Stat Papers (2020) 61:1763-1772 @ CrossMark
htps://doi.org/10.1007/500362-018-0998-9

REGULAR ARTICLE

New lower bound for Lee discrepancy of asymmetrical
factorials

Liuping Hu'! . Kashinath Chatterjee? - Jiaqi Liu' - Zujun Ou!

Received: 22 September 2017 / Revised: 24 March 2018 / Published online: 25 April 2018
© Springer-Verlag GmbH Germany, part of Springer Nature 2018

Abstract Lee discrepancy has wide applications in design of experiments, which
can be used to measure the uniformity of fractional factorials. An improved lower
bound of Lee discrepancy for asymmetrical factorials with mixed two-, three- and
four-level is presented. The new lower bound is more accurate for a lot of designs than
other existing lower bound, which is a useful complement to the lower bounds of Lee
discrepancy and can be served as a benchmark to search uniform designs with mixed
levels in terms of Lee discrepancy.
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1 Introduction

Fractional factorial designs (Box et al. 1978; Dey and Mukerjee 1999) are widely used
in various scientific investigations and industrial applications. A design where all the
level-combinations of the factors appear equally often is called a full factorial design.
In practice, quite often the total number of level-combinations becomes excessively
large so that a full factorial design can not be used. The fractional factorial designs
are recommended for use in such cases. Optimal fractional factorial designs can be
chosen following several criteria, such as the minimum aberration criterion (Fries and
Hunter 1980) and its extension, generalized minimum aberration criterion (see, Tang
and Deng 1999; Xu and Wu 2001) and minimum generalized aberration criterion (Ma
and Fang 2001), uniformity criterion, and so on.
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Uniform designs (Fang 1980; Wang and Fang 1981) possess many desirable prop-
erties and are robust against model uncertainty for computer experiments (Bates et al.
1996). In the study of model robustness, the uniform design spreads its experimental
points uniformly over the design domain and permits practitioners to carry out numer-
ical analysis efficiently for their experiments (see, Fang and Wang 1994, Chapter 5).
Uniformity measure (Hickernell 1998a,b) plays a considerable part in the assessment
and construction of uniform designs. Based on Hamming distance, discrete discrep-
ancy proposed by Qin and Fang (2004) has been used to measure the uniformity of
fractional factorial designs. It is easy to show that the Hamming distance can only
distinguish two values to be equal or not, and does not measure the distance between
them. As a popular measure of uniformity, Lee discrepancy (Zhou et al. 2008) based
on the Lee distance possesses nice properties, which overcomes the shortcoming of
discrete discrepancy.

In the present paper, Lee discrepancy is chosen as the measure of uniformity. The
uniformity criterion under Lee discrepancy favors designs with the smallest Lee dis-
crepancy value. A design whose Lee discrepancy value achieves a strict lower bound
is a uniform design under Lee discrepancy. Because of this reason, many authors in the
literature dedicate to find good lower bounds for Lee discrepancy. Zhou et al. (2008)
initiated an attempt towards providing general lower bounds of Lee discrepancy for
symmetrical and asymmetrical fractional factorial designs. Zou et al. (2009) gave an
improved lower bound of Lee discrepancy for two- or three-level symmetrical fac-
torials. Under Lee discrepancy measure, more tight lower bounds were obtained by
Chatterjee et al. (2012) for mixed two- and three-level designs. Recently, Song et al.
(2016) also studied the lower bounds of Lee discrepancy for mixed two- and three-
level factorials. For more details about lower bounds of different discrepancies and
their applications, we can refer to Zhou and Xu (2014), Fang et al. (2008), Lei et al.
(2010) and Ou et al. (2011).

In practice, optimal asymmetrical factorials with mixed two-, three- and four-level
are most demanded, which include a large kind of asymmetrical and symmetrical
factorials. An accurate lower bound for Lee discrepancy value of this kind of asym-
metrical factorials is ponderable. Hence, this paper aims at obtaining a new lower
bound of Lee discrepancy on fractional factorial designs with mixed two-, three- and
four-level.

The rest of this paper is organized as follows. In Sect. 2, some notations and prelim-
inaries are provided. The lower bound for Lee discrepancy of mixed two-, three- and
four-level factorials is provided in Sect. 3. In Sect. 4, we give some numerical exam-
ples to illustrate our theoretical results. We close through conclusion and discussion
in Sect. 5.

