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Abstract

For the partially linear errors-in-variables panel data models with fixed effects, we, in
this paper, study asymptotic distributions of a corrected empirical log-likelihood ratio
and maximum empirical likelihood estimator of the regression parameter. In addition,
we propose penalized empirical likelihood (PEL) and variable selection procedure for
the parameter with diverging numbers of parameters. By using an appropriate penalty
function, we show that PEL estimators have the oracle property. Also, the PEL ratio for
the vector of regression coefficients is defined and its limiting distribution is asymptot-
ically chi-square under the null hypothesis. Moreover, empirical log-likelihood ratio
for the nonparametric part is also investigated. Monte Carlo simulations are conducted
to illustrate the finite sample performance of the proposed estimators.

Keywords Panel data - Penalized empirical likelihood - Partially linear model - Fixed
effect - Errors-in-variables

1 Introduction

The analysis of panel data is the subject of one of the most active and innovative
bodies of literature in econometrics. Panel data sets have various advantages over
that of pure time-series or cross-sectional data sets, among which the most important
one is perhaps that the panel data provide researchers a flexible way to model both
heterogeneity among cross-sectional units and possible structural changes over time.
Arellano (2003), Baltagi (2005) and Hsiao (2003) provided excellent overviews of
statistical inference and econometric analysis of parametric panel data models. How-
ever, a misspecified parametric panel data model may result in misleading inference.
Therefore, econometricians and statisticians have developed some flexible nonpara-
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metric and semi-parametric panel data models. For example, Su and Ullah (2007)
proposed a class of two-step estimators for nonparametric panel data with random
effects. Cai and Li (2008) studied dynamic nonparametric panel data models. Hen-
derson et al. (2008) considered nonparametric panel data model with fixed effects.
Rodriguez-Poo and Soberon (2014) considered varying coefficient fixed effects panel
data models, established direct semiparametric estimations. Chen et al. (2013) studied
partially linear single-index panel data models with fixed effects, proposed a dummy
variable method to remove fixed effects and established a semi-parametric minimum
average variance estimation procedure. Baltagi and Li (2002) discussed partially linear
panel data models with fixed effects, developed the series estimation procedure and
the profile likelihood estimation technique. Hu (2014) proposed the profile likelihood
procedure to estimate semi-varying coefficient model for panel data with fixed effects.
The partially linear panel data models with fixed effects are widely used in economet-
ric analysis; see, e.g., Henderson et al. (2008), Horowitz and Lee (2004), Hu (2017)
and Li et al. (2011).

In this paper, we consider the following partially linear panel data models with
fixed effects (e.g. Su and Ullah 2006):

Yl[:Xlt[ﬂ—i_g(le)—i_Ml—i_ell’ i=17"'7n7 t=17"'7Ts (]'])

where Yj; is the response, (X;;, Z;;) € R? x R are strictly exogenous variables, 8 =
(B1, ..., Bp)" is a vector of p-dimensional unknown parameters, and the superscript
T denotes the transpose of a vector or matrix. g(Z;,) is a unknown functions and p; is
the unobserved individual effects, &;; is the random model error. Here, we assume ¢;;
to be i.i.d. with zero mean and finite variance o2 > 0. We allow y; to be correlated
with X;;, and Z;, with an unknown correlation structure. Hence, model (1.1) is a fixed
effects model.

It is well known that in many fields, such as engineering, economics, biology,
biomedical sciences and epidemiology, observations are measured with error. For
example, urinary sodium chloride level (Wang et al. 1996) and serum cholesterol
level (Carroll et al. 1995) are often subjects to measurement errors. Simply ignoring
measurement errors (errors-in-variables), known as the naive method, would result
in biased estimators. Handing the measurement errors in covariates is generally a
challenge for statistical analysis. For the past two decades, errors-in-variables can be
handled by means of corrected score function (Nakamura 1990), corrected likelihood
method (Hanfelt and Liang 1997), the instrumental variables estimation approach
(Schennach 2007) and so on.

Specifically, we consider the following partially linear errors-in-variables panel
data models with fixed effects

{ Yu=Xib+8@i)tpiten 42

Wir = Xir + vir,
where the covariate variables X;; are measured with additive error and are not directly
observable. Instead, X;; are observed W;; = X;; + v;;, where the measurement errors

v;; are independent and identically distributed, independent of (Xj;, Zj;, €i¢), with
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mean zero and covariance matrix X,. We will assume that X, is known, as in the
papers of Zhu and Cui (2003) and You and Chen (2006) and other. When X, is
unknown, we can estimate it by repeatedly measuring W;;; see Liang et al. (1999) and
Fan et al. (2013) for details.

It is well-known that high-dimensional data analysis arises frequently in many con-
temporary statistical studies. The emergence of high-dimensional data, such as the
gene expression values in microarray, brings challenges to many traditional statistical
methods and theory. One important aspect of the high-dimensional data under the
regression setting is that the number of covariates is diverging. When dimensionality
diverges, variable selection through regularization has proven to be effective. As argued
in Hastie et al. (2009) and Fan and Lv (2008), penalized likelihood can properly adjust
the bias-variance trade-off so that the performance improvement can be achieved; Var-
ious powerful penalization methods have been developed for variable selection. Fan
and Li (2001) proposed a unified approach via nonconcave penalized least squares
to automatically and simultaneously select variables. Li and Liang (2008) developed
the nonconcave penalized quasilikelihood method for variable selection in semipara-
metric regression model. Recently, a new and efficient variable selection approach,
PEL introduced for the first time by Tang and Leng (2010), was applied to analyze
mean vector in multivariate analysis and regression coefficients in linear models with
diverging number of parameters. As demonstrated in Tang and Leng (2010), the PEL
has merits in both efficiency and adaptivity stemming from a nonparametric likelihood
method. Also, the PEL method possesses the same merit of the empirical likelihood
(EL) which only uses the data to determine the shape and orientation of confidence
regions and without estimating the complex covariance. As far as we know, there are
a few papers related to the PEL approach, such as Ren and Zhang (2011) proposed
the PEL approach for variable selection in moment restriction models; Leng and Tang
(2012) applied the PEL approach to parametric estimation and variable selection for
general estimating equations; Wang and Xiang (2017) studied PEL inference for sparse
additive hazards regression with a diverging number of covariates.

It is worth pointing out that there is no result available in the literature when the
number of covariates is diverging in partially linear errors-in-variables panel data
models with fixed effects. In this paper, our aim is to extend the results in Fan et al.
(2016) for high-dimensional partially linear varying coefficient model with measure-
ment errors to partially linear error-in-variables panel data models with fixed effects.
Our contribution can be summarized as follows. Following the estimation procedure
proposed by Fan et al. (2005), we first adapt a local linear dummy variable approach
to remove the unknown fixed effects. Moreover, we utilize the EL method to construct
confidence regions of unknown parameter and establish asymptotic normality of max-
imum empirical likelihood (MEL) estimator of the parameter. At last, for building
sparse models, we propose an estimating equation-based PEL, a unified framework
for variable selection in optimally combining estimating equations. More specifically,
this method has the oracle property. Moreover, PEL ratio statistic shows the Wilks’
phenomenon, facilitating hypothesis testing and constructing confidence regions.

