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Exponential Asymptotics of the Mittag—Leffler Function

R. Wong and Yu-Qiu Zhao

Abstract. The Stokes lines/curves are identified for the Mittag—Leffler function

o0
Zn
Eop(2) = X(; 71"(001 s Re o > 0.
e

When « is not real, it is found that the Stokes curves are spirals. Away from the Stokes
lines/curves, exponentially improved uniform asymptotic expansions are obtained. Near
the Stokes lines/curves, Berry-type smooth transitions are achieved via the use of the
complementary error function.

1. Introduction

The Mittag—Leffler function E, (z) is defined by the Taylor series

oo n

Z
(].1) EQ(Z)Z;W, o > 0.

For a > 0, E,(z) is an entire function of order 1 /. Forx > 0and 0 < o < 1, Ey(—x)
is a completely monotonic function, i.e.,
d"E,(—x) -

dx" -
For « > 2, E,(z) has infinitely many zeros on the negative real axis and no other
zeros. For these and many other properties of this function, we refer to Erdélyi et al. [5,
pp. 206-211].

A function which closely resembles E, (z) is the entire function

(1.2) (=" 0, n=012,....

(o] n

Z
1.3 E,5(z) = _ Re o > 0.
(1) #@ ;F(om+/3)
In [9], E. M. Wright used E, g(z) as the basis function to investigate the asymptotic
behavior of a class of entire functions. The asymptotic expansion of the function E g(z)
is given in the following theorem; see [9, p. 437] or [5, p. 210].
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Theorem 1.1. [f0 <o < %n, then for z # 0 and any integer N > 1:

-1 —n

_ l 1-B 7, 2 -N
(1.4) Eap@)=—3 2Pt =} r G —am F O

K n=1
where Zj is defined by

(15) Zx = Zl/(erJ'tis/oz — e(l/tx)(logz+2ﬂ.vi)

and the first summation is over all those integers s satisfying
(1.6) larg Z,| < im + 0.

Inrecent years, significant developments have occurred in the general theory of asymp-
totic expansions. These developments include Berry’s interpretation of the Stokes phe-
nomenon [2], Olver’s notion of the uniform exponentially improved asymptotic expan-
sion [6], and the Berry and Howls theory of hyperasymptotics [3]. All these new concepts
form what is now known as exponential asymptotics. From (1.5) and (1.6), it is readily
seen that the result in (1.4) is sector-dependent. As arg z varies, some of the exponen-
tial terms in the first sum on the right-hand side of (1.4) are suddenly switched off or
switched on. This abrupt change in behavior motivated us to reinvestigate the asymptotic
expansion of the entire function E, g(z) with new views from exponential asymptotics
in mind.

The arrangement of this paper is as follows. In Section 2 we restrict ourselves to
the case when « is real. The analysis here is now almost standard. Except for some
special cases when « is a positive integer, there are two Stokes lines in the cut plane
|arg z| < m. Near the Stokes lines, smoothing of the discontinuity is achieved by using the
complementary error function. Our argument is analogous to that given by Olver in [6].

In Sections 3 and 4 we consider the case when « is not real. Our discussion will be
divided into two separate cases:

(i) Re{l/a} > 1;and
(i) Re{l/a} < 1.

Case (i) is dealt with in Section 3, and Case (ii) is treated in Section 4. The situations in
these cases are not quite the same as that in which « is real. Although there are still the
Stokes phenomena, these phenomena occur when z approaches some spirals, instead of
radial lines. These spirals are represented by equations of the form

(1.7) argz — (tan y) log |z| = constant,
where y = arga.

2. Real o

Even in this simpler case, there are five subcases to be considered:

(1) « is a positive integer and S is an integer;
(2) a €(0,1);



Exponential Asymptotics of the Mittag—Leffler Function 357

(3) @ € (21 — 1, 2I) for some positive integer /;
(4) o € (21,2 + 1) again for some positive integer /; and
(5) « is a positive integer but 8 is not an integer.

As we shall see in the following, the exponential asymptotic expansions are different in
different cases. We shall also see that when both o and § are integers, we actually have
a sum of two finite series; when o € (0, 1), there are two Stokes lines and they are given
by argz = +am; when o € (21 — 1,2]) and o € (21, 2] 4 1), the two Stokes lines are
given by argz = (2] — o)7 and argz = (o — 2[)7, respectively. In the final case
when S is not an integer, the two Stokes lines coincide at arg z = +m when « is an odd
integer, and at arg z = 0 when « is an even integer.

Case 1: o = p is a positive integer and f = q is an integer. For the Mittag—Leffler
function E,(z), « = p is a trivial case. Indeed, from (1.1) it can be shown that

14
.1 E@ = D e”,
s=0

where Z; is defined in (1.5). If p = 1, then (2.1) reduces to E;(z) = €. For the
generalized Mittag—Leffler function E, g(z), we have the following result.

Theorem 2.1. If p is a positive integer and q is an integer, then for z # 0:

S U UV R
(2.2) E, (2)=—Y Z!"e% — -
- p ; ’ “~ T(q—np)

where Zs is given in (1.5) and the final sum is zero if [(q — 1)/p] < 1.

Clearly, (2.1) is a special case of (2.2). We also note that (1.4) differs from (2.2); the
former is an asymptotic expansion, whereas the latter is an identity. To prove the above
theorem, we recall the integral representation [5, p. 210]:

2.3) Fupe) = —— [ “0¢
. a,ﬂz—zni Ct"‘—z )
where C is a loop which starts and ends at —oo, and encircles the disk |¢| < |z|/% in the

positive sense. Let ¢ be a positive number less than |z|'/%. By deforming C into a smaller
loop C’ consisting of the two sides of the interval (—oo, —¢) and the circle |t| = &, we
obtain, from Cauchy’s residue theorem,

1 1 1 Pel
2.4 Eup(z) = — ) ZIPe” —f dt,
24) @) QEJ el B
where Z; is given in (1.5) and the summation is over all those integers s satisfying
larg Zs| < m. If there exists an integer s such that |arg Z;| = 7, then the integration
path C’ in (2.4) is indented to pass above (below) t = Z; when it traverses along the
upper (lower) edge of the negative real axis; see, e.g., [9, p. 438]. This modification on
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the path of integration is also required in (2.6), (2.8), and (2.9). Note that this kind of
situation can occur only when z lies on the spirals Im[1/« log z + 2 si] = £m, which
degenerate into rays when « is real. Since s is an integer, these spirals are well separated
from each other. Hence, in the remaining portion of this paper, we may choose z not to
lie on any of these spirals, and use analytic continuation to extend regions of validity to
cover these values of z when needed. This is possible, since E, g(Z) is an entire function.
Substituting the identity

o N-1 he tNa o -1
e (B
*—z = Z z

into (2.4) gives
1 N-1 7"

2.5 E, SN AL I Y E——— - O
25) ) a; e ;F(ﬁ_m)+ N (@)
where

—N+1 (aN=B ot
(2.6) Ry(z) = = / ¢ ar.

2wi Jor tY — 2z

In (2.5), we have made use of Hankel’s loop integral representation for the gamma
function. If Re(a N — 8) > —1, then the circular part of contour C’ can be shrunk to
zero, leaving only two straight lines embracing the cut along the negative real axis. With
the integration variables on the lower and upper edges of the cut written as t = ve ™
and t = ve™, the remainder Ry (z) in (2.6) becomes

2.7 Rn(z) = Ly(2) + Un(2),
where
) ) 1 oo ,aN—-B _ —v
2.8) Ly() = e'”ﬁ(ze’”"‘)*’v“—,/ Y 4
27i Jo  v* — ze'm«
and
) ) 1 o0 oaN—-f ,—v
2.9) Un(z) 1= —e™ B (ze=imey=N+1_—_ / v .
2wi Jo v¥ — ze™!mo

Now we specify that « = p is a positive integer and that 8 = ¢ is an integer. Note
that the two integrals in (2.8) and (2.9) are convergent if Re(a N — ) > —1. Thus, if ¢
is zero or a negative integer then we may choose N = 1, in which case the second sum
in (2.5) is empty. If ¢ is a positive integer, then we choose N = [(¢ — 1)/p] + 1. In any

case, we have Ly (z) = —Un(z), i.e., Ry(z) = 0. Returning to (2.5), we may write
1 . , (=D /p] 7"
E,,(2)=— Z, " — _
e p Z ; T'(q — np)

Since ¢ is an integer and Z; = Z;_ ,,ez”i , the last equation infers (2.2). Note that the first
sum in the above equation is over all integers s satisfying |arg Z;| < . This condition,
however, can be removed by analytic continuation so that (2.2) holds for all z # 0.
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Case 2: o € (0,1). We temporarily assume that z lies on the negative real axis with
arg z = —m. This assumption will be removed later by an appeal to analytic continuation.
When argz = —7 and o € (0, 1), we have arg Z;, = (1/)(2s — ) & [—m, ] for all
integer s; i.e., |arg Z;| > 7 for any s. Hence, from (2.5) it follows that

N-1 —n

(2.10) Egp() =~ ﬁ + Ry (2),

n=1

where Ry (z) is given by (2.7) and N is large so that Re(w N — ) > —1. The assumption
argz = —m can now be lifted. In what follows, we shall give a detailed study of the
behavior of the remainder Ry (z).

