the first four measures indicated. When m > 5,

(ng‘,...,n;"n)z(ns,...,nm), (ag,...,a;‘l)z(%,...,am) (if m > 6).

Summarizing, in step 1 we proved the statement of Lemma 2.3 when j = 2, show-
ing that there are two solutions, and for j > 3, we obtained formula (22), which
allowed us to prove in step 2 that the lemma is true when j = 3, with 4 solutions, and
for j > 4 to obtain formula (25), similar to (22), which provides the instruments to
carry out step 3 and so on. The case j = 1 was treated separately. The induction will
be on the number of successful steps we have been able to carry out. The counter of
the steps will be denoted j*. Fix j,2 < j < m. Assume that we have been able to
carry out j* steps. Let us describe what we have obtained in:

Step j*. Induction hypothesis. We have proved that the statement of Lemma 2.3
holds when j = j* + 1, with 2/~! = 27" solutions, and when j > j* + 2, we have
defined:

(1) indices

nj=max{no+1,n1,...,n,}, k=0,

max{min{ng, ..., ng_1},nx}, k=1,...,j*
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(2) integers lx,k =0, ..., j*, inductively as follows: Iy = 0, 1 is the subindex be-
tween those of ng, n; not employed in defining n’]", and so forth until /j+, which
is the subindex between those of ng, ..., n+ that was not employed in defining
n’l‘ e, nj* In particular,

ny, =min{ng, ..., ng}.
(3) polynomials

51,,/p0+pj+zl’-"=1,i¢j %piv k=0,

pi=1 (=D1p,  +C1jrpr,
(=D 'pk + Ca ki,

ooy J*, min{ng,...,ng_1} > ng,

1
=1,...,j* min{ng,...,np_1} < ng.

where C j «, C2,j k. are real constants different from zero.
(4) functions

(Sjr43.4,Ojx42), Jr 4+2=j<k=<m,
UTjras, s S, j)s oo s {Tj i Sj—1,j )5 {Sj41,k> Tj))s
JF+3<j<k<m,

{8j%43,j,9%42)

fj*J,k: Sjk43,j ’ J*+2:k<]§mv
(‘L”*+3’ -’,’S k42, > -~ . .
(T, g o)), T 3=k<j=m,

(Th, j-Sk—1,j) ~

(2 T3 o Sk=2j Tt =50 (k1,5 OKD)

j*+4<k<j<m.

(UD)) . . .
(5) measures 01*, e, o]’.“* and o j*’ 1 whose supports are contained in the same inter-

vals Ay, ..., Ajxy1 as oy,...,0j+41, respectively, where

(Tjrt1,jo Sj* Ly 15 Sj541,5)
@) if max{min{ng, ..., njx_1},n} = Ny
J — ~
Ojsp1 = (87, +18%+1,5)
e e TN (A
Sj*,lj*_lJrl J*+Lj5j >l]*71+1’
if max{min{ng,...,njx_1},nj} =njx.

With these elements, we have proved the formula (analogous to those obtained in
steps 1 and 2)

3

J
* ok k[ % . Lx * * Ay
En—po—i—Zpk(a] s o)+ (=D plj*(ol ,...,aj*,aj*H)
k=1 ~
" (87542, 7> Sj*+1Ls+1)  (Lx)
+ (=1’ p/*+1<0{",...,o}‘1, < —0ly
Sj*42,j
4 00) +
* * J*
+ Z 8k, j (o sees Oy O fj*,j,kfj*+2,j,Sj*+1,1j*+1,Sj*+2,j).
k=j*+2,k#]

27)
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Step j* + 1. Induction proof. To complete the induction we must prove in this
step that Lemma 2.3 is satisfied when j = j* 4 2, with 2/ “+1 solutions, and when
Jj > j* + 3 to produce a formula which extends (27) one more step.

(Case A) Suppose that max{min{no, ...,n+},nj+y1} = min{ng, ..., njx} = s
Take
(%)

* _— * _
Mgy =N and o =00,

Sj* 42,5 F 1L+

{ )
Using (8) on , from (27) it follows that

Sj*+2.j

fArs| _
Ly=pi+ Y pilof.....of)
k=1

i*+1 * * *
+ (=D T pjalof, ..., O s Oy 15 T4 2,5 S Lt 1 Sj*42,j)
m

(%) n
* * J

+ Z 5k,jpk(017--~70“j*»5j*+17fj*,j,kfj*+2,jvSj*+l,lj*+1,sj*+2,j>7
k=j*+2,ks]

where

18 42,5 Sjx4 104101

Py =D pr+ (=17 Pje+s

|42,
*
degpj*H <nj«1— L

-~

Since fjx jx42.k = (Sj*4+3.k, 0j*42),1f j = j* +2, we have that £} is a linear form
generated by

* * *
n :(no,...,nj*+1,nj*+1,nj*+3,...,nm)

and the Nikishin system

* *
N(O’l s ey Gj*+1’ <Tj*+2,j*+2r Sj*+1’1j*+1, sj*+2,j*+2)’ Sj*43 42, Oj*4dy vy Um).

When m = j(= j* + 2), the system ends with the measure (Tj*42, 42, Sj*4 1,141,

Sjx 42, j*42).
If j > j* 4 3, (27) may be expressed as

J*+1
E ®| % *
Ly=py+ Z pk<01,...,ak>
k=1
i*+1 * * 0
+ (=1’ Pj*+1<01,~--,Ujmrl,Tj*+2,j,Sj*+1,1j*+1,Sj*+2,j>

o~ o~

] * w8743, 0j42)
+(—-1)/ pj*+2<01 e Oeg )y T T2 S a1 8542,
Sj*+3.j
J s J
m
+ E k. j Dk
k=j*43,k]
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-~

*
o O 1o (T 42, s S L Lt 1 Sjo42, )5 Sea1, jkTj* 43,5 Sj*+2,j),

(28)

x (o], ..

