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Abstract Methods are proposed for selecting smoothing parameters of kernel clas-
sifiers in the presence of missing covariates. Here the missing covariates can appear
in both the data and in the unclassified observation that has to be classified. The
proposed methods are quite straightforward to implement. Exponential performance
bounds will be derived for the resulting classifiers. Such bounds, in conjunction with
the Borel-Cantelli lemma, provide various strong consistency results. Several numer-
ical examples are presented to illustrate the effectiveness of the proposed procedures.
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1 Introduction

Consider the following standard two-class classification problem. Let (Z, Y) be a
random pair with an underlying distribution Fz y, where Z € R*, s > 1, is a vector
of observed covariates, and Y € {0, 1} is the unobserved class membership of Z. The
problem is then to predict Y based on Z. More specifically, in classification, one seeks
to find a function (classifier) ¥ : R® — {0, 1} for which the misclassification error
probability, P{yr(Z) # Y}, is as small as possible (Devroye et al. 1996). The optimal
or best classifier, denoted by ¥ p, is given by
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1 ifEY|Z=2) >}

0 otherwise,

Vp(z) = D

and is sometimes called the Bayes classifier or the Bayes decision or rule in the
literature on statistical classification [see, for example, (Devroye 1981; Devroye et al.
1996; Gyorfi et al. 2002)].

When the distribution Fz_ y is completely known, finding ¥/p does not pose a chal-
lenge. In practice however, Fz_ y is usually unknown (fully or partially), thus finding
Yp is virtually impossible. One only has access to a random sample (data), denoted
by D, = {(Z;,Y;);i = 1,...,n}, where (Z;, Y;) are independently and identically
distributed (iid) according to Fz y. The goal is then to construct a sample-based clas-
sifier v, whose error rate is in some sense small. A data-based rule v, is said to be
strongly consistent if

P{yn(Z) # Y | Dy} == P{yp(Z) # V).

If the convergence holds in probability, we say 1, is weakly consistent. Several non-
parametric classifiers such as general partitioning methods (Glick 1973; Gordon and
Olshen 1978, 1980), nearest neighbor rules (Devroye and Wagner 1982), and kernel
rules (Devroye and Krzyzak 1989; Devroye and Wagner 1980; Krzyzak 1986) have
been proposed in the literature with strong consistency properties.

In this paper we focus on the important problem where there may be missing
covariates in Z;, i = 1, ..., n, and in the new unclassified covariate vector Z. We
consider kernel classifiers and propose methods to estimate the smoothing parameters
of the kernels when missing covariates are present.

Much of the research on statistical estimation in the presence of missing covariates
has relied on assumptions such as missingness at random (MAR); see, for example, Hu
and Zhang (2012), Hirano and Ridder (2003) ,Wang et al. (2004), and Hazelton (2000).
The MAR assumption means that the probability that a covariate is missing does not
depend on that covariate itself. In classification, most of the existing results only deal
with the case where covariates can be missing in the data (i.e.,inZ;, i = 1, ..., n),but
not in the new observation Z, which has to be classified. See, for example, Chung and
Han (2000) for the parametric case, and Pawlak (1993) for the nonparametric case. One
source of difficulty is the fact that the optimal classifier in (1) corresponding to the case
with no missing covariates is not necessarily the best when there are missing covariates
in the new unclassified observation Z. In fact, Mojirsheibani and Montazeri (2007)
derive the optimal classifier in the presence of missing covariates, which is in general
different from (1) and which works without imposing any MAR-type assumptions.
Another representation of this classifier is given in Mojirsheibani (2012). Furthermore,
Mojirsheibani and Montazeri (2007) propose nonparametric kernel estimators of the
optimal classifier for this setup. Although these authors establish the strong consistency
of their proposed kernel classifiers, they do not provide any directions as to how to
estimate the unknown smoothing parameter of the kernels used. Finding good data-
driven estimates of the kernel smoothing parameter is not just an important theoretical
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consideration; from an applied point of view, a carefully selected bandwidth can help
to minimize the error probability.

