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Abstract

This paper studies a partially linear additive regression with spatial data. A new esti-
mation procedure is developed for estimating the unknown parameters and additive
components in regression. The proposed method is suitable for high dimensional data,
there is no need to solve the restricted minimization problem and no iterative algo-
rithms are needed. Under mild regularity assumptions, the asymptotic distribution of
the estimator of the unknown parameter vector is established, the asymptotic distri-
butions of the estimators of the unknown functions are also derived. Finite sample
properties of our procedures are studied through Monte Carlo simulations. A real data
example about spatial soil data is used to illustrate our proposed methodology.

Keywords Spatial data - Partially linear additive regression - Asymptotic distribution

1 Introduction

Spatial data, which are collected at different sites on the surface of the earth, arise
in various areas of research, including econometrics, epidemiology, environmental
science, image analysis, oceanography and many others. Many authors (e.g. Ripley
1981; Cressie 1991) have studied the parametric methods for statistical inference in
spatial models. However, one often encounters situations where a particular parametric
model cannot be adopted with confidence and thus a nonparametric method is used as
an alternative. In the last two decades, efforts have been made in the literature to explore
nonlinear relationship in spatial data. Among them, Tran (1990), Hallin et al. (2001)
and Lee et al. (2004) discussed kinds of asymptotic properties of density estimation
for spatial processes. Hallin et al. (2004) established weak consistency and asymptotic
normality for local linear regression estimation. Gao et al. (2006) developed the prop-
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erties of the local linear kernel estimator for semiparametric spatial regression model.
Al-Sulami et al. (2017) developed a two-step estimation procedure for semiparametric
spatial time-series autoregressive model and established the asymptotic properties of
the estimators. Nandy et al. (2017) developed a regularized variable selection tech-
nique for building a spatial additive model. The focus of our work is on the estimation
and inference of partially linear additive regression with spatial data.

Let {(Y;j, Z;j, X;j)} be a random field indexed by (i, j) € E2, where E =
{0, £1,£2,---} and Y;;, with values in R, Z;; = (Z;j1,..., Zijdl)T, with values
in R%, X = Xij1, ..., U,-jdz)T, with values in R%2, are defined over some prob-
ability space (2, F, P). A point (i, j) € E2 is referred to as a site. Let S and S’
be two sets of sites. The Borel fields B(S) = B((Yi;, Z;;, X;j) : (i,j) € S) and
B(S') = B((Yij, Zij, X;j) : (i, j) € §') are the o -fields generated by the random vec-
tors (Y;;, Z;;, X;;) with (i, j) being the elements of S and S’ respectively. Letd (S, S”)
be the Euclidean distance between S and §’. We will assume that {(Y; i Zij, X;j)} sat-
isfies the following mixing condition as defined in the literature (cf., Tran 1990; Hallin
etal. 2004): there exists a function ¢(t) | Oast — 00, such that whenever S, S’ C EZ,

a(B(S), B(S")) = sup{|P(AB) — P(A)P(B)|, A € B(S), B € B(S")}

< Y(Card(S), Card(S))p(d(S. ). (.1

where Card(S) denotes the cardinality of S, and ¥ is a symmetric positive function
nondecreasing in each variable. In particular, if (0o, 00) < C¢ for some positive
constant Co, {(Y;;, Z;;, X;;)} is a-mixing (or strongly mixing). Introduced by Rosen-
blatt (1956), o-mixing dependence is a property shared by many time series models
such as the autoregressive linear processes (see Athreya and Pantala 1986).

A crucial problem for a number of applications is the problem of spatial regression,
where the influence of the vectors X;; and Z;; on some response variable Y;; is to be
studied in a context of complex spatial dependence. In many practical situations, it is
desirable to model multiple covariates nonparametrically. However, it is well known
that multivariate nonparametric estimation is subject to the curse of dimensionality. A
widely used approach for dimensionality reduction is to consider an additive model for
the nonparametric part of the regression function in the partly linear model, which in
turn results in the partially linear additive model. In this paper, we try to approximate
the conditional mean function E(Y;;|Z;;, X;;) by a partially linear additive function
of the form

da
W(Zij, Xij) = n+Z[Bo+ Y fr(Xijr), (12)

r=1

such that E(Y;; —W(Z;;, X,-j))2 or, equivalently, E(E(Y;;|Z;;, X;;) —V(Z;;, Xij))2
is minimized over a class of partially linear additive functions of the form W(Z;;, X;;),
where p is an unknown constant, Bo = (Bo1, - - -, Pod, )T is a d;-dimensional vector of
unknown parameters, f.(x;), x, € [cr1,c2], 7 = 1, ..., dp are unknown functions.
For identifiability, we assume that E[ f,.(X,)] = O0forall 1 <r < d>.
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Additive models are a special case of the more general projection pursuit regression
model of Friedman and Stuetzle (1981). Additive models are useful for multivariate
data analysis. They enable us to avoid the curse of dimensionality while retaining
great flexibility in the regression function. However, in many empirical situations the
mean of the outcome is assumed to depend on some covariates parametrically and
some other covariates nonparametrically. Partially linear additive regression (PLAR),
which contains both linear and nonlinear additive components, are more flexible than
stringent linear models and are more parsimonious than general nonparametric regres-
sion models. PLAR have been studied by many authors, see, for example, Li (2000),
Fan and Li (2003), Liang et al. (2008), You and Zhou (2013), Cheng et al. (2014),
Lian et al. (2015), Sherwood and Wang (2016), Yang et al. (2019) and among others.

Gao et al. (2006) used marginal integration technique to estimate the additive
components in PLAR with spatial data. However, this method is not suitable for
high-dimensional vector X;;. In this paper, we develop a new estimation method
to estimate the additive components f;(x,) in (1.1). Our method has the following
advantages comparing with the existing methods in the literature: (1) different from
spline approach (Stone 1985; Huang et al. 2010) which needs to solve the constrained
minimization problem and backfitting procedures (Brieman and Friedman 1985; Buja
et al. 1989) which needs iterative algorithms, our estimators of additive functions have
definite expressions, there is no need to solve the restricted minimization problem and
no iterative algorithms are needed, resulting in fast and efficient estimation; (2) since
there is only a smoothing parameter in B-spline procedure, when additive functions
have different degrees of smoothness, the estimators of some functions become inef-
ficient. In our proposed method, we first obtain the estimators of B¢ and the piecewise
polynomial estimators of f-(x,),r =1, ..., d», the local linear estimator of f; (u,) is
obtained by solving the univariate regression problem and the bandwidth /4, is easily
chosen; (3) different from marginal integration approach of Gao et al. (2006), when
X is high-dimensional vector and the sample size is not big, our estimators behav-
ior well, this can be seen from the following simulation and application; (4) under
mild regularity conditions, the asymptotic properties of the proposed estimators are
established.