where fj11,j« is defined as fj« ; x substituting j* by j* + 1.
(Case B) If max{min{no, ..., nj},nj=y1} =njy, take

o~

nt =n; and o* (8j242,15 84112 41) (1)
= j

] = ~ o0,
j*+1 §i12, J*+1
Rewrite (27) as
J ~ ~
* * [ % * j* * * *
Ly=py+ E pk(al ,.. .,ak>—|— (=1)/ pj*+](al , ""Gj*’aj*+l>
k=1
. §j 42,
+(—1).1*p,j*<af‘,...,0;i, J T Aa;‘*+1>
TS, S 1)
m
+ E Ok, j Pk
k=j*+2.k#]
* * §j*+2-.f *
O1,y.0.,0 ;% =0 ;x i* i kTi* iy Sj* . S j* il .
.. s, ; .
><<1, s js<' - } ]+17f],],kj+2.]7]+1,l*+13]+2,]
Sj*+2,jss]*+l,lj*+l
Using (7), reduce ——="*2/_ ip the term with p;.,. This formula transforms
(s s p/
A2 oS L ]
into
J*+l1

Ci=ps+ Y pilot...of)
k=1

-~

Sl 15 S 542, )

l. % % ( J*+Li; J »J

+ (=D pra{o], ..., 07, ~ Tjsqn i j 41,0541

! ! S i1 +1 !
v
m
+ Z 8k, j Pk
k=j* 42,k
Sj*+2,j

* * *
X{O], .. 05, =0 sy 1 S kT2, S L1 S5 42,5 )
(Sj542,j5 Sj* 41,1 +1)

(29)
where

Is 42,1
18 42,5 Sjx4 1,041

Pl =D pjep + (=D Lo

degp7*+1 S nj*+1 — 1
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If m = j*+2, we are done, since the sum ) ;__ ey is empty (recall that j* 42 <
j=m).

Suppose that j*+2 = j < m. Using (18) with oy = 0j+42,08 =8j*4 1,441, 0y =
sj*13.k, and f =1, for the terms in Z;(”:j*ﬁ (see definition of fjx j+12 k), (29)
becomes

JE1 R
Ly =ps+ Zp,’f(af‘,...,ak*)
k=1

(Sj* 41,1541, 0 42)
T2, 542+ L s +1

L * *
+(—1)]*pl/*<01,..,01*+1, <
Si* 1L +1

m
+ E Sk, j Pk
k=j*+3
(S5 41,15 +1, O 42)
T2, 542 51,415 S 43,k S 42,0 +1

* *
><<01,...,0j*+1, . .
SjE 41,0 +1

Thus, we conclude with j = j* 4 2, taking

k * *
n :(}’lo,...,nj*+l,n[j*,nj*+3,...,nm)

and the Nikishin system

o~

(Sj 41,5 +1, Oj42)

T 42, 42 5 1L +15 S j* 43,1415

k *
N<Ul""’0j*+1’

Sje41, Lt

Uj*+4,~--a0m)~

. . . (84 410 41,05 42).
If m = j(= j* 4+ 2), the system ends with the measure %
¥+ L+
Tj*42, j 42 5+ 1w +1 -

Let j* 4+ 3 < j <m. In (29), the measure multiplying p;+i2 is transformed
by means of (19), with 6y = 0jxy2,08 = sj*13,; and o), = 81,141 All other
terms of ZZ‘:]-*HJ(# are reduced employing (18), taking oy = sjxy2 j,08 =
Sj* 411 p+1, Oy = Tj*42,j and f = fjx41,j (remember that fj+,1 ;x is defined sub-
stituting j* by j* 4 1 in the definition of f}« ; as was already used at the end of
case A)). It is easy to verify that (29) can be expressed as

Jr+1 R

* % s/ % *

La=py+ Y pilor.....of)
k=1

(S5 410415 8542,
Tj42, 5 41,1 +1

I * *
+(—1)’*Plj*<0'1,.--,Uj*_H, ~
SjE41,0 e +1

(=) piss
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-~

(87543, S 2, s 1) (S o1, js 415 8542, )

* *
X <(’1 peeen Ojxg s tj*+2,j;j*+1,l_,~*+1>

I
+Z<3k,jpk

* *
><<01,...,aj*+1,

§j*+3,j 5j*+1,lj*+]

~

{1115 S 242, )

Sttt Tjt2, s o L 1 o1 kT3,
oL

-~

Sj*+2,j,sj*+1,lj*+1> (30)

=y 3kt whic.h has the same structure as (28). .
Let /j+41 denote the subindex between those of ng, ..., n j+;1 which was not em-
ployed in defining n7, ..., n7*+1 ; then

nlj*+1 = min{no, ey nj*_,_l}.
Notice that in case (A), /j«41 =+, and in case (B), [ ;41 = j* + 1. Define

Tje42,j S L1, 42, if max{min{no, ... nj} njp 1} =ng.,

O'(lj*Jrl) _ <Sj*+l,lj*+lysj*+2.j>
Sk = e T . )

2 SRt JH2 i L e

if max{min{ng, ..., nx},nxy1} =njxy1.

With this notation, formulas (28) and (30) may be unified as

j*+l
% % %[ % £\ 1 s * Upery
Lo=py+ ) pilor s of )+ (D py(of o f 05T
k=1
. S 43,5 S P2 1) e\
x4 * % </+,,I J RIARS! J¥+1
+ (—1)/ waolor, . 0, = o
(=17 " pjryalo] 1 ey Jr 2
m
+ Z Sk, j Pk
k=j*+3,kj

Ui 0"
* * J*+
X0 o 0 030 e RT3, S 42l e 1 S 543,

With this we conclude the induction, and Lemma 2.3 has been proved. 0

Before moving on, let us write down the expressions of the p; after carrying out
J — 1 steps. We will need their structure for further developments. We have

m

Ly=ps+> pilof.....of).
k=1
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where
Zl,jPO‘f‘Pj-i‘Zl Li#j ‘|S5111||p“ k=0,
(—])lk*lphk1 +Crjkpe, k=1,...,j—1, max{n,_,,ni} =ny_,,
P;: _ (—])kilpk—I—Cz,j’kplkfl, k=1,...,j—1, max{n;_,,ni} =ng,

(=D 'pj_1, k=j, min{n;,_,.nj_1}=n;_y,

(—1)11""1?1,727 k=], min{n[jfz’nj*1}=n1j727
=D/px, k=j+1,....m

(€29)

Lemma 2.3 has an immediate consequence in terms of the orthogonality condi-

tions satisfied by the linear form Ay, (see (4)). We state it as a lemma which is useful

to prove Corollary 1.2 and the results on the asymptotic behavior of sequences of
these linear forms.