2 Notations and preliminaries
An asymmetrical U-type design D (n; m1, my, ..., my) corresponds to an n X s matrix
X = (x1,x0, ..., Xxg), Xi = (X145, %25, ., xni)T, such that each column x; equally

often takes values from a set of m; integers, say{0, 1,2, ..., m; — 1}. Evidently, the
number of runs 7 is a multiple of m;, i = 1, ..., s. If some m’s are equal, we denote
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this asymmetrical U-type design by D(n; m1 ,m2 ,...,m)"), where s = Z§=1 Si.
Moreover, it becomes a symmetrical U-type design D(n; m®) when all the m;s are
equal. Denote by U (n; my, my, ..., mg) thesetofall D(n; my, ma, ..., mg). AU-type
design d € U(n; my, ma, ..., my) is optimal (or uniform) under a given measure of
uniformity provided if it has the best uniformity measure over U (n; m1, ma, . .., my).

For any design d € U (n; 2513%24%3), where s = s1 4 52 + 53, the Lee discrepancy
measure of uniformity for d, denoted as L D(d), can be expressed by the following
formula (Zhou et al. 2008):

[LD(@))
3 S1+583
-—-(3) ()
1 n n N s1+s52 K
k
+— H(l—a,p [Ta-8» JI a-¢»|.
i=1j=1| k=1 k=s1+1 k=s1+s2+1
where a:l'cj _ min[lxik;xjkl’l |xik— x/k\} ,Blkj _ min[|xikngk|’ | — |xik;xjk‘}’
ko ie—xikd [xik—2xjkl
(pij_mln[ e e e B

For any design d € U (n; 2°13%24%3), from (1), when 1 < k < s1,

ok — (1) Xik = Xjk;
4 3, Xik 7 Xjk;

whens; +1 <k <s|+ 52,

gk — 0, xik = Xjk;
i =11 .
Y 3, Xik 7 Xjk;
whens; +s2+1 <k <s,

0, xik = xji;

(plk/ = z_ip (xikv-xjk) € le
5. (Xik, Xjk) € S22,
where Q; = {(0, 1), (1,0), (1,2), (2, 1), (2, 3), (3, 2), (0, 3), 3, 0)}, €22 = {(0,2),
2,0),(1,3),3, DHYLi,j=1,2,...,n

The next section provides the lower bound of Lee discrepancy for mixed two-,
three- and four-level U -type designs.

3 Main results

Denote A;; = [{(i, ) : xix = xjk, | <k <si}l, ¥ij = {G, J) @ xie = xjik, 51 +1 <
k<si+s),& =G J) : xik = xjp,s1+s2+1 <k <s}l,n; =G )):
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(xiks xji) € 1}, vij = HG, J)  (xik, xjx) € Q2}], and |2| means the cardinality of
Q.

The following lemma is easy to be observed by the definition of U -type design and
Aijs Wijs &ijs Nijs Vij-
Lemma 1 For any design d € U(n; 2°!324%3), we have

i i hij =B g = s
i=1 j(#)=1

n n

YYo= gy =
i=1 j(#D=1

> i Ej="08 gy =
i=1 j (=1

é < n2s3

Z Z Nij = =5 nii = 0;
i=1j(#i)=1

=1

n

2
X V=% vi=0;
i=1j(#i)=1
&ij +nij +vij =83

Now, inview of Lemma 1, Lj; +Vri; +&;j = s1+52+53, Vij = 53 —&ij —nij. Then,
after some arrangements, (1) can be expressed in a new form as given in Lemma 2.

Lemma 2 For a design d € U(n; 2°13°24%3), we have
1 3 S1+53 7\ %2 2s2 s1—s3 1
2 [ — — —
woar=1-()"T () S e o
i=1 j(#i)=1

where 0;ij = In2- 3,’j +In (%) - Tij, 5ij = Ajj “I‘Sij, Tij = ¥ij + nij.

Proof From Lemma 1 and (1), we have

[LD(d))?

3\ 313 52 A 1\51 i o\ S2—Vij 3\ /] $3—&ij—1ij
-G (6) =2z G 66

1 3 s1+s3 7\ 2 0$2=51—83 n N Yij+nij
—_— e —_— —_— 1 +Sl p—
06 ey 2 ()

i=1j(#i)=1

1 3 51483 7\ %2 0525183 n n 5 3 Tij
--G) G) ST X 2(5)

i=1j#)=1
_ l ~ (_>s|+s3 <z>sz+ 2525153 Z”: Z": 1n28,,+1n<%) .
2 9
n 4 9 3%2n io1 (el
this completes the proof. O
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Following two lemmas will be helpful in establishing the new lower bound of Lee
discrepancy in the rest of this section.