The layout of the remainder of this paper is as follows. In Sect. 2, we construct
corrected-attenuation EL ratio and test statistic as well as define the MEL and PEL
estimators of the parameter and give their asymptotic properties. Moreover, empirical
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log-likelihood ratio for the nonparametric part is also investigated. Finally, we briefly
introduce computational algorithm. The simulated example is provided in Sect. 3.
Section 4 summarizes some conclusions and discusses future research. Assumption
conditions and the proofs of the asymptotic results are given in Appendix.

2 Methodology and main results
2.1 Modified empirical likelihood

We give vector and matrix notations in the following. Let Y = (Y, ..., Y, X =
XT, . XD Z=(Z7,....Z)" o = (U],...,up)" and e = (ef, ..., &0)"
be nT x 1 vectors, where ¥; = (Y;1,...,Yip)", Xi = (Xi1,..., Xi7)"%, Z; =
Zit,.... ZiT)", ¢ = (&i1,...,&71)", and Dy = I, ® i with ® the Kronecker
product, I, denotes the n x n identity matrix, and i, denotes the n x 1 vector of ones.
We rewrite model (1.1) in a matrix format which yields

Y = XB + g(Z) + Douo + . 2.1)

For the identification purpose, we impose the restriction Y ;_; u; = 0. Letting
D=[—iy—1 I,1]®irand u = (u2,..., un)", model (2.1) can then be rewritten
as

Y=XB+g(Z)+Du+e¢. 2.2)

Let Gis(z, h) = (1, (Zi; —2)/h)*, Ki(z) = K(-/h)/h with a kernel function K (-)
and a bandwidth 4. The diagonal matrices

[ Kn(Zin,2) - 0
Kn(Zi,2) = : ; :
L 0 < Kp(Zit, 2)
[ Kn(Z1,2) - 0
W= 1o
0 o Kn(Zn, 2)

and ¢ = (u", B7)". Given ¢, we can estimate the functions g(-) = (g(z), {hg'(2)}")"
by

.,, 3 {(Yit = X0B - i) — |8 + he')(Zir - 2] }ZKh(zn —2. (@23)

i=1 =1
Let G(z, h) = [G{(z, h), ..., G (z, H)]', Gi(z, h) = (Gi1(z, h), ..., Gir(z, h))",

g'(z) = 9g(z)/0z and z = z;; is in a neighborhood of Z;,;. Then the solution of
problem (2.3) is given by
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g() =[G" (2, HWrw)G(z, N 'GT (2, Wy ) (Y — XB — Dp)
= S(z, H)(Y — XB — Dp).

In particular, the estimator for g(z) is given by
8() =s(z, (Y — XB— Du). 2.4)
where s(z, h) = (1 0)S(z, h).
Now we consider a way of removing the unknown fixed effects motivated by a least
squares dummy variable model in parametric panel data analysis, for which we solve

the following optimization problem:

¢ = argmin [V~ Xp—Dpu~S(Y =X~ Du)I'[¥ = Xp = Dp—S(Y = Xp = D)}

(2.5)
where the smoothing matrix S is

(1 OIG™(Z11, HWii(z, G (Z11, DI GT(Z11, Wi (z, h)
S=| (1 OIG(Zir, YWir(z, G (Zi7, W] G*(Z11, Y Wit (2, h)

(1 OIGT(Zur, WWur (2, VG (Zyr, W G (Zn1, R)War (2, h)
St

=\ Sir

SnT

Supposing that X = (I, — 9X, Y = (I, — 9)Y, D= (I,t — S)D, we have
= (D'D)"'D"(Y-XB).LetH = I,7—D(D*D)~"' D", we can obtain H Dy = 0.
Hence, the fixed effects term Dy is eliminated in (2.3). Let ¢;; be the nT x 1 vector
with its {(i — 1)T + ¢}th element being 1 and others 0. We state the approximate
residuals as the following:

T
AB) =Y X H(Yu—Xup), i=1,....n (2.6)
t=1

However, X;;’s can not be observed in our case and we just have Wj;. If we ignore
the measurement error and replace X;; with W;; in (2.4) directly, (2.4) can be used to
show that the resulting estimate is inconsistent. It is well known that in linear regression
or partially linear regression, inconsistency caused by the measurement error can be
overcome by applying the so-called “correction for attenuation”, see Liang et al. (1999)
and Hu et al. (2009) for more details.
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Li(B) = Z TH(Y; — W) — (T —DT,B, i=1,....n 2.7

Note that E(I";(8)) = 0, if B is the true parameter. Therefore, similar to Owen
(1990), we define a corrected-attenuation empirical likelihood (CAEL) ratio of § as.

R,(B) = —max{Zln(np,np»o Zpl—lzp,r(m—O} (2.8)

i=1

With the assumption that O is inside the convex hull of the point (I'1(8), ..., ['4(8)),
a unique value for R, (B) exists. By the Lagrange multiplier method, one can obtain
that

Ry(B) =) In{l +y7T;(B)}, (2.9)

i=1

where y is determined by
n

Z Lb (2.10)
L+ y*li(B)

Theorem 2.1 Suppose that the conditions of (B1)—-(B7) in the Appendix hold. Further
assume that E(e3|X, Z) = 0 almost surely or k > 8. If Bo is the true value of the

d . Lo . —
parameter vector and — stands for convergence in distribution, p3t?/%=2 /p — 0

asn — oo, then (2p)~'22R,(Bo) — p) > N(0, 1).
Define By g = argming R, (B), which is the MEL estimator of the parameter B.

Theorem 2.2 Under the conditions of Theorem 2.1, we have

A 2Bk — Bo) > N, A).

Ay, represents a projection of the diverging dimensional vector to a fixed dimension s,
and A, is a s X p matrix such that A, A} — A,Ais as x s nonnegative symmetric
matrix with fixed s, and Q = 20_1212_1, 1 = (T — D{E(en1 — vi1fo)* =2 +
02X, + E[(viv]; — ) Bol?} To = E{[X11 — EXn|Zi)) [X11 — EX il Zi)1}
and %o = (T — 1)22
Further, E 212 Uis a consistent estimator of %y 212 U where 22 =
FWTHW — (T~ 1%, and 5, = D ID Wi itH(Yl, WieP)] + (T —
(2, 8)}%? and A®? means AAT. By Theorem 2.2, we obtain that

Bue — B S5 155 17 B — Po) > 12
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2.2 Penalized empirical likelihood for variable selection

We use the PEL by combining the profile likelihood method and the smoothly clipped
absolute deviation (SCAD) penalized approach. The SCAD penalty is defined in terms
of its first derivative.

We define the penalized empirical likelihood (PEL) as follows,

14
Lo(B) = Ru(B)+1Y_ pr(IBj). 2.11)

j=1

where p; () is a penalty function with tuning parameter 1. See Fan and Li (2001) for
example of this function. In this paper, we use the smoothly clipped absolute deviation
penalty, whose first derivative satisfies

(ar —60)4

P® =016 =1+ <=

16 > x)}, 0>0, x>0, (2.12)

for some a > 2 and pj (0) = 0. Following Fan and Li (2001), we set a = 3.7 in our
work.
Maximizing the PEL function (2.8) is equivalent to minimizing

n 14
LyB) =Y In{l+y TiA}+nY_ piBjl). (2.13)

i=1 j=1

Let B = {j : Bo;} be the set of nonzero components of the true parameter vector By
and its cardinality |B| = d where d is allowed grow as n — oo. Without loss of gen-
erality, one can partition the parameter vector as 8 = (B}, B;)° where i eARd _and
B> € RP~4_ Hence, the true parameter By = (Bl 0")" and we write B = (B[, B3)"
called PEL estimator which is the minimizer of (2.13). The matrix €2 can be decom-
posed as a block matrix according to the arrangement of By as 2 = IR .