Lemma 3.4 Let S and n = (n;m) € Zm1+1 X Zm2+1 Inj| = |ma| + 1, be given.
Suppose that ny j = max{na o+ 1,n21,...,n2,,}. Let nj = (n§ 0r - 115 mz) and
N (0'12*, ey mz) be a multi-index and a Nikishin system associated with nz and
N(O’lz,..., mz) through Lemma 2.3. Set da = s1 (x)da0 and (s0 O,SO 1reees
so mz) =N (c#, ‘71 ey mz) Then

/x”An(x)dsgf}{(x) =0, v=0,....n3,— 1, k=0,....ms. (32)

Proof For k = 0, since dsoo = dag* = sl J(x)doo, (4) reduces to (32) when
Ly, (x) =x s1 i (x),v=0,... 7”2,0 — 1, taking into consideration that ”2,0 =ny ;.
Let j + 1 <k <m5. On account of Lemma 2.3 and (31),

) |s k| .
Enz(X)=x”s12k(x)=<|i y V(=1 x” 12’1)512]
o

Consequently, from (4) and the orthogonality for k = 0, we obtain

0:/x”§17k(x)¢4n(x)dc702(x)

|s12,k| v 2% i v 2%
= W X An(x)dso)o(x)—i—(—l) /x An(x)dsogk(x)
Lj

=(—1)~//‘x”An(x)ds§fkk(x), v=0,...,n5; — 1,

since n§ R =Mook <naj= "; 0ok =Jj+1,...,my. Thus, for these values of k, the
assertion also holds.
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Ifkell,...,j— 1} and max{ny;,_,,n2x} =nz, from Lemma 2.3 and (31), it
follows that

2
Is7 x|
_va2 _ Lk' v k—1_va2% |42
Ly, (x) =x sl’k(x)—<ﬁx + (=D xS )50
Lj

Using the same arguments as in the previous case, we obtain what is needed. Simi-
larly, when k = j and min{ny;; ,,n2 j—1} =nz j—1, then

2
|51,j_1|

2
|S1,j|

~2 j—1_va2 a2
L, (x) = x"5] ;1 (x) = ( x" 4+ (=1 x”sﬁ)sl’j,

and integrating the statement follows.

Assume that (32) holds for all values of the parameter less than k, 1 <k < j, and
let us show that it is also true for k. When max{nz_,,nox}=nox, 1 <k <j—1,
or min{ng,ljfz, na j—1} =na, j—1,k = j, we just proved that (31) is satisfied, so we
must only consider the cases when max{n,;, ,,n2x} =n2y ,1 <k <j—1, and
min{nz,l_l._z, nyj—1}= N0 5 k = j. In this situation, if 1 <k < j — 1, we have that

k—1

a2 a2 I — a2 a2 a2

L, (x) = x”sl’lk_l (x) = (Cox” + E Clxvsljki + (—=1)* lxuslfﬁk)Sl,j’ (51,0 = 0),
i=1

where C;,i = 1,...,k — 1, are constants, Cy is also a constant if /_1 # 0, and it is
a first-degree polynomial when l;_; = 0. From (4) and the induction hypothesis, it
follows that

O:/x“flz’lkil(x)An(x)daoz(x)
k—1
:Z/Cix”An(x)ds&*i(x)
i=0

+(—1)’Hfx”An(x)dsgj“k(x)=(—1)1H/x”An(x)dsgj“k(x),

since ny, = nay_, = min{nyo,...,n2x—1} <nj;,i =0,...,k — 1, and when
ly-1=0thenny o <ny ;=nj o- Notice that we have already proved (32) for all val-
ues of the parameter up to j — 1. When k = j and min{nz’l./_z, n -1} = nal;_,, We
: — V32 : * L *
proceed analogously, tak%ng Ln.z = X570, Again, n =n3; 0= 0,.. SN g
and we can complete the induction. g

Remark 3.2 Fix k € {1,...,my}. Taking py =1, p; =0,i # k,i =0,...,my, one
obtains the formula that links sg ¢ With the measures sé"b, R s(%’;{ (not all have to

appear).
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Proof of Corollary 1.2 From Lemma 2.4, we have that

/x”Qn(x)dso,k(x)zO, v=0,....nr—1, k=0,...,m. (33)

Using the definition of type II Padé approximation, we have that for any polynomial
Q,deg Q < ny,

0(2)(On(2)S0.k(2) — Pak(2)) =0 /z), z— o0.

On account of (3), it follows that

n(x)d
0(2)(2n(@S0x () — Pa(2)) = Q(X)Qz(f)x 0k, (34)
Taking Q = 1, we obtain that
Poi(z) = / Mdso,k(x),

Poi(z) /Qn(Z) Qn(x)
O

0n(2) 450,(x).

Consequently, since the zeros of Qy(z) = ]_[ 1(z — xp,;) are simple and lie in the
interior of Co(supp 0p),

Pax(2) _% Do
On(x) = z—xni

(35)

Pnk(Z) / n(x) dso, k(X)
Qn( ) Q/ (xn i) x— ’

Let p be an arbitrary polynomial of degree < |n| + ny — 1 and £y(2) =
Z| On(2)p(xn,i)

=0 Oy (xn,i)(z—%n,i)
lates p at the zeros of Qp. Then

Ank,i = lim (z—
Z—>xn,,-

be the Lagrange polynomial of degree |n| — 1 which interpo-

(p—€n)(2) =q(2) On(2), degg <nj; — 1.

From (33),

/ (p — ) () s (x) =

Consequently, using (35),

n|

n(x)d
[ peasosn = [ Ea(5) s (3) = 3 ) / 5 () d%.(3)

(xn,i)(x - xn,i)

n|

= ki p(eni),

i=1
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which gives the first statement of the corollary.
Let us consider the case when nog = max{ng,n; — 1,...,n, — 1}. According to
(34) with Q =1, Fubini’s theorem, and (33),

f " (Qn()30,0(t) — Pa,o(1)) dsy k(1)

/'/Qn(X)dYoo(X) ()

tV :va
_ f 0n(x) / ds1 1 () dsoo(x)
r—Xx

- / 0 () On () 50,0 (x) — f ' On(x) dso (x) =

forallv=1,...,n — land k =1,...,m, since g, (x) = [ ===

nomial such that degq, <ny —2 <ng — 1. This implies that

dsy k(t) is a poly-

/ (pl(t) + Z Pk(t)§2,k(t)> (On()S0,0(t) — Pao(t)) ds1,1(t) =0,

k=2

for arbitrary polynomials py,deg px <ny — 1,k =1, ..., m. Since, by Theorem 1.1,
(1,522, ...,5,,) is an AT-system, it follows that QnS0,0 — Pn,o has at least |n| — ng
sign changes in the interior of Co(suppoy).