Let us restrict ourselves to the case arg z € [—m, 0], since the case argz € [0, ] can
be handled in an analogous manner. Note that

arg(ze ") = argz — anw € [—(1 + @), —anw] C (=27, 0),

so the integrand of Uy (z) in (2.9) is well-defined. In fact, it can be shown that

‘1 — - > sin(a), argz € [—m, 0]
Ze—lTTOl
Hence we have
enImﬂ
211 |Uv@| < =———1zI "T'(@N —ReB + 1), argz € [—m, 0].
27 sin o
A similar analysis gives
—nlmpB

(2.12) Iz ™" (@N —Re B+ 1)

L <
IEn@)] = 27 min{sinam, sin &}

for argz € [—m, —am — ¢], ¢ > 0. By using an argument of Boyd [4, (13)—(14)], one
can also show that

(2.13) ILy(2)| < C(a, B)Iz] " T'(@N —Re p + 1)N'/?

for arg z € [—m, —am]; see also [8, (3.3)—(3.6)]. Here and thereafter C (¢, 8) is used as
a generic symbol to denote a positive constant whose value depends only on « and 8 but
may be different in different places. A combination of (2.7), (2.11), (2.13), and Stirling’s
formula yields

(214) |RN(Z)| < C(d, ﬂ)(aN)fReﬂ+leN(*OH»O(]Og(aN)flog 1z])

forargz € [—m, —am].
The estimate in (2.14) suggests that an optimal truncation takes place at

I 1
(2.15) N~ —[z]'* = —|Z|.
o o

For convenience, in (2.15) we have written Z for Zy; see (1.5). To see the smoothing
of the Stokes discontinuity at argz = —am, we restrict our attention to the interval
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argz € (— %an, — %om) or, equivalently, arg Z € (— %n, - %n). Moreover, we introduce
the parameters p, 6, and r defined by

(2.16) e 7 = pe'’ and aN :=p—+r,

with r being a bounded quantity. In (2.8), we now make the change of variable v = pe'’t.
This gives

i0

Zl—ﬁ /ooe r—1 totN—ﬁe—pe”’t
0

(2.17) Ly(z) = dt.

-1 1—1¢

Using (2.16) and rotating the path of integration, the above equation can be written as

Z1=B oo (4 _1 e—p(e"’t—logt)
(2.18) Ly(z) = / { t’—ﬂ} —dt.
0

2mwi

2mi t*—1 1—1t

If 6 < 0, then the path of integration is indented to pass above the pole at # = 1. Note

that when @ 7 0, the saddle point at ¢ = e’ coalesces with the simple pole at ¢ = 1.

An asymptotic expansion, which holds uniformly with respectto 6 € (— %rr, %rr), can be

derived by using the method given in Olver [6]; see also [7, pp. 356—358]. To illustrate the

leading behavior of the optimally truncated remainder, hence achieving the smoothing of

a Stokes discontinuity, we shall present, in the following, a brief account of this method.
Define the quadratic transformation

(2.19) eigt—logt = %wz—i—icw—i—d,

where ¢ and d are determined in such a way that the pole + = 1 and the saddle point
t = e"? correspond to w = 0 and w = —ic, respectively. This leads to

(2.20) d=e" and 1t =1+i0—€",

where the branch of ¢ is chosen so that
_ 1:02  1p3
(2.21) c=0+ 500" — 50"+ .-

for small values of 6. Under the transformation t — w, (2.18) becomes

1- —ic+
(2.22) Ly() = Z—ﬂ/ 00 Me—l)((lﬁ)wz-i-icw-i-d) dw
270 ) ieeoo w ’

where

t—1 w dt
223 0.0, w) = b
(2.23) FO o w) = T e

is an analytic function near w = 0. Let us write
(2.24) f@O,a,w)=fO,a,0) +wg®,a, w).

Then g(60, o, w) is also analytic at w = 0. Simple calculation gives
(2.25) FO.00) = | L= Lyr w_di !
. ,o0,0) = 1 —— —_— = ——
¢ —1 1 L1 —tdw o

w=0
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Following the arguments given in Olver [6, p. 345], we have

| poictoo o dw 1 p
56 B —p(/2w+iew) 8 7 ]y f \/j
( ) il e > > +erf|c >
— —%erfC (_C\/E>
2
1 —ic+00

(2.27) E e—p((1/2)w2+icw)g(9, o, w)dw = O(e_(l/2)'0c2,0_1/2),
—ic—00

see also [1, p. 297]. Thus, it follows from (2.22) that

1
(2.28) Ly(z) = —Z'7Pe? {%erfc <—c\/§) + 0(6(1/2)'“2,01/2)}

o

and

uniformly with respect to arg Z € [—3, —17]. Here we have made use of the fact that
e "4 = ¢%;see (2.16) and (2.20). As to the integral for Uy (z) in (2.9), we note that there
is no singularity in the integrand. Hence the argument used to get (2.27) can be applied
to obtain

(2.29) Un(z) = Z'BeZ 0(e= 1120 =172
forarg Z € [—3m, —17]. A combination of (2.7), (2.28), and (2.29) yields

1
230)  Ry(@) = -2t {%erf" (‘c\/ %) + O(e—“/”“zp‘”z)}
o

uniformly for arg Z € [—%n, — %n]. That is to say, under optimal truncation (2.15), we
have

Q3D Re@ =72 {%erfc (_6/9 + O(eprl/z)}

uniformly for argz € [—%om, —%om]. Here we have again made use of (2.16) and
(2.20). Note that as arg z increases from below —am to above —am, 0 = argZ + &
increases from below 0 to above 0. A detailed analysis shows that |arg[—c(0)]| < 7w /4
for 0 € (—m,0) and |arg[c(9)]] < /4 for 8 € (0, ). As a result, %erfc(—cﬂ)
changes abruptly but continuously from O to 1, with exponentially small correction terms.
More precisely, we have

1% 1 _ 2 1 o7
2.32 Yerfe(—c /5 ) ~ —————e V2P = =P 2710p
(2.32) 2 < 2) J2mp ¢ J2mp c

for —3am < argz < —am, and

[p Lz
2.33 Lerfe(—c, /2 ) ~1— p=Z=ifp
( ) 5€ c( c 2) ance
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for —amw < argz < — %an. This is exactly the kind of continuous transition that we are
looking for near the Stokes line argz = —am.

So far we have considered the case o € (0, 1) only forarg z € [—m, 0], but the analysis
is similar when arg z € [0, 7] and the situation is entirely symmetrical.

It should be pointed out that the elegant formula in (1.4) is not uniform with respect
to arg z in the whole complex z-plane. Indeed, when arg z goes beyond the boundary of
the sector |arg Z;| < %71 + o, there is a switch-on effect of extra exponential terms in
the first sum in (1.4).

The following theorem summarizes the results obtained for the case @ € (0, 1). Note
that the union of the two disjoint sectors |arg(—z)| < (1 —«)m and |arg z| < am covers
the entire z-plane except for the two radial lines arg z = fa.

Theorem 2.2. Inthe casewhena € (0, 1), we have the exponentially improved uniform
asymptotic expansions

[1Z1/e] n
2.34 E, = — L O(ePpl/2ReB
(2.34) #@ g TG —am T O )
forlarg(—2)| < (1 — o) — ¢ and
U, g, Ude o s
2.35 E, = -7 — _ O(e™" —Re
(2.35) #@) = —2"e > TG —am T O )

n=1

for |argz| < am — &, where ¢ is any small positive number. Near the Stokes lines
arg z = Fam, we have the Berry-type smoothing given by

(2.36) Eup(2) = %Z‘*ﬁez erfc (—c(e)\@)

[1Z/a] -n

—p 1/2-Rep
7F(ﬂ—an)+0(e ’p )

n=1

3 1
Jor —sam < argz < —jam and

2.37) Eup@) = 210 {1 ~Lerfe (—c(@)@)}

[Z]/a] —n

— .~ —p ,1/2—Rep
2 T am TP

for %om < argz < %om, where c(0) is defined in (2.20)-(2.21), 0 = argZ + 7 in

(2.36) and 6 = arg Z — m in (2.37).