Qo1 Q2
Theorem 2.3 Suppose that Assumptions (B1)—(B9) hold. If p°/n — 0, then with
probability tending to 1, the PEL estimator 8 satisfies

(@) (Sparity): B = 0;
(b) (Asymptotic normality): n'/? WnQ;UZ(B\] —B10) 4 N(0, G), where W,, € R1*4
such that W, Wi — G for G € R1*% with fixed q and 2, = Q11 — Q12825 Q1.

A remarkable advantage of PEL lies in testing hypotheses and constructing con-
fidence regions for B. To understand this more clearly, we consider the problem of
testing linear hypothesis:

Hy:Ly,Bro=0 vs Hy:LyBio#0
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where Ly, is q x s matrix such that L, L], = I, for a fixed and finite q. A nonparametric
profile likelihood ratio statistic is constructed as

Ln(B) =— {En(ﬁ) ~ ngn Oﬁn(ﬂ)} .

sLnP10=
We summarize the property of the test statistic in the following theorem.

Theorem 2.4 Under the conditions of Theorem 2.3. Then under the null hypothesis
Hp, we have

~ A d
2L,(B) > x(f, asn — oo.
As a consequence of the theorem, confidence regions for the parameter B can be

constructed. More precisely, for any 0 < o < 1, let ¢y be such that P(X(f > Ccy) <

l—a.Thenlppr(a) ={B € R : E,, (B) < cq} constitutes a confidence region for 8
with asymptotic coverage o because the event that B belongs to £ p () is equivalent
to the event that L,,(B) < cq.

2.3 Empirical likelihood for the nonparametric part

For model (2.2), we solve the the following optimization problem:

jo=argmin[¥ — Xp — g(Z) — Dul'lY — Xp — g(2) — Dul,

we have u = (D* D) DTy — XpB — g(Z)]. For given 8 and z, an auxiliary random
vector for nonparametric part can be stated as

T
Eilg(@} =) (i — Qi — Xisp — g@IKn(Zis —2), i=1,....n.

t=1

where Q = D(D*D)~'D7. Note that E[E;{g(z)}] = 0 if g(z) is the true parameter.
Thus we can define an empirical log-likelihood ratio statistic for g(z) by using the
methodology in Owen (1988). We introduce an adjusted auxiliary random vector for
g(2) as follows.

T

Eilg(@) =) i — QWir — Xt — 8(2) = {&(Zi) — 2 NKn(Zis — 2),
t=1
i=1,...,n.

By the adjustment in éi{g(z)}, we not only correct the bias, but also avoid under-
smoothing the function g(z), as proved in the Appendix. The adjusted empirical
log-likelihood ratio for g(z) can be defined as
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Qu(g(2)) = — max {Zln(nmmi 0. pi=1) pisilg@)}= o} :
i=1 i=1

i=1 =

By the Lagrange multiplier method, one can obtain that

Q,(8() =Y _In{l +¢" Eifg@}},

i=l
where ¢ is determined by

n

Iy Silg@)
n = 1+ ¢TE ()}

Theorem 2.5 Suppose that the conditions of (B1)—(B9) in the Appendix hold. For a
given z € Z, if g(2) is the true value of the parameter, then

20,(3(2)) > %2

2.4 Computational algorithm

This section employs the local quadratic approximation algorithm to obtain the mini-
mizer of PEL ratio defined by (2.13). Specifically, foreach j =1, ..., p, [p, (I8, DT
can be locally approximated by the quadratic function defined as [py(I8;D)] =
i (BjiDsgn(B;) ~ {pi(IBjol/IBjol)}B; at an initial value Bjo of B; is not close
to 0; otherwise, we set 3 = 0. In other words, in a neighborhood of a given nonzero
Bjo. we assume that py (1;1) ~ p;.(18j0]) + 31} (1Bjol/IBjol}(B3 — BZ). We then
make use of algorithm (see Owen, 2001) to obtain the minimum through nonlinear
optimization. The procedure is repeated until convergence.

We apply the following Bayesian information criterion (BIC) to select the tuning
parameter A, which is defined by

BIC(A) = —2L,(B;) + In(n)df;.,

where df) is the number of nonzero estimated parameters. Then the optimal tuning
parameter is the minimizer of the BIC.

3 Simulation studies

In this section, we carry out some simulation to study the finite sample performance
of our proposed method. Throughout this section, we choose the Epanechnikov kernel

K@) = %(1 — u®)I{ju| < 1} and use the “leave-one-subject-out” cross-validation
bandwidth method to select the optimal handwidth £, .
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Table 1 Comparison of coverage probability for MEL, PEL, NMEL and NPEL

y -« ) (n,T) MEL PEL NMEL NPEL
0.21, 0.90 10 (50,4) 0.818 0.827 0.810 0.834
10 (50,6) 0.852 0.863 0.878 0.879

15 (100,6) 0.865 0.885 0.880 0.895

0.95 10 (50,4) 0.924 0.930 0.918 0.936

10 (50,6) 0.932 0.939 0.926 0.940

15 (100,6) 0.937 0.946 0.929 0.947

0.41, 0.90 10 (50,4) 0.795 0.807 0.801 0.818
10 (50,6) 0.836 0.846 0.821 0.836

15 (100,6) 0.862 0.851 0.826 0.857

0.95 10 (50,4) 0.914 0.923 0.912 0.921

10 (50,6) 0.925 0.932 0.920 0.928

15 (100,6) 0.928 0.937 0.923 0.939

Firstly, we consider the following partially linear errors-in-variables panel data
models with fixed effects:

Yir = Xi,8 + 8(Ziy) + i + €irs

i=1,....n;t=1,...,T. 3.1
Wir = Xir +vis

Where B = (3,15002,0,...,007, g(Z;) = cos(2nZ,,) Z,tNU(O D, ui =

Z + w; and w;~N (0, 0. 12) forl =1,2,....n,and Z; = T Zt 1 Zis- The mea-
surement error v;;~N (0, X,) where we take Z,, = 0.221;9 and 0.4%19 to represent
different levels of measurement error. The covariate X;; is a p-dimensional normal
distribution random vector with mean zero and covariance matrix cov(X;;, X ;) =
0.5l

In our simulations, we take p as the integer part of 10(61)'/>-! —20 and the sample
sizes (n, T) = (50, 4), (50, 6) and (100, 6), respectively. In order to show the per-
formance of the proposed methods, we compare MEL and PEL estimators with the
native maximum empirical likelihood (NMEL) and native penalized empirical like-
lihood (NPEL) estimators that the neglecting the measurement errors with a direct
replacement of X by W in our proposed estimators. In each case the number of sim-
ulated realizations is 500.

Seen from Table 1, when the nominal level is 0.9 and 0.95, shows the coverage prob-
ability of confidence region for the whole B constructed by MEL and PEL method,
respectively. From the results, we can see that the PEL confidence region has slightly
higher coverage probability than the NEL confidence region, and the coverage prob-
ability tends to the nominal level as the sample size increases.

