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Universal Bases and Greedy Algorithms for
Anisotropic Function Classes

V. N. Temlyakov

Abstract. We suggest a three-step strategy to find a good basis (dictionary) for non-
linear m-term approximation. The first step consists of solving an optimization problem
of finding a near best basis for a given function class F, when we optimize over a col-
lection D of bases (dictionaries). The second step is devoted to finding a universal basis
(dictionary) D, € D for a given pair (F, D) of collections: F of function classes and
D of bases (dictionaries). This means that D,, provides near optimal approximation for
each class F from a collection F. The third step deals with constructing a theoretical
algorithm that realizes near best m-term approximation with regard to D, for function
classes from F.

In this paper we work this strategy out in the model case of anisotropic function
classes and the set of orthogonal bases. The results are positive. We construct a natural
tensor—product—wavelet-type basis and prove that it is universal. Moreover, we prove
that a greedy algorithm realizes near best m-term approximation with regard to this
basis for all anisotropic function classes.

1. Introduction

In this paper we discuss a general approach of how to choose a good basis (dictionary)
for approximation. This approach consists of several steps. We have worked it out in
the case of multivariate anisotropic function classes. We concentrate here on nonlinear
approximation and compare realizations of this approach for linear and nonlinear ap-
proximations. The first step in this approach is an optimization problem. In both cases
(linear and nonlinear), we begin with a function class F in a given Banach space X with
anorm | - || :== || - llx. A classical example of the optimization problem in the linear case
is the problem of finding (estimating) the Kolmogorov width

m
dnu(F,X) := inf sup inf — CiQ;
m( ) Plaeees ©m ng Clyeres Cm f j; J¢J

This concept allows us to choose among various Chebyshev methods (best approx-
imation) having the same dimension of the approximating subspace, the one which
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has the best accuracy. The asymptotic behavior (in the sense of order) of the sequence
{dm(F, X)}32_, is known for a number of function classes and Banach spaces. It turns out
that in many cases, for instance, in the case where F = W; is a standard Sobolev class
and X = L, the optimal (in the sense of order) m-dimensional subspaces can be formed
as subspaces spanned by m elements from one orthogonal system. We describe this for
the multivariate periodic Holder—Nikol’skii classes N Hf. We define these classes in
the following way. The class NHqR, R=(Ry,....,R;)and 1 < g < o0, is the set of
periodic functions f € L, ([0, 271%) such that foreach [; = [Ril+1,j=1,...,d,the
following relations hold

L. . .
(1.1) Ifll, <1, HA flp <1, j=1,...,4d,

where A’ is the Ith difference with step 7 in the variable x;. Inthe cased = 1, NHf
coincides with the standard Holder class HqR. It is known (see, for instance, [13]) that

(1.2) dn(NHE, L)) < m™8®, 1<gq < oo,

where

4 -1
g(R) = (Z Rj‘l) i
j=1

Itis also known that the subspaces of trigonometric polynomials 7 (R, I) with frequencies
k satisfying the inequalities

oyl < 28®UR =1,

can be chosen to realize (1.2). In this case / is set to be the largest satisfying inequality
dim 7 (R, ) < m. We stress here that optimal (in the sense of order) subspaces 7 (R, {)
are different for different R and formed from the same (trigonometric) system.

A nonlinear analog of the Kolmogorov m-width setting was discussed in [15]. In
[15] we replace the Chebyshev method of best approximation from a linear subspace
of dimension m by best m-term approximation with regard to a given orthogonal basis
and optimize over all orthogonal bases. Thus, in the nonlinear case we formulate an
optimization problem in a Banach space X for a pair of function class F and collection
D of bases (dictionaries) D:

Um(f, D)X =

8i€D,ci=1,...m

om(F,D)x = supon(f, D)x,
feF

om(F,D)x = gg)am(F,D)x-

X

m
=Y cegi
i=1

In this paper we consider only the case D = O—the set of all orthogonal bases on a
given domain. In Section 3 we prove that

(1.3) om(NHE,0)r, < m™8®
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for
l<g<oo, 2<p<oo, 8(R)y > (1/qg — 1/p)+.

It is interesting to remark that we cannot prove anything like (1.3) for L, with p < 2.
We proved (see [6]) that there exists & € O such that for any f € L,(0, 1) we have
o1(f, ®)1, = 0. The proof from [6] also works for L,, p < 2, instead of L;. The
following remark has been made in [15].

Remark 1.1. For any 1 < p < 2 there exists a complete in the system L,(0, 1)
orthonormal system & such that for each f € L,(0, 1) we have o1(f, )., = 0.