The order estimate in (2.34) is obtained from the two results in (2.11) and (2.12) when
argz € [—m, —am — ¢], and from two corresponding results when arg z € [ow + ¢, 7].
The first term in (2.35) came from (2.5). Expansion (2.36) follows from (2.10) and (2.31),
whereas expansion (2.37) is obtained in a similar manner.
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Case3:a € (21 —1,2l),lis a positive integer. Whena € (2] — 1, 2I) for some positive
integer [ and arg z € [—m, 7], we have, from (1.5),

arg Zg

é(argz—l—an) € (—m, m), s=0,%1,...,£(—-1),
and

arg Z, = é(argz + 2sm) ¢ [—m, 7], s=x(+1),x(1+2),....
Consider the function

1 -1
(2.38) Fup(@) = Eqpd) — = Y Z\Fe”.
s=—I+1

If z is restricted to the positive real axis, then

arg Zil|argz=0 ¢ [—m, 7]

and from (2.4) we have

(2.39) Fape) = —— [ ¢
' NPT T

dt,

where C’ is a loop contour consisting of two straight lines lying on two sides of the
negative real axis and a small circle centered at the origin. The argument leading to (2.5)
gives
N-1 o

(2.40) Fop(z) = — 2_; TG —am T RN@.

where the remainder Ry (z) is defined as in (2.7)—(2.9) and Re(eN — B8) > —1. The
restriction arg z = 0 can now be removed by using analytic continuation. From here on,
the argument proceeds more or less the same as in Case 2, and will not be repeated here.
We shall only make a few relevant observations. The order estimate of the remainder in
(2.14) also holds for argz € [0, (2] — «)7], and the optimal trunction of the series in
(2.40) again occurs at N ~ (1/a)|Z+;| = (1/a)|z|"/%; see (2.15). The Stokes lines are
at arg z = £(2/ — a)mr, and we have the following expansions in three disjoint sectors:

[p/al —n

(2.41) Fup(z) = — Z; m + O o' ReB)
for |arg z| < 2] — @),

I g —p 1/2-Re§
(2.42) Fap@) = —Z5 " = ; TG —am T O p )
forargz € ((2] — o), 7], and

_ 1 g Z & " —p 1/2-Rep
(2.43) Fap@) = =2 e = > TG —am + O "p )

n=1



364 R. Wong and Y.-Q. Zhao

for arg z € [—m, —(2[ — a)7), where p = |z|'/%. From (2.38), it follows that

-1 « n
(244)  Eup(2) = éx:Zm ZIFe% — [:/;] 7“’81_ s + O(e " p'/>Reb)
for |argz| < (21 — )7,
1 =t [p/al "
(2.45) Eoup(2) = - ;l Zsl—ﬂeZA- _ n; m 1 O(e=P p/>Reb)
forargz € ((2] — o), ], and
[p/a] —n

1 z
2.46 E, = — Z1=BoZs _ Ole—P pl/2Rep
(246)  Eap(2) ap}_{ﬂ 1P ;:1 R —am T ORI

for argz € [—m, —(2] — a)m). Note that the results in (2.45) and (2.46) agree on the
negative real axis, since

(Zogst, o Zics ZiYlawg == ={Zt, Zg1s o+ o Zi— i Mg 2= -

For regions near the Stokes lines, arg z = £(2/ — ), we have the following Berry-type
transitions:

e B . o
Q47 Eup@) = >zl ﬂez»v+gzl/’ez—l erfc <—c(9)\/;>

s=—I+1

[p/al] —n

— -~ Ole™" 1/2—Re
2 F(ﬂ—an)+ (e "p )

for 2l —a)r —p <argz < 2l —a)mr + pwithf = arg Z_; + m, and

| = 1 -
2.48) E, = = Z1 Pl 4 — 7 Pt 1 — Lerfe [ —c(0), /£
(2.48) Equp(2) 5 Z Pe + 2z e Serfc [ —c(0) 5

s=—I+1

[p/a] Z—n

_ s —p 1/2-Rep
;F(ﬂ_an)—i-O(e 0 )

for -2l —a)m — p < argz < — (2l — a)mw + p with 0 = arg Z; — w, where c(0) is
defined as in (2.20) and (2.21) and @ := min{27 (2] — &), 27w (¢ — (2] — 1))}. (Some of
the arguments used to achieve (2.47) and (2.48) are given in Section 4 for the case of
complex «; see (4.4) to (4.10).)

Case 4: a € (21,2l + 1), l is a positive integer. ~ The analysis here is similar to that of
the previous case. Hence, we shall be contented to just stating the results. Let

1 Z
(2.49) Fup(@) = Eqp) — = Y Z\Pe”.  argze[-m.0],
s=—I[+1
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and
| =t
(2.50) Fup(2) == Eqp(z) — — Z1Pe?s, argz € [0, 7).
p p@) = — ;
Although these two expressions appear to be different, they are in fact the same along
the negative real axis since

{Z—l+]7 e 2y, Zl}|argz:—7r = {Z—l’ Z—I+l, B Zl—l}|argz:rr~

Let us restrict ourselves to the half-plane arg z € [—m, 0]. The other half-plane argz €
[0, w] can be dealt with by symmetry. Assuming, temporarily, that argz = —m, the
integral representation in (2.39) can be derived as before, from which expansion (2.40)
also follows. Now we lift the assumption argz = —m by analytic continuation. The
remainder estimate in (2.14) again holds for argz € [—m, — (o — 2[)7r], which in turn
suggests the optimal truncation at N ~ (1/a)|Z_;| = (1/a)|z|'/*. The Stokes lines are
atargz = (o — 2l)m, and the asymptotic expansions are given by

lp/a] —n

Z
2.51 F, = — -~ O(e™" 1/2—Rep
eob @ Zn:l T —am TP

for Jarg(—2)| < (2l + 1) — )7,

1 1-8 7 [p/al " i
2.52 F, = -7 [ 4 O(ePpl/?ReB
(2.52) s ==-27"e Zr(ﬂ_an)+ (e p )

n=1
for 0 < argz < (¢ — 2l)m, and

[p/a] Z—n

1 1-g z Z —p 1/2—
2.53 Fa = —Z7 -l _ o~ 0] p ~1/2—Re B
( ) #@) a ¢ ' —an) ("o )

n=I1

for —(o¢ — 2I)m < argz < 0. The arguments for (2.52) and (2.53) are similar to that for
(2.35) with Z being replaced by Z; when argz > 0 and by Z_; when arg z < 0. Due to
symmetry of the regions, it can in fact be shown that both (2.52) and (2.53) are valid in
the larger sector |arg z| < (o — 2l)wr. Hence, by virtue of (2.49) and (2.50), these two
results can be combined to yield

1 1 [p/a] an
(2.54)  Eup(2)=— ) Z!7Pes — — 4 O(ePp!/PReB
o s;l ; ' —an)

for |arg 7] < (@ — 2[)mr. Near the Stokes lines, arg z = (o — 2/)7, we have

1
1,
Y ziter + —zl P erfe (—c(@)ﬁ)
oIl 20 2

[p/al] —n

= T(B—an)

Q| =

(2.55) Eyp(z) =

+ O(e—pp1/2—Reﬂ)
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for —(a — 2Dt —p <argz < —(¢ —2)wr + pwithd = arg Z_; + m, and

1 1,
(256)  Eap(z) = — Dozl P 4+ &z} Pet {1 — Lerfe (—c(e)\/g)}

s=—I
[p/al] —n

_ o~ 0 —p ~1/2—Rep
2T —amy T
for (@ —2)mr — p < argz < (@ — 2w + p with 6 = argZ;, — m, where pu =
min{27 (o — 21),27(21 + 1) — «)}; see (4.34) below. As before, p = |z|'/% and
1t =141i60 — € withc ~ 0 as 0 — 0; see (2.20)~(2.21).

