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Abstract

Ordinal responses often arise from surveys which require respondents to rate items on a
Likert scale. Since most surveys contain more than one question, the data collected are
multivariate in nature, and the associations between different survey items are usually
of considerable interest. In this paper, we focus on a mixture distribution, called the
combination of uniform and binomial (CUB), under which each response is assumed
to originate from either the respondent’s uncertainty or the actual feeling towards the
survey item. We extend the CUB model to the bivariate case for modelling two corre-
lated ordinal data without using copula-based approaches. The proposed model allows
the associations between the unobserved uncertainty and feeling components of the
variables to be estimated, a distinctive feature compared to previous attempts. This
article describes the underlying logic and deals with both theoretical and practical
aspects of the proposed model. In particular, we will show that the model is identifi-
able under a wide range of conditions. Practical inferential aspects such as parameter
estimation, standard error calculations and hypothesis tests will be discussed through
simulations and a real case study.

Keywords CUB - Finite mixture - Identifiability - Likert scale - Survey responses -
Uncertainty

1 Introduction

Ordinal data are frequently encountered in various disciplines. As mentioned in Ander-
son (1984), ordinal data often arise in two situations: (1) thresholding an underlying
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continuous variable, and (2) ranking provided by an assessor after processing unspec-
ified amount of available information. An example of the first type could be the
abundance of species based on percentage cover on the ground, which can be defined
as 0 (absence), 1 (> 0-5% cover), 2 (> 5-12% cover), and so on (Guisan and Harrell
2000). When it is reasonable to assume the existence of a latent continuous variable,
logit- or probit-type regression models are commonly employed to analyse the data
(McCullagh 1980; Agresti 2010), see also a recent review for a detailed account of
various ordinal regression models (Tutz 2022).

The second type of ordinal data is usually recorded in terms of a Likert scale, which
has become a widely used tool in researches that involve surveys and questionnaires
(Joshi et al. 2015). For example, in visual grading experiments for medical images,
assessors are often requested to classify an image using one of several possible options
such as “Definitely it is not clearly visible”, “Probably it is not clearly visible”, and
so on (Al-Humairi et al. 2022). Since this type of data is usually collected from
human respondents, there exists response biases which may make the data not truly
reflecting the respondent’s actual opinion towards the survey item (Baumgartner and
Steenkamp 2006). For example, in answering a survey question, some people may
choose a satisficing option rather than investing their time to give the optimal answer
(Krosnick 1999). Van Vaerenbergh and Thomas (2013) have also reported different
response styles where respondents tend to choose an answer regardless of the content.
Thus, any serious attempt to analyse survey data should take into account the potential
response biases inherent in the data. As argued by lannario and Piccolo (2016), one
of the simplest ways to model these kinds of data is to use a two-component model,
which explicitly assumes that the data are generated from two processes as described
below.

To this end, this paper focuses on the use of finite mixture models to analyse
ordinal data arising from surveys. An advantage of using finite mixture models is
that the data can be considered as generated from different underlying processes or
heterogeneous populations, allowing for a greater flexibility (McLachlan et al. 2019).
A popular mixture model that has gained attention recently is the combination of
uniform and binomial (CUB) model. Since introduced by Piccolo (2003) and D’Elia
and Piccolo (2005), CUB models and their variants have been widely applied in various
disciplines to model ordinal data, especially those arising from surveys which require
respondents to choose a response from a Likert scale. For example, CUB models
have been applied in modelling survival probabilities (Iannario and Piccolo 2010b),
customer preferences on food quality (Piccolo and D’Elia 2008), and job satisfaction
(Gambacorta and Iannario 2013), just to name a few.

Under the settings of CUB models, the uniform component represents the indeci-
siveness or uncertainty of the respondent towards the survey item. In such a case, the
respondent is assumed to pick an answer completely at random. The binomial com-
ponent, on the other hand, is related to the feeling or actual opinion of the respondent
towards the survey item. The stronger the feeling, the higher the rating. However,
the analyst will not be able to distinguish whether the response is a completely ran-
dom selection or a reflection of the actual feeling of the respondent. Nonetheless, the
estimated parameters could inform the measure of uncertainty and preference for typ-

@ Springer



A Mixture Distribution for Modelling Bivariate. ..

ical respondents. More details regarding the foundations and developments of CUB
models can be found in a recent review (Piccolo and Simone 2019).

Most of the CUB models developed so far are univariate in nature. In other words,
they focus on merely one survey item or question. Since most surveys contain more than
one question, the data collected are multivariate in nature. To capture the dependency
structure between the responses from several survey items, multivariate models are
required. Some notable attempts to introduce multivariate CUB distributions include
Corduas (2011, 2015), Andreis and Ferrari (2013), Colombi and Giordano (2016) and
Colombi et al. (2019). Except the last one, all these works use copula-based methods
to combine univariate CUB random variables. In particular, Colombi and Giordano
(2016) employed the Sarmanov distribution while the others used the Plackett distri-
bution. On a related note, Barbiero (2021) demonstrates how a joint distribution of two
CUB margins can be constructed using copulas to match a desired correlation. While
copula-based methods are flexible, there are limitations that cannot be overlooked.
Firstly, copulas are usually applied to continuous random variables. The dangers and
restrictions of applying the same practices to discrete distributions have been outlined
by several authors, see Genest and Neslehova (2007) and Geenens (2020) for example.
Specifically, since copulas cannot be uniquely defined for discrete variables (Nelsen
2006), there are identifiability issues, which may cause inconsistency in parameter
estimation (Genest and NeSlehovd 2007). Secondly, parameter(s) in copula models is
(are) usually related to either the rank or Pearson correlation between the two uni-
variate random variables. However, since CUB random variables are a combination
of two processes, the copula parameter(s) (assuming consistent) would relate to the
overall correlation between the mixtures only, rather than the correlation between the
individual uniform or binomial components. This may make the interpretation of the
estimated copula parameters difficult.

To avoid the above concerns, this paper aims to construct a joint distribution for
(R1, R2), which represents a pair of ratings arising from a survey, using bivariate uni-
form and bivariate binomial distributions. Some important features of the proposed
model include (1) both R and R» follow a CUB distribution marginally, (2) the joint
distribution is not derived through copula-based routines, and (3) the dependency
between the uniform and binomial components can be estimated separately, allowing
better interpretation of model parameters. Our proposed model is similar to the hierar-
chical marginal models with latent uncertainty (HMMLU) proposed by Colombi et al.
(2019), which will be described more formally in Sect. 3. Briefly, in their work, the
uncertainty components can take a more flexible shape while the feeling components
and the corresponding associations are modelled directly using marginal logits and
log odds ratios, in the spirit of marginal models (Molenberghs and Lesaffre 1994; Bar-
tolucci et al. 2007). One drawback of HMMLU is that the uncertainty components are
assumed to be independent. Our proposed model overcomes this by having a parameter
that directly measures the correlation between the uncertainty components. Another
drawback of HMMLU lies in the large number of parameters, which characterise the
marginal logits and log odds ratios, especially in the absence of covariates. In our pro-
posed model, the feelings are modelled using a bivariate binomial distribution which
contains only three parameters, making it more parsimonious.
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The rest of the paper is organised as follows. Section 2 provides a brief account of the
CUB, bivariate uniform and bivariate binomial distributions. Section 3 demonstrates
how these distributions can be combined to form a new class of bivariate CUB models.
A comparison between the proposed model and HMMLU is provided as well. Section 4
deals with various inferential issues including identifiability, parameter estimation,
calculation of standard errors and hypothesis tests. Simulation and application results
are reported in Sects. 5 and 6, respectively. Finally, Sect.7 provides a conclusion and
discussions.