From Table 2, we can see the average model errors (ME) and the standard deviations
(SD) of the B; that is nonzero components of 8. based on PEL and MEL estimators
decreases as the sample size increases and the PEL estimator gives the smallest ME
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Table 2 ME and SD of 8; for MEL, PEL, NPEL and NMEL estimators

Zy )4 n,T) PEL MEL NPEL NMEL

ME SD ME SD ME SD ME SD

0.21 10 (50,4) 0.288 0.177 0.780 0.284 0.344 0.285 0.980 0.241
10 (50,6) 0.287 0.173 0.778 0.389 0.232 0.270 0.847 0.258
15 (100,6) 0.185 0.275 0.790 0.506 0.246 0.296 0.819 0.328
10 (50,4) 0314 0.162 0.771 0.236 0.232 0.205 0.794 0.211
10 (50,6) 0.282 0.161 0.758 0.279 0.225 0.197 0.771 0.259
15 (100,6) 0.207 0.250 0.799 0.225 0.218 0.145 0.810 0.237

0.41 10 (50,4) 0.295 0.207 0.986 0.328 0.334 0.268 0.847 0.376
10 (50,6) 0.236 0.266 0.942 0.336 0.326 0.206 0.829 0.477
15 (100,6) 0.272 0.281 0.926 0.457 0.245 0.190 0.973 0.338
10 (50,4) 0.164 0.173 0.832 0.271 0.293 0.268 0.875 0.296
10 (50,6) 0.155 0.142 0.820 0.260 0.192 0.260 0.815 0.239
15 (100,6) 0.102 0.164 0.883 0.287 0.196 0.170 0.816 0.395

Table 3 Simulation results for variable selection selection based on the PEL and NPEL methods

p (@ T) PEL(X,=02) EL(2y =0.2) NPEL(Xy, = 0.4) NMEL (£, = 0.4)
C 1 C 1 C 1 C 1

10 (50,4) 598 0 579 0 544 0 524 0.02

10 (50,6) 620 O 6.17 0 593 0 554 0

15 (100,6) 13.13 0O 1282 0 1266 0 1232 0

10 (50.4) 6.85 0 6.77 0 6.34 0 6.28 0

10 (50,6) 6.13 0 621 0 596 0 539 0

15 (100,6) 1353 0 1322 0 1345 0 1333 0

and SD among the estimators based on PEL, MEL, NPEL and NMEL methods for all
settings. The ME is defined as ME(B1) = (B1 — B1)TE(X"X)(B1 — B1).

Table 3 summaries the variable selection results, where important variable have
large effects. The column labeled “C” gives average number of correct zeros and
column labeled “I” gives the average number of incorrect zeros. From Table 3, it can
be seen that variable selection method based on the PEL select all three true predictors
and the average number of correct zeros are close to p — 5 in all settings. Further the
smaller measurement errors lead to better performance. It can also be seen that the
PEL approach perform better than the NPEL method for all settings. These findings
imply that the model selection result based on the PEL approach effectively reduces
model complexity and the selected model is very close to the true model in terms of
nonzero coefficients.

From Fig. 1, We see that the method based on the EL performs slighter better than
the NA method since the EL. method gives shorter confidence intervals than the NA
method which is shown in Theorem 4 in Xue and Zhu (2008). Besides, interestingly,
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Fig.1 95% confidence intervals for g(z) for X, = 0.2 (left panel) and £, = 0.4 (right panel) based on EL
(dotted curve) and NA (dot-dashed curve). The solid curve is the estimated cure of g(z)

seen from Fig. 1, ¥, = 0.2 gives shorter confidence intervals and narrower confidence
bands than ¥, = 0.4 for g(z). This shows the empirical likelihood ratio generally
works well.

4 Conclusion remarks

The partially linear panel data models with fixed effects has received a lot of atten-
tion. But there have been few studies about partially linear errors-in-variables panel
data models with fixed effects. We apply empirical likelihood both for parameter and
nonparametric parts. Moreover, we propose PEL and variable selection procedure for
the parameter with diverging numbers of parameters. By using an appropriate penalty
function, we show that PEL estimators has the oracle property. Also, we introduce the
PEL ratio statistic to test a linear hypothesis of the parameter and prove it follows an
asymptotically chi-square distribution under the null hypothesis. We conduct simu-
lation studies to demonstrate the finite sample performance of our proposed method.
Still, more work is needed to extend the method to more complex settings, includ-
ing errors-in-function, cross-sectional dependence and spatial panel data model. The
results presented in this paper provide the foundation for additional work in these
directions.
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Appendix: Proofs of the main results

We use Frobenius norm of a matrix A, defined as ||A|| = {tr(ATA)}1/2. Before we
give the details of the proofs, we present some regularity conditions.

(B1) The random vector Z;; has a continuous density function f(-) with a bounded
support Z.0 < inf,ez f(-) < sup,cz f(-) < oo.
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(B2) The functions E(X;;|Z;; = z) and g(-) have two bounded and continuous deriva-
tives on Z.

(B3) The kernel K (v) is a symmetric probability density function with a continuous
derivative on its compact support Z.

B4) (wi, Wir, Ziz,&ir), i = 1,...,n, t = 1,...,Tareiid. E€|W,Z,u) =0
almost surely. Furthermore, for some integer k > 4, E (|WellFy < oo,
E(|W||) < o0, E(le[*) < oc.

(BS) E|}u(,~t|2+5 < 00, X = E[)?i,)?ft] is non-singular, where }u(,'t = Xi; —
E(Xit|Ziy).

(B6) The bandwidth / satisfies b — 0, Nh® — 0 and Nh?/(logN)?> — oo as
n — oo.

(B7) X1 and X, are positive definite matrices with all eigenvalues being uniformly
bounded away from zero and infinity.

(B8) Let my = >y T (Xir — E(XurlUin)) (i — visBo), @2 = 31—y Ttvissir,
w3 = Zthl TT*I(vi,vi’t —X%))Boand wy;, j = 1,..., p be the j-th component
of . For k of condition (B4), there is a positive constant ¢ such thatasn — oo,
E(llos/PIF) < ¢, 5 =1,2,3.

(B9) The p,() satisfy max p;(1BjoD) = o((np)~'/?) and max pi(1Bjol) =

o(p~1/?).

Note that the obove conditions are assumed to hold uniformly in z € Z. Conditions
(B1)—(B9) while look a bit lengthy, are actually quite mild and can be easily satisfied.
(B1)—(B2) are standard in the literature on local linear/polynomial estimation. B5
implies E(Si,|X,', Z,‘, /Li) = E(8i1|Xi,, Z,‘t, /,Ll',) = 0. (Bl)—(BS) can be founded in
Su and Ullah 2006. (B6) and (B7) have been used in Zhou et al. (2010).