Lemma 3 (Chatterjee et al. 2012) Suppose Y |, zi = c and z; are nonnegative
integers, then
n
Z t t t
7, > pw +q(w+ 1),
i=1

where w = |c/n| means the largest integer contained in c/n, p and q are integers
such that p +q = n andpw + gq(w + 1) = c.

Lemma 4 Supposed ;_, xi = ciand)_ ;_, yi = c2, where x; and y; are nonnegative

real numbers. Let z; = ax;+by; fori = 1,...,n,c =acy+bcy, wherea > 0,b > 0.
Denote z(1y, 2(2), - - - » 2@ the ordered arrangements of the distinct possible values of
215224 -+, 2Zn, Where 1 <1 < n, then

n

sz > Pz + 4%y
i=1

where k is the largest integer such that zyy < ¢/n < Zk+1), p and q are nonnegative
real numbers such that p + q = n and pz) + qZ¢+1) = C.

Zhou et al. (2008) obtained a lower bound of Lee discrepancy for generally asym-
metrical factorials. In particular, we have the following result for mixed two-, three-
and four-level U-type designs.

Lemma 5 Letd € U(n; 2°13%24%), the uniformity of d, measured through [LD(d)]z,
has the lower bound [LD(d)]2 > LB, where

Le L (BTN n—1 (] T 2\ 3 W 3
17‘(1) (5) T 5) 3 i) 9

A new lower bound of Lee discrepancy can be obtained from Lemmas 2 and
4, which is given in the following theorem. For simplicity, let us denote ® =
>oim1 2 (ziy=19ij» from Lemmas 1 and 2 we have

O = Xn: Z [1n2-5,~,~ +1n (%) : fi;}

i=1 j(#i)=1

n2(2s1 + s3) — 4n(sy + 53) 3 n2(2sy + 3s3) — 6157
=1In2- 1 + In 5 ) G .
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Theorem 1 Let d € U(n;2°1324%3), the uniformity of d, measured through
[LD(d)]z, has the lower bound [LD(d))? > LBy, where

252—51—53

LB, = E + (pe’® + gePen) “)

35252

here E = % _ (i)s1+s3 (9) k is the largest integer such that Oy < n(n®_1) < O(k+1),
p and q are nonnegative real numbers such that p+q = n(n—1) and pOy)+q0y41) =
0.

Proof From (2) and Lemma 4, we have

os2—s1—s3

) YO

i=1 j(#i)=1
252=81—53 n n < 9;]
=Et a2 2 |\t
i=1 j(#£i)=1 =1 "
2525153
=B+ n(n—1>+Z Yy g
=1 'z 1 j(#i)=1
2v2 S1—53 o 1 . .
zE+—5 5 |nn =D+ Z a (Pe(k) + qe(k+1))
232 S1—83 0 0
—E T = D4 p (= 1) g (0 - 1)
= E+ e ( O 9(k+1))
= T pe qe ,
which completes the proof. O

If one or two of s1, 52, 53 equal(s) to 0, Theorem 1 still holds. As a consequence,
we can easily get the following corollary.

Corollary 1 For any design d € U(n; m*) and d* € U(n; m}'m5?),
(1) whenm = 2,

1 3\* 1
LD > - — (= — (py 2™ qwitly 5
[LD@Y = -~ <4> t o +q1 ) ®)

where w| = Lg(’n:zis)J means the largest integer contained in gzn_f)ls), p1=nn—

])(1 + wl) _ n(nEZ)s, g1 = n(n;Z)s —n(n — Dwy.
(2) Whenm = 3,

1 7\ 1 /2)' 3\ “2 3\ w2l
[LD@)]* = n <§> + 2 (3) |:P2 : <§> +q- (5) ] ., (6)

@ Springer




New lower bound for Lee discrepancy of asymmetrical...

1769

Table 1 Parameters of cases (3)-(6) in Corollary 1

Case E* o*

m=4 %—(%)S ln2~n(n4¢+ln(%>~§
my=2,my=3 1_ (%)Sl (%)82 In2- 7n(n722)” +1In <%> . 7"(";3)32
my=2,my =4 % — (%)slﬂz In2- '12(251+Sz);4'l(S1+52) +1In (%) . ”2252
my=3,my =4 1_ (%)‘” (%)S2 2. 2092 4, (%) 12251 +3)=6nsy

(n—3)s

where wy = [ $215, py = n(n — (1 +wy) — MO gy = MOy —
Dws.
(3) When m = 4,
[LD@]P 2 E* + 2 (pe’® + ge’s+v). 0
(4) Whenm| =2, mp =3,
*\12 * 207 Ok Ok+1
[LD@)T = E* + S (pe"® + gev). ®)
(5) Whenm| = 2, mp =4,
[LD(d*)]z = E* + W (pee(k) + qee(k“)) . (9)
(6) Whenm| =3, my = 4,
2 TR f
* *
[LD@IF 2 E* + 55— (pe’® + gelon). (10)
For (3)—(6) above, where k is the largest integer such that 6y < n(f:)—il) <

O+1), p and g are nonnegative real numbers such that p +q = n(n — 1) and
POy + q0u+1y) = OF, parameters E* and ©* are shown in Table 1.