In this paper, we propose methods for selecting kernel smoothing parameters in
the complicated case where covariates can be missing in both the data and in the
new unclassified observation. In Sect.2.1, we revisit kernel-based estimators of the
optimal classifier corresponding to this setup. The proposed classifiers do not require
any MAR-type assumptions on the missingness probability mechanism. In Sects. 2.2
and 2.3, we turn to the question of bandwidth selection by considering the methods
of data-splitting and resubstitution. To evaluate the performance of the corresponding
classification rules, exponential performance bounds are established on the deviations
of their error probabilities from those of the optimal classifier. In Sect. 3, we present
several numerical examples highlighting the effectiveness of the proposed methods.
Proofs are postponed to the end of the paper.

2 Main results
2.1 Kernel classifier with missing covariates

Our discussion and results for classification with missing covariates are based on the
following setup. Let Z = (X', V')’ € RY*? be the vector of covariates to be used to
predict the class membership Y € {0, 1}, where X € RY. d>1is always observable
but V € R”, p > 1 can be missing. Also, let § be a {0, 1}-valued random variable
defined by

5= 0 if V is missing
|1 otherwise.

Mojirsheibani (2012) and Mojirsheibani and Montazeri (2007) show that in this case,
the optimal classifier is given by

EQY|Z =12) E[(1 =8)Y|X =x] 1
if §——F——+(-9) > —
¢B(z,6) := E(S|Z =1z) E[(1-8)|X=x] 2

0 otherwise,

@

with the convention 0/0 = 0. The corresponding probability of misclassification is
given by

L(¢p) = P{¢p(Z.5) #Y}. 3

Observe that the classifier ¢ (z) in (1) is a special case of ¢p(z, §) in (2); to see this,
simply note that ¢p(z, §) reduces to ¥ p(z) whenever P{§ = 1} = 1 (i.e., whenever
there are no missing covariates).

Since the joint distribution of (Z, Y) is almost always unknown, the classifier ¢p in
(2) is not available in practice and must be estimated by some sample-based classifier.
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One typically has access to only some iid data D,, = {(Z1, Y1), ..., (Zy, Y;)}, which
can also be represented by

{(X]’ Vla Y]y 81)5 L] (th Vna Y}’h 81’!)}

To define the kernel classification rule corresponding to (2), we replace the quantities
EWY|Z =12)/E(S|Z =1z) and E[(1 —8)Y|X =x]/E[(]l — §)|X = x] that appear in
(2) by their corresponding kernel estimates given by

n Z,—1 X; —x
Y 8 YiK) ( ’h ) (1- &-)YiKo( ’ )
iz 1 izl ho

i n

i=1 =1

n
- and Ty(x) 1= — X
aiKl( l ) 2(1—8i)1<o( ’ )
hi i ho

respectively. Here, the kernels K and K¢ are maps of the form K : R4+IP — RF
for j = 0,1,and hy € RT and hy € R™T are called the smoothing parameters or
bandwidths of the kernels K| and K respectively. The idea of replacing the unknown
regression functions with their kernel regression estimates is fairly common in the
literature on regression function estimation with missing data. For example, Mojir-
sheibani and Reese (2015) prove the strong consistency of such kernel regression
estimates when the response variables can be missing; see also Karimi and Moham-
madzadeh (2012) and Toutenburg and Shalabh (2003) for more on the estimation of
regression functions for correlated data in the presence of missing response variables.
The kernel classification rule corresponding to (2) is then given by

“

fl (Z) =

1 if8%(2) + (1 — 8)T(x) > 3
0 otherwise.

$n(z,8) = (5)

The classifier in (5) would be useful if the values of 4y and & were known. As for
the choice of the unknown parameters /1 and &g, we propose a number of methods
to construct the estimates /1, and hy; these include a data-splitting approach and the
resubstitution method.