Case 5: a = p is a positive integer and B is not an integer. Since p is an integer, we
have, from (2.7)-(2.9),

i 1— i 00 yPN—=B,—v
(257) RN(Z) = M(Zemp)—NJrl/ udu
s 0 VP — ze'Tr
and
i 1 - i 00 yPN—=B,—v
(2.58) Ry(2) = M(Ze—mp)_N.H / Ldv
T 0 UP —ze TP

Of course these two expressions are the same, and we need both of them later in our
discussion, one for argz near 7 and the other for argz near —m. It is convenient to
distinguish the cases when p is odd and when p is even. We first consider the case when
p is odd, say p = 2m + 1, where m is a nonnegative integer. For —m < argz < m, we
get, from (2.5),

_! -,z _ NN
(2.59) E,p(z) = 5 Z Z\Pe TG =) + Ry (2)

with Ry (z) being given by either (2.57) or (2.58). An estimate similar to those in (2.11)
and (2.12) can be obtained for Ry (z) whenarg z € (—m+¢, m —¢). This estimate suggests
that optimal truncation of the second series in (2.59) again occurs at N ~ (1/p)|z|'/7; see
(2.15). Thus we need to consider only the critical values arg z = £x. As an illustration,
we take the case argz = m. In the discussion that follows, arg z is allowed to vary
in an interval bigger than 2w. More precisely, we assume argz € (m — u, T + W)
or, equivalently, arg Z_,,_y € (—m — u/p, —m + pu/p) C (—%n, —%n), where 1 =

min{pm/2, 2}. Since
vP v p
zeimp - (Zmlein> ’

we make the substitution v = Z_,,_1¢"¢ in the integral in (2.57). After rotating the
t-integral path by an angle 6 :=argZ_,,_ | + 7 € (—%n, %n), we obtain

00 tPN*ﬁe*Z—m—lei”f

(2.60) RN<z)=Sm(”(ﬂﬂ(z_m_le"”)1*ﬂ /) —
( -
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where the integration path passes above the pole at r = 1. Let
(2.61) p:=1z/? and  r:=Np—p,

see (2.16). Note that r is bounded, and (2.60) can be written as

—p(e t—logt)
P dr.
1—1

(2.62) Ry(z) = —{Z_ml z- ﬁ}/ {

t“—l

Here we have made use of the fact that Z_,,_;e* Zm-

The integral in (2.62) is exactly of the same form as that in (2.18); it is a typical
situation in which a saddle point at t = e~*? coalesces with the simple pole at ¢ = 1 as
0 — 0. With the quadratic change of variable given in (2.19), we obtain, as in previous
cases, the Berry-type transition

| 1
2.63) Ry () = {—z'_nf_lezml _ —zg,;ﬂezm}
p p

X %erfc (_6(9)\/§> + O(E*Ppl/ZfReﬁ)’

where 8 = arg Z_,,_| + 7 and c(0) is given in (2.20)—(2.21). From (2.59) and (2.63), it
follows that

m—1 N-1 —n
Z
(264) Epp(2) = — §:z'” P
r =, ~T(B—pn)

1 _4_
+ ;zimfi (%1 Lerfe (—c(e) / g)
1 /
+ ;Z,L_ﬂez’” {1 _ %erfc (—C(@) g)} + O(e_ppl/z_Reﬂ).

In (2.64), we wish to make the following observation. When 6 increases from 0~ to
0", ¢(9) also increases from 0~ to OF. As a consequence, the term %erfc(—c\/,o—/Z),
which is exponentially small when 6 < 0, increases abruptly from O to 1 when 6 becomes
larger than 0. This is a common feature of all Berry-type transitions. What is unusual in
(2.64) is that upon crossing the Stokes line 6 = 0 or, equivalently, argZ_,_1 = —7,
the exponentially small terms (1 /p)Z,l,l_ Zn and (1 /p)Z
switched on and off, respectively.

The situation when argz ~ — is entirely similar. Instead of (2.57), we now use
(2.58). After making the change of variable v = Z,, e "t and rotating the integration
path by an angle 6 = arg Z,,,;| — 7, (2.58) becomes

P eZ-n1 are simultaneously

—m—1

dt,

sin(r (1 — ,3)) _in)l_ﬁ /oo tPN=B g=Zns1e™t
= e R —
b4 -1

which is of the same form as (2.60) except that the path of integration here passes below
the pole at7 = 1. By using Cauchy’s residue theorem and the fact that Z,, ;e ™2™ = Z_,,,
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one obtains

1 1
(265) RN(Z) = {;Z}n+ﬂ Zm+1 _ Zl_m/3 Z_,,,}

X {1 — %erfc (—c(@)@)} + O(e_Ppl/Z—Reﬂ),

where 0 = arg Z,,1 — 7w and p = 2m + 1. Hence
N-1 —n

“ 1-8 2, _ <
,Z 27 =) S

1
p s= n=1

1
+—z5 e S erfe (—c(e),/ )
p
1 __
+;Z,L+ﬂlez'"+' {1 — %erfc (—c(@) /g)} + O(e—ﬂp1/2—Reﬂ)

forargz € (—m — pu, —m + ) or, equivalently, arg Z,,.1 € (m —u/p, w + 1/ p), where
w =min{pm/2,2m}.
In view of the different values of 8 in (2.64) and (2.66) and the fact that

(266) Ep,,B(Z) =

{Zm+la Zyyoos Ly, Z—m}|argz=—n ={Zn, Zn-1,...,Z_p, Z—m—1}|argz=na

the two expansions in (2.64) and (2.66) actually coincide at their respective Stokes lines

argz =m (ie,argZ_,,_y = —m)andargz = —x (i.e., arg Z,,11 = ).
We now turn to a brief discussion of the case when p = 2m, where m is a positive
integer. First, we assume temporarily that argz = —. Since

larg z 4 2s7 | |(2s — )|
= <

larg Zs| =

2m 2m
fors =-m+1,...,0,...,m, we have, from (2.5),
N—1 o
(2.67) (2) = VA ———— + Ry(2),
" Z "L TGm

where Ry (z) is given by (2.57) or (2.58). Let 6 = argZ_,, + m. By removing the
restriction arg z = —m and repeating the above analysis, we obtain

_ Y sz, i 2,
(2.68) Ry(z) = 1—Z_, ¢ ——Z, e

P 4

X {%erfc <—c(9)\/§) + O(e—(l/zwﬁp_]/z)}

forargz € (—pu, ), w := min{pm /2, 2w}, where c(6) and p are as defined previously.
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Hence
1 m—1 N-—1 Z_n
(269  E,3(z) = — ZIPet - N
P P S:;;H ; T —pn)

1.
+ =z P Lerfc (—c(e) /3>
p 2
|
+ ;Z};ﬂezm {1 — Lerfc (—0(9) /%)} 4 O p!/2ReBy,

The Stokes line in the present case is 6 = arg Z_,, + w = 0 or, equivalently, argz = 0.
If we had initially assumed that arg z = 7, then the discussion would be entirely sym-

@9

metrical, and we need only exchange the index “m” with “—m” and let§ = arg Z,,, — .

3. Complex o with Re(1/a) > 1

When « is not real, our analysis of E,, g(z) is not quite the same. First, we cut the complex
z-plane along the spiral argz — (tan y) log |z] = £m, where y = arga; see Figure 1.
We shall take the region

3.1 —m <argz— (tany)log|z| < m

to be the principal branch of arg z. Also, we let § = |a| so that @ = 8¢'”. One may
assume that |y| < %n since Rea > 0; hence, the quantity tan y in (3.1) is well-defined.
Once again, we shall study the behavior of E,, g(z), case by case. In this section, we shall
be concerned with only the case Re(1/a) > 1.

With Z, defined as in (1.5) and o = 8¢'”, we have

(3.2) |Zs| — e(cosy/S)(log|z|+(tany)(argz+2m))
and
cos
(3.3) arg Z, = Y (argz — (tany) log |z| + 2s7).

8
For convenience, we put

(3.4) a:=1{Re| — = .
o cosy

Thus, a € (0, 1). Temporarily, let us restrict z to the region between the two spirals given
by argz — (tany) log |z| = —an (i.e.,arg Zp = —7 ) and arg z — (tan y) log |z| = —m,
which is the lower edge of the cut in the z-plane; see Figure 1. For z in this region, it can
be shown that

larg Zs| > m for all integer s.
Hence, from (2.4) and (2.5), it follows that

N—1 “n

(3.5 Eqp(z) = — Z m + Ry (2),

n=1
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The Stokes
curve
ok z-plane
- ¥ P
Q\/
The edge of cut:

argZ—(tanY) log|Z|=—n

The edge of cut:
argZ—(tanY)log|Z|=m

Fig. 1. The Stokes curve argz — (tany) log|z| = a(y —w),0 <a < 1.

where Ry (z) is given in (2.7)—(2.9), provided that N > (Re 8 — 1)/Re«. To obtain
some realistic bounds for Ry (z), we first prove the following result.