2 Preliminaries

Formally, a random variable R is said to follow the CUB distribution with parameters
7 and &, denoted by R ~ CUB(x &), if the probability mass function (pmf) is a
mixture of the discrete uniform distribution and a binomial distribution. Suppose R
takes one of the (m + 1) values from {0, 1, 2, ..., m}, the pmf admits the form

P(R=r) = H—Z FaCm(1— E)EmT

Here, the mixing weight (1 — ) measures the degree of uncertainty while (1 — &)
measures the degree of feeling. As (1 — &) increases, there is a higher chance of
observing a higher rating.

In the literature, CUB random variables are assumed to range from 1 to m instead
of starting from zero, represented by a shifted binomial distribution (Iannario and
Piccolo 2010a). However, in this paper, we use the ordinary binomial distribution
for several reasons. Firstly, real survey choice sets are often textual and arbitrary in
numbering, making numerical interpretation less meaningful. Secondly, we treat the
binomial component as a sum of independent Bernoulli variables, which naturally
starts from zero. Lastly, ordinary binomial distribution results are more accessible and
less confusing for readers unfamiliar with the history of CUB models.

To construct a bivariate model for Ry and R, (which may represent rating responses
from two survey questions), we first provide some details on a bivariate discrete uni-
form distribution and a bivariate binomial distribution which we have chosen to work
on. A main feature of these distributions is that the marginal distributions belong to
the same class.

2.1 Bivariate discrete uniform distribution
Let U; and U; be two random variables where the pmf for U; admits the form

1
P(U1=u1)=m—+1, up=0,1,2,...,m. )
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We further assume the following form for the conditional distribution of U, given Uy :

1+ay . _ .
’ lf u2 - ul ’

P(Ur = wa|Uy = uy) = : A )
m, otherwise.

In other words, the conditional distribution of U,|U; is not uniform but a categori-
cal distribution. The parameter ayy characterises the dependence between U; and Us.
Depending on the value of 7, the probability of choosing the same answer in Question
2, given the response in Question 1, can be higher, lower, or unchanged. The admis-
sible range of oy is [—1, m], with oy = O representing the case of independence.
Marginally, U, follows the discrete uniform distribution, since

> PULU)P(UY)

u1=0
1 14+ay 1 m— oy 1
m+1\1+m m—+1\m@m+1) m+ 1

The joint distribution of U; and U, can be written as

P(Uz = uz)

m + maUluzzm - OlUlLtz;&u]
m(m + 1)2

PWUi =u,Up =up) = = Uip(uy, uz, ay),

where 14 is the indicator variable which takes a value of 1 if condition A is satisfied;
and 0 otherwise. Notice that U and U; are independent only if oy = 0.

Studies on psychological aspects of survey responses have revealed the tendency for
respondents to select the same category regardless of the question, thus we expect oy
to be positive in practice. For example, three of the common response styles reported
by Baumgartner and Steenkamp (2001) and Van Vaerenbergh and Thomas (2013) are
acquiescence response style, extreme response style and midpoint responding. These
response styles refer to the tendency to agree with the item regardless of content, to
select the most extreme category regardless of content, and to choose the middle scale
category regardless of content. All these tendencies would make the probability of
having two identical responses higher than expected under the independence assump-
tion. The first two moments of Uy and U, are summarised below. The derivations can
be found in Appendix A.

m
EU;) = >
m(m + 2)
Var(Ui) = T,
2
Cov(wy, Uz = L2,

ay
ry = Corr(Uy, Up) = ?
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2.2 Bivariate binomial distribution

We will make use of the bivariate binomial distribution introduced in Biswas and
Hwang (2002), where further details can be found. Let 77 and 7> be two random
variables. Following Biswas and Hwang (2002), we con51der T1 as a sum of m inde-

pendent Bernoulli variables, i.e., 71 = Zl 1 Th; where Ty; S Ber(1 — &1). Given
Ty, another Bernoulli variable 75; is generated such that

- _ Ty
P(Ty = 11Ty = -~ LS T )

where o p measures the dependency between T7; and 73;, with the admissible ranges

& &H—1 1-£ .
max | —7= —E1+&° 1+§1 ’ 52*521)’ =& >1-8;
& &—1 & .
*B € max TIE+E THE & | él—éz)’ =& >1-§; @
(max {—§, —(1 — §)}, 00), 1—-&=1-§&=1-¢&.

Remark 1 The admissible ranges given in (4) ensure P(75; = 0|T};) and P(Tp; =
1|T1;) are between 0 and 1. The above ranges correct the ones provided in Biswas and
Hwang (2002).

When ap = 0, T1; and T7; are independent. Furthermore, 71; and 75 ; are assumed
to be independent for all i # j. Marginally, it can be checked that 75; ~ Ber(1 — &)
since

P(Ty=1)=(l —&)(
=1-6&.

1 -& +ap1 —&)+oap 1 —-& +apé — &)
1+« 4 [
B B

We further define 7, = Z;"zl T»; . In other words, both 77 and 75 follow the binomial
distribution with parameters (m, 1 —&;) and (m, 1 — &), respectively. The conditional
distribution of 7> given 77 is given as

t m—t Hh— t2 m—ti—tr+j
P(Ty =0Ty =t1) = (1 +ap)” meClq2 jlw wi T w? W) /|
j=0

where

wy =1-& +ap(§ — &) +as,
wy =& —ap — &),

w3 =1-& +apé — &), and
wy = & —ap(§ — &) +ap.
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Hence, the joint distribution of 77 and 7, can be written as
P(Th=t,Th=n)= Bl(tl) x (14+ap)™

ty ~m—ty_ Jo ti—j =] m—ti—h+]
XE C. Ct2 jwlwz wy Wy

= Blz(tl,tz,&,é‘z,otB),

where Bi(11) = C/'(1 — &)" £/"~". The covariance and correlation of 7 and 7>
are given below [see also Biswas and Hwang (2002) for a more general class of the
bivariate binomial distribution]:

mop

pn 51(1 &1,

1 —
ryr = COI‘I‘(T], T2) = 1 _T_BaB z‘;il - 2;; . (5)

Mathematical derivations are provided in Appendix A. When two survey questions
inquire about similar aspects, it is reasonable to expect a positive correlation in the
responses (ap > 0). In the opposite, if the two questions are probing for conflicting
aspects (for example, satisfaction of salary and tendency to leave the company), one
may anticipate a negative «g. Studies of survey response have also revealed that prior
questions often influence later responses (Krosnick and Alwin 1987; Tourangeau et al.
2000), thus it is important to capture the correlation between 77 and 7.

Cov(Th, T7)

3 A new class of bivariate CUB distributions

Suppose R; and R; represent the ordinal responses from two survey questions
answered by the same respondent. Although there is no requirement for Ry and R; to
be the responses from two consecutive questions, it may be easier to understand the
process considering that way. We assume the following generating process.

The respondent first decides if s/he is uncertain or certain about his/her feeling
towards Question 1. If s/he is uncertain, the rating is given randomly according to
a discrete uniform distribution. If s/he is certain, the rating is given by a binomial
distribution reflecting her/his feeling. Hence, R| resembles the generating process of
a univariate CUB variable. The same process is repeated Question 2. However, this
time the rating may depend on the rating provided in the previous question.