This remark means that to obtain nontrivial lower bounds for o, (f, ®)L,, P < 2, we
need to impose additional restrictions on ® € O.

It is important to remark that the basis U¢ studied in [15] realizes (1.3) for all R (see
the definition of U¢ in Section 3). We introduce the following definition of a universal
dictionary:

Definition 1.1. Let two collections F (of function classes) and D (of dictionaries) be
given. We say that D € D is universal for the pair (¥, D) if there exists a constant C
which may depend only on F, D, and X such that for any F € F we have

om(F,D)x < Copn(F,D)x.

This is a new concept in nonlinear approximation. The following observation motivates
our interest in this setting. In practice we often do not know the exact smoothness class
F where our input function (signal, image) comes from. Instead, we often know that our
function comes from a class of certain structure, for instance, an anisotropic Sobolev
class. This is exactly the situation we are dealing with in the universal dictionary setting.
So, if for a collection F there exists a universal dictionary D, € D, it is an ideal
situation. We can use this universal dictionary D, in all cases and we know that it adjusts
automatically to the best smoothness class F € F which contains a function under
approximation. Next, if a pair (F, D) does not allow a universal dictionary we have a
trade-off between universality and accuracy.

The second step in our approach is to look for a universal basis (dictionary) for
approximation. The above-mentioned result on the basis U4 means that U? is universal
for the pair (F,([A, B]), O) and the space X = L,([0, 2]¢) for A, B € Z4 such that
g(A) > /g —1/p)+,1 <g < 00,2 < p < 00, where

Fy((A,Bl):={NH]:0<A; <R;j<Bj<o0,j=1,...,d}.
It is interesting to compare this result on a universal basis in nonlinear approximation
with the corresponding result in the linear setting. We define the index « (m, F, X) of

universality for a collection JF with respect to the Kolmogorov width in X:

k(m,F,X):=L(m,F,X)/m,



532 V. N. Temlyakov

where L(m, F, X) is the smallest number among those L for which there is a system of
functions {(pi}{“zl such that for each F € F we have

L
f=> co

i=1

sup inf < dn(F, X).

fEF Clyeesy Cr

It is proved in [12] (see also [13, Ch. 3, S.5]) that forany A, B € Z‘i suchthat B; > Aj,
j=1,...,d, wehave

(1.4) i (m, Fy([A, B), L,) < (logm)?~*, 1<p<oo.

The estimate (1.4) implies that there is no Chebyshev methods universal for a nontrivial
collection of anisotropic function classes. Thus, from the point of view of the existence
of universal methods the nonlinear setting has an advantage over the linear setting.

After two steps of realizing our approach in the nonlinear approximation we get a
universal dictionary D, for a collection of function classes F, say, U¢ for F,([A, B]).
This means that the dictionary D, is well-designed for best m-term approximation of
functions from function classes in the given collection. The third step is to find an
algorithm (theoretical first) to realize best (near best) m-term approximation with regard
to D,. It turns out that in the model case of 7, ([A, B1) and the basis U 9 there is a simple
algorithm which realizes near best m-term approximation for classes N H, qR. This is a
thresholding or greedy-type algorithm. We give the definition of a greedy algorithm for
a general basis. Let ¥ := {4}, be a basis for X. Represent f € X in the form

=) alf, ¥)
k=1

Then [lci (f, Y)Yl = 0 as k & 0o. We enumerate the summands in decreasing order

"Clq (f’ "Il)wk]" = "Ckz(f7 \Il)wkz " >

and define the mth greedy approximant as
m
Gr(fi W) =) i, (f, W)V,
i=1

We prove in Sections 2 and 3 that (1.3) can be realized by the greedy algorithm
GiF (f, U%). Namely,

(1.5) sup IIf = G’ (f, U, x m™8®),
feNHF

for 1<gq,p<oo, g(R)>(/q—1/p);.

In this paper we realize three steps of our approach in the model case of periodic
anisotropic function classes N HqR. However, we present the results in sufficiently general
form to include wavelet-type bases.
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Section 4 is devoted to one more good property of the basis U¢. We prove there that a
soft thresholding algorithm with regard to an unconditional basis is a mapping from the
Lipschitz class.

Let us agree to denote by C various positive absolute constants and by C, with ar-
guments or indexes (C(q, p), C,, and so on), positive numbers which depend on the
arguments indicated. For two nonnegative sequences a = {a,}32 | and b = {b,}2, the
relation (order inequality) a, < b, means that there is a number C (a, b) such that for all
n we have a, < C(a, b)b,; and the relation a, < b, means that a, <« b, and b, < a,.
The sign « will be used for the sake of brevity in estimates of the various characteristics
of functions.