2.2 Data splitting

We start by randomly splitting D,, into a training sequence D,, of size m = m(n)
and a testing sequence 7y = D, — D,, of size £ = {(n), where m + £ = n. Here,
D, = D,, UT; and D,, N Ty = @. The training sequence D,, is used to construct a
class ®,,, of kernel classifiers of the form

1 if 821 (@ + (1 — Tom(x) > 3
0 otherwise,

¢m(z,8) = (6)
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where
Zl' —Z X,' — X
S 87Ky ( ) S(1 - 8)YiKo ( )
. i:(Zi, Y181 € Dy h R i:(Zi, Y 5))€Dy ho
Tl,m (Z) = s TO,m (X) = s
Z,‘ —Z X,‘ — X
Z&‘K] Z(l — 8Ky
i:(Zi,YisneD, N M1 i:(Zi, Y181 €Dy ho

(N

and where K, Ko, h1, and hq are defined as before. Observe that the class ®,, is
indexed by the values of &1 and h¢. In what follows, we consider two cases: the case
where the cardinality of ®,, is finite (this is the case where the free parameters .21 and
hg can take a finite number of values), and the case where ®,, has an infinite number
of classifiers (i.e., the case where & and A can take an infinite number of values).

Case (i): ®,, is finite

In the case where ®,, is a finite class of such kernel rules, the parameters 4
and Ao will be chosen from a finite set of possible values. Specifically, assume that
hy € Hh ={hy1,h12,....h1,n,} and ho € Hy = {ho,1, ho,2, .., ho N, }. Observe
that in this setup, the cardinality of ®,, is |®,,| = N|Ny. Next, we use the testing
sequence Ty to select a classifier from ®,, that minimizes the following estimate of
the error probability

—~ 1
Loe@m) =75 >, HonZi0) #Yi ®)

i:(Z;,Y:,8;)€T,

Let ¢A>n denote the classifier selected from ®,, that minimizes (8), i.e., z\m’g((?)n) <
Zm, ¢(¢) for all ¢, € ®,,. Equivalently, ¢3n is the classifier that minimizes (8) as 4
and hg vary over H; and Hy respectively. Here, the subscript n of bn emphasizes the
fact that it depends on the entire data set of size n.

How good is ¢3,1 for predicting Y ? To answer this question, let

L) = Plgm(Z,8) # Y |Dyy})  and  L(gy) = P{pu(Z,8) # Y|Dy)

denote the error probabilities of ¢, and ¢3n, respectively. The following result gives
exponential performance bounds for ¢,,:

Theorem 1 Let ¢, and an be the data-based classifiers defined as above. Then for
any distribution of (Z,Y) and every € > 0,

P {L(é,,) — inf L(gn) > e} < 2N; Noe~t€*/2,
€

m m

Remark 1 Of course, as £ — 00, the bound in Theorem 1 yields

L(¢y) — inf L(¢m) — 0

¢)}l € (Dm
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1492 L. Demirdjian, M. Mojirsheibani

with probability one. But this falls short of achieving strong consistency for bn. To
appreciate this, consider the decomposition

inf L(¢m)} + {%jrelgm L(pm) — L(¢B)} .

mEPm

L(¢n) — L($p) = {L(én) —~

Then although the first bracketed term goes to zero, there is no guarantee that the term
{infy,,ed,, L(¢m) — L(¢p)} can become small unless the class ®,, can capture the
classifier ¢ as m — o0. To overcome such difficulties, we next consider the case
where ®,, has an infinite cardinality.

Case (ii): ®,, is infinite

Now consider the case where ®,, is the class of all kernel rules of the form in (6),
but with parameters &1 and ho chosen from an infinite set of possible values. Once
again, let (ﬁn denote the classifier that minimizes the empirical misclassification error
in (8). To study the performance of &, we first need to state the definition of the
shatter coefficient of a set. Let A be a class of measurable sets in R*, where s > 1.
The n™ shatter coefficient of A, denoted by S(A, n), is defined by

S(A,n) = max Rx{number of different sets in {{z1, ..., z,} N A|A € A}}.