In our spatial PLAR, spatial information is added into a regression modeling by
the spatial dependence of the data {(Y;;, Z;;, X;;), (i, j) € E?}, where Z;j and X;;
may contain both exogenous and endogenous variables, that is, neighboring values
of Y;;. Moreover, a component Z;;, of Z;; or a component X;;, of X;; may itself be
a linear combination of neighboring values of Y;;. In the literature, there is another
stream of spatial regression modeling by using a bivariate function to model the spatial
effect into the model, for example, Ramsay (2002) use a deterministic smooth surface
function to describe the variations and connections among values at different locations.
Yu et al. (2020) introduce a class of generalized geoadditive models, a synthesis of
geostatistics and generalized additive models, where the effect of explanatory variables
are modeled with additive univariate functions and the spatial effect is modeled via a
bivariate function.

The paper is organized as follows. Section 2 describes the estimation method.
Section 3 presents the asymptotic theory of our estimators. In Sect. 4, we conduct
simulation studies to examine the finite-sample performance of the proposed proce-
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dures. In Sect. 5, the proposed methods are illustrated by analyzing a real estate data
set. Technical proofs are relegated to the Appendix.

2 Estimation method

As stated in Sect. 1, the conditional mean function E(Y;;|Z;;, X;;) is approximated
by a partially linear additive function of the form W(Z;;, X;;) = n + ZiTj,Bo +

Zfil fr(Xijr) such that

2
E(Yy —W(Zij. Xij)? = ElY;j — (u+ Z[,Bo+ ) fr(Xij)]?
r=1

is minimized over a class of partially linear additive functions of the form W (Z;;, X;;)
with E(f,(X;jr)) = 0, which implies that u = E(Y;;) — E(Zij)Tﬂo. Since

E[Yij — (u+ Z];B0 + Y2 X
= E(E(Y;; — E(Yu 1Xij) — (Zij — E(Z;j1X:))T Bol*1X:j))
FELE(Y;j|Xij) — i — E(Zij|1Xi)TBo — X2, fr(Xijn) 12,

we then have

Bo = (E[(Zij — E(Zij|Xij)))(Zij — E(ZijIXi) D EN(Zij — E(Zij1Xij)(Y;
—E(Y;;1Xij))]

provided that the inverse exists, and Zfzzl fr(Xijr) is a projection of E(Y;;|X;;) —
n— E(Zij|Xij)Tﬂ0 on the space of additive functions of X;;,,r =1, ..., d>.

Assume that we have observations (Y;;, Z;;, X;;) for1 <i <mand1 < j <n.
The total sample size is thus N = m x n. We first estimate Bo. In order to approximate
fr(x,) for x, € [cr1, cr2], We construct piecewise polynomial estimators of f,(x,) of
degree p,. We split equally [c,1, ¢;2] into M, 5 subintervals. Then the length of every
subinterval is 2h,0 = (¢;2 — ¢r1)/Myn. Let Iy, = [cr1 + 2(v — Dhyo, ¢r1 + 2Vh10)
forl <v < M,y — 1 and I,y,, = [c,2 — 2R, ¢2]. Let x,, denote the center of
the interval /,, and yx,, denote the indicator function of I,,, so that x,,(x,)=1 or O
according to  Xp € I, or x,€l,,.

Denote rvk(xr) = er(xr)[(xr - xrv)/hrO] for k = VO’ L....prsv =
1,--- ,Myn;r=1,...,dr. We use fr(xr) = Z Z,fr Oarvarvk(xr) to approx-
imate f;(x;). Slnce E[f-(X,)] = 0, we then set E[ fr (X;)] = 0, this can be
done by using A, (x,) — er(xr)E[Aruk(X )1/E[xrv(X,)] to replace A,y (x,)
for k = 1,..., p, and setting Z a,,,oE[X,U(X )] = 0. Let a,p,y0 =
S a0 Ery (X)) ElXr i, (X0, Since ElAni(X,)] and E[Xrv(X,)] are
unknown, we then use
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Ark = 32 3 XD Kigr = 30 ol /| 30D 0K

i=1j=1 i=1 j=1
to replace E[A rvk(X )1/ E[xrv(X;)]. Denote

Apvo(xr) = Xxrv(xr) — ZZm: 1 IZ:XJ:II ;::;i;; ) XrM,n (X)), v=1,...,Mn — 1,
Arvk (xr) = Xrv () {[(xr — xrv)/hrO] - Aruk} k=1,...,pr,
Ay () = (Arpo(xr)s App1 (), -+ - s rvqr(xr)) =1, M,y —1,
ArM,-N(xr) = (ArM,Nl(xr)s Tt Aerqu(xr))Ts
Ar(xp) = (Arl(xr)Te Tt ArM,N (xr)T)Ta r=1,...,d.

T
Leta,, = (arv0, Grv1s -+ 5 Arop,) forv=1,.... M,y —Larp,y = @py1,-"-
aerNpr) and a, = (arl,n- rTMN)T We use f;(x,) = AT(xr)a, to approx-

imate f; (x,) Note that fr (x,) is a piecewise polynomlal of degree p, and sat-
1sﬁes that sz 12 _ fr(Xijy) = 0. Let ¥ = 3 1 2= Yij and Z =
v le J=1 Z;; be the estimator of E(Y) and E(Z) respectively. Based on spa-

tial observations {(Y;;, Z;;, X;j) : 1 <i < m;1 < j < n}, we use Y — ZTﬂ to
approximate p and solve the following minimization problem

min Y7L, Y Yy = ¥V = (Zij — 2B = X2 AT (Xijar 2D

with respect to the B, a,. Denote Yij =Y — Y, Zij = Zjj — Z, AX;j) =

(AIT(Xijl), A AZZ (Xijdz))T anda = (alT, ... ,agz)T. Then the estimatorﬁ of Bo is
given by
m n B B m n _
= [ZZZUYU —WNAxl(ZZA(X,'./)Y,'./)], 2.2)
i=1 j=1 i=1 j=1
where
“ = 5T
Ty = Z Zz,-,-z,.j ~WyA'WE, (2.3)
i=1 j=1
m n _ m n
Wy=> > ZjAX;)". Ay=) Y AXpAX)". (24
i=1 j=1 i=1 j=1
The estimator a = (&IT, .. ,&52)7 of a is given by