2. The Upper Estimates for Anisotropic Function Classes

We consider in this section a basis ¥ := {Y;};cp, enumerated by dyadic intervals / of
[0,1¢4,I=1 x---x 14, I; is a dyadic interval of [0, 1], j = 1, ..., d, which satisfies
certain properties (see (2.1)«(2.4) below). Let L, := L,(R2), @ = [0, 114, T¢, and alike
with normalized Lebesgue measure on £2, |€2| = 1. First of all we assume that for all
1 <gq,p <oo,and I € D, D := D([0, 1]%) is the set of all dyadic intervals of [0, 1}¢,
we have

2.1 1rllp < N llg 1117714,
with constants independent of /. This property can be easily checked for a given basis.

Next, assume that for any s = (s, ..., s7) € Z¢, 5;>0,j=1,...,d, and any {c;}
we have, for 1 < p < o0,

p
2.2) STav| <Y eyl
leD; ) leD;

where

Dy:={I=hLx---xI;eD:|j|=2"%j=1,...,d}.

This assumption allows us to estimate the L,-norm of a dyadic block in terms of the
coefficients {c; },¢p,-

The third assumption is that W is a basis satisfying the Littlewood—Paley inequality.
This means the following. Let 1 < p < oo and f € L, has an expansion

f= Z Jivr.
7
We assume that
(2.3) _lim f- fivn | =6,
min; gi;— 00 sjsujg.—_-:l,....d Iezl):s P
and

2)1/2

2.4) £, = v ( >

5

Zfﬂ/fl

IeD;

14
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Let u € Z¢, ni >0,j=1,...,d. Denote by ¥(u) the subspace of polynomials of the

form
v= > > v

8, <44, j=1,....d I€D;

Our primary goal is to study the wavelet and wavelet-type bases W. The above-described
framework of studying bases satisfying (2.1)-(2.4) should be considered as a convenient
way to work simultaneously with wavelet bases and also bases like the basis U defined
below (see Section 3) that is a wavelet-type basis. We begin studying the approximative
properties of W satisfying (2.1)—~(2.4) by two lemmas.

Lemma 2.1. Letl < g < p < 00. Then forany f € V() and h > 0 we have
(2.5) #HI: | fivellp, = B} K "f”zh—qZ(l—q/p)llth’

with a constant independent of f, h, j4.

Proof. Denote

A(f, b)) =A{1 : | fivill, = B}, N(f, h) :=#A(f, h),
and
A (f,h):= A(f,R)ND,,  Ny(f,h) := #A,(f, h).
We estimate first N(f, h). Denote

§(F) =) fivn.

IeD;
By (2.2) and (2.1) we have
q
18:CHIZ = | D frv| =< D Ufival2
leD; q IeD;
> 3 MAvE> Y frylg2e@/r Dk
IeAs;(f.h) IeA(f,h)
> hQZ(Q/P—l)IISths(f, h).
Thus,
2.6) Ns(f, h) < 118:(F)I1Zh=920=a/Plsh

In order to derive the estimate (2.5) from (2.6) we need the following two inequalities:

1/p: 1/pu
@.7) (Z ||5s(f)llf,”) < £l < (Z 18:(f) ||;,’")

with p; := max(2, p) and p, := min(2, p).

The relation (2.7) is a corollary of the Littlewood—Paley inequalities (2.4) and the
following known inequalities (see, for instance, [8, p. 73]). We will give a proof of these
useful inequalities for completeness. ]
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Lemma 2.2. For any finite collection { f;} of functions in L,,, 1 < p < 00, we have

1/p 1/2 1/ pu
(Z umng) < (E lfsl2> < (Zj Ilfsll},’") :
s 5 P 5

Proof. We prove first the upper estimate. For p = oo it is obvious. Let 2 < p < o0,

then
172 1/2 1/2 1/2
(sz) < (Z |||fs|2||p/2) = (}: ILfs ||,2,) :

p/2
Letnow 1 < p < 2. Then

(=) | - (L))"
g (fgz;wp)w _ (2 llfsll,’i)

We proceed now to the lower estimate. Again for p = ocitis obvious. Let2 < p < 0.