For the convenience and simplicity, let ¥ = fsz(z)dz, cy = {log(1/h)/
(Nh)}'/2 + h? and Mz = D(D*D)~' D"

ap = max {P5.(Bjo)l, Bjo # 0}, b, = max {p}(Bjo)l, Bjo # 0},
<j<p 1<j<p

By={B:1IB—Boll =dn}, dy=n""""%a, 0<5<1/6

Lemma A.1 Suppose that Assumptions (B1)—(B6) hold. Then
. 1 0
G (@ MWh()G(z, ) = Nf(2) x | v {1+ O0p(en)},
G'(z, W ()X = Nf(E(X|Z) x (1,0)"{1 4+ Op(cn)},
Proof Note that

G™(z, hWir(2)G(z, h)

_( YL XL KnZi-n YL (B OKnZi—2) )
Yo T K Zi =) X Ll () KnZig = )
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Each element of the above matrix is in the form of a kernel regression. Similar to the
proof of Lemma A.2 in Fan and Huang (2005), we can derive the desired result. 0O

Lemma A.2 Suppose that Assumptions (B1)—-(B6) hold, we have
n T
Elg(Zi) =YY Sug(Zuw)> = 0. (A.1)
k=1 I=1
Proof Similar to the proof of Lemma 5.1 in He et al. (2017). O

Lemma A.3 Suppose that Assumptions (B1)—-(B6) hold, we have
w4 I s 1),
N T
where Ty = E{[X11 — EXn|ZiDI'[X11 — E(XnlZi)]}-
Proof By Lemma A.1, we can obtain
[y 0;]71(Gt(z, Wi ()G (2. 1) 'G* (2. YWy ()X = E(X|Z) + Op(cy).
Then we have

X =[X11— EXulZi), ..., Xir — EX1r1Zir), - .. Xor — E(Xur | Zn1)]
+Op(CN)a

and L
W=X+v+0,cn) 2 A+ O0,(cn).

By the law of large numbers, we have

T
DO {Xir — Eid Ziol [Xis — E(Xirl Zi)] + vjyvir}
i=1 t=1

=

1

—WW =
N

1
N
+0p(en) B T+ 3. (A2)

Hence, to prove the lemma, we consider the limit of N “lwrm B W. It is easy to
show that N"'TWT MW = N~'A™MzA + O,(cn). Let (Mp)eper, = Meye;, @nd
(A)i; £ ajy = Wi;, where eg; = (k — 1)T + 1. Then

1 -~ 1 n T n T 1 n T
NAtMﬁA = N Z Z Z Zaklmekleirail = N Z Zaitmei,eitait

i=1t=1k=11=1 i=1t=1

n T
+% Z Zzaklm@czenait £h+D.

exi#eir k=1 1=1
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For the term 1>, we have

1 n T n T
B =3B | 20 D200 D0 D0 aumMeye,@intrsme, e, un
rsFeuy r=1s

ex #eir k=1 1=1 e, =1

Note that (X11, Z11), ..., (Xn1, Zy7) are i.i.d. and E(aj;|Z;i;) = 0, when eg; # eys
and e;; # eyy, we have

E(aklme“ei,aitarsmemeuvauv)
= E[mek/e,',memeuvE(aklaitarsauv|Zkla Zity Zys, Zyy)]
= E[mekle,-,memeuvE(aitarxauvlzil’ Zrs, Zuv)E(ar| Ziy)] = 0.

Using the same argument and m.,,¢;, = Me;,e,,, We have
EIZ N2 Z ZZE(aklme“e,,an) + Z ZZE(meklerakla,,a”akl)
e #eir k=1 1=1 ekl#e”k 11=1

By Conditions (B3), we obtain
2c 1 ~ 2c
2 Z 2 2
EIQ S N2 = E(mek;ei,) S Nztr(M ) f ﬁ,
kl7=€it

where c is a constant. Hence
El =op(1). (A.3)

Note that /1 can be decomposed as

1 n T 1 n T
=N Z Zmeuen laitair — E(ajrair)] + N Z Zme;,e”E(aitait) £ 10 + I,.

i=11=1 i=11=1
By the definition of S, it is easy to show that
S= (S, 817, 821, -+, Sur) T +diag{Op(cn)}l,

where

o (Kh(Zu — Zit) Kn(Zir — Ziy) Kn(Zpr — Ziz))r
" Nf(Zi) 77 Nf(Zi) T Nf(Za)
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Let D; is the first column vector of D, thus we have

Kn(Zy—Z7Z
Df(I—ST)(I_S)DIZ{T ZZ[ZW}

n T IT 2
Kin(Zy — Zir)
+Z > [1 Nz } {1+ 0p(cn)).

Because

Kn(Zy — Z11) . 1
Z[Z Nf(Z1) }{HO”(CN)}_O” <W>

and

n T
Ky(Zy — Zit) 1
2 [Z Nf(Zin) } U+ Oplen)) = O (W)

i=1t=1 LI=1

we have

DI(I —S)YI—-S)D =T [1 +0, <$>] .

Consider the projection matrix, fori = 1, ..., T, we obtain

(F5,)1 = (I = )DID] (I = ) — DI~ D (L — 5
1 1 L Kin(Zy — Zi)
-1 [1 1o, (ﬁ)} [1 - 0p<cN>}}

=1
—1+0 !
T P\ Nh)’

Because D is the first column vector of D. It is easy to show that M DM b =
MDl MD = MD Hence, MD MD is alsoapro_]ecnon matrix. Thus MD MD1 =
(M5 — MD )% > 0. We obtain (M5);; > (MD )ii = + + 0,,(Nh) LT,
By a similar argument, we can show that (MD),, > T + OP(Nh), i=T+ 1, ..., N.

Thus, we have
1
1 mezten— T+0 (Nh)

then, it is easy to show that

n T N 1
015) = 303 e, = L+ 0, (52).

i=1t=1

2
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Hence, we have

1 n T 1 1
I = N szenenE(aitait) = ?(E + X))+ 0p (W) : (A4)

i=1 =1
By (A.2), it is easy to show that
I S 1
-1
N Zz(menez'r T ) =0, (W) ;
i=1 =1
By the law of large numbers, I1; is bounded as

1 n T -
M=) e, = T @iai — Eaiai)

i=1 t=1

1 n T
+37 >0 aiai — Eaiair))

i=1 t=1

n T 1/2
= N |:Z Z(meiteit - T_1)21| + Op(l) = 0p(1). (AS)

By (A.4) and (A.5), we have

1
I = (24 ) +0p(1). (A.6)

By (A.2), (A.3) and (A.6), the lemma holds. m]

Lemma A.4 Under the conditions of Theorem 2.1, if B is the true value of the parameter,
we have

n T
DY viHZi = 0,(N'), (A7)
i=1 t=1
n T
DY euHgi = o0,(N'), (A.8)

i=1t=1

Proof Since the proof of (A.8) is similar of (A.7), we prove only (A.7)here. Let {y =
N'2/log(N),

n T n T
p (| S5l = ¢N> < (| S H = v mass il < h)

i=1t=1 i=1 t=1

+P(max; ;|| > ch*) (A.9)
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The second term is 0, (1) by Lemma A.2. For the first term, let R;, be the event that
|Zi7| < ch*. Then

n T
P <|ZZW:H§ir| > v {I(Riy) = LVi,t})

i=1 t=1

<y ZZ Elvi Hgi{I(Rip) = 1)]?

i=1t=1

n T
+ 7Y D Elvie Hirvrs Q8ks 1 (Ris) = 1)1,
i#k t#s

Since g;;{I(Ri;) = 1} < ch*is independent of v;,, the first term is O{N{;zczhg} =
o(1). The second term is easily seen to equal zero. O

Lemma A.5 Under the conditions of Theorem 2.1, if By is the true value of the param-
eter, we have

max [T (Bo)ll = 0p(\/n/p), (A.10)
INTV23 TF B N2 Y0 Ti(Bo)} —

NO,I. A1l
Nl 0, D). (A1)