Let Qn,1 be a monic polynomial of degree |n| — ng whose simple zeros are points
where OnSo.0 — Pn,0 changes sign on Co(suppoy). It is easy to verify that

z (QnSOO—Pno)(Z) o(1/z )

z—>o00, v=0,...,|n|—1.
Qn, (2)
Using (2), we obtain
dsg,0(x)
0, v=0,...,]n|—1.
/ Qn()in(x) |

Then, for any 0, deg 0 <|n|,

0() — O(x) dsoo(x)
J o0 == Oni(®)

)

which implies that

On(x) dso0®) _ [ 0(2)Qn(x) dso,o(x)
2—x Qni() i=x Oni()’

0()

In particular, with z = xp ;, taking @(x) = Qn,1(x) and then é(x) =3 On(x)

J (xn.i)(x*xn.i) ’
we have

N 0_:/ n(x) dso,0(x) _/ n,1 () On(x)  dsoo(x)
n,0,i Qn Qn

. (xn,i) X — Xn,i N : (xn,i)(x - xn,i) Qn,l(x)
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_ 0y(n,i) On(x) dso,0(x)
= ————0n1(xn,i) -
On(xn,i) 04 Gen,i) (x — xn,i) On,1(x)

On(x) ? On,1 () .
- ——d . i=1,.... .
/(Q;-l(xn,i)(x—xn’l-)) On 1) $0,0(x), i In|

Since (Q <xQS§§§) xm))z Qanlf)E)“c)l) is positive for all x € Co(suppso,o), the second
statement of Corollary 1.2 follows for k = 0. Using standard arguments of one-
sided polynomial approximation of Riemann-Stieltjes integrable functions (see, e.g.,
[52, Theorem 15.2.2] and [23, Lemma 2]), the third statement is a consequence
of the first two for any sequence of multi-indices A C Z’jf“ such that for all
n e A,ng =max{ng,n; — 1,...,n, — 1}. In particular, the second and third state-
ments are valid whenn=(m,n+1,...,n+1).

In the rest of the proof, we restrict our attention to multi-indices of the form
n=mn+1,....,n+1). Fix k € {1,...,m}. Since we have that ny =n + 1 =
max{no+1,n1,...,n,}, wecan apply Lemma 3.4 with j = k, and we obtain that QO
is multiple orthogonal with respect to n*, which has n + 1 in the first component, and
a Nikishin system N (06k ,...,0,) whose first measure is Sf)k,o = s50.x- Consequently,
the coefficients

N ._/ n(x) dSOk(X) f n(x) dsgo()
nk,i = Qn Qn

(Xn,i) x — (Xn,i) X — Xn,i

must all have the same sign as s¢ x. The convergence of the quadratures is obtained
as before. 0

4 Proof of Theorems 1.3-1.4

Proof of Theorem 1.3 For m = 0, the result is trivially true since £, = pp. When
m = 1, it is easy to deduce. Indeed, if ny > ny, take A the identity and S(A) = N (01);
otherwise, ng < ni, and by Lemma 2.3,

po+ pisi1 = (p§ + piti)di1. degpy <ni—1, deg pi <no— 1.

Hence, the solution is A such that A(0) = 1,A(1) =0, and S(A) = N(z1,1). In the
following, m > 2.

Next, let us consider the case when ng = max{ng, ..., n,}. If no > --- > n,,, the
result is trivial taking A the identity and S(A) = N'(o1, ..., 0,;). Otherwise, there
exists m,0 <m < m — 2, such that ng > --- > n, ny = max{n;,...,n,}, and
Mi+1 < max{nm+2, ..., y}. (Consequently, n;;41 < n;.)

We have

m m
La=po+ Y pisra=po+ Y peSia+ Y PlO1 - s O Sit1k) -
k=1 k=0 k=rn+1

It is easy to check (see, for example, Lemma 2.1 in [36]) that for each k € {m +
1,...,m},
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m
PO S k) = Lo+ D Lkifri (01, o, prsiik) . (36)
i=1
deg ¢y ; < deg pyx — 1, and these polynomials have real coefficients. Since ny <n; <
nm—1 < ng whenever k € {m + 1, ..., ny}, the polynomials ¢ ;,i =0,...,m, k=
m+1,...,m, are absorbed by the polynomials pg,k =0, ..., m, without altering
the bound on the degrees of the second. Therefore, there exist polynomials with real
coefficients py,deg pr <nx — 1,k =0, ..., m, such that

m m m 1
po+ Y pifie=Po+ Y Prfia+ <01, O Y Pkszﬁ+l,k>

k=1 k=0 k=m+1

m
=po+ Y Pk

k=0 R
m
+ <01, “o e Ol (Pm+1 + Z pk§m+2,k>0m+1> - @3N
By assumption, n;4+; < max{ns42,...,n,}. So we can apply Lemma 2.3 on
the linear form pjpy1 + Y 1 42 PkSi+2,k- Thus, there exist a Nikishin system
N(U};H, ce 00, a multi-indexl (”:;’;+_1’ N IS Z.ﬂ_m, which is a permutation
of (Mi41,...,nm), and polynomials with real coefficients p;,deg p; <nj — 1,k =

m+1,...,m, such that

m m
a * * Ak ~
Di+1+ Z PkSim+2.k = (P,;,H + Z Pks,;l+2,k>sm+2,j,

k=42 k=42
where j is such that n; = max{nsy1,...,n,} and n”%H = n;. Substitute this for-
mula in (37) and reverse the application of (36) to pull out the polynomials py of the
product of measures. The new polynomials l; ;, k € {m+1, ..., ny,} which arise from

this second application of (36) are also absorbed by the polynomials py, k=0, ...,m
in (37) without changing the bound on their degrees. Therefore, we get that for certain
polynomials with real coefficients pZ, k=0,...,m,

-~

m m
* *q * 3 * * *
£n=p0+zpksl,k+pﬁl+lsl,]+ Z pk(o—la-"’O'Y;lvsn_’l+l,jvan7l+29"‘7O—m)7

k=1 k=m+2
(38)
which is a linear form generated by the multi-index n* = (no, ..., nn, nj, 1y,
..., ny), and the Nikishin system N (o1, ..., 0, Si+1, s ‘7:;‘14-2’ ce o).
Now we have that ngp > --- > ny > n; and n; = max{nj,nf;,+2,...,n;‘1}. If

Mjiq2 = -+ > Ny, we are done taking A such that ny ) = nj, S0 =1, and
S(A) =N(U], ooy Ol Siit1, s 0’24_2, e, o‘*).

m

Otherwise, we repeat the process with the linear form on the right-hand side of (38).
The new m will certainly be larger than the previous one, and in a finite number of
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iterations we reorganize the entries of n in decreasing order, obtaining with it A and
S(A).