N
||

(ZZA(XU) i — ,,ﬁ)) 2.5)

i=1 j=1
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and piecewise polynomial estimator f, (x,) of f,(x,) is given by
f:'(xr) = A?(xr)&ra Xr € [¢r1, ¢2]

The estimator of w is given by

A

p=Y-2Z"B. (2.6)

Since fr (x,) is only piecewise smooth, it may not be appealing to use this piecewise
polynomial directly as the estimate of the function f; (x,). After we estimated B¢, for
a given xor € [cr1, ¢r2], for x, in the neighborhood of xq,, we use b.o + b1 (x; — x0r)
to approximate the unknown coefficient function f,(x,). We then solve the following
minimization problem

minz Z{Yij —Y —(Z;j — Z2)'B - Z Fe(Xij) — [bro + br1(Xijr — xo) 1Y K
i=1 j=1 kotr
Xijr — Xor
(=—=)

I 2.7)

with respect to b, b1, where K(-) is a given kernel function and %, is a chosen
bandwidth. Let b, = (b0, hyby1)T and Bjj, = (1, (X;jr — xo,)/hy)T. Then the
estimator of b, is given by

7 g Xijr_XOr T -1 e & Xijr_XOr ~
by = (ZZK(T)BU’Bijr> (ZZK(h—r)BierierZ-S)

i=1 j=1 i=1 j=1
where

Yijp=Yij =Y = (Zi; —Z)"B =) fr(Xij). (2.9)
r'#r

The estimator of £, (xo,) is given by f(xor) = byo = (1,0)b, forr =1, ..., d>.

To implement our estimation method, appropriate values M,y and /4, are necessary.
Here, M,y are mainly used to estimate the parameters B¢, for simplicity, we set
M|y =--- = Mgy = My. The value for My can be selected by the following BIC
information criterion:

1 m n ~ ~ .
BIC(My) =log{: Y 1y =¥ = (Zij = 2)TB
i=1 j=1
dy
— > Al(Xijra, P} + My log N/(2N). (2.10)

r=1

Large values of BIC indicate poor fits.
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The bandwidth 4, can be selected by the following cross-validation (CV) score:

Cv(hr) = %Z Z (Yij _l] ZT Z f Y (thr’) - fr (Xt/r))

i=1 j=1 r'#r
Q2.11)

where ﬁ_ij,ﬁ , f?ij (X;j,) and ffij(X,-jr) are estimated by removing the (i,j)th

observation.

3 Asymptotic properties of the estimators

In this section, we shall describe the asymptotic properties of the estimators B and
fr(xp), r=1,...,dr. We first list following assumptions.

1. Therandom field {(Y;;, Z;;, X;;) : (i, j) € E2} is strictly stationary. The marginal
density g,(x,) of X;j, is continuous and bounded away from O uniformly over
ler1, ep]forr =1, ..., d>.

2. fr(x,) € CPrHlc,y, cpalforr =1, ..., d>.

3. E||Z;;|**% < oo and Ele;;|*T? < oo for some § > 0, where &;; = ¥i; — (1 +
ZLBo+ X2, fr(Xijr).

4. The function ¥ (-, -) and ¢ satisfy that ¥ (m, n) < min(m, n) and

[0,0]
lim k7Y o)/ = o
Jim. ; [o(1)]

for some constant y > (4 4+ 8)/(2 + ).

M;4\,+28/(4+8)/N — 0 and NM;;("’H) — 0, where My = maxj<,<4, My

6. min{m, n} — oo and there exist two sequences of positive integer vectors, p,,., =
(p1, p2) € E? and qn.n = (q,q) € E?, with ¢ — oo such that ¢/p; — 0,
q/p2 — 0and m/p; — oo, n/py — oo, and py = pips = o((Nh,)'/?),
No(g) — 0.

7. The kernel function K (-) > 0 is a bounded symmetric function with a compact
support.

9,1

Assumption 1 is standard in this context; it has been used, for instance, by Gao et al.
(2006) in the spatial context. The constants y and § in assumption 4 may be interpreted
as two indices of the mixing dependence. Generally, larger y and smaller § indicate
less dependence. If (1) = O(t™%) for some k > 4(3 + 8)/8 or p(t) = O(e™"") for
some ¢ > 0, then assumption 4 holds. Assumptions 6 is used to derive the asymptotic
normality of the estimators.

Let F denote the class of additive functions such that F(x) € Fif F(x) = u +
252:1 Fy(x;) and F(x,) satisfies assumption 2 and E (F- (X)) = O0forr =1, ..., d>.
To obtain the asymptotic distribution of 3 , we first need to adjust for the dependence
of Z;; and X;;, which is a common complication in semiparametric models. Let
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dp
fiXij) = px + Z fir(Xijy) = arginfruyerE Zijx — F(Xi))?

r=1

and Qk(X,'j) = E(Z,‘jk|X,‘j). Since
E[Zijx — fiXip)? = ElZiji — (Xi))1* + E[6c(Xi)) — fi(Xi)]

therefore, fi(X;;) are the projections of 6;(X;;) onto the additive functional space F
(under the L;-norm). In other words, f;(X;;) is an element that belongs to F and it
is the closest function to 6y (X;;) among all the functions in 7, forany k = 1, ..., d;.
Let Vijx = Zijk — fi(Xij) and Vi; = (Vij1, ..., l]dl) SetT' = E(VIJViTj) and

_ +o00 +00
Q= i=—00 4L j=—00

E [VooViTj £00¢;j]. The following theorem gives the asymptotic

distribution of the estimator ﬁ

Theorem 3.1 Suppose that assumptions 1-6 hold. Then

VN@B - Bo) > No.T'Qr ). 3.0

Let up = [x*K(x)dx, vy = [x*K?(x)dx for k = 0,1,..., and 02(x;) =
E (81-2]- |Xijr = xr). The following Theorem 3.2 gives the asymptotic distribution of the

estimators fr(xr) forr=1,...,d>.