Remark 1 1t is to be remarked that for any U-type design, lower bounds of the right-
hand side of inequality (5) and (6) have also been given by Song et al. (2016). Some
examples have been given in that paper to illustrate that the new lower bound is tighter
than earlier ones and also can be attained. Meanwhile, for U-type designs, lower
bounds in the right-hand side of inequality (7), (8), (9) and (10) are new consequences.

We can now obtain an improved lower bound of [LD(d)]? from Theorem 1 and
Lemma 5.
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Theorem 2 For any design d € U(n;2°'3°24%3), the uniformity of d, mea-
sured through [LD(d)]z, has the lower bound [LD(d)]* > LB, where LB =
max {LB|, LBy} .

4 Iustrative examples

Some numerical examples are presented in this section to illustrate our theoretical
results. Let us denote Eff as the efficiency for any given design d, where Eff =
LB/[LD(d)]>. If a design’s efficiency equals or nearly equals to 1, then we can say
the design is uniform or at least nearly uniform.

Example 1 Consider the design dy € U(12; 2“3141), given below, with n = 12,
S1 = 11,52 =1 andS3 = 1,

11 1 1 11 1111100
0010001110101
100100011100 2
01 001000T11T10 3
1010010001 110

4|l PO 100 1000 11l
1110100100012
0111010071001 3
0011101001020
0001 1101001 21
10001 11010022
(001 0001 1 10102 3

We have [LD(d;)]* = 0.06650, LB, = 0.06624, LB, = 0.06629 and Eff =
0.99673. Lower bound L B, is also tighter than L Bj in this case, and d; is a nearly
uniform design.

Example 2 Consider the design do € U(12; 2'2334%), given below, with n = 12,
s1 =12,50 =3 and s3 = 2,

1 1 1 1 1111111000000
001 00O0T1TT1T1O0T1O0O0GO0OT1TO0'1
1001 000T1T1T1O0UO0UO0OT1?20 2
01001 00O0T1T1T1QO0O0T1TU0T1 3
1 01 00100UO0OT1T1O0T1TZ2T1T120

L1 101001000101 2211

2“1t 1101 001 000O0T1T1O0UO0?22
o1 110100100T1T1SO0T1723
001 1 10100T1TU0OT1Z2T17220
00011 10T100T1T1Z2T1TU0 31
1 00O0T1T1T1O0T10UO0T1?22T13°2
(01 0001 1 101012223 3]
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We have [LD(d»)]? = 0.077439, LB; = 0.076978, LB, = 0.076983 and Eff =
0.994108. It is clear that lower bound L B; is tighter than L Bp, and d; is a nearly
uniform design.

As a matter of fact, lower bound L B; is tighter than L By in many cases(e.g., when
one or two of s1, 52, s3 equal(s) to 0). For simplicity, we give one more example here.

Example 3 Consider the design d3 € U (4; 2443), given below, withn = 4, 51 = 4,
sp =0and s3 =3,

d3 =

—_ o = O
S = = O
S = O =
—_—_- 0 O
W = N O
—_— N O W
WO =N

We have [LD(d3)]> = 0.151672, LB; = 0.149736, LB> = 0.151672 and Eff = 1.
The numerical results show that lower bound L B; is tighter than L By and also can be
achievable, and d3 is a uniform design.

5 Concluding remarks

Lee discrepancy has been widely used to assess the uniformity of fractional factori-
als. Many authors in the literature dedicate to find more tight lower bounds for Lee
discrepancy measure. In this paper, a new lower bound of Lee discrepancy for mixed
two-, three- and four-level U -type designs is provided. The new lower bound is more
accurate than other exiting lower bound for mixed two-, three- and four-level designs
in the literature. Some illustrative examples are provided to lend further support to our
theoretical results. The new lower bound is a useful complement to the lower bound
of discrepancies and can be served as a benchmark to search uniform designs with
mixed two-, three- and four-level in terms of Lee discrepancy.
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