Then we have
1/2 1/p i/p
(Zlfslz) > (Zuw) (lefsll,’,’) :

t/p

dOIfP

p

i/p

14 P

For 1 < p <2, we have

WA o3 = { fg Ifsl”}
byp

1/p 1/2
< (/Q ||{m|l’}||lz,,,) =“ (ij)

Lemma 2.2 is now proved. [ ]

p

We return to the proof of Lemma 2.1. Using (2.6) and (2.7) we obtain, in the case
q <2,

N(f,B) = Y N(fih) =D _ Ny(f, hy2~-9/Plshigl=a/plsli

S=p s<p
q/q 1-q/q
< (N (f, h)2‘(1"‘1/P)"5"1)ql/q) ( 2(1—q/P)IISII1(l—q/q:)")
q/a
& h (Z ||3:(f)||3') 20-a/pPlally o p—a "fuzz(l—q/p)llulh.
s<p
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In the case 2 < g < 00, we similarly obtain

N(f,h) < (Z N.(f, h)z—(l—q/p)llsm) 2(~q/p)ul

s<p

&« h (Z 185 () "g) 20=a/P)lull: & p—a ”fugz(l—q/p)llulh.

s<p

This completes the proof of Lemma 2.1. [ ]

Denote by 7,7 the thresholding mapping:

TP = Y, fivr

LN frdllp=h
Lemma 2.3. Letl < g < p < 00. Then for each f € V(i) we have

Nf - Thp(f)”P & hl—q/p("f"qz(l/q—l/p)lmul)q/p_

Proof. We estimate first i8,(f — 7,7 (f))|l,. We have

18, (F = TZGME < 3 WfvilE kP2 3 vl

IGD:\A,(f,h) IeD;

&« hP4 Z I fivr uzz(l—q/p)llﬂh &L hP—1 ||3s(f)"32(1—q/p)llsu1_
IeDy

Therefore,

(2.8) 18:(f = T (PN Np < B2 (I18:(f) | g20/47 1/ PVslIyarp,

Next, using the Holder inequality with a parameter pg,;/p.q, we get from (2.7) and (2.8)
that

1/pu
If = T2 Ol < (Z 18:(f — T;,"(f))ll,’,’")

s<p

1/pu
& hlmalp (Z 18, () nzpu/pz(l/q—l/p)llslllqpu/p)

s<p

q/(pa)
&« hima/p (E 185 () "3:) (2W/a=1/P)luliya/p

s<p

& hl—q/p("f"q2(1/q—1/p)llu||1)q/p_

This completes the proof of Lemma 2.3. u
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Remark 2.1. Let 2 > 0 be given. Denote

AT, R =\ fivnlp = h}.

Take any subset Y € A=(f, h) and denote

Tyy(f) = Z frvr.

Te A(f.W\Y

It is not difficult to see that Lemma 2.3 holds with T;? replaced by T,/ with any ¥ C
A=(f, h) and the constant in the estimate does not depend on Y.

We now define a function class. Let R = (Ry, ..., Rz), Rj > 0,j=1,...,d,and as
above

d -1
g(R) := (Z R;l) .
j=1

For natural numbers ! denote
W(R, 1) := T (u), K = [g(R)/R;], Jj=1...,d.

We define the class H(f (W) as the set of functions f € L, representable in the form

o
f= Ztl, n e V(R D), lall, < 278®,
I=1

and denote
HF(W)C :={f : f/C € H}(¥)}.

Theorem 2.1. Let1 < g, p < oo and g(R) > (1/q — 1/p)+. Then for ¥ satisfying
(2.1)-(2.4) we have

sup |If — G2 (f, W), K m¢P.
feHF (W)

Proof. We need some simple properties of the expansions of functions in H‘f(\ll).
Denote

SR, D) : 5 (),

5 <[g(R)/R;}.j=1,...d
Sri = S(,R,I+1)-S(f,R,]).

il

It is easy to derive from the definition of HX(¥) that

29 If —S(f. R DIy «278® and | frully < 278®%
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We consider first the case g < p. Take 2 > 0 and specify n such that

2—+DE@®+1/p) . f < 2~ MeR)+1/P)
Then, for a function f € HX(¥) by (2.9) and Lemma 2.1, we obtain
g

(2.10) HI: N fryll, = b} K20+ h™0 ) 27sRa+0=a/pl g,

I=n
We now estimate the L,-norm of

fo = f =T (f).
We have

211 N fully < US(fa, R, ), + Z IS(fo, R, 1+ 1) — S(fa, R, Dllp-

I>n
By (2.9) and Lemma 2.3 we get
212) IS, RI+1) = S(fi R, Dl < BI79/P2CE®IFA=YPbale,