Since the decision process is repeated two times, there are four scenarios: (uncertain,
uncertain), (uncertain, certain), (certain, uncertain) and (certain, certain), with respec-
tive probabilities (1 — 1) (1 —m2), (1 —my)mo, w1 (1 — ) and 717 Symbolically, let
D and D, be two independent Bernoulli variables with P(D; = 1) = m;. The four
scenarios can be writtenas (D =0, D, = 0),(D; =0, D, =1),(Dy =1, D, =0),
and (D1 = 1, D> = 1). We also assume that if the ‘regime’ goes from uncertain to
certain (or vice versa), the ratings given in the two questions are independent. Such
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Decision Generating Decision Generating Outcome

for Q1 Process for Ry for Q2 Process lor R,
D=1
Feeling . BB
Prob :1'[2/// 2e
/

By ———» p, <
D=1 T

Feeling
Prob =m;

——
D=0 U —
Uncertain T~

Prob=1-m, T
(R1,R2)
D. "
1 D,=1 _—

ceeling _—
Feeling B _—

Prob =m, o 2

D=0 _—
Uncertain ////
vy —— D, <

Prob=1-m;

D, =0 \\\\‘ Uz |Uy
Uncertain
Prob=1-m,

Fig. 1 Schematic flowchart showing the generating process of (R1, R>)

a process is represented schematically in Fig. 1. Note that all the stages except the
outcome are unobservable and therefore unobserved. The above described process
would result in the following joint distribution:

P(Ry=r1, Ry =1)

(I —m)maBa(rz)  mi(1 —m2)Bi(r1)
m—+1 m—+1

+mima Bia(r1, r2; &1, &2, ap) (6)

= —-m)A = m)Ui2(r1, 12, 2y) +

From the joint distribution, it can be checked that, marginally, both R and R, follow
aunivariate CUB distribution with parameters (i1, £1) and (712, &), respectively. Also,
R; and R, are independent if and only if «p = oy = 0. In that case,

P(R Ro=r) = |~ L Bier) | | =2 4 1 Bar)
=r,Ry=mr)= b4 r b4 ).
1 1 2 2 m+1 1D01\r] m+1 202\

The first two moments of the proposed bivariate CUB distribution are given by

ER) = (1 — m)% +mm(1—&), i=12;
2m + 1 B (1 —n,-)m]

Var(R;) = (1 — wj)m |:

6 4
+mim(l —&)&[1 —m(l —m)], i=1,2;
ay(m +2)

Cov(Ry, Rp) = (1 —m)(1 — Nz)T +7717T21

mop
1— .
+aB§1( &n. (D
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(m, Ty, §1, E_,2, Oly, OCB) = (07, 05, 06, 04, 5, 15)

0.04

0.01 ~
o \’0_005<>

0.03

0.02
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© - 0.030
0.025
©
. —— |00
| o0.005
Y1 gp————————————— o015
0.015 —
—0.02 0.025
o | 0018 ——————0= ——— | 0.005
T T T T T
0 2 4 6 8

Fig.2 Contour plots and 3D histograms of some bivariate CUB models under three sets of parameters with
m=9

Derivation details are provided in Appendix A. The correlation, rg, can then be derived
from the covariance and the variances. Figure 2 shows the contour plots and 3D his-
tograms for the joint probability mass functions under three sets of parameters. From
top to bottom panels, the figure demonstrates the cases where R and R, are positively
correlated, independent, and negatively correlated, respectively.

From (7), it can be deduced that the correlation between R; and R, is zero if
ap = ay = 0, or when

. —BRmm m&i(d—-§) ap
1-—m)—-m) m+2 1l4+ap’

dy
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as long as the right-hand-side (RHS) of the above equation is within the admissible
range provided in (4). In other words, the dependency within the uniform components
may sometimes cancel out that due to the binomial components.

The correlation rg between the two responses are governed by not only «y; and
ap, but also all other parameters. For this reason, rg may sometimes be misleading,
or at least undermining the dependency between the respondent’s feelings towards
the two items. For instance, if 71 = mp = 0.5, then approximately half of the pairs
(R1, R>) will be generated independently, which may shrink the overall correlation
rr, even when ry and rr are reasonably large. Yet, in practice, ry and r7 may be
of higher interest. The former represents the tendency of choosing the same category
when the respondent was uncertain towards both questions, while the latter represents
the correlation between the liking of the two survey items. Once the model parameters
were estimated, r7 and ryy can be found correspondingly. The separation of the overall
dependency into different components cannot be accomplished in any previously pro-
posed copula-based methods, as these methods tend to estimate the overall correlation
between the two margins.

3.1 Comparison with HMMLU

A model that is similar to the bivariate CUB model proposed is the aforementioned
HMMLU (Colombi et al. 2019). Similar to our approach, the data generating process
of HMMLU assumes the existence of latent states that represent if the respondent’s
answer was based on feeling or uncertainty. In the bivariate case, the four scenarios
(D1 =0,D,=0),(D;=0,Dy=1),(Dy=1,D, =0),and (D; = 1,Dy = 1)
would still apply. The major difference between HMMLU and our proposal lies in the
distributions of the responses under each of the four scenarios.

When an the answer is given with uncertainty (D = 0), HMMLU assumes a
distribution h; (r;), i = 1, 2, which can take different shapes such as U-shape and bell
shape. The uniform distribution is one of the special cases. When both answers are
given with uncertainty, Ry and R, are assumed to be independent under HMMLU.
In the opposite, when an answer is given with certainty (D = 1), HMMLU does not
impose any specific distribution for the responses. Rather, the marginal distributions
and the joint distribution are parameterised through marginal logits and log odds ratios,
respectively. Such an approach stems from the general framework of marginal models
for categorical data (Bergsma and Rudas 2002; Bartolucci et al. 2007). The joint
distribution of R and R, under HMMLU can be written as

P(Ri=ri,Ry=r)= Y mjP(Ri=ri,Ry=r|Di=i Dy=j)
i,j=0.1
= mooh1 (r)ha(r2) + moth1(r)) P(Ry = r2| D2 = 1)
+m10h2(r2) P(Ry = r1|Dy = 1)
+rnP(Ry=r,Rp=n|Dy=D;=1) ®)

Comparing Egs. (6) and (8), some differences between HMMLU and the proposed
bivariate CUB model are notable. Firstly, HMMLU does not allow correlation between
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uncertain responses. In the bivariate CUB model, such a correlation is captured through
ay in Ups. Of course, when oy = 0, the uncertain responses under the bivariate CUB
model are generated in the same manner as HMMLU when both #; take the uniform
distribution. Secondly, the mixing weights (;7’s) are generated differently. Implicitly,
our approach assumes that D; and D, are independent while HMMLU allows them
to be dependent.

Lastly, the distributions of the certain responses under HMMLU need not be the
binomial distributions, and are hence more flexible. However, a consequence of which
is that HMMLU contains way more parameters. The situation is more obvious in the
absence of covariates. For example, with m + 1 categories, HMMLU would require m
parameters for the marginal logits for each of Ry and Ry, and (m — 1)? log odds ratios to
parameterise the joint distribution. As mentioned in Colombi et al. (2019, p. 599), the
large number of parameters will usually lead to identifiability issues, and constraints
are therefore required. In the opposite, the distributions of the certain responses under
the proposed bivariate CUB model can be characterised using three parameters &1, &>
and ap.

4 Inferential issues

Next, we discuss various issues related to the inferential processes. We start with the
identifiability since the estimation of the parameters is only meaningful if the model is
identifiable. Next, we discuss the strategy of estimating the parameters. Before closing
this section, we provide details for the standard error calculations and hypothesis tests
for some of the parameters.

4.1 Ildentifiability

The following theorem specifies the conditions under which the bivariate CUB model
is identifiable.

Theorem 1 Given that 0 < my,72,&1,& < 1, & # &, and m > 3, the bivariate
CUB model given in (6) is identifiable.

Before we provide a proof for the theorem above, we first place a couple of remarks.
Firstly, the condition m > 3 (i.e., the number of categories is at least 4) is equivalent
to the condition required in the univariate case (Iannario 2010). Similar to the identifi-
ability condition for HMMLU, restrictions on the number of categories are necessary
to make sure that the number of parameters is less than the number of free frequencies
(Colombi et al. 2019). The univariate CUB model is still identifiable when 7 = 1 (Ian-
nario 2010) because the discrete uniform distribution does not contain any parameters
(& can be identified even when = = 1). Thus, the identifiability is ensured for 7 > 0.
However, in the bivariate case, as specified in Theorem 1, while it is still required
that 71, mp > 0, either 7 or m» = 1 would make the model non-identifiable, since
there are infinite number of possible oy that would yield the same joint distribution
(6) under such case. Similarly, when &; or &; takes either values of O or 1, «p cannot
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be identified as well. The additional requirement of £; # &, may seem restrictive. In
practice, however, since &1 and &, correspond to the feeling of a respondent towards
two survey questions, the values rarely coincide, unless the two questions are probing
for exactly the same aspect (in that case, a single question would be sufficient).