The shatter coefficient S(A, n) measures the richness of the class A. Let Ag be the
class of all sets of the form

A={{zl¢p(2) =1} x {0}} U {{z|¢p(z) =0} x {1}}, ¢ ®

and define the n'" shatter coefficient of the class of classifiers ® to be S(®,n) =
S(Ag, n). Note that the size of S(Ag, n) depends on the class ®. If, for example, we
take @ to be the class of all linear classifiers of the form

1 ifag+aiz1+---+aqipzayp >0
¢(z) = .
0 otherwise,

where ag, ai, ..., a4+p € R, then S(Ap, n) < ndtr+1; see, for example, Devroye
et al. (1996) and Pollard (1984).

To state our main results, we shall assume that the chosen kernels are regular: a
nonnegative kernel K is said to be regular if there are positive constants » > 0 and
r > 0 for which K (x) > bI{x € Sy} and f SUPyex 1Sy, K (y)dx < oo, where Sy, is
the ball of radius r centered at the origin. For more on this see, for example, Gyorfi
et al. (2002).

Theorem 2 Let ¢pp be as in (2) and let ¢A>,, be the classifier that minimizes (8) as hg
and hy vary over sets of the form Hy = [0, Ag] and Hy = [0, A1], where Ag > 0 and
Ay > 0 are arbitrary real numbers. Also, let Ko and K| be regular kernels. Then for
any distribution of (Z,Y) and every € > 0, there is an integer no = no(€) > 0 such
that for all n > ny

@ Springer



Kernel classification with missing data and the choice. . . 1493

PIL@) = L) > €] = 4" [ $(@, ) |78 427,

where c1 is a positive constant that does not depend on n.

In passing we also note that the bound in Theorem 2, along with the Borel-Cantelli
lemma, immediately provides the following strong consistency result:

Corollary 1 If ¢~ 1og{E[S(®,,, )]} = 0, as n — o0, then under the conditions
of Theorem 2,

L(¢) — L(¢pp) =5 0 as n— oc.

In other words, the error probability of the classifier ¢A5n converges, with probability
one, to that of the optimal classifier.

Some special kernels

In most situations, the term S(®,,, 62), which appears in the bound of Theorem 2,
may be difficult to compute, in which case an upper bound on the shatter coefficient
may be convenient. Fortunately, we can bound S(®,,, 62) based on the notion of
kernel complexity. Doing so will allow us to find computable performance bounds for
several widely used classes of kernels including the Gaussian kernel. To present such
bounds, first note that when § = 1 (i.e., when the new observation Z has no missing
components), the kernel estimator (6) of the optimal classifier ¢ can be written as

Z. —_
1 if Y QY- D&K, (’h—z) =0
1

Om,1(z) = i:(Z:,Y;,8:)€Dm (10)
0 otherwise.
If § = 0, however, the kernel classifier in (6) becomes
X,’ — X
if > 2Y; — D = 686)Kyp ( ) >0
B0 (%) = YD, ’ ho (11)

0 otherwise.

Next, we borrow the following definitions from Devroye et al. (1996, Chap. 25). Define

the quantities K,(,,l ) and K,(,,O ) as follows:

K,;‘) = sup Number of sign changes of
2,(21. Y1) (Zm s Ym)

Z, — 7

Z Qyi — DS K (h—) as hj varies from 0 to infinity ¢ ,
i+(2i.3i. )€ Dy !
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/c,(no) = sup Number of sign changes of
X, (X1, Y1) 50es (K Yim)

Y @y - D1 -8)Ky (X" — X) as ho varies from 0 to infinity
i:(2;,y,0) €Dy ho

Finally, define the kernel complexity to be

ik = max (k' kO, (12)