If ng < max{no, ..., n,}, we apply first Lemma 2.3 and then proceed as we have
done before but with the form L3 = p§+ > 1_, ¢ $1 ; and the multi-index n* arising

from that lemma. Thus, we find a permutation A of (0, ..., m) such that nA o >

> ni(m), S()_») =N(p1,..., pm), and polynomials with real coefficients gy, k =
0,...,m, such that

m
5:=40+Zq1f1,k, deggr <nj, —1. k=0,....m.
k=1

If A* is the permutation due to Lemma 2.3 which transports n into n*, taking
A = Xxor* and S(A) = S()), applying the formula of Lemma 2.3, the assertion of
Theorem 1.3 again follows. g

Using induction, we could have reduced a bit the proof of Theorem 1.3. Neverthe-
less, for the proof of Theorem 1.4 it was convenient to underline the fact that Theo-
rem 1.3 is a consequence of iterating the use of Lemma 2.3 and the trick exhibited in
(36)—(38).

Proof of Theorem 1.4 1f my =0 or my =1 and ny o > na 1, the result is trivial. For
my =1 and ny o < ny,1, the statement is contained in Lemma 3.4. So we restrict our
attention to mo > 2.

First, we consider the case when ny o = max{nz,...,n2,m,,}. In this situation,
the result is trivial again if ny o > --- > ny ,,. If this is not the case, there exists
m,0<m <my—2,suchthatny o> --- > ny;s, ho ;3 =max{ny m,...,n2m,}, and
nz,,;,_H < max{ng,,ﬁ_,_z, ey n2,m2}-

According to (38), for any polynomials py,deg px <nz i — 1,

my m
a2 * xa2 * a2
Po+ ZPkS1,k =py+ Zpksl,k + Piay151,

k=1 k=1
52 2% 25\
+ Z Pk m7 Sii+1,j0 9 yh+27‘--7am)7
k=m+2
where j is such that ny ; = max{nz 41, ...,n2,m,}. This linear form is generated by
* _ (% * _ _ L% *
n; = (”2,(» R ”2,m2) = (n2.0, ... n2m, 12,712 g 20 -+ n2,mz)’

and the Nikishin system
2% 2%\ __ 2 2 2 2% 2%
N(O’l ,...,amz)—J\/(al,...,Un—l,s,hﬂ’j,aﬁﬂrz,...,amz).

Consider the extended Nikishin system N (o2, 2*, e onzj’z‘) =N (00, 2*,
nzj’z‘). The form Ay is of multiple orthogonality with respect to nj and the ex-
tended Nikishin system.

@ Springer



Constr Approx (2011) 34:297-356 345

In fact, by definition, A, satisfies

/x”An(x)dsgj((x)zo, v:O,...,n;k—l, k=0,...,m+1,

2%

. 2% __ 2 * _ - —
since sg" = 805Ny = N2k, k =0,...,mm, 557 =

prove

2 * _ .
50, and ny g = N2,j- To

fx“An(x)dsgj‘k(x)zo, v=0,....n5,— 1, k=m+2,....my,

one follows arguments similar to those employed in proving Lemma 3.4, choosing
particular expressions for Ly, of the form x”§12 i (k is not always equal to k), and
taking into consideration (36)—(38) as well as (31). The details are left to the reader.

Once we have proved that Ay is of multiple orthogonality with respect to n3 and
the extended Nikishin system, one repeats the process finding a new m, which is ob-
viously larger than the previous one, and in a finite number of iterations the statement
follows.

If nyo < max{ny,...,n2m,}, the proof is reduced to the previous case by
Lemma 3.4. 0

5 Proof of Theorems 1.5-1.6 and Corollary 1.3

If we apply Theorem 1.3 to the form .4,, we obtain that there exists a permuta-
tion A1 of (0, ...,m1) and an associated Nikishin system S(11) = (rl1 Lreees rll.ml) =
N(p]l, e ,o,i”) such that

my my

~1 ~ a ~

An=ano+ Y anid] ;= (bn,o + an,krl,k>S1,Al(0) = BuS1,1,0)
k=1 k=1

where §13,0) = 1 if 21(0) =0, and degbni <nip,x — 1.,k =0,...,m;. On
the other hand, from Theorem 1.4, we know that there exists a permutation A, of
(0, ..., my) and a Nikishin system N(p%, e p,znz), where pg = 512’&(0)03, such that
foreach k=0, ...,m2,

/x”An(x) dr&k(x) = /x”Bn(x)fl,,\l(o)(x) dr&k(x) =0, v=0,....00,k I

Therefore, By, is a linear form, generated by the multi-index (1,3, (0), - - -» 71,4, (n;))
and S(A1), which is of multiple orthogonality with respect to the multi-index
(12,3,(0)s - -+ 12,35(mp)) and the Nikishin system (§1,M(0)r§,r12,...,r312) =

./\f(‘?],;\l(o)pg, p12, o ,o,%z). In other words,
IBgn = (bn,O’ cees bn,ml)
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is the mixed type multiple orthogonal polynomial relative to the pair of Nikishin

systems (S!, $2) and the multi-index fi = (fi;; fip) € Zm‘+1 X ZTH, where

(S'.8%) = (N1 @05 21+ -+ o) N BLos @05 o1+ Pins))»
and

n; = 13,0, Mixm)) =12

Both n; and n; have decreasing components. Therefore, to derive Theorems 1.5
and 1.6 we can apply the results of [24].

Lemma 5.1 If (S, ! 52) satisfies the hypotheses of Theorem 5 (respectively 6) the
same is true for (S1 52 ).