Lemma 3.1. Leto = é8e'” anda = §/cosy. For |y| < %n and a € (0, 1), we have
[1—¢% > C(a)-sinA

for all ¢ with arg ¢ € (81, 82, where [ady, aby] C (0, 2rw), C(w) is a positive constant
depending only on a, and A = min{aé,, 2n — ad,} € (0, «].

Proof. Write { = 51", where n = arg ¢ € [8, 8,] and £ is allowed to vary along the
real line.

First, we consider the case an € (0, w]. Note that if
ERea — nlma > log(l + e1an)
for some positive €1, then
1 —c% > |c¥ — 1 = e Reanme _q o ¢an.
Similarly, if

ERea — nlma < log(l — exan)

for some positive &, then

|1 _ ;al > 1 _eERea—nIma > ean.
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Now, if
log(l — e3an) < ERea — nIma < log(1 + e3an)
for some positive &3 < 1/(4m) then, sincelog(1+x) < x forx > Oandlog(1—x) > —2x
forO<x < %, one has
[ERea — nIma| < 2¢e3an.
That is, one can write

§ = (tany)n + ean
with |¢| < 2e&3/Re «. Furthermore, if we require e3|tan y| < % then, since Ima/Rea =
tany and |¢ Ima| < 2e3tany < %, the last equation gives

(3.6)  &lma+nRea =ay+e(maan € (San, Jan) C (0, 3m).
It can be shown that
[1 —¢% > |sin(§ Ima + nRew)|.

: 1
Hence, if § Ima + nRea < 57, then
1 —¢%| = sin(3an),
. 1
andif EIma + nRea > 37, then
[T — % = {1 42 ReeMD _ 2 cos(E Imar + nRea)et Ree1meyl/2 > 1,

Here, use has been made of (3.6).

The case an € (m, 2) can be dealt with in a similar manner. In fact, if one replaces
an by 2m — an, the above argument remains valid, with only minor modifications.
Summarizing the above results, one can see that by adjusting the constants ¢;,7 = 1, 2,
and 3, our discussion covers all possible cases, thus completing the proof. [ ]

Returing to (3.5), we now study the behavior of Ry (z). It is well-known that optimal
truncation of an asymptotic expansion occurs near the term which is numerically smallest.
Since 0 < |y| < %n, we may assume without loss of generality that y € (0, %n).
Suppose that both |z| and n are large, and that « = §e'” and B are fixed. By Stirling’s
formula

—n

Z

1
'8 —na) - 2T

(_na)75+1/2zfne7na+na log(—na) .

Hence

—n
Z _ _ _ S S - —nésiny-(v—
(37) ‘ - ‘ ~ C(O[, ﬁ)n Reﬁ+1/2e nlog|z|—nd cos y+nd cos y-log(nd)—né siny-(y n)’

['(B — na)

where C(a, B) = |(—a)'/>7#/4/27| and we have taken arg(—na) = y — m. The
predominant factor on the right-hand side of (3.7) is clearly the exponential function and
for large, but fixed |z, its exponent is minimal when n takes the value

1
(3.8) N ~ getany'(}/—ﬂ)|Z|1/(Scosy)'



372 R. Wong and Y.-Q. Zhao

In what follows, we shall show that the estimates to be derived for the error terms indeed
agree with the above asymptotic formulas. First, we consider Uy (z) in (2.9) for z in the
region given by

(3.9 argz — (tany)log|z| € [—m, am — €],

which, in view of (3.3) and (3.4), is equivalent to arg Z € [—(1/a)m, ® — ¢/a], where,
as in (2.15), we have written Z = Z,. Since

( v ) Ze £ 1+1
ar. — ) = —ar -, — |
£ Ze™iw g a a

and

1

a [5, (1 + —) n} = [e. (a+ D] C (0,27),
a a

Lemma 3.1 applies and we get

vﬂt

(3.10) ‘1 -

_ ‘1_< v )a’ > C(a)sine

Ze—irm Ze*in

forarg Z € [—(1/a)m, ® — ¢/a]. From (2.9), it follows that
3.11) Un ()| < C(lzle”™*) ™" T'(NRea —Re B + 1)

for argz — (tan y) log |z| € [—m, am — €], where C is a constant depending on «, §, and
. By Stirling’s formula, we have

(312) |UN(Z)| < éNl/ZfReﬂnglog|Z\7NReOt+NReOt~10g(N5)

« e~ NIma:(y—m)—[N Reelog(cos Y) '+ NIma-Qr—y)]
where C is again a constant depending only on «, 8, and €. Since the quantity inside the
square brackets is positive, we further obtain

(313) |UN(Z)| < CNl/Z—Reﬂe—NlogIzl—Nécosy+NzScosy-log(N6)—NzSsiny-(y—rr).

We have expressed the estimate in (3.13) in this particular form in order to compare
it with the estimate in (3.16) below. Next, we consider Ly (z) in (2.8) when arg Z €
[—(1/a)x, y —w —e/a], where ¢ is a small positive number. Note thatsince ) < y < %n,
the interval [—(1/a)w, y — m — &/a] is contained in the interval [—(1/a)x, * — ¢/al];
that is, we are now dealing with a region smaller than that given in (3.9). By rotating the
path of integration by an angle ¢, we have

vaNfﬂefv

— 4
1 — (v/Zeim)®

]

1 ] ] ooe'?
(3.14) Ly(z) = Te*’"“*ﬂ)(zfel”)*“ /
Tl 0

provided that ¢ satisfies

argv = ¢ € (—37, 37) and arg( ) =¢—argZ — 7 € (0,27/a).

Zeirr
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The second condition ensures that the denominator in (3.14) is nonzero. By varying ¢
in (— %n, %n), we can analytically continue L y(z) to the larger region given by

3 2 1
argZ € —371—;7[,—571 .

Of course, (3.14) holds in particular when arg Z € [—(1/a)w, y — 7 — &/a]. Specifying
¢ = y in (3.14) yields

v € 1
arg(zeiﬂ>=y—argZ—ne |:E,)/+(Z—l)ni|.

Since [e,ay + (1 —a)x] C (0, 27), Lemma 3.1 again applies and we have

1 — (v/Ze'™)*| > C(a)sine.
In (3.14) we now make the change of variable v = €'” ; this gives

L in(=p) o im\—Na iy@N—p+1) reNPemet
(3.15) Ly(@) = —e (Ze'™)~Negiy LA AR—
2mi 0 1 — (el}/-L-/Zelﬂ)(X

Taking absolute value on both sides and using Stirling’s formula, we obtain

(3.16) |Ly@)| < C(fx, ,3)N1/2—Reﬂe—Nlog|z|—N(Scos)/+NzScosy-log(N8)—N6siny-(y—n)
sine

for argz — (tany)log|z| € [—m, ay — am — €]. The results in (3.13) and (3.16) show
that when arg Z is bounded away from the critical value y — m, our estimate for the
error term Ry (z) = Uy (z) + Ly(2) is of the same order of magnitude as that of the first
neglected term; see (3.7).

To obtain an estimate when arg Z is close to y — m, let us consider z in the region
given by

aargZ = argz — (tany)log|z| € [-m,ay —ar].

In (3.14), we let the angle ¢ vary in the interval (y, w/2). Forarg Z € [—n/a, y — n],
we have ¢ —arg Z —m € (0, 2 /a) and hence (3.14) holds. With ¢ replacing y in (3.15),
we get

1 e’} TaN—ﬂe—ei"r
LN(Z) — _e—iﬂ(l—ﬂ)(Zeiﬂ)—N(xei(p(OéN—ﬂ+l)/ i i dT
2mi o 1—(e%t/Ze™)e
By Lemma 3.1, we obtain
C(a, B)
ILyn@)| = —
Isin[a(¢ —arg Z — )]

x eleog |z|—(p—m)N Ith(COS (p)f(N ReafReﬂJrl).