The kernel complexity of a classifier is closely related to the shatter coefficient of the
class ®,,. To appreciate this, suppose we have a rule ¢, with complexity «,;. Then,
as hp and hg vary from 0 to infinity, the binary ¢-vectors

m-+L
sign > @y - 15K, ( l ’)
. hi
i:(Z;.Y;.6;)€Dy j=m+1
m+L
and | sign Z 2Y; — D —8))Ko <%>
i:(Z;,Y;,6;)€Dy, 0 j=m+1

change at most £k, times each. Therefore, they can take at most £k, 4 1 different
values, which implies that

S(®p, £) < Lk’ + 1. (13)

The following corollary is an immediate consequence of Theorem 2 and the bound in
(13):

Corollary 2 Suppose the kernel classifier ¢y, in (6) has complexity «\, as defined
above. Then, under the conditions of Theorem 2, one has, for large n,

P{L(@y) — L(¢p) > €} < 4e® (2 + 1)e L' /8 4 pp—came’

where the positive constant c3 depends only on the choice of kernels used.

Corollary 2 applies to a broad range of kernels. In what follows, we examine such
bounds for two popular classes: the exponential kernels and the polynomial kernels
[also, see (Devroye et al. 1996, Sect. 25)].

(i) Exponential kernels
Consider exponential kernels of the form

K(u) = e~ lul®
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where @ > 0,u € R®, and | - || is any norm on R® (the popular Gaussian kernel falls
into this category). If § = 1 then (10) becomes

1 if » QY; — l)aie*(llli*ZH/hl)“l -0
¢m,l(z) = i:(Z;,Y;,6;)€Dp,
0 otherwise

for some positive constant 1. Similarly, when § = 0, the expression in (11) becomes

Lif Y @Y - (1= se KXo 5 g
Om,0(X) = i:(Z;,Y;,8;)€Dy
0 otherwise

for some positive constant crg. We can now state the following version of Theorem 2
when K and K are exponential kernels.

Theorem 3 Let ®,, be the class of kernel classifiers ¢, in (6), where Ko and K1 are
exponential kernels, as defined above. Then under the conditions of Theorem 2, and
for any distribution of (Z, Y), one has, for large n,

2

P{L($y) — L(¢p) > €} < 4e8(02m + 1)e~t€"/8  pp—came

where the positive constant c4 depends only on the choice of kernels used.

Once again, the above bound (in conjunction with the Borel-Cantelli lemma) yields

L(qAﬁn) — L(¢p) 2% 0asn — oo, provided that ¢! log(ﬂzm + 1) — 0, as n (and
thus m, £) — oo.

(ii) Polynomial kernels
Consider kernels of the form

K(z) = (Zainzubl) Hlizl < 1},

i=1

where a; € R, b; > 1, and ¢ is the number of terms in the above sum. When § = 1,
the expression in (10) becomes

r 7. — z||bi 7. —
1t Yy - s (Zai” ;lb,Z" )1{” i — 2l 51}>0
i=1 !

Pm.1(2) = i:(Zi. Y 5)€ Dy 1 hi
0 otherwise.

Similarly, when 6 = 0, we find

T Ty .
1 if Z(ZYi—l)(l—(S,-)(XO:Ci”XZ I )1{M51}>0

bm,0(X) = i:(Zi,Y;.81)€ Dy =i ho® ho
0 otherwise.
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The following performance bound holds for the class of polynomial kernels:

Theorem 4 Let @, be the class of kernel classifiers ¢, in (6), where Ko and K are
polynomial kernels, as defined above. Then under the conditions of Theorem 2, and
for any distribution of (Z, Y), one has, for large n,

P{L($y) — L(¢p) > €} < 4e8(2rm + 1)e~t€"/8 4 2ec5me”

where r = max(ro, r1) and where the positive constant cs depends only on the choice
of kernels used.