For S(fu, R, n) we have

(2.13) ISCfn, R, < > 185 (i)l
si<lg(RIn/R;), j=1,....d
4 Z R2lsli/p g ponip,

5, <[g(RIn/R;), j=1,....d
Combining (2.12) and (2.13) we get, from (2.11),
(2.14) I fall, < 278",
Taking into account (2.10) and Remark 2.1 we obtain from here the estimate in Theo-

rem 2.1 for g < p. It is clear this implies the general case 1 < g, p < 00. n

3. Approximation of Anisotropic Holder—Nikol’skii Classes

Here we study m-term approximation in the L,-norm of functions from classes N HqR

with regard to the basis U4 := U x --- x U.
We define the system U := {U;} in the univariate case. Denote

2"~-1 &2 — 1
Uf(x) := Ze””‘:—.-——, n=0,12,...,
=0

er —1
Uf ) = 2 Uf(x —27k2™"),  k=0,1,...,2" -1,
U ) == e 25U (—x +27k27"), k=0,1,...,2" 1.
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It will be more convenient for us to normalize in L the system of functions {U,} ;. U, ;}
and enumerate it by dyadic intervals. We write

Ui(x) := 27205 (x)  with I =[k+ 27", (k+1)27"),
Up(x) := 272U (x)  with I =[k27", (k+ 127,

and
Up,n(x) :=1.
Denote
Dfi={I:1=[(k+127", (+1)27"),k=0,1,...,2" -1}
and

Dy = {I:1=[k2" (k+1/227"),k=0,1,...,2" — 1},
Do :=[0,1), D:=|JDFuD;)U Dy

n>0

It is easy to check that for any I, J € D, I # J, we have
2 _
(U, Uy) = (271)—1/ U;x)Uj(x)dx =0,
0

and
;13 = 1.

We use the notations, for f € L,

27 2r
fi={fU)=@m)" fo Fx)Up(x)dx, fk) == @m)™! fo fx)e * dx,

and
2s+1_1 . i —25 . ) .
= Fle™, s (= Y, FwE, () = F0).
k=2¢ k=—25+141

Then, for each s and f € L, we have

SFH =Y AU 5H=Y_ fill, &)= fon-

IeD} IeD]

Moreover, the following analog of Marcinkiewicz’s theorem holds

3.1) IBECHIZ = S IAUNE 157 OHOIE =< Y 1A UL,

1D} IeD;
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for 1 < p < oo with constants depending only on p. We note that (3.1) and the
boundedness of operators 8}, 5", as operators from L into L,,, 1 < p < oo, imply

BHH+&OIE = D IAUIE,

IeD}uDy;

that is the property (2.2) from Section 2. Indeed, we have on the one hand {67 (f) +
8- (Nl < 18F O, + 187 (NI, and, on the other hand, we have

18 (OMp = 185G () + 87 (NN < CollsT () + 87 (Nl

and the same inequality for ||, (f)||, that gives the lower estimate.
We remark that

(3.2 WU, = 11]1/P712, l<p=<oo,
which implies, forany 1 < g, p < 00,

(3.3) U, < U g 12117714,

This relation gives the property (2.1) from Section 2. In the multivariate case of x =
(x1, - . ., x4) we define the system U¥ as the tensor product of the univariate systems U.
LetlI=1I; x--- de,lj eD,j= 1,...,d, then

d
Ur(x) := [ Uy, ().
j=1

Fors = (s1,...,sqg)and e = (gy,...,&4) withg; =+ or —if s; > Oand g =+, — or
0if s; = 0 denote

Df={l:I=5Lx---xI;[je€D,Dy:=Dg,j=1,...,d}.

It is easy to see that (3.2) and (3.3) are also true in the multivariate case. It is not difficult
to derive from (3.1) that for any & we have

ISSCOHIE =< Y 1AUE,

IeD!

and
p

< Y IAUME,  1<p<oo,
p TeU,Df

(3.4)

PIAC)
&
with constants depending only on p and d. Here we denote

(=) flhe®,

kep(s,e)

where

(5,8) = &1[2%, 2 — 1) x -+ x gg[2%, 29%1 — 1),
P
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The convergence

3.5) lim

min; p; =00

- ) d;5f(f)

Sj<pj,j=1,...,

P

=0, 1< p<oo,
and the Littlewood-Paley inequalities
2\ 1/2
(zlze0| )
s €

are well-known. Thus U¥ satisfies the properties (2.1)—(2.4) from Section 2.
Denote, for given R and n,

R — _
E; (f)p = te’}’?£,n) Lf—tllp,

(3.6) Il =

14

where the trigonometric subspaces 7 (R, n) are defined in Section 1. It is known (see
[13,Ch. 2, S.3]) that for f € NHqR we have

€X) ER(f), < 278Pm,
This implies that, for some C > 0, we have
NHF c HRWU*C :={f: f/C e H}U").
Therefore, Theorem 2.1 gives
Theorem 3.1. Letl < g, p < oo; then for R suchthat g(R) > (1/q —1/p)4 we have

sup |If — Gn?(f, U, €« m™3P,
FeNH}

We now discuss a question of what other systems W satisfying (2.1)—(2.4) are also good
for approximating the classes N HqR . The following lemma combined with Theorem 2.1
gives a sufficient condition.