Theorem 3.2 Suppose that assumptions 1-7 hold and arz(xr) is continuous in some

neighborhood of xo, and M 11\,+8/ (4+9) h, < Cj for some positive constant Cy. If xo is
an interior point of [c,1, ¢2], then,

2
\/Nhr(fr(xor)—fr(xor)—'uz rf”( o) & N0, 0Dy g
1o8r (xor)

The result of Theorem 3.2 indicates that the estimator of f;(xq,) in partially lin-
ear additive model has the same asymptotic distribution as the estimator in spatial
univariate nonparametric regression.

4 Simulations

We now study the finite sample performance of our proposed method in Sect. 2 using
a simulation spatial dataset. We shall use the following spatial partially linear additive

model.Let{e.(l.‘) : (i, j) € E*}, k = 1, 2, 3be three mutually independent i.i.d. N (0, 1)
white-noise processes and {¢; (4) (81(;?, l(;g l(;g)T (i, ) e Ez}beanlld N(0, ®)
process with @ = (O1/)3x3 and O = exp(—lk — k’|/3). Let {8;;) (i, j) € E*} be
an i.i.d. N(0, 0.1) white-noise process. Let
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3
Yij = n+ Zinhi+ Zijpha + Zijshs + Y fr(Xijr) + € (4.1)

r=1

withu = 2.4, 81 = 1.6, B = —2.5, B3 = 3.1 and f,(X,;) = for(X;) — E(for (X;)),
where

for(X1) = 1.2(X1 — 0.9)%, foo(X2) = —2.1sin(X2 + 1.5), fo3(X3)
= 1.8cos(3X3 — 0.6).

We set Zij) = Xizjl — 2X,‘j2 + gi(]!)’ Zijp = Xij1 + Xisz — O'6Xi2jS + Si(];)’ Zijz =

. 3
0.9 4 sin(2X;j> — X;j3) + 8,~(j), Xij1 = (Uij1 + Uijp)/2, Xijo = (Uijz + Uij3)/2,
Xij3 = WUgj1 +Uij3) /2. Ui, - (0, )) € EZ}, r =1, 2, 3 are generated by the spatial
autoregression
@

ijr’

Uijr =sin(Ui—1yjr + Uij—1yr + Uas1)jr + Ui(+1)r) + €

and {g;; : (i, ) € E?} is generated by the spatial autoregression gij = (ei-1nj +

gij—1) T &+ T EiG+n)/S+ 8,-(;)-

Data were simulated from this model over a rectangular domain of m x n sites—
more precisely, over a grid of the form {(Z, j) : 76 <i < 754+m,76 < j < 75+n},for
various values of m and n. Each replication was obtained iteratively by the steps given
in Hallin et al. (2004). 500 simulated spatial data sets are independently generated. For
each simulated data set, the estimators of 8, r = 1, 2, 3 and u were computed by (2.2)
with p, = 1 and (2.6). The number of subinterval M|y = Moy = M3y = My were
determined by BIC criterion given by (2.10).The estimators of f-(x,),r = 1, 2, 3 were
computed by (2.8) with Epanechnikov kernel. Bandwidth %, was select by “leave-one-
out” cross-validation procedure given by (2.10).

Table 1 summaries the mean square errors (MSE) of the estimators /& and ,3, for
r = 1, 2, 3 and the mean integrated squared errors (MISE) of the estimators f, (x,) for
r =1, 2, 3 based on 500 simulations for different m and n. Figure 1 depicts the actual
functions f;(x,), r = 1, 2, 3 and the mean estimated curves over 500 simulations with
m = 20, n = 20 and their 95% pointwise confidence bands. We see from Table 1 and
Fig. 1 that our estimation procedure gives satisfactory results ever if for small m and
n.

We now compare the proposed method (PM) with the B-spline method (BM) given
in Huang et al. (2010). In B-spline method, cubic splines with equally spaced knots
are used to approximate the additive functions f;(u,),r = 1, 2,3, the smoothing
parameter K, were determined by BIC criterion. For different m and n, Table 2 reports
the MSEs of parametric estimators /t and ,é,, r = 1, 2, 3 and the mean of the weighted
average squared error WASE, of the estimators fr (x;),r = 1,2,3 based on 500
simulations, where W ASE, is defined as

mn—[0.025mn]

3 [ (xr) — fr(ar) PP
[range(f,)I?

1

WASE, =
mn + 1 — 2[0.025mn]

’

i=[0.025mn]
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Table 1T MSEs and MISE:s of the estimators based on regular grid data

MSE MISE
2 b B> B fiaun) fatu) faus)

m=10,n=10 0.0358 0.0099 0.0099 0.0038 0.7340 0.3659 0.4870
m=20,n=10 0.0315 0.0077 0.0062 0.0022 0.4964 0.2803 0.4355

m=15,n=20 0.0236 0.0069 0.0041 0.0013 0.3736 0.2101 0.4108
m=20,n=20 0.0219 0.0062 0.0036 0.0011 0.3403 0.1833 0.3950
m=30,n=20 0.0197 0.0058 0.0026 0.0009 0.2890 0.1561 0.3871

-6 -3 -3
-2 -1 0 1 2 -1.5 -05 05 15 25 -2 -1 0 1 2
X4 %) *3
Fig.1 The actual and the mean estimated curves for f,(x,), r = 1, 2, 3inmodel (4.1) withm = 20, n = 20
the 95% pointwise confidence bands. —, true curves; - - -, mean estimated curves; ..., 95% pointwise

confidence bands

X(1r) £ X2r) < -+ < X(unr) 18 a permutation of {x;;, : 76 <i <75+ m,76 < j <
75+n} and range( f;) is the range of the function f; (x;-). Since the data near the bound-
ary points are sparse, the estimators near the boundary points become poor. So we
removed these points from WASE,. Based on 500 simulations with m = 20, n = 10,
Flg 2 displays the boxplots for squared errors (SE) of parametric estimators /t and
,Br, r =1,2,3and WASE, of the estimators fr (x;),r = 1,2, 3. We see from Table 2
and Fig. 2 that there are no obvious differences between the parametric estimators of
two methods, but the estimators of additive components f,(x,), r = 1, 2, 3 obtained
by the proposed method outperform that obtained by B-spline method. Because the
number of knots of all the B-spline functions approximating the additive compo-
nents f.(u,),r = 1,2, 3 is the same, when additive functions have different degrees
of smoothness, some estimators will become inefficient. In the proposed method,
we first obtain the estimators of B¢ and the piecewise polynomial estimators of
fr(x),r = 1,2, 3, the local linear estimator of f,(u,) is obtained by solving the
univariate regression problem and the bandwidth 4, is easily chosen.