Proof Let@ = (71, 12, &1, &2, ay, ap) € ® = (0, 1)* x [—1, m] x Ap where Ap is
the parameter space for op governed by (4), with the exception that £; cannot be equal
to &. Further, denote by Py, ,(0) = P(R; = ri, Ry = 12;0), Pey, = Zﬁ:o Py ry
and Prje = )" _o Py, r,- The bivariate CUB model is identifiable if and only if, for
any parameter vector 8%, the system of equations in 6:

Prl,rz(o):Prl,rz(o*)7 ri,rp=0,1,...,m, )

admits only one solution in the parameter space (Manisera and Zuccolotto 2015).
With (m + 1) categories, there are altogether (m + 1)2 equations in (9). Fortunately,
results in Manisera and Zuccolotto (2015) also demonstrate that it is possible to reduce
the number of equations in the system by constructing some equations that allow the
parameters to be specified sequentially.

For the bivariate CUB model on hand, we consider the following system of equa-
tions:

Pre(0)—Poe (8) — Pmo(O*)_POo(o*)
Poe(0)—1/(m+1) — Poe(0*)—1/(m+1)
Poe(0*)—1/(m+1)

L= =T /Gm+1)

Pom(a)fpo()(o) — P.()(O*)*P.()(o*)

Peo(0)—1/(m~+1) ™ Peo(0*)—1/(m+1)

7y = Pa0@H=1/(ntD) (10)

&' —1/(m+1)
Por(@)—Pio®) _ Por(0*)—Pio(6*)

e & —6) e 61-&) o ,
_ * (—7)mB(0) 71 (1—m)B1(0)  mmBi1(0)wy (m+1)
ay = (P00(0 ) — 11n+2l = - m+1 = - (Ttagp)™ 4) (=rD(—m2) 1

The selection of the above system was merely due to the simplicity of algebra
involved, as shown below. In the first equation, both P,,, and Py, represent marginal
probabilities which are free of oy and ap. According to lannario (2010), the first
two equations in (10) allow 7r; and & to be uniquely specified. Similarly, the second
two allow mp and &, to be uniquely specified. If «p can be uniquely specified, the
last equation will only yield one oy (hence unique). Thus, it remains to prove the
uniqueness of ap. For this purpose, we consider in details the fifth equation in (10).
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Since

m—ay (I —mmaBa(1) w1 (1 —m2)B1(0)
m(m + 1)2 m+1 m+1
mnzBl(O)mw3wT_1

(1 4+ap)™
Pio(0) = (1 —m)(1 —m2)

Po1(0) = (1 — )1 — m2)

R and

m— oy (I —m)mB2(0) 7w (1 —m)Bi(1)

m(m + 1)2 m+1 m+1
1

B (Dwowy ~
(I4+ap)™

we have

Po1(6) — P1o(0) _ (1 = m)m2(B2(1) — B2(0)) n w1 (1 —m2)(B1(0) — Bi(1))
) (m+ DEM (& — &) (m+ DEM (& — &)
mwf{'*l

(1+ap)m!

+mrymo

(11)

which is a function in ap, and free of oy, provided all other specified parameters
71, o, &1 and & . Furthermore, this function is continuous in «y. To see this, we
simply need to show that p > —1. With & # &, the lower bound of «p is always
greater than —1 since

S _(_1):—]_'5El >0, and
1-& +& 1-& +&

&H—1 &1

2T p=—21 o,
a6 U Tie-5

Now, we will show that the above function is monotonically increasing in ap.
Differentiating (11) with respect to ap yields

mmm@m — 1)(1 — &)[& — apE — &) +apl" 2
(1+ap)™ ‘

Since «p > —1, the denominator is always positive. Now, consider & — ap(§; —
&) + ap. The lower bound of ap is given by

{ & &H—1 }
op > max {— , .
1-&+& 1+& &
Since

&—1 —& E1+&—1

1+6 -6 l1—g+&8 1—(@E-6)72
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we can deduce that

& g1 }:ilfg—‘_lg if & +&—120;

max{— , & .
l_§1+$2 1+€]_$2 —m, 1f$1+§2—1<0.

If§+6&—-1=0,

&H—1
& +ap(l —& + &) >§2+<m> (I-&+&)
_ &1 +&6—1 -0
1 —&+& "~
In the opposite, if &1 +& — 1 <0,
wp > 2
1-&+&

ap(l =&+ &) > —&
& +ap(l—£& +&)>0.

Hence, & + ap(1 — & + &) is always positive. Since Eq. (11) is continuous and
monotonically increasing, one and only one «p will be specified. This completes the
proof. O

4.2 Parameter estimation

The parameter estimation can be carried out using the EM algorithm (Dempster et al.
1977). Although the chief focus of Dempster et al. (1977) was on handling incom-
plete data, the EM algorithm has been proven to work well for mixture distributions,
including CUB models (Piccolo 2006). Further details on this topic can be found in
Everitt and Hand (1981), Redner and Walker (1984), McLachlan and Peel (2000) and
Arcidiacono and Jones (2003), among many others. The details of the algorithm for
the proposed bivariate CUB model are provided in Appendix B.

4.3 Standard errors

The variance-covariance matrix of the estimated parameters can be obtained by invert-
ing the observed information matrix:

Var(@) = 10)"" = [~A?log L(O)]'|,_;-
The standard errors of the parameters are the square root of the diagonal elements
of Var(@). The use of observed information matrix, instead of expected information

matrix, has been justified in Efron and Hinkley (1978). Explicit expressions of the
elements in Var(@) are provided in Appendix C.
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4.4 Model selection

For a particular dataset on hand, when selecting between non-nested models such as the
bivariate CUB and HMMLU, common measures such as Akaike Information Criterion
(AIC) and Bayesian Information Criterion (BIC) can be employed. In the context of
the proposed bivariate CUB model, when comparing between nested models, it can
be done via hypothesis tests by means of the likelihood ratio test (Hoel 1962). Here,
we list some of the tests can be done regarding the dependency parameters:

° Hli()lgzcl,()lU:CQ,
e Hf :ap =c,and
e Hy:ay =c,

for some constants ¢, c; and c», against the alternative hypothesis that Hy is not
true. In particular, testing if any or both of oy and «p is/ are zero would be of high
interest. Under Hol, ifap = ay = 0, Ry and R, are completely independent. Under
HOZ, if ap = 0, provided that the respondent chose to express his/ her opinions on
both questions, the feelings towards the two questions are independent. Under H, if
ay = 0, provided that the respondent was uncertain to both questions, his/ her choices
of the categories are independent (both completely random). The test statistic is

—21og[L(r; @0)/L(rk; 01,

where 50 is the maximum likelihood estimator of @ evaluated under the restrictions
specified in Hp. The test statistic follows a x2 distribution approximately, with a
degrees of freedom of 2 for the H, and 1 for both H} and H.

5 Simulation

Simulations were conducted to investigate the accuracy of the estimates based on
the procedure described in Sect.4.2 under two cases: (1) large sample with many
categories, and (2) small sample with relatively fewer categories. As the number of
categories is typically between 2 and 11, with 5 to 10 categories being the easiest
to rate (Wakita et al. 2012), we have purposely chosen 5, 7 and 10 categories in the
simulation studies below.