Lemma3.l. LetR = (R;,...,R;) € Z%,and let 1 < q < o0 be given, and let A
be a number suchthat A > R;, j = 1, ..., d. Assume that a basis ® := {¢1}1epqo,11)
of functions on a single variable has the following approximative property. For any
0 < r < A we have

E,(H], ®)4 := sup inf K27,

C,
feH; 1

=2 ap

=2

Then for &¢ := ® x - -- x ® we have

& Z‘S(R)n
q

ER(NHR,(Dd)q := sup inf
" feNHE ¢

f- Z crer

|12~ Bk =1, .d
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and, for some constant C,

NHF c H}(®)C.
Proof. We get from (3.7) that each f € N HqR has a representation
(2]
(3.8) f=Y 0 neT®RD, |l K275®"
I=1

We study first the multivariate analogs of approximation of functions on a single variable.
Fix 1 < j < d and define

Enj(f,®)q = inf |f0) = 3 erxei(x)

[{=2-"

q

where X7/ := (X1, ..., Xj—1, Xjt1s - - - 5 Xd)-
For any trigonometric polynomial ¢t € 7 (R, I), we can estimate E, ;(t, ®), using the
following two arguments. The first one is trivial

(39) En,j(tr cb)q = "t"q
The second one uses the Bernstein inequality: for any x/ we have
(3.10) §DL1C, 27l < ClieC, x9) 25 ®VR:,

where the L,-norm is taken only in the variable x;. The inequality (3.10) implies that
for any x/ we have

1, x7) € H;C'28®Ri|Ie (-, x|l
and, therefore, for ) < r < A we obtain, by our assumption, that
(3.11) E, j(t, @), < 27CROVR=m g

We now take f € N HJ and prove that

E,;(f, &), <278,

We choose a number r such that R; < r < A and use the representation (3.8). Applying
@B.11)for! < L :=nR;/g(R) and (3.9) for/ > L we obtain

B.12)  Enj(f, @)y & Y 27 m2sWERTINL Y Tl o7k,
I<L I>L

We now use the following inequality

d
(3.13) EF(f, M < C(p.d) Y Eqtrma, i (f, ®)g,
j=1
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which is an analog of Bernstein’s theorem (see [1] and also [9], [16], [11]). We prove
here Theorem 3.2 that is a more general inequality than (3.13). The inequality (3.13)
combined with (3.12) implies for f € NHJ that

ER(f, 0%, « 278Pm,

This completes the proof of Lemma 3.1. |

‘We now prove an analog of the Bernstein theorem mentioned above. Let X be a Banach
space and let W be a basis for X. For a given set G of indices denote

f=> cn

Ecg(fix = Cilr,lef
v ieG

G

X

Consider a projector S which maps a function f € X to

Sa(f) =) ()i where f=3 ci(fHvr.

ieG
If G is finite then the operator Sg is a bounded operator from X onto
X6 = {¥ilieG-
In the case of infinite G we define
X :=span{yi }iec

and assume that G is such that the operator Sg is a bounded operator from X onto Xg.
In the case of the unconditional basis ¥ the operator S¢ is bounded for all G with the
norm bound independent of G.

Theorem 3.2. Let two sets Gy and G5 of indices be such that
(3.149) IS, lix»x < B, Jj=12.
Denote G := G N G,. Then for any f € X we have

Ec(f)x < 5(B+ 1D*(Eg,(f)x + Ec,(f)x)-

Proof. We estimate || f — Sg(f)|lx- Let us represent

Sc(f) = S, (f) — SenG, ()

and estimate

(3.15) If = Sc(DNx < If — S, (DHlx + 1Se1\6. (N llx-
By the assumption (3.14) we get

(3.16) If = Se,(NHlx = (B+ DEg,()x-
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Next, we have
(3.17) 1Se\G,(H)lix < B(B+ 1)Eg,(f)x.
Combining (3.16) and (3.17) we obtain, from (3.15),

(3.18) If = Se(Hlix < (B + D(Eg,(f)x + BEg,(f)x).