Proof The systems S! and $? are obtained transforming the generating measures of
S' and S? through inversion of measures and multiplication by Cauchy transforms
of measures supported on disjoint intervals. We have to check that these operations
preserve the quasi-regularity of supports, the regularity of measures, and the property
concerning the Radon—Nikodym derivative of the measure.

Let 0 € M(A), A =Co(suppo), T be the inverse measure of o, and g a continu-
ous function on A with constant sign and different from zero on A.

It is trivial that the supports of o and go coincide and that o’ > 0 if and only
if go’ > 0. It is well known and easy to verify (using, for example, the minimality
property of monic orthogonal polynomials) that o € Reg if and only if go € Reg as
well.

Regarding the inversion of measures, the Stieltjes-Plemelj inversion formula im-
plies that the continuous parts of the supports of o and t coincide. From the formula
relating 6 and 7, it is obvious that isolated mass points of o outside its continuous
support become zeros of T (thus are no longer in the support of 7). On the other hand,
in each connected component of A \ suppo, & may have at most one zero (count-
ing multiplicity), because & is strictly monotonic when restricted to any one of those
components. Such zeros of ¢ become mass points of 7. They are isolated, so they can
only accumulate on supp o . Therefore, if suppo = E U e, where E is regular with re-
spect to the Dirichlet problem and e is at most a denumerable set of points which may

only accumulate on E, then suppt = ENU e, where e is at most a denumerable set of
points which may only accumulate on E. In particular, the same holds when E is an
interval (case of Theorem 1.6).

If o € Reg, then t € Reg. Indeed, the denominator Q,, of the nth diagonal Padé
approximant of &, taken with leading coefficient equal to 1, is the nth monic orthog-
onal polynomial with respect to o. The numerator P,_; is an (n — 1)-th orthogonal
polynomial with respect to t. By Markov’s theorem

P,_ l(Z) =
im 6(z), KcC\A.
n Qn(2)
In particular, the leading coefficient c,—1 of P,_ satisfies
P,
lime,—; = lim lim P1@ 26(z) = o (A) £0.
n z=oo  Qu(2) Z—00
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Therefore,

1/n

P
ﬂ = Cap(suppa)eg‘?(

Cn

7;00)
)

1im|Q,,(z)|1/" = cap(supp0)ef? &) & lim
n n

uniformly on compact subsets of C \ A, where g (z; 00) denotes Green’s function
of the region £2 = C \ supp o with singularity at co. But suppo and supp  differ on
a set of capacity zero, so their capacities coincide as well as the Green’s function of
the complement of their supports. The limits above are equivalent to regularity (see
[51, Theorem 3.1.1]).

That 6’ > 0 a.e. on an interval is equivalent to T’ > 0 a.e. on the same interval
follows from the Stieltjes—Plemelj inversion formula. 0

In order to prove Theorem 5, there is still one thing to be considered. The corre-
sponding result [24, Theorem 1.3] for the case of decreasing components in np, ny,
was proved assuming that the supports of the measures were regular. We have to ex-
tend its applicability to the case of quasi-regular supports because, as follows from
the proof of the previous lemma, the regularity of the supports of the measures gen-
erating (S1 S2) does not guarantee regularity of the supports of the measures which
generate (S, s! Sz) since isolated mass points may arise.

We need some notation. M (E) denotes the class of probability measures sup-
ported on E, and

Vi) = / log —— du(2)
|z — ¢l

the logarithmic potential of the measures w. If g; is a polynomial of degree /,

2. b

q1(x)=0

is the associated normalized zero counting measure, where &, is the Dirac measure
with mass 1 at x. In [49, Theorem I.1.3], the authors prove:

Lemma 5.2 Let E C C be a compact subset of the complex plane and ¢ a continuous
function on E. Then there exists a unique 1 € M| (E) and a constant w such that

i w, Z ESUppi,
v (Z)+¢’(Z){>w Z€E\ A, cap(A) =0
& and w are called the equilibrium measure and the equilibrium constant, respec-
tively, in presence of the external field ¢ on the compact E.
Useful discussions with H. Stahl led to the following improvement of [24,
Lemma 4.2], allowing us to reduce the assumption on supp ¢ to be quasi-regular.

Lemma 5.3 Let 0 € Reg, suppo C R, where suppo is quasi-regular. Let {¢;},1 €
A C Zy, be a sequence of positive continuous functions on suppo such that

P B
18218 g0 — P>
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uniformly on suppo. By {qi},l € A, denote a sequence of monic polynomials,
degqg; =1, and

/XkQI(X)¢z(X)d0(X) =0, k=0,....1—1.
Then
i =0,
i
in the weak-star topology of measures, and

) 5 1/2
tin] [ Jarco P do o] = exp )

where [i and w are the equilibrium measure and equilibrium constant in the presence
of the external field ¢ on suppo =: E. We also have that

(@1 i
m{ 5 — =exp(w —V*(2)), K cC\ Co(supp(0)),
€4\ llqid, "Nl e

where || - || E denotes the sup norm on E.

Proof Proceeding as in the proof of [24, Lemma 4.2], one shows that for any se-
quence of monic polynomials {p;},1 € A, such that deg p; =1,

1/1 i
lim sup(%) <exp(w—V*(@), KcC, (39)
leA \|pig;" " |E
and
.. I
11?61}‘nf || p;¢l]/2 ||1E/ > exp (—w). (40)

In particular, these relations hold for {g;},! € A. In [24, Lemma 4.2], it is also proved
that

. 1/21/1
limsup g |3 < exp(—w), (41)
leA
where ||q1¢>11/ 2 ll2 is the L? norm of q;d)ll/ 2 with respect to o. We may assume, without
loss of generality, that o is positive. In deducing (39)—(41), the regularity of suppo

is not required.
Combining (40)—(41), it follows that

1/2

1/1
liminf<w> > 1.
€A Nlaid, " 12

1/2 1/1
lim sup (M) <1, 42)
tea \llqig; " ll2

Should
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then

1/2 1/1
hm(%) 1
€A Nlqi, " Il

and due to (40)—(41), we would have

lim sup ||q1¢[1/2 || }E/l = limsup ||q1¢ll/2 ||;/l =exp(—w). 43)
leA leA

Once (43) is attained, with the help of (39), one can conclude the proof as in [24,
Lemma 7]. So it remains to show that (42) takes place when we relax the regularity
of supp o to quasi-regularity.