5.1 Large sample with 10 categories

In this simulation study, we set m = 9 (which means a total of 10 categories) and used
two sets of parameters as given below.

o Set 1: (71, M2, &1, &2, oy, ag) = (0.7,0.5,0.6,0.4, 5.0, 1.5
o Set2: (1, 2, &1, &2, ayr, ag) = (0.5,0.6,0.6,0.4, 3.0, —0.3)’

For each set of parameters, we first simulated two Bernoulli variables D1 and D; using
1 and m, as the respective parameters. If D; = D> = 0, Ry and R, were simulated
using (1) and (2), respectively. If D; = 0 and D, = 1, R was simulated using (1) and
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Table 1 Mean and coefficient of variation (CV) of the estimated parameters under different simulation
scenarios for the large sample sizes with ten categories

Parameter T 19 & & ay op

Set 1 True 0.7 0.5 0.6 0.4 5.0 1.5

n = 1000 Mean 0.7016 0.5018 0.5997 0.3999 5.1898 1.5141
CV 0.0385 0.0625 0.0124 0.0260 0.2264 0.2192

n = 2000 Mean 0.7010 0.5014 0.6001 0.3999 5.0646 1.5040
CV 0.0258 0.0442 0.0093 0.0180 0.1452 0.1682

n = 3000 Mean 0.7007 0.5006 0.5998 0.3996 5.0616 1.5058
CV 0.0218 0.0338 0.0079 0.0146 0.1231 0.1522

Set 2 True 0.5 0.6 0.6 0.4 3.0 —-0.3

n = 1000 Mean 0.5013 0.6013 0.6000 0.4006 3.0782 —0.2918
Ccv 0.0644 0.0523 0.0183 0.0227 0.2411 —0.1823

n = 2000 Mean 0.5004 0.6001 0.5997 0.4000 3.0543 —0.2969
CV 0.0457 0.0353 0.0126 0.0161 0.1541 —0.1222

n = 3000 Mean 0.5001 0.6006 0.6000 0.4001 3.0330 —0.2992
CV 0.0369 0.0296 0.0103 0.0131 0.1333 —0.0957

R> was simulated using a binomial distribution with parameter (1 — &). If D1 = 1
and D> = 0, Ry was simulated using a binomial distribution with parameter (1 — &)
and Ry was simulated using (1). If D; = Dy = 1, then m Bernoulli variables were
simulated using (1 — &;) as the parameter. These m Bernoulli variables were summed
up to yield R;. Conditional on each value of these m Bernoulli variables, another m
Bernoulli variables were generated with a parameter specified in (3). The sum of the
latter m Bernoulli variables resulted in R;. Three sample sizes n = {1000, 2000, 3000}
were used. For each sample size, 1000 replicates were simulated. The convergence
threshold for the EM algorithm was set to be 1 x 107>,

Under the parameters specified in Set 1, ry = 0.56, rr = 0.60, and R and R; are
positively correlated, with a theoretical correlation of 0.24. Under those specified in
Set 2, ry = 0.33,r7 = —0.43, and R; and R, are only weakly positively correlated,
with a theoretical correlation of 0.05. Table 1 summarises the estimation results across
all simulation replicates.

For both sets of parameters, the biases of all estimated parameters were very small,
with a generally decreasing trend with sample sizes. Meanwhile, the coefficients of
variation decrease with the sample size as well, as one would expect. Not surprisingly,
the variabilities of oy and o were greater than the other parameters. This is probably
due to the fact that these parameters can only be estimated when D1 = D> = 0 and
D1 = Dy = 1, respectively, hence requiring a larger sample size than the marginal
parameters in achieving a lower variability. Overall, we conclude that the EM algorithm
proposed in Sect.4.2 worked well and is therefore an appropriate method for fitting
the bivariate CUB model when both the sample size and the number of categories are
large.
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Table 2 Mean and CV of the estimated parameters for 1000 simulation replicates with n = 100, 200 and
300, and m = 4 and 6

Parameter T %) & & ay op
m=4 TRUE 0.7 0.3 0.8 0.4 3.0 0.2
n =100 Mean 0.7035 0.3408 0.8012 0.4000 3.1515 0.3919
(0\% 0.1199 0.3789 0.0401 0.3059 0.3053 2.4392
n =200 Mean 0.7034 0.3148 0.8001 0.3995 3.1187 0.3005
(0\% 0.0831 0.3161 0.0281 0.1817 0.2589 1.8987
n =300 Mean 0.7017 0.3169 0.8000 0.4015 3.1556 0.2864
CvV 0.0700 0.2553 0.0231 0.1345 0.2276 1.7073
m==6 TRUE 0.7 0.3 0.8 0.4 3.0 0.2
n =100 Mean 0.7074 0.3281 0.7995 0.4053 3.5520 0.3433
CV 0.1116 0.3440 0.0304 0.2487 0.4753 2.3310
n =200 Mean 0.7024 0.3151 0.8001 0.3985 3.4175 0.3040
CV 0.0815 0.2651 0.0220 0.1557 0.3907 1.7871
n =300 Mean 0.7019 0.3071 0.8002 0.4012 3.2567 0.2853
(0\% 0.0656 0.2205 0.0183 0.1163 0.3294 1.6311

5.2 Small sample with 5 or 7 categories

The data generating process was the same as those reported in Sect. 5.1, except the num-
ber of categories and sample sizes are smaller. Specifically, the cases where m = 4 and
6 were considered. For each value of m, sample sizes of 100, 200 and 300 were used.
The parameters used were (71, 72, &1, &2, ay, ag) = (0.7,0.3,0.8,0.4, 3.0, 0.2)".
Compared to the previous two sets of parameters used, this set of parameters would
make the data more sparse as £ is closer to 1, meaning that the values for R| are more
concentrated in the lower end. The simulation results are provided in Table 2. From
the results, as the sample size increases, a generally decreasing trend in the biases of
the estimates can be observed. The marginal parameters can be accurately estimated
even with the lower sample size considered, although larger biases can be observed
compared to the large sample cases reported in Table 1. Consistent with the large
sample case, the estimation of the dependency parameters oy and «p is less accurate
than the marginal parameters. The number of categories does not seem to have a huge
impact on the estimation of the parameters.

6 Application

The proposed bivariate CUB model was applied to the “relgoods™ dataset, available
within the CUB package (Iannario et al. 2020) in R (R Core Team 2022). The dataset
contains results from a survey conducted in Naples, Italy, in 2014. Respondents of the
survey were asked to evaluate their scores for various relational goods (for example,
time dedicated to friends and family) and related issues such as safety of surroundings
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and their feeling of happiness. We focused on two of the questions related to the
following aspects:

e Environment: the level of comfort with the surrounding environment, and
e Safety: the level of safety in the streets.

In the original survey, for both questions, respondents provided a score on a 10-point
Likert scale, ranging from 1 ="never, at all” to 10="always, a lot”. For our purpose,
we have re-scaled the responses to 0 to 9 by subtracting 1 from each response (meaning
that m = 9). The dataset contains many other variables. Univariate analysis results on
some of the variables can be found in, for example, lannario and Simone (2017) and
Capecchi et al. (2018). Further details regarding the dataset can be found on https://
rdrr.io/cran/CUB/man/relgoods.html. The R code used to obtain the results in this
section is available as Supplementary Information online.

As one can naturally expect some association between the level of comfort with the
surrounding environment and the level of safety in the surrounding areas, a bivariate
model would be appropriate. Originally, there were a total of 2,459 responses. Upon
removing 9 observations that contained missing values, the proposed bivariate CUB
model was fitted on the remaining 2,450 observations. Here we label “Environment”
as Ry and “Safety” as Ry. The procedures described in Sects. 4.2 to 4.4 were employed
to gain insights from the dataset.

Table 3 depicts the estimated parameters based on the proposed bivariate CUB
model and separate univariate CUB models. The parameters under the univariate case
were obtained using the functionalities within the CUB package (Iannario et al. 2020).
Overall, the bivariate model resulted in a higher log-likelihood as well as a lower AIC
and BIC, indicating a better goodness-of-fit (GOF). The better performance can also
be checked visually by assessing the contour plots and 3D histograms provided in
Fig. 3. In particular, the separate model was not able to capture the positive correlation
between the two ratings.