Changing the roles of G; and G, we get in the same way

(3.19) If = Se(HHllx < (B+INBEg,(fix + Ec,(f)x)-
Adding (3.18) and (3.19) we obtain the required inequality. [ |

We now prove the lower estimates in best m-term approximation. These proofs are
similar to the corresponding ones from [15, S.4].

Theorem 3.3. Let1 < g, p < 00. Then for R such that g(R) > (1/q — 1/p); we
have

om(NHE, U%), 3> m~5®

Proof. We need a concept of the entropy numbers. For a bounded set F in a Banach
space X we denote, for integer m,

2’"
Em(F, X) :=inf{£:§lf1,...,f2m ex:FclJ +£B(X))],

j=1

where B(X) is the unit ball of Banach space X and Ji + €B(X) is the ball of radius ¢
with the center at f;.
In this proof we use the following estimates:

(320)  en(NHF, Lp)<xm=s®, 1<gq,p,<00, g(R)>(1/g—1/p),.

These estimates should be considered known and can be derived, for instance, from the
finite-demensional results (see [10]) by the standard arguments of discretization. The
estimates (3.20) will be used in the general method which, roughly speaking, states that
m-term approximations with regard to any reasonable basis are bounded from below by
the entropy numbers. We now formulate one result from [14, see Th. 4 withb = 0]. H

Assume that a system ¥ := {y; }f.il of elements in X satisfies the condition:

(VP) There exist three positive constants A;, i = 1,2,3, and a sequence {n;}2,,
eyl < Ang, k = 1,2, .., such that there is a sequence of the de la Vallée-
Poussin-type operators V; with the properties

VW) = AWy, My =lforj=1,...,m,
A‘k']
(3.21) Vil x—x

Ofor j > Ayng,
As, k=1,2,....

1A
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Theorem 3.4, Assume that for some a > 0 we have
em(F, X) 2 Cim™, m=23,....

Then if a system \V satisfies condition (VP) and also satisfies the following condition:

f=> ey
j=t

<Cn?, n=12,...,
x

.....

we have
om(F, W)y > m™°,

We use this theorem with W = U¢ and X = L,. As a sequence of operators V, we
take

Va(f) = > f1Ur

1227 ®/R 1, d

2. 28U
d €

528 OE _p j=1,.,

It is well-known that, for any 1 < p < o0,
VallL,—L, < C(p,d).

The relation (3.22) follows from (3.7). Thus, Theorem 3.3 follows from Theorem 3.4
and the estimates (3.20).

Theorem 3.5. For any orthogonal basis ® we have, for R such that g(R) > (1/q —
%)-}—9
om(NHE, ®); > m=8®, 1<g <oo.

Proof. The proof of this theorem is similar to the univariate case (see [5]). We shall not
carry it out here and formulate only the key lemma of the proof (see [5, Corollary 2]). R

Lemma 3.2. There exists an absolute constant Cy > O such that for any orthonormal
basis ® and any N -dimensional cube

N
By(¥) = { ajvi,lajl <1,j=1,...,N; ¥ := {1//,-}11-“’=1 an orthonormalsystem]
j=1

we have
om(By, ®)2 > 3N/
ifm < CoN.
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4. Soft Thresholding Is a Lipschitz Mapping

In this section we assume that a basis ¥ = {yx};2; is an unconditional normalized
el =1,k =1,2,...)basis for X.

Definition 4.1. A basis ¥ = {y};2, of a Banach space X is said to be unconditional

if for every choice of signs 6 = {6;}2,, 6 = 1 or —1,k = 1,2, .. ., the linear operator
Mg, defined by

M, (iak'/fk) = abivn,
k=1 k=1

is a bounded operator from X into X.
The uniform boundedness principle implies that the unconditional constant

K =KX, ¥):= Sl;p | Mol

is finite.
The following theorem is a well-known fact about unconditional bases (see [8, p. 19]).

Theorem 4.1. Let \V be an unconditional basis for X . Then for every choice of bounded
scalars {A¢}32 |, we have

o0 [0 ]
Z Arar Yy Z arY
=1 k=1

(in the case of a real Banach space X we can take K instead of 2K).

< 2K sup |Agf
k

In the numerical implementation of nonlinear m-term approximation one usually
prefers to employ the strategy known as thresholding (see [2, S.7.8]) instead of a greedy
algorithm. We define and study here the soft thresholding. Let a real function v(x) defined
for x > 0 satisfy the following relations:

@1 1 forx >1,
' @ =10 for0 <x < 1,
4.2) lvx)| < A, x €[0,1],

there is a constant C;, such that for any x, y € [0, 00) we have
4.3) [v(x) —v(¥)| < CLlx —yl.