To investigate the performances of the estimators under different M,,, Table 3 dis-
plays the simulation results based on 500 simulations with m = 20, n = 10. Table 3
shows that the MSEs for parametric estimators and the WASEs for nonparametric
estimators are not sensitive to the choice of M, and these estimators are efficient
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Table 2 Comparison of the proposed method with B-spline method

Method MSE WASE
Q B B> B fiw) ) f3wz)
m=10,n=10 PM 0.0215 0.0063 0.0067 0.0029 0.0028 0.0418 0.0364
BM 0.0318 0.0070 0.0085 0.0036 0.1615 0.3057 0.5053
m=20,n=10 PM 0.0180 0.0054 0.0044 0.0013 0.0015 0.0296 0.0267
BM 0.0179 0.0040 0.0053 0.0024 0.0796 0.2164 0.2062
(a)
+
1
12}
E +
g 0.5 + n
L i i
1 2
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Fig.2 Box plots for SE and WASE. Label 1 is boxplot for the proposed method and Label 2 is boxplot for
B-spline method. a is boxplot for 2, b is boxplot for By, ¢ is boxplot for B, d is boxplot for B3, e is boxplot
for f1(x1), f is boxplot for f>(x2) and g is boxplot for f3(x3)

under broad ranges of M,,. These results also illustrate that the above BIC smoothing
parameter selection procedure generally gives the satisfactory results.

In order to investigate the influence of degree of the piecewise polynomial on the
estimators, based on 500 simulations, Table 4 reports the simulation results under
qr = 1,2,3, which correspond to piecewise linear function, piecewise quadratic
polynomial and piecewise cubic polynomial respectively. We see from Table 4 that
there is no essential difference between the three estimates. Of course, in comparison,
piecewise linear function is easier to operate.
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Table 3 The MSEs and WASE:s for the estimators with different My

My MSE WASE

a Bi J5 Bs A fr(x2) f3(x3)
2 0.2777 0.1291 0.0147 0.0097 0.0023 0.0414 0.0040
3 0.1289 0.0251 0.0321 0.0062 0.0012 0.0145 0.0046
4 0.0389 0.0108 0.0065 0.0026 0.0006 0.0056 0.0022
5 0.0303 0.0086 0.0067 0.0020 0.0006 0.0067 0.0042
6 0.0197 0.0061 0.0047 0.0013 0.0009 0.0080 0.0035
7 0.0165 0.0050 0.0036 0.0011 0.0009 0.0104 0.0066
8 0.0144 0.0041 0.0035 0.0010 0.0027 0.0290 0.0226
9 0.0144 0.0051 0.0029 0.0010 0.0047 0.0879 0.0727
10 0.0204 0.0062 0.0028 0.0010 0.0439 0.0493 0.0636

Table 4 The MSEs and WAESs for the estimators with different p,

pr MSE WASE
2 B B Bs fiau) faua) fau3)
m=20, n=10 1 0.0235 0.0031 0.0023 0.0007 0.0014 0.0128 0.0123
2 0.0195 0.0029 0.0024 0.0008 0.0027 0.0135 0.0234
3 0.0206 0.0064 0.0037 0.0008 0.0005 0.0126 0.0150
m=20,n=20 1 0.0153 0.0026 0.0015 0.0003 0.0007 0.0016 0.0067
2 0.0067 0.0021 0.0012 0.0004 0.0011 0.0022 0.0123
3 0.0128 0.0045 0.0020 0.0005 0.0004 0.0018 0.0149

In order to investigate the performances of our estimators based on irregular grid
data, we first generate data over the rectangular grid of m x n sites. We then randomly
selected half of the data to fit the model, that is, each site has a probability 0.5 of
being selected. The final sample size is about mn /2. For different m and n, Table 5
summaries the MSEs of the parametric estimators and the MISEs of the nonparametric
estimators f,(xr) for r = 1, 2, 3 based on 500 simulations. Comparing Table 5 with
Table 1, we see that there is no clear difference between two estimators of u and
Br,r = 1,2,3. When the sample size is small (N=100,200), the estimators of f(x;)
forr = 1,2, 3 based on regular grid data is slightly better than that based on irregular
grid data, but the sample size is large (N=300,400,600), there is no clear difference
between two estimators of f,(x,) for r = 1, 2, 3. All these show that our estimation
method is also efficient for irregular grid data.

5 Areal data example

In this section, we apply our methods to analyze a real estate data set which includes
the real estate data for 203 second-, third-and fourth-tier cities in China in 2016. Our
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Table 5 MSEs and MISE:s of the estimators based on irregular grid data

MSE MISE
2 b B> B fiaun) fatu) faus)
m=20,n=10 0.0784 0.0070 0.0081 0.0030 0.7366 0.4266 0.5191

m=20,n=20 0.0513 0.0062 0.0047 0.0013 0.4999 0.3119 0.4523
m=30,n=20 0.0406 0.0041 0.0030 0.0008 0.3702 0.2130 0.4154
m=40,n=20 0.0334 0.0061 0.0027 0.0006 0.3437 0.1707 0.3962
m=30,n=40 0.0250 0.0037 0.0016 0.0004 0.2760 0.1606 0.3842

purpose is to study the relationship between urban housing prices and their influencing
factors. The response variable is urban housing price (Price). The covariates of primary
interests include the average annual income of urban residents (Income), urban cate-
gory, urban population, urban GDP, the ratio of no house and one house (RNO), bank
interest rate (BIR), urban livability index (ULI), urban comprehensive competitiveness
(UCC) and urban development index (UDI). We note that among these variables the
data of some variables such as population and GDP are very large, whereas that of
some variables such as ULI and UCC are small. For this purpose, for each data of these
variables, we first make the following modification: each observation was divided by
the maximum of all observations for this variable, so that the maximum of modified
data of the variable is 1.
We first consider the following partially linear additive regression

log(Price) = u+ B1Z1 + B2Z> + fi(Income) + fo(Population) + f3(GDP)
+/4(RNO) + fs(BIR) + fe(ULI) + f7(UCC) + fs(UDI) + ¢,
5D

where Z1 = 1, Z, = 0 stands for second-tier city, Z; = 0 and Z, = 1 stands for
third-tier city and Z; = 0 and Z, = 0 stands for fourth-tier city.