Based on the estimated parameters in the bivariate model, we have 7y =0.191 and
Fr=0.316, while the empirical correlation between R; and R, was rg = 0.229.
Thus, the correlation between the feelings of the two questions was larger than that
suggested by rg. Results of hypothesis tests in Table 4 also show that both oy and o
are significantly different from zero.

Suppose the respondent was uncertain towards both questions, the estimated value
of @y = 1.723 suggests that the estimated probability of choosing the same category,
given the first response, was 1.723/10 = 0.1723, a 72.3% increase compared to a
model assuming independence among the responses. Moreover, suppose the respon-
dent chose to express his/ her feeling towards the two questions, the model found a
moderate positive correlation (77 =0.316) among the two responses, indicating that
the two responses tended to go in the same direction. That is, respondents who are
satisfied with the level of comfort with the surrounding environment tended to be sat-
isfied with the level of safety in the streets as well. These kinds of insights regarding
the associations between the two survey items were not obtainable if the two variables
were fitted separately.

The same dataset was also analysed using HMMLU with A; (r;) taking the form of
discrete uniform distribution. In total, 22 parameters were used: three for the mixing
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Table 4 Results of likelihood

ratio tests under log L(r; @) © df p-value
1. — —
Hy rop =0y =0, H} — 10764.06 130.11 2 <0.0001
Hy:ap=0and Hy :ay =0 2
H0 —10705.12 12.24 1 0.0004
Hg —10754.63 111.27 1 <0.0001
Fitted (Joint) Fitted (Separate)
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Fig.3 Contour plots and 3D histograms for the observed data (left) and fitted models (middle: using bivariate
CUB model; right: using univariate CUB models fitted separately)

weights oo, o1 and 1o (7711 can be derived from these three), nine for the marginal
logits for each of Ry and R, and one for the log odds ratio. In particular, local logits

in the form of n/ = log[P(R; =r +1|Dj = 1)/P(Rj =r|Dj =1)] for j = 1,2
andr =0, 2, ..., 8 were used, and a global odds ratio (Dale 1986)

_PRi=i, Ry = ))P(R1 > i, Ry > )
" PRy >i,Ry < j))P(R1 <i,Ry > )

that is identical for all i and j was used. The use of only one log odds ratio was to
ensure model identifiability (Colombi et al. 2019, p. 599). Table 5 shows the estimated
values of the parameters and the overall GOF of the model. Not surprisingly, HMMLU
provided a better fit in terms of all measures used since it contained substantially more
parameters. The relative advantage of the bivariate CUB model lies in parsimony and
interpretability.
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7 Discussions and conclusion

In this research work, we have proposed a novel bivariate CUB model for modelling
correlated ordinal variables, especially those arising from surveys that require people
to rate or express their opinions on a Likert scale. The joint distribution belongs to a
general class of mixture distributions while the marginal variables belong to the CUB
distribution. Combining the two CUB variables facilitates further insights, such as the
association between the two variables, to be drawn from the dataset. Identifiability and
other inferential issues around the proposed model have been discussed throughout the
paper. The estimation procedure has been found to work satisfactorily through sim-
ulation studies. Additional simulation studies under varied scenarios would enhance
comprehension of the model’s performance. Upon applying the proposed model to a
set of publicly available data, we have demonstrated the capability of the model in
analysing two variables jointly instead of separately, and how further insights on the
associations of the survey items could be discovered.

Since responses from surveys involve psychological behaviours of the respondents,
it is important to take into account the potential biases that may have been introduced.
Apart from indecision or uncertainty, the uncertainty component of the CUB model
can also be used to account for other elements such as difficulty in expressing an actual
feeling, limited knowledge, fatigue or willingness to satisfy the interviewer (Iannario
and Piccolo 2016; Iannario and Tarantola 2023). As shown by Colombi et al. (2019),
the ignorance of the uncertainty component during the modelling stage would lead to
substantial biases in the estimation results.

One distinctive feature of the proposed model is the ability to estimate the asso-
ciations within the uncertainty and feeling components separately. Previous attempts
to generalise CUB models to the multivariate setting typically rely on copula-based
methods, in particular the Plackett distribution (Corduas 2011; Andreis and Ferrari
2013; Corduas 2015). Another notable work by Colombi and Giordano (2016) used
Sarmanov distribution to bind the univariate margins. Both the Plackett and Sarmanov
distributions have a parameter that is related to either the rank or Pearson correlation
of the two marginal variables. However, it is not possible to tell whether the corre-
lation results from the uncertainty or the feeling component of the underlying CUB
variables. Our proposal, on the other hand, allows the decomposition of the overall
correlation into two separate elements. In particular, the estimated correlation between
the respondents’ feelings/preferences would be considered an important measure in
many applications. Although Colombi et al. (2019) do not use copula, it assumes
independence between the uncertain responses.

One of the reasons why CUB models have become popular is the ability to include
respondents’ covariates in the model, enabling analysts to explore the relationship
between the CUB parameters and the subjects’ covariates for better interpretation.
Under the proposed bivariate CUB model, we conjecture that it would be straight-
forward to include covariates for the uncertainty parameters . However, it may be
challenging to include covariates for the feeling parameters &, as the admissible range
of ap [which is a function of &1 and &; as provided in Eq. (4)] will then be affected by
the covariates. Re-parameterising o p could be a way to overcome this challenge, but it
is unclear at this stage how this would affect the likelihood function and the mechanism
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of the EM algorithm introduced in this paper. Further studies are needed to devise a
solution. Nonetheless, we have purposely not considered models with covariates since
the identifiability has not been established. In fact, to the best of our knowledge, we are
not aware of any work that has fully tackled the identifiability issue even for univariate
CUB models with covariates.

Our proposed model can be extended in several ways. For example, inclusion of
“shelter”/ “refuge” (Iannario 2012) or “don’t know” category (Manisera and Zuc-
colotto 2014; Iannario et al. 2018) would be a direction for future research. Assuming
identifiability is not an issue, other bivariate binomial and discrete uniform distribu-
tions would replace those utilised in this work. In the univariate case, Gottard et al.
(2016) provide details of some other distributions that could be used to replace the
uniform distribution in the uncertainty part. Building a bivariate model using these
distributions would potentially lead to models that are more interpretable under certain
contexts.

In this work, we have focused on the bivariate case. The model developed will
serve as a building block for higher dimensional models. As the dependency structure
becomes more complicated, the number of parameters will inevitably increase as
well. Our proposed bivariate model would be useful if some pairwise dependence or
Markov assumptions are to be imposed. These assumptions are particularly suitable
for time series (Varin and Vidoni 2006) or spatial ordinal data (Feng et al. 2014; Ip
and Wu 2024). More parameters will also mean a higher complexity of the observed
information matrix. In that case, the empirical information matrix (Meilijson 1989;
McLachlan and Peel 2000; Scott 2002), which requires only the first derivatives, can
be used to ease the laborious burden in obtaining the second derivatives.

Appendix A: Moments of U, T and R

The covariance between U; and U, is given as

Cov(Uy, Un) = E(U1Uz) — E(U1)E(U>)
m\ 2
= Y wnPW = Uy =u) — (3)

uy,uy
14+ ay W4 m — 2
(m+1)22 m(m+1)2 u§2u1u2_< )
l+a, mim+1)2m+1)
T mt1)? 6
m—ay [m*m+1D% m@m+1)Q2m+1) m\2
m(m + 1)? |: 4 a 6 } B (5)
ay(m +2)
- 2
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Since

m(m + 2)

Var(Uy) = Var(U;) = 2

we have
ay
Corr(Uy, Upy) = —.
m

The covariance and correlation between 77 and 7> provided below are special cases
of those presented in Biswas and Hwang (2002). To obtain the covariance between T
and T», observe that

E(N;T) = E[T; E(Ty|Thi)] = E [Tu <

_(1—&+ap —&)+ap B
—< 1T ap >(1 &1,

1 —& +apE —&) +OéBTu>]
1+ap

meaning that

Cov(Ti;, Tr) <1 —& +apE — &) +ap

1+ap
§1(1—=&1).