(3.17)

I'(NRea —Re B+ 1)

Since (3.16) provides a bound for arg Z not close to y — , we need only consider arg Z
in the small interval [y —m —¢/a,y — m],0 < ¢/a < y. It is easily verified that for
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argZ ely —mw—¢/a,y —nw],wehavep —argZ —m € (0,w/2) forall ¢ € (y, 7/2)
andp —argZ —m > ¢ — y. Hence

(318) |LN(Z)| < C((X, ﬂ)Nl/ZfReﬁeleogIz\fN(Scosy+NzScosy-log(N8)7N8siny~(y7n) . A,

where
1 oV Im cos y NRea
A= — 777 Yl — .
sinfa(p — y)] cos ¢
Since ¢ is allowed to vary in the interval (y, 7 /2), we may choose ¢ = y +1/N. Clearly,
. A
lim —=—
N—oo N a

Hence, it follows from (3.18):

(319) |LN(Z)| < C(O[ /3)N3/2—Re,3€—N10gIz\—NzScos y+Né§cosy-log(NS)—Ndsiny-(y—m)
forargZ € [y — 7 — ¢/a,y — m]. As stated before, C(«, 8) is used as a generic
symbol to denote a constant depending on only « and B; see the statement following

(2.13). Thus, the values of C(«, 8) may be different in (3.17), (3.18), and (3.19). Since
e/a <y <mw/2and 0 < a < 1, a combination of (3.13), (3.16), and (3.19) yields

(320) |RN(Z)| < C(Ol, ﬂ)NS/ZfReﬂeleog |z|=Nécosy+N§cosy-log(N§)—Ndsiny-(y—m)

for arg Z € [—m, y — m]. The last estimate shows that even when arg Z is close to the
critical value y — m, our error bound is also of the same magnitude as that of the first
neglected term. Furthermore, it suggests that optimal truncation of the series in (3.5)
should occur when N is given by (3.8).

To see the smooth transition near the curve arg Z = y — 7, i.e., the spiral

3.21) argz — (tany)log|z| = a(y — )
shown in Figure 1, we restrictarg Z to (y — w — %n, y —m+ %n) and put
(3.22) 0 :=argZ — (y —m).

Making the change of variable t = ¢'”t/Ze'™ in (3.15), we get

Zlfﬁ (s _1 p eaNlogtfze"”t
3.23 Ly(z) = t dt,
(3:23) v 27[1'/0 {t"‘—l } 1—1

where the integration path has been rotated by an angle 0 and it is indented to pass above
the pole at t = 1. (Note: 6 < 0 when arg Z < y — m.) Suggested by (3.8), we write

(324) SN = etany~(y—n)|z|l/(dcosy) 47
with r being a bounded quantity. Since & = §e” and Z* = z, it can easily be seen that

(325) |Z| — etany-arglldl/(&cosy).
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Hence, (3.23) can be written as

Zl—ﬁ e8] t—1 ) —pF(1)
(3.26) Ly(z) = =— / L) Sy
27 0 1

where we have introduced the notations

(327) ,0 = etany-(yfn)|z|1/(écosy)
and
(3.28) F(t) =€ (e"™7+% _ogy).

The integrand in (3.26) has a saddle point at t = e~ @ ¥+D9 which coalesces with the
pole at# = 1 when # = 0. To construct an asymptotic approximation for L y(z), when p
is large, which holds uniformly with respect to € in an open interval containing 8 = 0,
we again use the quadratic transformation

(3.29) F(t) = jw” + icw + d.

By requiring the simple pole t = 1 and the saddle point t = e~ @7+ to correspond,
respectively, to w = 0 and w = —ic, we obtain

(330) d = ei]/+(tan]/+i)9

and

(3.31) 12 =€7[1+ (tany + )6 — e 7]

The branch of ¢ is chosen so that

(3.32) c = efy/z{(l —itany)f + lg [(1 —itany)6]?

1 .
— 11 —itany)fP + - } ~— e
Y

Upon transforming ¢ to w, the integral in (3.26) becomes

1- —ic+
(3.33) Lo = 2 / T LOLW) i ticnt gy

2mi ie—0o w
provided that |y + 0| < %rr, ie,arg”Z € (—%rr, —%n), where

U jarppp W AL
1 1 —tdw

[, a,w) = ;__

is an analytic function of w in a neighborhood of the origin. In (3.33), the integration
path has been appropriately deformed. Near w = 0, f can be written as

fO,a,w)y=f0O, a0 +wg, o, w),
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where g(0, a, w) is also an analytic function near the origin. Straightforward calculation
gives

1
fO,a,0)=—— and pd =—Z7.
o

From (3.33) it follows that

1-8,Z —ic+
(3.34) Ly(z) = z e _l/ ooefp((l/Z)wericw)d_w
2mi @ Jic—oo w

—ic+00
+/ g (0, a, w)e (/2w Hicw) dw} .

ic—0o

Asindicated in Section 2, the first integral can be expressed in terms of the complementary
error function, and the second integral can be shown to be O(e~(1/2¢¢* p=1/2): see (2.26)
and (2.27). Thus, we have, from (3.34),

1 .
(335 Ly@)=-z'"Fe {%effc <_C\g ) + 0<e“/2”"2p“2>} '

o

In the evaluation of the first integral in (3.34), we have made use of the fact that
Im(—ica/p/2) > 0 when 6 < 0 on account of (3.32). In a similar manner, one can
show that

(3.36) Upn(z) = Z'—ﬁez0(6—2770Sinye—(l/Z)pczp—l/z) _ Zl—ﬂeZO(e—(l/Z)pczp—]/z);

see (2.29) or (3.42) below. Coupling (3.35) and (3.36) yields

1 :
(3.37) Ry(z) = —Z'Pe? {%erfc (—c\@) + O(e™1120¢ p_l/z)} .
(04

Substituting (3.37) into (3.5), we obtain

[p/8] 7" 1 18 z P
(338) Ea’ﬁ = — Z m + EZ e” erfc —C(O) E

n=1

4 O(e—pcosyp1/2—Reﬂ)’

where p = @)= |7|1/@¢c0sy) and ¢(0) are given, respectively, in (3.27) and (3.31)—
(3.32). In (3.38), we have also made use of the fact that

- 0
Re{Z — %pcz} = pRe {—e”’ — cosyi} = —pcosy.

To see that formula (3.38) indeed provides the kind of smooth transition that we are
looking for, we briefly examine the behavior of the function % erfc(—c(0)/p/2). For

—m/2 <60 <0,ie.,y— %7{ < arg Z < y — m, this function is exponentially small. For
0<0 <m/2ie,y —m<argZ <y — %n, this function is asymptotically equal to
one with an exponentially small correction term; compare (2.32) and (2.33), and recall
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the assumption y € (0, %n). Note that the function c(6) in (3.37) differs from that in
(2.30). Thus, smooth transition occurs at the Stokes curve arg Z = y — m, i.e., (3.21).

We now consider the case when arg Z > y — m. By making the change of variable
v = Ze'™t and rotating the integration path by an angle ¢, (2.9) can be written as

(3.39) Un(z) = dt,

e2i@N—p+1) 71-p /ooe’“’ taN—ﬁe—Ze’”t
27i 0

(te2rti)oz -1

where ¢ is chosen so that |largZ + m + ¢| < %71. By varying ¢ in the interval
(—2m, 2/a)r — 2m), (3.39) can be used to analytically continue Uy (z) to the region
1

3T — 2/a)T <argZ < %n. One can also write (3.39) as

dt.

1 00 taNfﬁefze””*“’)t
2mi /0

_ iQrte)aN—p+1) 71-p _*
(3.40) Un(z) =e Z (teiCr+oye — |

ForagivenargZ € (y —m,y +m), we specify ¢ = y —arg Z — 7 = —6. (Recall that
0 = argZ — (y — m); see (3.22).) By (3.24) and (3.27), 6N = p + r with r being a
bounded quantity. Hence, (3.40) can be further expressed as

(3.41) Un(2) =

ei(27‘r—0)(aN—,B+l)zl—ﬁ /oo { tar/S—ﬁ
0

—pe'? (/™7 t—logt)
(tei(ZJI—G))a -1 } ¢ dr.

2mi

By the method of steepest descent, the main contribution to Uy (z) comes from the saddle
point ¢ = ¢~?@"7 and we have

(342) UN(Z) — O(p1/27R6ﬂ672ﬂpSin)/prOS]/).
Here we have made use of the fact that
Re{i(2m — 0)aN — pe'’ — pe'’(tany)0} = —2mpsiny — pcosy — (27 — O)rsiny.

The last result also gives a proof of (3.36).

The situation is slightly different when argZ = y + m, i.e,, when 6 = 2m (or,
¢ = —2m). This is because the integrand in (3.41) has a pole at t = 1, in addition to a
saddle pointatt = e~>74"7 Since tany # 0, these two points are well separated, and we
can consider their contributions to the asymptotic behavior separately. (For this reason,
arg Z = y 4+ should not be considered as a Stokes curve.) From the denominator of the
integrand in (3.41), one can see that when 8 < 2, the integration path there is indented
to pass above the pole at ¢ = 1, whereas when 6 > 2, the integration path is indented
to pass below the pole at + = 1. Thus, as 8 increases from values below 27 to values
above 2m, we pick up the term

1
(3.43) — —77Be?
o

from the pole by the residue theorem. The contribution from the saddle point is of the
same order of magnitude as that given in (3.42). We note that

(3.44) O(Zl—ﬁeZ) — O(e—pcosypl/2—Reﬁ).
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Similar analysis can be used to show that

(3.45) Ly(z) = O(e <7 pl/27Rep)

forargZ € (y — m,y — 7 + (2/a)m). In summary, we have the following result.