The estimators of 81 and 8 are computed by (2.2) with p, = 1, the estimators of
is computed by (2.6). The number of subinterval My are determined by BIC criterion
given in Sect. 2. The estimators of f.(-),r = 1, ..., 8 are computed by (2.8) with
Epanechnikov kernel. Bandwidth £, are selected by “leave-one-out” cross-validation
procedure. Table 6 exhibits the parametric estimators, and Fig. 3 shows the estimated
curves of the additive components and their 95% pointwise confidence intervals. The
fact that B > B> > 0 in Table 6 indicates that the housing price for a second-tier
city is larger than that for a third-tier city and the housing price for a third-tier city
is larger than that for a fourth-tier city. We see from Fig. 3 that the estimated curves
fl (Income), f4(RN 0) and fg(UDI) show rising trends as Income, RNO and UDI
increase, while )?5 (BIR) show decreasing trends as BIR increase. Figure 3 shows the
subtle impact of the urban population and urban livability index (ULI) on housing
prices, which overall declines as the urban population increases, while housing prices
overall rise along with the urban livability index. This can be explained that some
central and western cities, such as Fuyang, Shangqiu, Nanyang and Handan, have
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Table 6 The parametric N F F
estimators for model (5.1). The K 1 2
values in parenthesis are 8.4092 0.6110 0.3325
standard error
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Fig.3 The estimated curves (solid line) and their 95% pointwise confidence intervals (dotted lines)

large populations, while housing prices in these cities are low. Figure 3 shows that
f3(GDP) appears the changing trend of decreasing first and then rising, this is due
to lower house prices in some central and western cities, and higher prices in some
eastern cities with high GDP. Figure 3 also shows that f7 (UCC) appears the changing
trend of rising first and then decreasing.

We find from Fig. 3 that the estimated curves of f>(Population), f4(RN O) and
fe(ULI)) approximate straight line. We then further construct the following partially
linear additive regression

log(Price) = pu+ B1Z1 + B2Z> + B3 Population + BaRN O + BsULI 5.2)
+/fiIncome) + f»(GDP) + f3(BIR) + fa(UCC) + f5(UDI) +,

Table 7 displays the parametric estimators and Fig. 4 shows the estimated curves of
the additive components and their 95% pointwise confidence intervals in model (5.2).
We see from Table 7 that log(Price) is negatively associated with urban population
and positively associated with the ratio of no house and one house and urban livability
index. Since the absolute values of ,33 and 35 are small, it is shown to have a small
effect on log(Price). Figure 4 shows that the estimated curves in model (5.2) are
similar to that in model (5.1).
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Table 7 The parametric estimators for model (5.2). The values in parenthesis are standard error

2 B B> B Ba Bs
7.9804 0.4515 0.2860 —0.1311 0.5394 0.0519
(0.1475) (0.0413) (0.0178) (0.0694) (0.1651) (0.0870)
—_ 1
£ 09 = 05
s o Y B
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Fig.4 The estimated curves (solid line) and their 95% pointwise confidence intervals (dotted lines)
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Fig. 5 Boxplot for the absolute prediction error |10g(7r?ce,-)) — log(Price;))|, i =1,...,203 for two
models. Here 1 is the boxplot for model (5.1) and 2 is the boxplot for models (5.2)

To evaluate the prediction performance of model (5.1) and model (5.2), we applied
leave-one-out cross-validation to the data; i.e., when predicting the housing price for
the ith city, we omit the data for this city when fitting the models. Figure 5 displays
the boxplots for the absolute prediction errors |10g(/P}7cei) — log(Price;)|, i =
1,...,203, for models (5.1) and (5.2), where Price; denotes the housing price for
the ith city. The mean values of these errors for the two models are 0.3050 and 0.2031
respectively. We see from Fig. 5 and the mean absolute prediction errors that model
(5.2) behaviors better than model (5.1) in prediction performance.
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6 Conclusion and future studies

We have proposed a new estimation procedure for partially linear additive regressions
with spatial data using piecewise polynomials combined with local linear methods.
The proposed method is suitable for high dimensional data, there is no need to solve the
restricted minimization problem and no iterative algorithms are needed. Under mild
regularity assumptions, the asymptotic distribution of the estimator of the unknown
parameter vector is established, the asymptotic distributions of the estimators of the
unknown functions are also derived.

We method focuses on data on a regular grid. Simulation studies in Sect. 4 demon-
strate the proposed procedure is also efficient for data irregularly positioned, but the
relevant theoretical properties will need to be developed, which are left for future
research. As pointed out by a referee, geoadditive models in which spatial effect is
modeled via a bivariate function have been proposed and investigated in literature. Our
method can be extended to geoadditive models. We leave such extensions to future
work.

Appendix: Proofs

In this section, let C > 0 denote a generic constant of which the value may change
from line to line. For a matrix B = (b;;), set || Blloc = max; Zj |bij] and |B|oo =

max; ; |b;;|. For a vector v = (v1, T set vl = Z';-:l v and |v]e =
maxi<;<k |vjl. B

Let frv(xr) = xrv(xp) fr (Xr), frv = (anzl Z;l'zl frv(Xijr))/(Zlmzl Z?;] Xrv
(Xijr)),

fvrv(xr) = fr (xrv)ArvO(xr) + hrOfr/(xrv)Arvl xr)+...+ hf(; r(pr)(xrv)Avrvq, (xr)/pr!,