> (I-=8§)—-0=-8)1-8)
ap
1+oap

Thus, the covariance between 77 and 7> is

m m m
Cov (T1, Tp) = Cov (Z T,y T2i> =Y Cov(Ty;, Tn)

i=1 i=1 i=1

mopg
- &1(1 =&,

1

leading to a correlation of

_ap &1 —§1)
Comth ) = e B =&
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The mean and variance of R;, i = 1, 2, can be derived as follows.

m

1
E(R) =) rl(l =)

r=0

+rCl (1 —§)E""]

m
=1~ JTi)E +mim(l — &)

ER}) =) r’l(1l—m) + i CM(— &) EMTT]

r=0 m+1
2, 1
=- m)% +mm( — E)m(1 — &) + &
Var(R;) = (1 — m)@ +mm*(1 = E)2 + m( — £)&]

|- 1 ’

—[a =75 +mm1 - )]

2m+1 (1 —m)m
6 4

=1 —-m)m |: ] +mm(l —&)&[1 —m(1 — m;)]

The covariance between R; and R, can be derived as follows. Since

2) 4 3m?
E(R R = (1 = = L EDEI 4 s (B w1~ )

(1= m) (5 ) m1 = 61)

+mm [1’"“3 E(1—&) +m* 1 —&)(1 — 52)} ,
+ap
we have
2) + 3m?
Cov(Rr, Ry) = (1= m)(1 =) "I I 1y (B 1~ )

(1= m) (3 ) m1 = &)

oy [1’"“3 £1(1— &) +m2(1 — &)1 —&)]
+ ap
~[a=m T +mm -] [ =) T +mm(1 &)
2
— -l — nz)% Fmm (1 ).

Finally, the correlation between R; and R; can be found using

(1= 7)1 — ) LGED 4 rymy 9B £ (1 — &)

Var(R)/Var(Ry)

Corr(Ry, Ry) =
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Appendix B: EM algorithm

Assume n pairs of (ryx, rox) are observed. For the sake of notational simplicity, let
0 = (m,m, 61,6, ay,ap), riy = (rig,ra), k=1,2,....n,q1 =1 —m,qp =
1 — m2, goo(r; 0) = Una(r, ay), go1(ri; 0) = Ba(rap)/(m + 1), gro(re; 0) =
Bi(rix)/(m + 1), and g11(ry; ) = Bia(rg, &1, &, ap). The aim is to maximise

L(ri; 00) = q1g2800(ri; 0) + qimagor (ri; 09) + migagio(ri; 0)
+m1m2811 (ri; 09),

which could be done using the iterative procedure described below.

(0) £ l(0) S(O)

’

1. Get initial values of 711(0) T, by considering the margins separately.
This step can be done using the CUB package in R (Iannario et al. 2020). Also,
set oz(o) g)) =0.

2. Get the posterior probabilities ﬁff)(rk;o@) = P(Dy = i,D = j|R =
Fiks Ro =r3:0©), i, j =0,1,k=1,2,...,n, based on each individual paired
observation rg:

Boo (ri: 00 = (1 = 1) (1 = 7" g00(r: 0/ L 67
By (ri; 09) = (1 = () g1 (ri; 6 /L 0

o i 09y = 70 (1 = M) g10(ris 0/ L(ri; 00
P00 =707 g1 (ri; 09 /L(ri: 0,

which give the overall estimates of
(0 (0 .,
by =~ Zp()(rk,ﬂ(o)) i,j=0,1

From the second iterations (f > 1) onward, the above estimates can be obtained
from

A 1
pl(]H- )(rk» 0(1)) _ p(l‘)g”(rk’ 0(1))/L(rk 0(1)) and

NS (141
Py ;pr,’- " 6®), 1> 1.

k=1
3. Update 1 and m through
1 A(0) | A0
7 = plo + A1 (B1)
(1) A(0> A(O)
7, =Pl +P (B2)
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It can be shown that Eqs. (B1) and (B2) provide the best estimate of 7| and 72,
respectively. The steps below largely follow those provided in Everitt and Hand
(1981), except that our mixing probabilities are constrained in a different manner.
Our objective is to maximise

n
00) =Y _log[L(ri; 0)] — hi(m1 + g1 — 1) = ha(ma + g2 — 1),
k=1
where A1 and A are Lagrange multipliers corresponding to the constraints g; +

w1 = l and g2 4+ mp = 1, respectively. Differentiating £(@) with respect to 71, and
setting the equation to 0 yields

10) o ;0
ZQZgIO(rk )+Zﬂ2g11(rk )

—E( ) = — 21 =0. (B3)
om Z L6 &= Loege)
Similarly, we have
q2800(ri; 0) w2801 (rk; 0)
—Z (/] = — A1 =0. B4
agr = Z Lry: ) > Lo o) (B9

k=1

Multiplying (B3) by 71 and (B4) by g1, and adding them up:

Zn: m192810(rk; 0) + mimag11(ri; 0) + q192800(rk; 0) + g1mw2801(ri; 0)

= L(rc; 0)

—A1(m +q1) =0
=

Suppose one has 00, using A1 =nand multiplying (B3) by m; yields

0 0
Xn: mqé Yg10(r; 00) + 771772( Vg1 (ri; 00)

—nm = 0.
L(ri:6©) ‘

k=1

Thus,

T =
n = L(ri: 09) L(ri; 09)

R 12’1: |:”1(0)(1 —2Mg10ri; 09 7 OnV 11 (i 0(0))}

where the RHS is equivalent to the posterior probability P(D; = 1|R; =71, Ry =
r; 0(0)). The derivation of 7t follows in a similar fashion.
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4. Update & and &, using

s(l) = argmaxz [p (re: 0) log g1o(ri: 0)

n
52(1) = argmax Z

§1€81

(0
+Pil)(rk§ 0©) log g11 (ry; 0(0))] ,

~(0
[1 (gl)(rk; 0(0)) log 801(rk; 0(0))
&€l k=1

~(0
+5) s 0 log g1 i )]

where E; and & are the ranges for él(l) and 52(1), respectively, to ensure wy, wa,

w3 and w4 are all positive, provided 0. Explicitly, the corresponding ranges are

[

]
S}

@ Springer

min

min

(o [o,

0,1,

0Pl

(0) ’

(0 1= §<o> OO0 (114 0)® )
- : RO

itg® <£0&al) <0

1)

0) I+
50, ==

(
(
min {
(
(

B *p
160 OO0 (11,00
0 2O '
0)_ _(0)(0)__(0)
0) —& —ap& —a . 0 0 0
5() 2 B((ﬁ B ) lf$1()<3;'2()&0!§g)>0;
—a
B
_52(())_&(0)5(0) ag)) 550)_“1%))%(0) )
(0) £ (0) 552 E)
% *p
0),£(0)
(I4ap’)(E " —1) () 0 0
1n=3(0)2, , 1f§]()>$2( )&"‘1(9)<0;

<o>)($<o> D

s

B
O 0,00 0, (0,0
2l iy 5t h b)), i@ s eP&ald s o;
—dp %p
fag)) =0, and
(1 60, ® O
(0) ’
op
(0) (0) (0) (0) 0)
T 100 +a O O _ 0 ()
L), if < &a 0;
1+a(0) 1+ ,(5,) ‘i b2 57

—1-£000 06O

’ (0) ’
I4ay

1 +a(0)