In [51, Theorem 3.2.3], it is proved (see (v) = (vi)) that (42) holds for any se-
quence of polynomials {p;},1 € A, such that deg p; =, if the same property is sat-
isfied when ¢; = 1,1 € A. Though the hypothesis of that theorem also contains the
assumption that supp o is regular, the proof of this assertion is independent of the
regularity condition. Therefore, let us show that (42) holds true when ¢, =1,/ € A,
and supp o is quasi-regular.

In fact, according to [51, Theorem 3.2.1 ii)] , we have that

1/1
1imsup<|pl(z)|> <exp(gn(z;0)), KcC, (44)
tea \ llpill2

where g (z; 00) is the Green’s function of the region £2 = C \ E with singularity at

0. Since E = E U e, where E is regular with respect to the Dirichlet problem and
cap(e) = 0, we have that g (z; 00) = g5 (z; 00), Q= @\ E, and gg(z; 0o) extends
continuously to all C.

_ Fixe>0,andlet Uy = {z € C: g5(z; 00) < ¢}. This is an open set that contains
E where gg&(z; 00) = 0 identically. Since the set e is at most denumerable and all
its accumulation points are contained in E, it follows that e \ U, has at most a finite
number of points (or may be empty). Let {z1, ..., zn} be the set of such points (should
there be any). For each fixed k=1, ..., N,

|pi(zi)]? |pi(x)[?
o () < 5
I pi 113 I pilI3

1/1
limsup<|pl(zk)|) <1, k=1,...,N,
leA | prll2

since o (z;) > 0. Because of (44),

1Pl g \ !
lim sup(ﬂ) <exp(e).

do(x)=1.

Consequently,

leA Il pill2

This together with the previous inequality for zx, k =1, ..., N, immediately imply
that
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. Ipile !
lim sup <exp(e).
leA

I pell2

The arbitrariness of ¢ > 0 renders what we set out to prove. 0

The assumption that the points in e only accumulate on E is essential. If this was
not the case one could construct examples where (42) does not hold.

Proof of Theorem 1.5 We will prove |nj|th root asymptotics for the sequence
{Bn},n € A. Since §1,0)(z) #0,z€ C\ Al the statement of the theorem read-
ily follows with the same limit.

For definiteness, in reordering the components of a given n, let us take that unique
pair of permutations (A1, A2) such that for each i = 1, 2, whenever n; 3,y = ni ;%)
for some 0 < j <k <m;, then X;(j) < A;(k). By A(r1,X2) we denote the set of
all multi-indices in A whose components np, n,, are reordered decreasingly with A
and Aj, respectively. We are only interested in those A(A1, A2) containing an infinite
number of elements of A. Fix (A1, A7), and let

(S5.5%) = N G11@00 P15+ Py )s N (G121 055 01 -+ oy )

be the pair of Nikishin systems associated with A, by Theorems 1.3-1.4 with respect
to which B, is a multiple orthogonal linear form.
Set

mi ma
Pi=> pianw. J=0.....mi, Poj=Y pauw. J=0.....ma.
k=j k=j

Define the tri-diagonal matrix

P_y, P_
2 _Tomp i mmp+l e
P2, - 0 0
mez P—m2+l 2 P—mz-H P—m2+2
2 P—m2+1 - 2 v 0
P7m2+l P7m2+2 2
C= 0 ) P—m2+2 0 ’ (45)
0 0 0 P

The sub-indices of the entries c; x of C run from —m> — 1 to m| + 1.
Let M (E}) be the subclass of probability measures of M (Ey),

suppp,l, k=1,...,my,
k:
supp,o%k, k=—-mj,...,0.

Set
Mi=Mi(E_p,) X - X M(Ep,).
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Given a vector measure (b = (f—pm,, ..., Um;) € M1 and j € {—mp, ..., m1}, we
define the combined potential

mi
Whey = ) caVi), VR = / log dpr(y).

k=—my

1
lx — ¥l

Set

J= Y cin [ [ 10g =

]—m

i d () = / W () i (3).

From Propositions 4.1-4.5 in [42, Chapter 5], it follows that there exists a unique

vector measure L = (fl—pm,, - - ., ilm,;) € M such that
J() =inf{J () : p € My}, (46)
and that there exist constants wf ,Jj=—ma,...,mq, for which
< w’z X €supp i,
W“(x) 77 47)
>wl, xe€Ej\Aj, cap(4;)=0

for certain Borel sets A;. For any two vector measures u', u? € My such that
J(u") < oo, J(u?) < o0, straightforward calculations yield

J(,uz)—J(y,l):J(uz—u /W” (x)d })(x).

Jj=—m2

Since J(/,LZ — ,ul) > 0 for all ul,uz € M (see [42, Proposition 4.2]), and sets of
capacity zero are negligible for measures with finite energy, if u! satisfies (47) it
also satisfies (46). Thus, (46)—(47) are equivalent, and a measure verifying any one
of the two is unique (and so are the constants in (47)). f is called the equilibrium
vector measure, and wi = (w_mz, e w,’f“) the equilibrium vector constant, for the
logarithmic potential governed by the interaction matrix C on the system of compact
sets Ej, j =—my,...,mj.

From Lemma 5.1 we have that (S°, s! S2) € Reg and the supports of the generating
measures are quasi-regular. If A, is monic (see Definition 1.6), due to the way in
which By, is constructed (in particular, see (31) in the proof of Lemma 2.3 and the
proof of Theorem 1.4) it follows that by ;,,, is either plus or minus a, A my) Thus,

its leading coefficient is either 1 or —1; that is, except for a sign change, B, is monic
with the normalization imposed in [24, Theorem 5.1]. Following the proof of [24,
Theorem 5.1], but using Lemma 5.3 instead of [24, Lemma 5.1], one finds that

. _ B mi wﬁ,
lim [Ba(a)|'™ = eXp(Pl V() - PV —2 3 ﬁ)

neA(ry, A
(A1,22) =1
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KcC\(apua)),

where 1 = @(C) = (fl—my, ..., m,) is the equilibrium vector measure and
(a)ﬁmz, ey wﬁ,ﬁl) is the system of equilibrium constants for the vector potential prob-
lem determined by the interaction matrix C defined in (45) on the system of compact
sets Ej, j =—my,...,mj.