Jgrv =it X ]er(Xijr))/(Z;nzl Z?=_1 Xrv(Xijr))and 5 (X)) = [fro(Xijr)
= Xro(Xijr) fro] = [fro(Xijr) = Xro(Xijr) fr]. Noting that £, () = 3074 fru ()
and fry(Xijr) = xrv(Xijr) frv+ o (Xijr) = Xeo (Xijr) Frol - £ (Xijr), we get that

fr(Xijr) = AT (Xij)aor + Fratyy Xy (Xijr) + S0 5 (Xi50), (AL

where ag, = (agrlv T ’a(T)"erN)T with agry = (f_rv» hr()fr/(xru)» cees hf(;fr(pr)
(xru)/Pr!)T for v = 1,...,M,y — 1 and aorM,y = (hr()fr/(er,N),--w
WG 1 Comton )/ PO Py = (0 Xt frKigo )/ (20 St 2w (Kij).
Let firv(xr) = xrv () fir ), S, (Xijr) k= 1,...,dy and Fp,y are defined
similarly as f% (X;;-) and F,py,y. Denote Y = Y — E(Y), Z = Z — E(Z),
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Zij = (Zijl, cees Zijdl)T with

dr M, N
Zijk = Y (Frrbdyy Xrbtyy (Xijr) + Z S Xijr)) = Zi + Vije, k=1,....d\.
r=1 v=1
(A.2)
Let
dy M, N T
Yij =Y Featp Xrttoy Xijr) + O FoXi) +Z" Bo— Y +&j. (A3)
r=1 v=1

Then, we have
N o] . 9 _ .
B—Bo=Ty'| I Y01 Zy¥y — Waay (X0 X AipYy) | (ad)

with

n m n

m
:ZZZ,“ — WyAY IWN, Wy=> > Zj;AX;)". (AS)

i=1 j=1
Lemma A.1 Under assumptions 1-5, it holds that

! 5 2D ArXijr) = Bk (X0)| = 0, (M),

i=1 j=1

max

Proof Let Dy = {(i, j) : 1 =i =m1 < j < n) A (Xijr) = Apr(Xijr) —
I Y A (X .

=r=da,1=zv=

For any sufﬁc1ent1y small positive constant &, we have

) M d M, 2
P(A* > eMy®) < 821(,\'2 Zril Zuzﬁv Zk [Z(i,j)eDN {E(Aruk(xi.if)) (A.6)
+ Z Z(i’,j/)#(i,j)eDN |E(Arvk(Xijr)Arvk(Xi’j’r))l]~

Let cyi = [va/((zw)f)] fork = 1,2, where t > 2(4 4+ 8)/(2 + §) is a constant. Let
the set {(i, j) # (i’, j') € Dy} be split into the following two parts

Si={G, )H)#G.j)eDy:li—i'l<ecnt,lj— 'l <cenal,
So={G,))# 0, jHYeDy:li—il>cyror|j—j|>cna}

By assumption 5, we have

M4
e Lot Dot S X gy Loesy ECrk Xij) Ak Kol (5 7
< CM?\,HS/((H‘S)”/N — o(D).
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Turning to S, using Lemma 5.1 of Hallin et al. (2004b), we obtain that

|E(Aruk (Xijr) Aror (Xt jr )| < C(EMWk(x,-,-r)|2+5>)2;<2:5;(¢(||(i’, i)
—G, PINYEH < M F P 16, )
—(@i, )Y e+d,

Therefore, by assumptions 4 and 5 , we get

M, Y Y
gzNz Z Z Y Zk Z(l JONN)) Zesz |E(Arvk(Xijr)Arvk(Xi’j’r))|

(A.8)
= CeZNZNZl 1O i =cn1 (@)% CH) = o(1).

Now Lemma A.1 follows from (A.6)—(A.8) and the fact that Z(l-’j)GDN E (A%uk (Xijr)
< NM,'. o

Lemma A.2 Under assumptions 1-5, it holds that
= 1/24+68/(2+6
IWN/Nlloo = 0, (M >F/CHT N2,

Proof We first prove

1 m n
Iy 22 D AXipVijilloo = 0p My YN 1 =1 dr (A9)
i=1 j=1

Let é:ijrvl = er(Xijr) - E(er(Xr))XerN (Xijr)/E(XrM,N(Xr))s

g 2 = Z' Z/ 1 Xrv (Xijr) _ _EGm (X))
e IZ’ | X,y (Xijr) E(erN(x,»

N Xijr—Xrv\k E((Xy—xr)/hro)* er(Xr))
nz]rvkl - ( ]h,.o ) E(er(}? ))
. Zlm:] Z;l'=| er(xl_/r)((xt_/r xrv)/hr()) _ EQur(XH) (X er)/htO) )
77rvk2 - Z;”Zl Z?:l XrU(Xijr) E(er(Xr))
Then
%de Z}d= A(ij)vt]l”oo
= Z r=1 Z ' i Zz 1 Zj 1Gijrot + XrM,y (ler)érvz)vlﬂ| (A.10)

+ Z Z Zk 1N | Zz 1 Z] 1 er(Xer)(ervkl + 77rvk2)V11l|

Similar to the proof of Lemma A.1, we obtain that E[) ;" , Z;’ IE,J,MVU;]Z <

28/((2+8)7)—1 26/((2+8)1)-1
CNMY D™ and ELC Y5 o (Xigmijruna Vil < CN M G000
Hence,

er

Z Z —| Z Zs,,mv,m = 0p (MY F/CTIT N12), (A11)

i=1 j=1
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dy Myn pr 1 m n
1/2468/(246
2002 512D areKije ik Vit = 0p(My[ZFIETIT N2
r=1 v=1 k=1 i=1j=1
(A.12)

=r=az,l=v=

[Mrvk2| = Op(M;l)- Since E[xrv(Xijr)Vijil = El(xrv(Xijr) — Exrv(Xijr) Vijil +
E(xrv(Xijr))E(Vij1) = 0, then by arguments similar to those used in the proof of
Lemma A.1, we have

. . —1
Lemma A.1 implies maxj<;<d,,1<v<M,y—1 Erv2] = 0p(My ), MaxXi<y<d,,1<v<M,y

] m n
12 2 xrm Kij) Vit | = 0p(NTH2), (A.13)
i=1 j=1
Therefore,
dy Myn—1 |§_ 2| m n
2 S22 2 rem Kij) Vi| = 0p (N7, (A9
r=1 v=1 i=1 j=1
A nrvial | e
202 1o X Vi = 0, (N, (A.15)
r=1v=1 k=1 i=1j=1

Now (A.9) follows from (A.10)—(A.12), (A.14) and (A.15). Similar to the proof of
(A.9), we deduce that

1 m n 3
15 22 D Xy Xij ) AX i) lloo = 0, (M. (A.16)
i=1 j=1

Using the fact that E(f,(X,)) = 0, we get that FerN =0, (M?V/Z/Nl/z). Hence,

1 m n _ 1/
Iy D0 D Frtton et (Xij) AKilloo = 0p(My*/NV3). - (ALIT)

i=1 j=1
Similar to the proof of (A.9) and using Assumptions , we have
1 m n d» M,y
15 22122 D firn X JAXip oo = 0p(My" NTV2). (A18)
i=1j=1 r=1v=1
Similar to the proof of (A.17), we get that
1 m n
I D D ZkAXKi)llo = 0, My AN, (A.19)

i=1 j=1
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Now Lemma A.2 follows from (A.9) and (A.17)—-(A.19)and Assumption 5. m]

Lemma A.3 Under Assumptions 1-35, it holds that
Cy/N =T +o0,x).