Theorem 3.1. Leta and B be complex numbers withRe(1/a) > 1,andwrite o = 8e'” .
ForartgZ € (y — m,y + m), i.e., in the domain bounded between the two spirals
argz — (tany) log |z| = a(y £ ), we have

1 /ol
3.46 E, = 717z _ L O(ePeosY pl/2—Rep ’
(3.46) #@)=—2""e ;F(ﬁ_na)-i- (™" p )
where p is givenin (3.27). For z inthe domain {7 : a(y+n) < argz—(tany)log|z| < 7w}
or{z:—m <argz— (tany)loglz| < a(y — )}, it holds that

[p/8] —n
3.47 E = — .~ O(e~Pcosy 1/2—Re B )
(3.47) «,(2) > T 6 —na) + O(e ) )

n=1

For 7 near the Stokes curve argz — (tany)logz = a(y — m), we have the Berry-type
smooth transition given by

(3.48) Eqp(z) = %Zl‘ﬁez erfc (—c(@@)

[p/8] —n

_ - 0 —pcosy ~1/2—Rep )
;F(ﬂ_m)+ (e p )

In the statement of the above theorem, it is understood that the set
{z:a(y + ) <argz — (tany)log |z| < 7}

is empty if a(y + w) > m. Expansion (3.46) is obtained from expansion (2.5) by first
restricting z to the curve argz — (tany) log|z| = 0, i.e., arg Z = 0. The restriction is
then removed by an appeal to analytic continuation. The remainder term Ry (z) in (2.5)
is given by (2.7)—(2.9). The order estimate in (3.46) follows from (3.42) and (3.45).
Expansion (3.47) comes from expansion (3.46); the first term on the right-hand side of
(3.46) is canceled by the term in (3.43). The correction term in (3.47) is obtained from
(3.13) and (3.16) with N being given by (3.8), and from their corresponding results for
arg Z > y + m; see (3.44) and (3.45).

The discussion for the case y € (— %n, 0) is similar. Smooth transition corresponding
to (3.37) or (3.38) can be achieved at the Stokes curve

8
(3.49) argz — (tany)log|z| = ——(y + 7).
cos y
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4. Complex o with 0 < Re(1/a) <1

As in Section 3, we write @ = 8¢!” and use the notation

@ e fre(M)]

Thus, the case which concerns us here is when 1 < a < co. We again assume, without
loss of generality, y € (0, %n). The analysis for the case y € (—%7‘[, 0) is entirely
similar. We shall carry out our discussion case by case.

Case 1: a € [2]l — 1,2]), 1 is a positive integer. ~When a € (2] — 1, 2]) for some
positive integer /, itis readily verified from (3.3) that for arg z — (tan y) log |z| € [—m, 7],
we have

arg Z; € (—m, m), s=0,%1,...,£(—-1),
and
argZ, & [—m, 7], s=x(U+1),x£(+2),....
Also, when a = 2] — 1, we have
arg Z; € (—m, m), s=0,=%1,...,£(—-1),
for argz — (tan y) log |z| € (—m, ), and
arg Z & [—m, ], s=x(+1),£(+2),...,

for argz — (tany)log |z| € [—m, ]. In both cases, we put

-1

1
4.2) Fup(2) = Eqp(z) — — § Z17Pe%s,
a s=—I+1

If we temporarily set arg z — (tan y) log |z| = 0, then

arg Z:l:l |arng(tany)log |z]=0 ¢ [_771 77:]
and we can derive from (2.4) that
19 Bet

1
43 Fyp(z) = —
( ) Yﬁ(Z) 27Tl c’ 1% —Z

dt,

where C’ is the loop contour described in the statement following (2.3); see also (2.39).
By the same argument as in (2.40), we have

N—-1 —n

(4.4) Fap@ == =

m + RN(Z)7

n=1
where Ry (z) isas definedin (2.7)—(2.9). Once again the restriction arg z—(tan y) log |z| =
0 can be removed by analytic continuation. In the following, we do not intend to provide
the details of the analysis, but will point out some key facts.
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Here, instead of (3.14), we write (2.8) as

vothﬁefu

@.5) Ln(2) = e in(1=P)(7_ ¢y~ / S
' 2mi - o 1 —(/Z_eim)

Note that in (4.5), Z_; takes the place of Z = Z; in (3.14). The analysis following
(3.12) can be adapted to the present case, and the final results are similar. For instance,
the function Ly(z) in (4.5) can be continued analytically to the domain argZ_; €
(—%n - 2/a)m, —%n) or, equivalently, argz — (tany)log|z| € (—(a/2)r — 27 +
2l — a)m, (a/2)mr + (21 — a)w). The estimates (3.16) and (3.17) also hold, with Z_;
replacing Z; see (3.15). Hence, optimal truncation again occurs at

1
4.6) N ~ ge[any(y—ﬂ) |Z|1/(5 cosy)

as given by (3.8). Making the change of variable t = v/(Z_;e'™) and rotating the -
integration path, we are led to an expression similar to (3.23):

Zl_;ﬁ o1 i N logt—Z_je™t
4.7 Ly@) = t dr,
0

2mi @ —1 1—1t

where the integration path is again indented to pass above the pole at = 1. From (4.7), it
isreadily seen that when N is given by (4.6), and z approaches the curvearg Z_; = y —m,
the saddle point

po Nty Z )
Z,le”’
coalesces with the simple pole + = 1. This indicates that a Stokes phenomenon occurs
at the curve

4.8) argz — (tany)log|z| = ay + 2l — a)m.

In a neighborhood of this curve, Uy (z) is exponentially small. Indeed, by writing (2.9)
as
aN—-B _,—v
v e 4
1—(v/Z_je7im)

it can be shown, as in (3.36), that when a € (2] — 1, 2[), we have

’

L ina-p) inyNa [
Un(2) = 557 (Z_je™'™)
Tl 0
4.9 Un(z) = O(pl/Z—Reﬂe—an sin y—peosyy
forargZ_ ) € (y —m — pu/a,y — 7w + u/a), where

(4.10) w:=min{2r (2l —a),2n(a— 2l - 1)} <=

and p is as given in (3.27).
On the other hand, we can also write Uy (z) as

vctN—ﬂe—v

1 . . o
N = e P [
0 1 -
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By rotating the path of integration, this formula can be used to analytically continue
Uy (z) tothedomainarg Z; € (%n, %n+(2/a)n) or, equivalently, arg z—(tan y) log |z| €
(—=(a/2Qyr — 2l — a)m, (a/2)7 + 27w — (2] — a)m). Furthermore, the analysis leading
to (3.40) applies, and we have

Un(z) = dt,

r“—1

le—ﬁeiw(aN—ﬂ+l) /oc {AN=B p=Zie )
2mi 0

as long as ¢ satisfies |arg Z; — w + ¢| < %n and —27 /a < ¢ < 0. In particular, at the
curve

“4.11) argz — (tany)loglz| = ay — 2l — a)rm,
ie.,arg Z; = y 4+ m, we may specify ¢ = 0, giving

(4.12) Un(2) =

3

le—ﬂ /oo 10r/8=B =G ()
0

2mi -1

where r = §N — p is bounded, p is defined in (3.27), and
(4.13) G(t) = e(e*"™ t —logt).

In (4.12), the integration path is indented to pass below the pole at t, = 1; see (3.26).
Note that the saddle point at z, = e~>" "7 is well-separated from the pole at 7, = 1.
This suggests that the curve arg Z; = y + m, i.e., (4.11) is not a Stokes curve, while the
curve arg Z; = y — m given in (4.8) is such a curve. Deforming the integration path in
(4.12) to pass above the pole at 7, = 1, Uy(z) picks up the contribution

|
_le ﬁez,
o

by the residue theorem. The contribution from the saddle point ¢ is of the same order as
that given in (4.9). Similar analysis shows that L y(z) is also of this order; i.e.,

(4.14) Ly(z) = O(pl/ZfReﬂefﬁrp sinyfpcosy).