It is easy to see that the interaction matrix C does not depend on (A1, A2) and
that the compact sets E;, j = —my, ..., mp, for each fixed j, may differ only on a
(denumerable) set of capacity zero depending on A1, A2 (see proof of Lemma 5.1).
Therefore, the equilibrium measure and the equilibrium constant are uniquely deter-
mined for any A(A1, A2) containing infinitely many terms of A. Consequently,

mp
_ _ 1)
lim | An(2)|"™ =exp| PV ) — PV () —2) " =K ). K\ (ajual).
neA P Py
(48)
With this we conclude the proof. |

Remark 5.1 If we denote by Qn o the monic polynomial whose zeros are those of
Ap, under the assumptions of Theorem 1.5, we have (see [24, Theorem 4.2])

* lim = lo-
nEA/’LQn.O Ho

There are other linear forms related to .4, whose asymptotic zero distribution and
logarithmic asymptotic are described in terms of the other components of i and the
vector equilibrium constant. This allows us to give the logarithmic asymptotics of
the polynomials ay x as well. For a view of what can be expected, see [24, Sec-
tion 5]. These results can be used to give the exact rate of convergence of mixed type
Hermite—Padé approximants, see [24, Section 7] and [21, Theorem 7]. For example,
in case of type II approximation, under regularity of the generating measures and
quasi-regularity of their supports, the following limit exists:

1/2|n|

P, _
n.k , /CC(C\(Co(suppo())UCO(suppal)), k=0,...,m.

)

On

lim

S0k —
neA

Proof of Theorem 1.6 The existence of the limit claimed in Theorem 1.6 follows
directly from [24, Theorem 1.4], but to give an expression of the limit function, we
must introduce some notation.

Let A1, X2, and [ = (I1; [) be as given in Theorem 1.6. Consider the (m| + m, +
2)-sheeted Riemann surface

R= U Ri
k=—my—1

formed by the consecutively “glued” sheets

Romy1:=C\A_p,,

@ Springer



Constr Approx (2011) 34:297-356 353

Ri:=C\(AyUApy1), k=—-ma,....,m—1, Ry =C\ Ay,

where the upper and lower banks of the slits of two neighboring sheets are identified.
Define

(b= (7 032y @),
Let 1/f(l~ ) be a single-valued function defined on R onto the extended complex plane

satisfying

~ 1 ~
v (o) = QJr(9<—2>, z— 007D,
< 4

v D(2)=Crz+0(1), 7— 0™,

where C| and C, are nonzero constants. Since the genus of R is zero, w(l) exists and

is uniquely determined up to a multiplicative constant. Consider the branches of w(i)
corresponding to the different sheets k = —my — 1,...,mj of R:

A 7 et

Given an arbitrary function F(z) which has in a neighborhood of infinity a Laurent
expansion of the form F(z) = CzX + O(zF™1), C #£0, and k € Z, we write

F:=F/C.

Because of Theorem 1.4, Lemma 5.1, and the normalization adopted, the sequence
{Bn}, n € A, satisfies all the assumptions of [24, Theorem 6.8]. Consequently,

By (2)

AU
lim Bu(o) =C()Yy (2), lCC(C\(supp,o&Usupp,of),

where C(I) is a constant, which only depends on I and can be determined exactly (see
(69), (73), and (83) in [24]) in terms of the values of the branches of ¥ at co. Due

to the relation between B, and A,, we obtain
A (2)

im
neA An(z)

= C(i)l/;éi) (z), K cCC\ (suppoy UCo(suppoy)), (49)

since supp 001 = supp p(l) and Co(supp ,011) C Co(supp cr]l). g

Proof of Corollary 1.3 As in the proof of Theorem 1.5, for definiteness, in reordering
the components of a given n, let us take that unique pair of permutations (A1, A2)
such that for each i = 1,2, whenever n; j,(j) = n; ;) for some 0 < j <k <m;,
then A; (j) < A;j (k). By A(A1, A2), we denote the set of all multi-indices in A whose
components nj, ny, are reordered decreasingly with A and A;, respectively. We are
only interested in those A(A1, A2) containing an infinite number of elements of A.
Fix (A1, A2), and let

(5'.5%) = W 101005 21+ £ s N BLis @05 £1 -+ £my))
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be the pair of Nikishin systems associated with Ay by Theorems 1.3-1.4 with respect
to which B, is a multiple orthogonal linear form.

Let M be the least common multiple of m| + 1 and m, + 1, and define d; :=
M/(my + 1), d>» :== M/(my + 1). Within the class of pairs [ = (I1; ) with 0 <[j <
mi, 0 <[l <my, we distinguish the subclass

L:={(;:1r):ly =rmod (m; + 1), I =rmod (m3 + 1) for some 0 <r < M — 1}.

Itis easy to check that for different r, 0 <r < M — 1, the pairs (I, [>) in L are distinct.
Let p := (p1; p2), where p; = (d1,...,dy) and p> = (da, ..., d>) have m; + 1 and
my + 1 components, respectively. By n + p we denote the multi-index (n; 4+ p1; n2 +
p2); thatis, n+p =n.

Given n € A(A,A2) and 0 <r < M, let n(r) := n + q(r) where q(r) =
(q1(r); q2(r)) is the multi-index satisfying (q; (r) = (gi,0(r), ..., qim; (1)), i =1,2)

k+1 Jj=0,... 5 —1,

r=kim; +1)+s;, 0=<s <m;.

Hence, n(0) = n, n(M) = n + p = n. It is easy to see that for all r € {0, ..., M —
1}, the same Eall‘ (A1, A7) reorders the components of n(r) giving rise to the same
systems (S1 $2).
We have
An+P(Z) 1—[ An(r+1)(Z)
An(2) An(r)(Z)

Due to (49),

Aa(z)
neA()q ) An(z)

[T cOid@. kcC\ (suppog UCo(suppat)). (50)
(l1,h)eL

where [ = (I1; [2) is precisely the multi-index satisfying /{ = rmod (m; + 1), [, =
rmod (ma + 1), and [ = (I1; 1) = (A '(11); 45 (12)). The limit does not depend on
(A1, A2) because the set L= {(1;12) : (I1; o) € L} is the same for all (A1, A2). The
proof is complete. g

Remark 5.2 The linear forms associated with .4,, mentioned in the previous remark
also satisfy ratio asymptotics in the spirit of the results contained in [24, Sect. 6].
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