Once again, the strong consistency of én follows from the above theorem, provided
that ¢~! log(EQrm + 1) — 0,as n — oo.

2.3 The resubstitution method

In the previous section, we considered methods based on data-splitting to find a data-
driven value of the kernel bandwidth that would yield strongly consistent classifiers.
One problem with this approach, however, is that it is not always clear as to how one
should choose the splitting ratio m/n (i.e., what m should be). In this section, we
propose to consider the alternative approach (for choosing the bandwidth) based on
the resubstitution method. Let @, be the collection of classifiers ¢,, = ¢, 5, n, defined
via (4) and (5), as h1 and hq vary over sets of positive real numbers (possibly infinite
sets). Then for any ¢, € ®,, the resubstitution estimate of the error of ¢, is simply

~ 1<
LR @) = — 3 1on(Zi. 5)) # 1)

i=1

1 & 1
=;Zl{l{Siﬁl(li)+(1—8i)ﬁo(Xi)>5} #Yi}, (14)
i=l1

where 7j,, := T and Tp,, := Tp are as in (4). In other words, the resubstitution estimates
of (hy, ho), which we shall denote by (1, ho), satisfy

(k1. ho) = argming, o, L (@1, no)- (15)

Note that the data has been used twice here: once to construct ¢, and a second time
to estimate the error of ¢, (error committed on the same data). Let ¢, € ®,, be the
classifier corresponding to (h1, hg), i.e., LEIR)(J:,,) < LfZR)(cj),,) for all ¢, € ®,,. Also,
let

L(¢n) = P{¢n(Z,5) #Y|D,} and L(¢n) = P{¢n(Z,3) # Y|Dy)
denote the error probabilities of ¢,, and @,, respectively. The following theorem estab-

lishes strong consistency of the resubstitution method in the case where the components
of the random vector Z are discrete:
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Theorem 5 Suppose that the kernels K1 > 0 and Ko > 0 satisfy the conditions
Ki(z) — 0as ||zl - oo and Ko(x) — 0 as ||x|| — oo. Let ¢, be the classifier
defined by (4) and (5) with hy and hy selected via (15). Then L(¢,) — L(¢g), with
probability one, whenever the random vector Z has a discrete distribution.

Remark 2 While consistency is guaranteed when the random vector Z is discrete,
Theorem 5 makes no conclusions about the performance of the procedure when Z is
continuous. It is true that the resubstitution procedure can be inconsistent when the
random vector Z is not discrete [see (Devroye et al. 1996, Sect. 25.6) for a counter-
example], yet there may be cases where consistency can be achieved.

3 Numerical examples

In this section, we carry out several numerical studies to assess the performance of
our proposed classification methods.

Example 1 Consider the class membership ¥ = 0 or ¥ = 1, of an entity based on
the covariates Z = (X, V)', where Z ~ Na(pg, Xo) if Y = 0and Z ~ No(py, 1)
otherwise. The unconditional class probabilities were taken tobe P{Y = 1} = P{Y =
0} = 0.5. The parameters were chosen as follows:

B , (102

P (102
p=(1,1), 21—(0.2 1>.

Here X is observable but V could be missing. The missingness probability mechanism
was taken to be

p,y) =px,v,y):=Pd=11X=x,V=0v,Y=y} (16)
= exp{—a(l — 0.6y)(x — 1)> — b(1 + 0.6y)v> — ¢y},