Away from neighborhoods of the curves argz — (tany)log|z| = ay £ (2l — a)m,
there is only one saddle point and no pole in each of the integrals Ly (z) and Uy (z).
Hence the method of steepest descent applies, and the analysis is somewhat routine. In
summary, we have from (4.2) the following asymptotic expansions in regions separated
by the Stokes curve given in (4.8) and the spiral (4.11):

-1 [p/8] —-n

1 z ‘
(4.15) Equp(z) = — Z1 Bl _NT S 4 gpl/2ReBpmpeosy)
WD =g 2 b 2 TG —am

forargz — (tany)log|z| € (ay — 2l — a)w,ay + 2l — a)7),

Lp/8] —n

1 -1 z
4.16 Ea = — Zl_ﬂ Zs _ -~ 9] 1/2—Rep ,—pcosy
@10 #() o Z s € Z [(B —an) o ¢ )

s=—1 n=1
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for argz — (tany)log|z| € (ay + 2l — a)m,ay + 7], and

1 ! [p/8] Z_”
4.17) E, = — Z¥_ﬂ Zs _ 9] 1/2—Rep ,—pcosy
(4.17) £(2) o s:;ﬂ s e ; T B —an) + O(p e )

forargz — (tany) log |z| € [ay — 7, ay — (2] — a)rr]. The two representations in (4.16)
and (4.17) agree with each other, since the sets

{(Z 1. s Zic1, Zilag z—(tan y) log [z|=ay —n
and

{Z—la Z—l+17 ey Zl—l}|argz—(tany)log|z|:ay+7(
are the same. For 7 in the region

4.18) ay +Q2l—ar —pu <argz — (tany)loglz| <ay + 2l —a)ymr + u

arouned the Stokes curve arg z — (tan y) log |z| = ay + (21 — a)mr, where u is given in
(4.10), and when a € (21 — 1, 2I), we have the Berry-type transition

1 -1 s [p/5] "
(4.19) Eyp(x) = — z!- eZs — o
’ @ S:ZI;H ; (8 —an)
|
+ Z—le’gez" erfc <—c(9)\/§) + O(p'/?~ReBgmpeosyy,
o
where c(6) is a function of & = arg Z_; — (y — m) defined by
(420) %02 = eiV(l + (tany + 1)0 _ e(tany+i)0)

with ¢(8) ~ e™/20/cos y, as 8 — 0, and Z_;e'™ := pe!v+@ny+o,

Note that u becomes zero when a = 2/ — 1, and that the interval in (4.18) collapses
to a point. Hence, formula (4.19) is no longer valid and a different analysis is needed.
Indeed, when arg z — (tany) log |z| /" ay + (2] —a)w,wehavearg Z_; /' y — m and,
simultaneously, arg Z;_; ' y + m. As a result, it can be shown that Ly (z) contributes
a Berry-type transition involving the complementary error function and Uy (z) picks up
the exponential term —(1 /oz)le__lﬁ e?-! from a pole. The argument for the case when
argz — (tany)log|z| \yay — 2l —a)m,ie,argZ; \(y+mandargZ_;; \\y — T,
is parallel. The details of analysis are similar to that given for Case 5 in Section 2.

Case 2: a € [21,2] + 1), 1 is a positive integer. ~The situation in this case is only
slightly different from the cases previously considered. Hence our discussion will be
very brief. Put

!

1 )
421 Fup@) = Eap@) = — 3 Z;Pe”
s=—I+1

for argz — (tany) log |z| € [—m, 0], and

1 -1
4.22 F, =K, B E VAP
( ) »ﬁ(z) ,ﬂ(Z) o s €

s=—1
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forarg z—(tan y) log |z| € [0, ]. Asbefore, these two expressions appear to be different,
but they in fact agree with each other since the two sets

{Z—H—l, R Zl—l P ZZ}|argz—(tan y)log |z|=—m
and

{Z,l, Zfl+17 s Zlfl}|arng(tany)log|z|=7r

are the same. From (3.3), it follows that in the principal branch arg z — (tan y) log |z| €
[, ], we have

argZs € (—m, m) for s=0,%1,...,&£(—-1),

and
arg Zy & [—m, ] for s=x(+1),x(+2),....
We temporarily choose arg z — (tan y) log |z| = — so that
2 —1
argZ1=( )ne(O,n)
a
and
21+ 1
argZ_; = —( + )n < —T.

a
With this restriction, the integral representation of F, g(z) in (2.39) holds and so does
the expansion in (2.40) with the remainder given in (2.7)—(2.9). The restriction is then
again removed by analytic continuation. It turns out that the curve arg Z_; = y — 7 or,
equivalently, the spiral

(4.23) argz — (tany)loglz| = ay — (a —2D)rw

is a Stokes curve. To see this, we consider the part of the remainder

1-p _ —pF(t)
(4.24) Ly(z) = 2o f Pl sl
2ri Jy ¢ —1 1—1t¢

under optimal truncation

N ~ ée(tan}/)()/—ﬂ)ldl/ﬁcnsy’

where F(t) = eiy(e(tany+i)9t — log ). The integration path in (4.24) is indented to pass
above the pole at t = 1. As in (3.26), the saddle point t, = e~@7+)? coalesces with
the pole ¢, = 1 when 6 approaches 0, where

4.25) 0=argZ_; — (y —m).

From this, it is now evident that a Berry-type smooth transition can be achieved via the
use of the complementary error function. The main contribution to the remainder, in the
present case, comes from Ly (z).
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ForargZ_, € (y —m,y — m + 2n/a) or, equivalently, ay — (@ — 2l)7w < argz —
(tany)log|z| < ay — (a — 2)m + 27w, we have

(4.26) Ly(z) = O(p1/2*Reﬁefpcosy).

As argz — (tany)log|z| keeps on increasing, we will come across the other curve
arg Z; = y + m, namely, the spiral

4.27) argz — (tany)log|z| = ay + (a — 2D)m.

‘We now consider the other part of the remainder

Zl_'B 00 e—PG®
(4.28) Un(z) = 21 / L —
0

i “—1

where G () is given in (4.13). Here the integrand has a pole 7, = 1 and a saddle point
t; = e~ 277 The integration path in (4.28) is indented to pass above the pole t, = 1;
compare (4.12). When the path is deformed to pass below the pole, the residue theorem
gives the term

1,
(4.29) — 7, Pe”,
o

At the same time, there is a contribution from the saddle point z;, which is of the order
(4.30) O(pl/Z—Reﬁe—hp siny—p cosyy.

Both contributions (4.29) and (4.30) are subdominant in comparison with the contribution
coming from the other part given in (4.26).
Summarizing the results, we have

1 ! [p/8] Z_”
4.31 Ea = — Z¥_ﬂ Zs _ 0 1/2—Re B ,—pcosy
431) Eqp2) “h;l I=Pe ; G —am T O P EOsY)

forargz — (tany)log|z| € [ay — m,ay — (a — 2D)7),

= FE) R
4.32 E = — Zlfﬂ Zs _ 0] 1/2—Rep —pcosy
(432) Eap)=—3 7 Pe Zr(ﬁ_an)+ (o e reT)

s=—1 n=1
for argz — (tany)log|z| € [ay + (@ — 2])w,ay + 7], and

1 l 1-B ,Z; A " 1/2—Rep ,—pcosy
(433)  Eape) =~ ‘Y; zZPe ; T —am) + O(p e )
forargz — (tany) log |z| € (ay — (a — 2D, ay + (a — 2D)7).

Expansions (4.31) and (4.32) are obtained, respectively, from (4.21) and (4.22). In
(4.21) we first restrict z to the curve argz — (tany)log|z| = —m, and in (4.22) we
restrict z to the curve argz — (tany)log|z| = . The restrictions are then removed,
as in many previous cases, by analytic continuation. Expansion (4.33) can be obtained
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directly from (2.5) by first restricting z to the curve arg z — (tan y) log |z| = 0. The order
estimates in (4.33) follow from (4.26) and (4.30).
For the region

ay —(a—2)r —n <argz — (tany)log|z| <ay —(a@a—2)+pu
around the Stokes curve argz — (tan y) log |z| = ay — (a — 2])r, where
w=min{2r 2l +1 —a),2n(a — 21)} < =,

there is the complementary-error-function approximation

1 l "5 2 [p/8] 7"
434) Eop(z) = — ZiPe? N
(4.3 Eap(@) o X=Zl;rl s ¢ ; I'(B —an)

| !
+ — 2z P e erfe —c(e))\/E + O(p'PRePemreosyy,
2a 2
see (4.19) and (4.20). Note that when a = 2/, u becomes 0. An argument analogous to
that for Case 5 in Section 2 is again needed; see also Case 1 of this section.
The discussion for the case y € (—%T(, 0) is entirely similar, and the Stokes curve

here is given by

(4.35) argz — (tany)log|z| = ay + (a — 2.
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