Proof We first prove that My Ay /N is invertible. Let A,,;, be the minimum eigenvalue
of MyAn/N. By Lemma 3 of Stone (1985) and Lemma A.1 and using Assumption
4 and the fact that x,,(X;j,) x,v (Xijr) = 0 for v # V', we have that

Amin = infjaj=1 2Xa’ Aya
= infaj=1 5 X1 X (252:1[2&771 2o drvk Arv (Xijr)
+30 w,NkArM,Nk(X,»,-r)])2
> Cinflgj=1 Y02, 4 Z, Y [ a0 xe (Xije)
+> 0 1arvarvk(ler))

+(— XrM, N (Xl]r) Z rN arvOEerNv + Zk larM,NkAerNk(Xijr))z]
Mrn
> Cinfjaj= 02, (000 6], Grary +aly, Gragu,) +o0,(D),

where EerNU = Zm Z;l 1Xru(Xt/r)/ an 121}:1 XrM,N(Xijr), Gr =
(8rij)(pr+ 1)< (1) With g1 = 2and g,y = [1 67 Pdx, — [ der S
dx./2 for i > 1or j > 1, Gf = (g)pxp With gf;; = I dx, -
f_l xidx, f_l rdx,/2 and @,y = (Ary0, Arols -« - Aryp,)! forv =1,..., My, — 1
and a,p,, = (@rm,1,-- .,arMmp,)T. For fixed p,, it is easy to prove that G,
and G} are positive definite. Hence, there exists a positive constant C} such that
Amin = C{ + 0p(1) and consequently MyAy /N is invertible. By arguments simi-
lar to those used to prove Lemma A.1 and using the fact that E(fi,(U,)) = O for
k=1,...,d, we get that

! SN2zl = EWVT) +0,(1). (A.20)

N
i=1 j=l1

Using Lemma A.2 and assumption 5, we obtain that
o 4T v _
IWNAY' Wy /Nloo < MyIIW /N2 - ((MyAN/N) oo = 0p(1). (A21)

Now Lemma A.3 follows from (A.5), (A.20) and (A.21). O

Proof of Theorem 3.1 Using (A.13), we obtain that

dy m n
1 - _
> v > Festo xrityn (Xijr) Vi = 0p(My N7 (A22)

r=1 i=1 j=1
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Similar to the proof of (A.18), we have

n dy Myn

% 22 (2000 fonXunVige = op (M P N2, (A.23)

i=1j=1 r=1v=1

Since
1 m n T T 1 m n
T2 2 Z Bo+ Vi =Z Bo+ V) Y D Vi =0p(MyNTH,
i=1 j=1 i=1 j=1
(A.24)

then by (A.3), we have

m n m n
N7 " ViVie = N2 7% e Vi + 0, (D). (A.25)

i=1 j=1 i=1j=1

Similarly, N=1/2 3", Z?zl(zijk — Vijk)eij = o0p(1). Under the assumptions of
Theorem 3.1, it is easy to prove that

m n
N7 Z Z(Zijk — Vi) (Vi — &) = 0p(1).
i=1 j=1
Hence,
m.n m n
NN ZiYiy = NTV2Y N Ve +op(1). (A.26)
i=1j=1 i=1 j=1
Similar to the proof of Lemma A.2, we deduce that

m

1 n y
Iy 2 D AXiTijlloc = 0p (M) NI, (A27)
i=1 j=1

Therefore, Using Lemma A.2 and (A.27), we conclude that
m n

Nﬁl/zlﬁ’NAX;l(Z ZA(Xij)?ijNoo

i=1j=1

y 1 & & .
< N2MyIW /N lloo - |(MNAN /N oo 1 D0 D A ) Yijloe
i=1 j=1

= N'2Myo,(M\H/CTT Ny = 0,(1). (A.28)
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By arguments similar to those used in the proof of Lemma 6 of Tang and Cheng (2009),
we can prove that N ~1/2 > Z;le Vje;jisasymptotically normal. Therefore, (3.2)
follows from (A.4), Lemma (A.3), (A.25) and (A.28). The proof of Theorem 3.1 is
completed. O

Proof of Theorem 3.2 Letay = (agl, e ag d)T. By arguments similar to those used
to prove Lemma A.2, we deduce that

m n
- - T A
CMIY > AX) (Y — Z;;B — AT (Xijao) |
i=1 j=1
2+4258/(248)t

~ 2
la —aoll

IA

=o0,(My /N).

Hence, under the assumptions of Theorem 3.2, by arguments similar to those used to
prove Lemma A.2, we obtain that

(Z?;l > iz K(w)( Dorigr fr(Xije) — Dot fr’(Xijr’)))2
= I —aoll?| 1L ) K (552 A_, (X))
+[>Xr, > K( S _Xor) Zr/#r(ﬁr/M,/NXr/Mr/N (Xijr) + ZS/I:'/IN ,’71,()(1']'#))]2
p(NM1+2a/(2+5)rh2) 0, (N,

where A_(Xij) = (A1(Xij1), - Arm1 (Xijr—1)s Ari 1 Xijrt1))s - - - Ad(Xija) T
Therefore,

Vi)"Y K(@)Bm( 3. R &) = Y fr(Xij) = 0p(1).

i=1 j=1 r'#r r'#r
(A.29)
Now by arguments similar to those used in the proof of Theorem 3.1 of Hallin et al.
(2004) and using (A.29), we can easily complete the proof of Theorem 3.2. O
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