where a, b, ¢ > 0 are constants. We considered three different choices for (a, b, c):
(0.5, 0.5,0), (0.45, 0, 1.3), and (0, 0, 0). The choice (0, 0, 0) corresponds to the case
of no missing data. We considered two sample sizes: n = 100 and n = 300. As for
the choice of the kernels, K; : RZ — R and Ko : R — R were taken to be standard
Gaussian and the bandwidths /1 and kg were chosen from grids of 10 equally spaced
values in [0.05, 1.2] and [0.08, 1.2], respectively. Here we employed four different
methods to estimate the smoothing parameters /41 and A of the kernel classifiers: (i)
The data-splitting procedure based on (6) and (7) with a splitting ratio of 65%, i.e.,
m = 0.65n and ¢ = 0.35n. (ii) Breiman’s out-of-bag procedure (Breiman 1996).
(iii) The resubstitution method which was explained in Sect.2. (iv) The method that
selects i1 and hg as the minimizers of the asymptotic mean integrated squared error
(AMISE) of the corresponding kernel density estimator, as given in Wand and Jones
(1995). Further properties of such procedures are discussed in Hall and Marron (1987).
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1498 L. Demirdjian, M. Mojirsheibani

Table 1 Error rates for qAbn (data-splitting), ¢, (resubstitution), ¢nG (out-of-bag), and ¢nD (density) when
n = 100 for Example 1

a b c Error(q@n ) Error(qgn) Error(qS”G ) Error(¢nD )
0 0 0 374 361 382 384
(.0017) (.0015) (.0017) (.0013)
0.5 0.5 0 456 450 458 448
(.0013) (.0013) (.0013) (.0012)
0.45 0 1.3 279 272 281 278
(.0012) (.0011) (.0012) (.0010)

See also Bontemps et al. (2009) for results pertaining to the selection of bandwidths for
kernel based conditional density estimates. In passing, we also note that the optimal
choice of the smoothing parameters in kernel density estimation is not necessarily
optimal in the problem of kernel classification. For the out-of-bag method, we first
generated a bootstrap training sample of size n from the original sample (that is, a
sample of size n drawn with replacement from the original sample). The remaining
values (i.e. observations not appearing in the bootstrap sample) were then used as
our testing sequence. The bootstrap sample is employed to construct the family ®,,
of classifiers of the form (6), whereas the testing sequence is used to choose the
empirically best classifier from ®,,.

Finally, to assess the error rates of these four classifiers, we also generated an
additional 1000 observations, (the same way we generated the data), to be used as our
test sample. The entire above process was repeated a total of 500 times and the average
misclassification error probability estimates, committed on the testing sequences over
500 such training and testing samples, were calculated. The results appear in Table 1
for the case of n = 100. The error rates that are reported are averages over the 500
runs and the numbers in parentheses are the standard errors of those averages.

As Table 1 shows, the proposed resubstitution method appears to outperform the
other three procedures for most values of the constants a, b, and c. These results
further validate our earlier remarks about the performance of this method when the
random vector Z is continuous. It is also worth noting that the approach based on
density estimation performs nearly as well as the other procedures, at least in the
case of missing data. These observations are consistent with the results in Hall and
Kang (2005), which demonstrate that in the multivariate setting and under suitable
conditions, the bandwidths selected to minimize the mean square error between the
kernel density estimators and the true densities are on the same order of magnitude as
the optimal bandwidths for classification.

The results for the case where n = 300 are given in Table 2. Once again, it is clear
that the resubstitution method is superior (followed by the data-splitting classifier én).

Tables 1 and 2 also show that, for some choices of the constants a, b, and c, the
misclassification error of (;A&n can be less than that of the case with no missing covariates.
See, for example, the third row of Table 2, where a = 0.45,b = 0 and ¢ = 1.3, in
which case the error of qgn is 0.263 < 0.344. This illustrates, somewhat counter-
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Table 2 Error rates for qAbn (data-splitting), ¢, (resubstitution), ¢nG (out-of-bag), and ¢nD (density) when
n = 300 for Example 1

a b c Error(q@n ) Error(qgn) Error(qS”G ) Error(¢nD )
0 0 0 344 338 .348 371
(.0010) (.0009) (.0012) (.0009)
0.5 0.5 0 434 429 438 433
(.0011) (.0011) (.0012) (.0009)
0.45 0 1.3 263 257 265 .269
(.0009) (.0008) (.0009) (.0007)