Proof From the definition of I'; (8) by (2.7), and a simple calculation, yields

ZF (Bo) = «/_ZZ Xltngt _XlIHvltﬂ0+XltH81l

i=1 t=1
+vi Hgir — VitHV,',ﬂO + Vi Hgj + z31)/30}~

By Lemma A.1, we have Se = O, (cy). Similar to the proof of Lemma A.3 and under
Assumption (B7), we have j_NXT HSe = O(«/Nclzv) = 0p(1). Therefore

ZZX”HS,I— fZZ—(X,t—E(X,t|z,t>)e,t (A.12)

zltl i=1t=1

Similar to the proofs of (A.12), we can derive that

ZZ Xi Hviy = —= ZZ L X — ECG Ui,

tltl 11[1

ZZU”HV ZZ _lvnvm

tltl tltl
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Z S % 7 — ZZ T e

11t1 lltl

which combining with Lemma A .4, it is easy to obtain

ﬁ Z T'i(Bo)

T
T —
Z [(Xit — E(Xit|Uin)) (eir — viefo)] + vis€is
i=1t=1

+ (0 = virvf)Bol} + 0, (1)

f;G i(Bo) + 0, (1). (A.13)
Therefore, we have

T -1«
Li(Bo) = 5 ; {[(Xis = E(Xif|Uin) (i — vitBo)] + visgis

—virvi)Bol} + 0p(1)

Vit€it

+ (S
T T —
Z {—(X,, E(Xif|Uin) (i — viefo) +

T -1
+ T(wtvﬁ - Eu)ﬂo} +op() =1 +ma+ @3 +0,(1). (A4

Let w) = lqu [losill, s = 1,2,3, and {@y;,i = 1,...,n} is a sequence of
<i<n

independent random variables with common distribution. for any & > 0, then

n
Plo} = (p)'n' e} <3 P{llmull = (p)'/*n'/re)
i=1

1 Z" i
npk/zek — || 1l||

IA

1
< —Ellon/p' Ik

€
From conditions (B4) and (B7) and Cauchy-Schwarz inequality yields that | =
op(ﬁnl/k). By the condition p = o(n*=2/Ck) in Theorem 2.1, it is easy to check
that o =0, (J/n/pn?K/Ck py = 0p(+/n/p). Similar to the proof, we obtain w; =

op(/n/p) and w3 = 0,(/n/p). Then maxi<i<n |ITi (Bo)|| = 0p(/n/p).
By applying the martingale central limit theorem as give in Hall and Heyde (1980)
and (A.13), it is easy to obtain (A.11). The proof of Lemma A.5 is thus completed. O
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Lemma A.6 Under the conditions of Theorem 2.1. DenoteD,, = {B : ||8—Pol| < ca,}
Then |ly (B)I| = Op(an), for B € D.

Proof For B € D,, lety(B) = p0, wherep > 0,0 € RP, and ||6]| = 1. Set
1 ¢ - 1 o .
JB) =~ ;rxﬁ)ri B)-TPB) =~ ;mm, *(B) = max [IT:(A)II

From (2.7), we can obtain

I L 1 1 ~_(0TTi(B)?
0= lefr(ﬂ) nZ”(’S) Zl+p9fr<ﬁ)

<0°T(B) —

[+p il

Then
[9 J(B)0 — max |IT B)lln~"!

Ze r; (ﬂ)H <|6"T(B)I.

i=1
Observe that

I*(B) =T (Bo) + | max

<i<n

n T
— Wi HWi( (B — Bo)
~ ZZ

Let X, = WitH VT’i, According to Condition (B.7) and Minkowski inequality, we
have

r/2

Var(||X") < E(|X ") = E Z o

r/2
ZE[ X =00,

IA

Then we obtain that

max || Xi||

1<i<n

X" — EN| X"
< [tvaraix. /22 || X i
= [VarQi60' ™ o | S i

< 0,(JPn'") + 0,(J/P) = 0,(/pn'!").

which combining with (A.11)

r/2
+ EI|X |17 ]

I*(B) = 0p(n/p) (A.15)
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For I'(B), it is easy to see that

] ) 1 M~
F(B) =T (Bo) + 5 D Y Wit HWir(B — po)

i=1 t=1

Similar to the proofs of (A.10) in Fan et al. (2016), we obtain
67 T(B) = Op(an) (A.16)

Therefore, it follows from (A.15) and (A.16), we have maxi<;<, ||[i(B)|| =
n

From (2.7), similar to the proof (A.11) in Fan et al. (2016) and Lemma B.4 in
Li et al. (2012), we can derive tr[(J (Bo) — £1)%] = OP(pz(cﬁ + 1/n)) which means
thatall the eigenvalues of J (o) converge to those of X at therate of O, ( pz(cﬁ+ 1/n)).
Therefore, by Lemma A.2, (2.7), (A.16), together with Condition (B7), we have

1 n T N N N N N
JB) == > AWiH Vi = Wiefo) = (T = )3 o — Wi HWS (B — Bo)

i=1 t=1

+(T - D28 - B0}

1 n T N N
= T(Bo)+ = > Y AWe HW; (B — fo) + (T = DEo(B — o)} ™

i=1t=1

2 n T - ~ 5 ~ ~
= 2 2 AW Wi = Wieho) = (T = DZuo | {Wie H W5 (B — o)
i=1t=1
+(T = DS, (8 - o))
= %1+ 0,(p*(cy + 1/n)). (A.17)

we can obtain 67 J(8)6 = 07X,0 kN c. Therefore, we obtain p < c|0*T'(8)| =
Op(an), then ||y (B)|| = Op(an). o

Lemma A.7 Under the conditions of Theorem?2.1. asn — oo, with probability tending
to 1, R, (B) has a minimum in D,,.

Proof For B € D,
~ LB

1
Hln(ﬁvy)::l;mzo

According to Lemma A.6, we have y*I";(B) = 0,(1). Apply Taylor expansion to
Hi,(B,y), we obtain T'(B) — J(B)y + 8, = 0, where T'(8) = 3 I Ti(B),
S = 5 s TiB (@ Ti(B)?/[1 + &I for some |5 < |y*[i(B)]. We have
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y =J(B)'T(B) + J(B)16,. Substituting y into (2.6), it is easy to see that

_ _ 2 n
2Ry (B) = nT(B) T (B)™'T(B) —ndr T (B)™'6n + 3 D (v (BN (1 + )~
i=1

(A.18)
For B € dD,, where dD,, denotes the boundary of D,, we write 8 = By + ca,¢
where ¢ is a unit vector, we have a decomposition as 2R, (8) = 1o+ I1; + I1p, where
Mo = nT(Bo)* ;' T(Bo). T = n(T(B) — T(Bo))TJ(B)"L(T(B) — T (Bo)), Mz =
n[C(Bo)*(J(B) ™' == DT (Bo) +2T (Bo)* T (B) LT (B) — T (Bo)] —n8T T (B) ™16, +
I3 (B3 (L4 ¢) ™ Asn — oo, we see that

I =n {EVTITHW —(T — 1)):4 B — ,30)} J(B)~! {EVT/THVT/

—(T'-DX,](B— Bo)}
= Znal¢ o op{l + 0,(1)} = 0, (nal),

I, /11 £ Oand 2R, (Bo)—TIlp = op(1). This implies that for any ¢ given,asn — oo,
Pr{2[R,(B) — R,(Bo)] = ¢} — 1. In addition, note that for n large,