Let

=l
k=1
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We define a soft thresholding mapping 7;,, as follows. Take ¢ > 0 and set
Teo(f) = Y v(lck(HI/E)ex(F) V-

k

Theorem 4.1 implies that

4.4 ITe.. (NI < 2K Al £l

We now prove that the mapping T , satisfies the Lipschitz condition with a constant
independent of &.

Theorem 4.2. For any & and any functions f, g € X, we have
ITeo(f) — Tew(@ < BA+2CL2K I f — 2l
Proof. Let e > 0 be fixed. We use for simplicity the following abbreviated notations:

v (f) = v(lee(H)I/8), e (g) := v(lck(g)]/8).
Then we have

4.5) Tew(f) —Ten(g) = Z(Ck(f)vk(f) — ce(8)ve(8)) ¥

k

=Y (a(f) = @)l )Y
k
+ 3 (@@ f) — m(@) Y = Ty + Ta.
k

For the first sum we have, by Theorem 4.1,

(4.6) IZ11 < 2K [{ve (N I f — gl < 2K ALLf — gl

In order to estimate the second sum, we introduce the set

Ag, &) =1k :lc(g)| = ¢}

and write
o= Y a@@lf) —u@)Vet+ Y. c@@(f) = ve(@)¥e = 5+ T}
keA(g,€) kgA(g.e)

Let us first estimate X7, We have

lex (@) (Wi (f) — v (@) < eCLllee (N — lex(@)l/e < CLiex(f) — ()]

We get from here, by Theorem 4.1,

4.7 IZ31 <2KC.If -2l
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We proceed to estimating X;. Represent I in the form

D= Y a@wd) - @)

keA(g.e)NA(f.e)

+ ) a@@df) —u@)r =T, + I,

keA(g.e)\A(S.€)

For k in the first sum we have from the definition of v that vy (f) = v;(g) = 1 and thus
T3 1 = 0. Let us now estimate the following sum:

= Z k() (f) — ve(@) Y.

keA(g.e)\A(f.€)

Similarly to T/ we get

4.8) Iz <2KC.lf — gl
Next, we have
4.9) IZ; -2l = Z (cx(8) — ek (N (f) — ve(@)) ¥
keA(g.e\A(f.8)
< 2K2A|f - ¢l
Combining the estimates (4.5)-(4.9), we complete the proof of Theorem 4.2. ]

Theorem 4.2 provides a way of constructing greedy-type algorithms which have the
Lipschitz property. For instance, one can use a soft thresholding algorithm with regard to
U* to approximate functions from classes N HqR and also from classes MW’ and M H;
with a bounded mixed derivative or difference (see [15]). A problem of constructing
a continuous mapping in m-term approximation was discussed in [4]. The following
remarks will be useful in this regard:

(1) The system U is an unconditional basis for Ly, 1 < p <o0.See[l7]ford = 1.
The general case d > 1 follows from the case d = 1 by standard arguments (see,
for instance, [3]).

(2) Denote by T the thresholding algorithm, i.e., T; := T, , withu(x) = 1forx > 1
and u(x) = O otherwise. Then by Theorem 4.1 we have

(4.10) If = oD < 2K AN f — T(DIl.

Thus, if we have upper estimates for a thresholding algorithm 7, (a greedy algo-
rithm), then we can derive from them the corresponding upper estimates for the
soft thresholding algorithm.

In [7] we studied the concept of a greedy basis, i.e., a basis W such that foreach f € X
we have

If = Gm(f, W) < Gom(f, W), m=12,...,
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with a constant G independent of f and m. Denote

m(f, ) :=#k: e ()] = €}
Then (4.10) implies that if ¥ is a greedy basis, we have, for each f € X,

4.11) If = Tew(ON < Gomipe (f. V).

We note here that (4.11) implies that W is a greedy basis. The proof of this statement
uses the arguments from [7] and can be carried out as follows. We have proved in [7]
(see Theorem 1) that W is greedy if and only if ¥ is unconditional and democratic.

Definition 4.2. We say that a basis ¥ = {y}32, is a democratic basis if, for any two
finite sets of indices P and Q with the same cardinality #P = #Q, we have

S w| <D

keP keQ

with a constant D ;= D(X, V) independent of P and Q.

Using the arguments from [7], which were used to prove that a greedy basis is un-
conditional and democratic, we prove that (4.11) implies that ¥ is unconditional and
democratic. It remains to apply Theorem 1 from [7] to complete the proof. ]
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