0y, 0)(0)
0) l+ap’+ 3 0 0 0
{s”,BHai‘(g 1 }) it > g &al) £ 0;
B
ifall)’ = 0.
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5. Update op using

n
1 (0
0553) = argmapril)(rk; 0©)log g11(ri; 6,

OtBE.AB k=1

where Ap is the admissible range of oz based on él(o) and ";“2(0) as provided in (4).
6. Update oy using

(1) _ m51 — S2

oy = , B5
v S+ 52 (B3)

where
n n
~(0 ~(0
= Z p(()()) (rk; 0(0))1r|k:r2k and S2 = Z p(()o)(rk; 0(0))1r1/{;&r2k~
k=1
To see that (B5) gives the best estimate for oy, notice that our aim is to find

af)) = argmax Z[ 50 (ric: 0©) log goo (ri: 0(0))]

ay€[— lm]k 1

. ~(0 .
Expanding ) }_, [péo) (re;: 0©) log goo(ri; 0(0))] gives

Z [ ~(0) r; 0(0)) log <,:l(,: :10:1)]2)]

k=1,r1x=ry
n
5O 0y1 Mo B6
+ ) [ (ri: )Og<m(m+1)2 : (B6)
k=1,rix#rx

Upon differentiating (B6) with respect to «g7, we have

5y S,
l4+ay m—oay

which gives (BS).
7. Calculate log L(ri; @), Repeat Steps 2 to 7 until L converges, that is,
log L(r; 09ty —log L(ri; %) < & for some threshold .

Appendix C: Detailed expressions for the information matrix

In this appendix, to simplify the notation, define ¢ = 36 O fand fO% = 39 39 f for

some expressions f. Whenever there is no chance of causing confusion, the depen—
dency of the functions on the parameters and/or data are often omitted. For instance,
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we write goo instead of goo(@, r¢). In addition, the index j in > j runs from O to rq,
and the index & in ), runs from I to n. We first list some recurrent expressions.

Ly = L0, rp) = —m)( —m)goo + (1 — m)mago1
+m1 (1 = m2)g10 + w2811
B =Cr(1—&)"g"", =12

Bgi_ ) m—r,' ri
A 1—&

Bléf&,: (m—r, Ti 2+(m_ri_ ri )2
) & =4
Wj — w 1—J 1’2 j m ri—ra+j
o ry— ja rn — ja —(m—-ry—r+jo
Wf‘: |:JB (1 Dog 2= jag  —0m—n 2])3]
w2 w3 w4
& J(1+0fB) (ri— DU +ap)  —@2— )1 +ap)
Wj =W, +
wi w2 w3
+(m—r1—r2+j)(l+ot3)
Wy
- - I o
wer = w, JA+& -8 —n=-pDE =& (2= )E &)
: L wi w w3
+(m—r1—r2+j)(1—§1+$2)
W4
£18 [—jo}  —(n—jed  —(n—jek  —(m—ri—r+ e}
Wim=Wil—7 + 7t 5+ 5
L W w3 w3 wy
& yé
+Wj Wj
Wi

2 2 2

j 1 —J 1 —J 1
wie :Wj[m( tap) | (= jes(ltan) | (2— pas(+ap)
wi w3 w3

+(m—r1—r2+j)063(1+d3)i|

w}
& &
+Wj2Wj'
W;j
e o -
WJ;WB:W]_[AM enl b =) | =01= ot an - &)
1 2
(r2 — ) (w3 —ap(& — &)
+ 2
w3
L m=ri—n )= w4+a3<1—sl+sz)>} wer W
3 +
Wy W;
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2 2 2

Wes _w, [—ju tap? (=)0 +ap?  —(a— )0 +ap)
' Wy w3 w3

& /62
—m—ri—r+ A +ap?| Wi W;
+ 5 +

wy W;
WwEeE _ . JEwr + A +ap)+&6 —&)) (1 — Hwr+ A +ap)E — &)
=W 2 + )
1 2
(r2 — (w3 + (I +ap)E1 — &)
+ 2
w3
(m—ry—r2+ j(ws — A +ap)(1 —§ +&))
+ ")
4
ap &2
+Wj Wj
W
LA E — 58— — DE -5 —(rr— D)E — £9)
s _ w,[ R N U )T Tt e e Ll 0
wl w2 'LU3
—n—r—nt+)Hl-a+87 |, Wi W
w2 W
4 j
ay mly=ry = lrr
oo = m(m + 1)2
&
g&“l _ Bll
107 41
&1§
gélél _ Bll 1
10 m+1
&
géz — 322
o=
&&
gézéz _ 322 :
01 mal

3 —m | pé £
gl =U4ap™ B‘ZC’lcj’; TWi+ B Y CrCnTIwS
J

g = Bi(l+ap)™ Zc;lc’” w

rn—j
J

g?f =Bl(1+OlB) m=1 —mZC”C’” er +(1+aB)ZCr1Cm er“B

rn—j rn—j
J J

gfllfl — (1+(¥B) m BlZCrlcm Vlwél%‘l

rn=J

+2BEIZC71CW! rlwgl BEIEIZc'lcm er

rn—j rn—j
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gflléz = +apg)™ Blél ZC;I cm WSz + B Zcrl cm Wéléz

rn—j rn—=j
J

g = (I +ap)™ B?Zc;‘c’” W +BIZc"cm wes

rn=J rn-=J

—m(1+ap) g
g§2152 — Bl(l +OlB) ZCVIC:Z ;1 WEZEZ

e = Bi(l +a3>*'"*‘

_mzcrlcm rlwé2+(1+aB)ZCrlcm rlwéZ“B

rn—j rn—j

gt = Bi(l+ap) ™" | mm+ 1)) ClrChIw,
J

—2m(1 + ap) Z creniwes

rn—j

+(1+ap)? Zc" chwenes

rn—j
L' = —(1 —m)goo — mago1 + (1 — m2)gi0 + 12811
L7 = —(1 —m)goo + (1 —m1)gor — w1810 + T1811

Li] =m((l - 72)31() +7Tl7723f]1

L? = (- 771)772801 + ﬂlﬂzgi
LY = (1 —m)( —m)gal
L = mmg?

The elements of the negative information matrix, J (0) = A2 log L(#),is shown below,
where the order of the parameters follows: 8 = (71, 72, &1, &2, oy, ap)’.

—L7'LY!
{(Jhr = Z #

k

{(JI =

Z Li(go0 — go1 — 10+ g11) — L' L}?

P Li Ly

nl Lfl

()3 = Z Li((1— ﬂz)glo +ﬂ28 D -

p LiLyg

&
Li(—mg + mgd) — L'L;
Nha=> o

f LiLy
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N Z Li(—(1 —m)god) — L' LYY
15 =
LiLg

k

{J}16 = Z Lmagif — L
LyLy

k
—L7PL7?
(Np=) —F*~
&
Nz=) Li(—mgip +mgi) — LP L
. Li Ly
&
Li((1 —m)gl +migd) — LPLS
{J}oa = Z OIL 7
. kL
— 7T2 ay
s = Y LT
p kL
=3 Lymigyt — LPLy®
26 = 4 LiLs
Le(mi(1 — m)giy! + mmagi™) — L' LY
M=) 7
. kL
e = 3 Lt = L
34 =
. LiLk
&l yay
—L;'L
{J)35 = Tk Tk
Lkﬂlﬂzgsl B L%LZB
{J}36 = Z
. LiLy
Li((1— ﬂl)nngZEz +7T17T2gﬁéz) LizL,Ecz
has =) "
3 kL
&yay
—L>°L
(Ths =) —
Lk7'[17'[2g$2 B L%LZB
(Jhas =)
. LiLyg
—LV LY
(J}s55 = Tk Tk
_LaULaB
{J}s6 = _ Tk Tk
2L,
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Lk7T17T2gtle3aB — LzB LZB

(Jles =) Lils

k

The lower triangular elements are the same as the upper triangular ones, and are thus
omitted.
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