P
Ln(B) — Ln(Bo) = Ru(B) — Ra(Bo) +n Z{m(lﬂjl) — pa(IBjol)

j=1

= Ru(B)—Rn(Bo)+n Z{PA(LBjD_PA(ijD = Rn(B)—Rn(Bo),
jeB

where the last inequality holds due to Conditions (B9) and the unbiased property of
the SCAD penalty so that j € B, pi(I8;]) = pa(IBjol) when n is large. Hence,
Pr{Ll,(B) = L,(Bo)} — 1for g € dD,,, which establishes Lemma A.7. O

Proof of Theorem 2.1 Let U; = y*I";(Bo). Apply Taylor expansion to (2.10), we have

2

< U; _
0=;§Fi(ﬂ0) L= Uit g | = TG0 =Ty +8, (A19)

U3
where 8, = 1 31 Ti(Bo)U? — & i Ti(Bo) 157+
From (A.11) and Lemma A.6, we have

max |Ui| < ly (B)I| max |IT;(Bo)ll = O, (p/n'/?71").
I<i<n 1<i<n

Similar to the proof of (A.19) in Lietal. (2012), we can get |[3,|| = o, (P>t (n=1/?2
+c2))+0,(p*n'c,). From (A.19), we obtain that y = J(B0) ~'T'(B0) +J (Bo) ™' 6n.
Taylor expansion implies In(1 + U;) = U; — Ul.2/2 + Ul.3/3(1 + gi)4, for some ¢;
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such that |g;| < |U;|. Therefore, combining (A.16) and some elementary calculation,
we have

2R, (Bo) =2 In{l + U;} = nT* (Bo)J (Bo) ' T'(Bo) — ndJ (Bo) ™',

i=1
+ %Rn{l +0,(1)}
=nl"(Bo)Z; 'T(Bo) +nT " (Bo)(J (Bo) ™" — ;T (Bo) — ndLJ (Bo) '8}

where R, = Z?zl[yfl",-(ﬁo)P, By using the proving method of (A.22) and
Lemma B.6 in Li et al. (2012), we can easily derive n8,§](,30)’18n = 0,(y/p) and

nT7(B0)(J (Bo) ™" — =7 HT (Bo) = 0,(/P). The proof of Theorem 2.1 is concluded
from the above results together with (A.11). O

Proof of Theorem 2.2 Let Hy,(B,y) = %Z?:l % and H,(B,y) = %Z?:]
Hg}{?w)("’r i(B)")T), Note that § and 7 satisfy Hin (8, 7) = 0 and Hon(B, 7) = 0
Leto = (B%, y")", @0 = (B5,0)" and ¢p = (,35 Y5 )" Then by

N ali (B, 0 ali (B, 0
=Hjn(B.7) = Hjn(Bj.0) + (g )(/3 o) + a(i )( = 0) +8n,

where 8, with 8, = %(@0 —@p)* H]”n (¢)(¢o— o) for j = 1, 2. Here H]/.’n () denotes
the Hessian matric of Hj,(¢). Then

(57 )~ it it w} (10
3 _ 0 (B.y) 9Hwu(B.y) H 0)+§ ’
B —Po 4 58 $0.0) 20 (Bo, 0) + d2n

from Lemma A.3, we have

-12” i(B,0) 1W THWAT—1E, S (T—1)Za{l40,(1)} = Zo{1+0,(D}.

= (A21)

Note that ||y (8)]| = Op(a,) by Lemma A.6 and | |B —Boll = Op(a,) by Lemma A.7.
Then using the Cauchy-Schwarz inequality, we find

P P
181> =D 81wk < > l1go — woll I H@)11* = Oplanp’).  (A22)

and Condition (B9) yields that

IVNES 8141 < NSy 21181all = O, (Naip?) = 0p(1).
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and combining with Hi, (B9, 0) = n~' 3'_ (o) , we have

~ 1 &
VB = Bo) = %5+~ 3 Ti(o) + 0p(1)
i=1

T

T —
> NI — BT ir — viBo)] + vicei
i=1 t=1

1 n
+(Zy — v Bol} + o, () = 5t - Zj Ti(Bo) + op(1).

Note that

Cov(T';(Bo)) = (T — D{EI(X11 — E(X111U1D))(e11 — vi1fo)1> + E[v] eni 1
+E[(Zy — v vi)Bol*}

Therefore,
lim Cov(T';(Bo)) = (T — D{E(e11 — v1180)*E + 02,
n—oo
+E[(vvf; — Z))Bol*} =

Invoking the Slutsky theorem and the central limit theorem, we can prove
Theorem 2.2. O

Proof of Theorem 2.3 From the Lemma A.7, we note that the minimizer of £, (8) is in
D,,. Considering 8 € D, we have that for each of its components

+p5 (1B Dsign(B)) =1;+11;,

(A.23)
First, max jep |1;| < yZ;(1 4+ 0p(1)) = Op(ay), because y'Li(B) = op(1),where
X ; denotes the jth column of X. as t(n/p)/? > 0. Pr(maxjep|l;| > t/2) — 0.
it can be seen that P,\(|,3 [)sign(B;) dominates the sign of Mﬂ(ﬂ)
all j ¢ B, asn — oo, for any j ¢ B, with probability tending to 1,

L3L#) 157 (S Wi Wiy +(T — 13,
n B n 1+ yTi(B)

i=

asymptotically for

3L (P) | 0L, ()
8—ﬁi > 0, ,31 S (0, can), aﬂl

< 0, 18] € (Oa _Can)

which implies that ,éj = 0 forall j ¢ B¢, with probability tending to 1. Thus part (a)
of Theorem 2.3 follows.

Next, we establish part (b), Let W; and W, be matrices such that 18 = B and
U, = B,. As we have shown that asn — oo, Pr(,éz = 0) — 1, thus by the Lagange
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multiplier method, finding the minimizer of £, (8) is asymptotic equivalent to solve
the minimization of the following objective function

1< P
=D logll+y Ti(B)} +n Y _ pa(B;D) + v Wap. (A.24)
i=1 j=l1

where v is p — s dimensional column vector of an other Lagrange multiplier. Define

. _Is_ T
Qin(B,y,v) = n ; 1+ y'Ti(B)’

. 1<
OB,y v) = - 3 L + b(B) + Wi,

—~ 1+y Ti(B)

and 03,(B, v, v) = W, 8. where
b(B) = {p; (IBi1Dsign(B1), pi(1B2D)sign(Ba), ..., p; (IBpDsign(Bp), 07}".

The minimizer (B, y, v) of (A.24) satisfies Q,-n(ﬂ, y,v) = 0,0 = 1,2,3). Since
[lyll = Op(ay) for B € B, we can obtain that |[v|| = Op(a,) from an(,@, y,v) =0,
In order to expand Qm (B,y,v){ =1, 2, 3) around the value (By, 0, 0), we first give
the following partial derivatives,

3011(0,0,0 301,(0,0,0 301,(B0.0,0
an(,BO ) _ _J(,BO)v an(,BO ) _ 2(/30)7 an(ﬂo ) =0,
ay B v
9Q21(P0.0.0) _ (o). 9Q20(p0,0,0) — Y (p). 9Q21(P0.0.0) _ W,
dy B v
9031(0.0.0) _  9034(B0.0.0) 903 (fo. 0, 0)
=0, =V, ———=0.
ay ap av
Then by Taylor expansion, we immediately derive that
Q11 (B0, 0, 0) ~%1 % 0 (7
0 =| X5 0 ¥ B |+ Ry, (A.25)
0 0 ¥ 0 v

_ l 1
where X(B0) = n~' Y, 0Ti(Bo)/0B. Ru = Y1, Ry, Ry = (R} R3L.0)7,
R]trll € R? and the kth component of ijrll for j = 1,2 is given by

020 k(@)

1 .

M

R B — B — o),
20 00 e 00

jnk —
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9 = (B,y). D = (B, 7)" satistying [|F — ol| < |19 — oll. R = (0, b (Bo), 0)7,
RY =10, (D) (@D — 90)}, 01, R = [{(J(Bo) — )P + (Z(Bo) — Zo)(B —
B)IT, 0,01 and RS = [0, {(Z(Bo) — So)P}*, 0]7. Similar to the proof of (A.22),
we can get R,(ll) = op(n_l/ 2). Given Condition (B8) and (B9), we see that
RP = 0,(n2) and R = 0,(n~'/%). By (A.21) and (A.17) which together
with Lemma A.6 yields that R,(,4) = op(n_l/z) and R,(f) =0, (n~1/2). Hence, we can
get R\ =0,(n"2),k=1,...,5.
Define K11 = —X1, K12 = [29, 0] and K»; = K{Z’

_(0 v; _(Ku Kn
K22—<\I.12 0>’K_<K21 K

and let k = (B7, v")". Then by inverted (A.25), we find

7\ _ o-1] [ —01a(Bo,0.0)
(,G_K())_K {( # >+Rn}, (A.26)

As matrix K is partitioned into four blocks, it can be inverted blockwise as follows

K-l Ki' + K ' KA~ 'K K' —Kj'KpA™!
- —A 'Ky K[! Al ’

-1
Q! Wl

where A = Kyp — K21K1_11K12 = [ v, 0

i| and X is defined in Theorem 2.2.
Thus, we get

& —xo=A""K2 K} Q1a(Bo, 0,0) + 0, (n ™"/
Matric A can also be inverted blockwise by using the analytic inversion formula,ie.,

A1 Q- QUI(LQY) W QU (¥,Qwl)!
(LLQU) 1, Q —(LuH =t |

Further, we have
B — Bo =12 — QU (1LQW]) 'LQl(ToXiT(Bo) +0p(n~ 7).
It follows by an expansion of ,31 that
B — Bo = [W1Q — W1 QU] (WL QW]) ' W QI(ZoX1T(Bo) + 0p(n~ ') (A27)

Then similar to the proof of Theorem 2.3 in Fan et al. (2016), we have nl/? W,,Q;l/ 2

(B\] — B10) —d> N (0, G), which completes the proof of Theorem 2.3. O
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Proof of Theorem 2.4. Let ,3 be the minimizer (2.13) and U; = p*T';(B). Taylor expan-
sion gives

n n n

LoB) =) U= U2+ U301 +8)" +0,(D),
i=1 i=1 i=1

where |§;| — |U;| and 0,(1) is due to the penalty function. From (A.26), we have

P =127+ 271 20{Q — QU (W1, QU)W = IT (Bo) + 0, (n /)],

Similar to Tang and Leng (2010), Substituting the expansion of 7 and B given by
(A.24) into U;, we show that

2L,(B) = nT(Bo)" W3 (120" ' W (By) + 0, (1) (A.28)

Under the null hypothesis, because L, L] = I, there exists \Tl2 such that ‘ilzﬂ =0

and W, lTJQT = I, 4+q. Now by repeating the proof of Theorem 2.3, we establish that
under the null hypothesis, the estimation of B can be obtained by minimizing (A.27),
where W, is replaced by W,, we can easily obtain that

2L,(B) = nT(Bo)" W3 (B0 "' (By) + 0, (1).
Combining Egs. (A.28), we have
Ly =nT(Bo)" Q2P — P)Q7V2T(Bo) + 0, (D).

where
P =Q V2wl el tu,o 2

and o ; ~
Py = Q120 (o e T, 2

are two idempotent matrices. As the rank of P| — P; is ¢, P| — P can be written as
TTY, where T is ¢ x p matrix such that Y*Y = I, further, we see that

ST V2l (Bo) S N, 1,).

Then
()" V2 (P — PYQ V2T (o) % 2.

and the proof of Theorem 2.4 is finished. O
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Lemma A.8 Under the conditions of Theorem 2.5. For a given z, if g(2) is the true
value of the parameter; then

I - d
— ) -b N(O, R). A.29
m; (8@} = b > NO. R) (A.29)
n ~ . P
Vh 2 Ei{g(2)}E; {g(@)} = R. (A.30)
max [|8{g@M| = 0p(VNh), = 0,(N~'/2). (A31)

where b(z) = (M) =L Elg(Zi) — ¢@)1f(2) [ K (2)dz and R = o2 f(2) [ K>
(2)dz.

Proof Observe that

n

1 .

e OF —b(z) =S S S

N ; {2(2)) = b(2) = $1(2) + $2(2) + S3(2)

where
1 n
i) = = 2 ;(liz — QO Ki(Zis — Déir,
1 n T
@) = D0 Ui — Og(Zin) — 8@IKn(Zis — 2) — (h/N)'b(2)},

i=1 t=1

n T
DO Ui — QX5 (B — BYKn(Zis — 2).
i=1t=1

1
S = —
3@ =5

It is not difficult to prove E[S;(z)] = 0and Var[Si(z)] = R+ o(1). S1(z) satisfies
the conditions of the Cramer—Wold theorem and the Lindeberg condition. Therefore,
we get

S1(z) 5 N0, R). (A32)

We can also prove that
$2(z) = op(1). (A.33)

Theorems 2.2 and condition (B8) imply that g — ,3 = OP(N’l/z). Therefore, we get
S3(z) = 0, (h'/?). This together with (A.32) and (A.33) proves (A.29).
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Analogously to the proof of (A.30). We can verify (A.30) easily. As to (A.31), we
find

max ||Ei{g@}| < max ||(Iiy — Q)Kn(Zir — 2)&i|
1<i<n 1<i<n
+ max ||(Iiy — Q)g(Zir) — g()1Kn(Zis — 2)|
1<i<n

+ max ||l = Q)X (B = P)Kn(Zi = 2l = J1 + 2+ J3
<i<n

From Markov inequality and conditions (B3) and (B4), one can obtain

P(Ji = VNh) < (ND™ Y ElUi — Q)eiKn(Zis — )1 < C(N)'™* - 0

i=1

which implies that J1 = 0, (+~/ Nh). Using some arguments similar to those used in the
proof of Lemma A.6, we can prove J> = 0,(+/Nh) and J3 = 0,(~/Nh). Therefore

we obtain that max<;<p IIéi{g(z)}II =o0,(VNh).
Applying (A.30) and the proof in Owen (1990), one can derive that¢p = O, (N —1/2,
which completes the proof of Lemma A.S8. O

Proof of Theorem 2.5. Invoking some arguments similar to those used in the proof of
can be proved Theorems 2.4, we can proof

n 1

. .
20,(28(2) = | — > &l @)

~ b 2
Vi Eilg () — b))

1 n
WD
From Lemma A.8, we can prove that 29,,(g(z2)) LY X12- O
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