intuitively, that classification with missing covariates can sometimes have a lower
misclassification error than the case with no missing covariates. This phenomenon,
which is also noted in Mojirsheibani and Montazeri (2007), is partially explained by
the relationship between the correlation of Y and V, and that of Y and §. To appreciate
this, note that when a = b = ¢ = 0, the correlation between V and Y is 0.378. When
a = 0.45,b = 0, and ¢ = 1.3, however, the correlation between § and Y is -0.476.
The fact that | — 0.476| > 0.378 implies that the random variable §, which is always
observable, can sometimes do better (than the covariate V') at predicting Y.

Example 2 1In this example, we consider both continuous and discrete covariates for
predicting the class Y. More specifically, we consider covariate vectors of the form
Z = (X1,X2, V), where X1 = Z; and X» = I{|Z>| < 2}, i.e., X» is a discrete
covariate. When Y =0, (Z1, Z», Z3)' ~ N3(ig, Zo), where

1 04 0.16
ro=(0.7,0.7,0.7), Zo=1{ 04 1 0.4
0.16 0.4 1

When Y = 1, the vector (Z1, Z3, Z3)' has a standard Cauchy distribution with inde-
pendent components, i.e., Z;, j = 1,2, 3 are independent standard Cauchy random
variables. The missingness probability mechanism was taken to be

p(z,y) = p(x1,x2,v,y) = P{§ =1|X1 =x1,Xo=x2,V =0v,Y =y}
= exp{—a(l — 0.6y)(x; — 0.7)> — b(1 — 0.4y)(v — 0.5)? (17)
—¢(140.6y)%(x2 — 0.5)% — dy},

where a,b,c,d > 0 are constants. We considered three different choices for
(a, b, c,d), namely (0.15,0,0.5, 1.2), (0.25, 0.5, 0.25, 0.6), and (0, 0, 0, 0). Note
that the choice (0, 0, 0, 0) corresponds to no missing data. The kernels, bandwidths,
and sample sizes are as in Example 1. Once again, we considered data-splitting, resub-
stitution, the out-of-bag, and the procedure based on density estimation to select a
kernel classifier from a class indexed by values of the bandwidths &1 and hg. The
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1500 L. Demirdjian, M. Mojirsheibani

Table 3 Error rates for qAbn (data-splitting), ¢, (resubstitution), ¢nG (out-of-bag), and ¢nD (density) when
n = 100 for Example 2

a b c d Error(zf)n) Error(¢y) Error(d),cl; ) Error(¢nD )
0 0 0 0 301 284 305 301
(.0017) (.0014) (.0016) (.0020)
0.15 0 0.5 1.2 243 229 246 .260
(.0013) (.0011) (.0013) (.0013)
0.25 0.5 0.25 0.6 357 .345 364 .365
(.0014) (.0013) (.0016) (.0016)

Table 4 Error rates for q@n (data-splitting), &n (resubstitution), ¢,(l; (out-of-bag), and ¢nD (density) when
n = 300 for Example 2

a b c d Error(én) Error(¢p) Error(¢$) Error(¢L)
0 0 0 0 264 254 269 278
(0011) (.0010) (0011) (.0019)
0.15 0 0.5 1.2 213 205 214 233
(.0009) (.0008) (.0008) (.0010)
0.25 0.5 0.25 0.6 325 317 329 344
(.0010) (.0009) (.0010) (0011)

results appear in Table 3 for the case of n = 100 and Table 4 for n = 300 (see
Example 1 for more details on how these values were calculated).

The results show that the proposed resubstitution method outperforms all of the
other procedures for every choice of the constants a, b, ¢, and d appearing in (17), and
for both samples of size n = 100 and n = 300. Once again, as noted in Mojirsheibani
and Montazeri (2007), we see that classification with missing covariates can sometimes
perform better than the case with no missing covariates; see, for example, row 2 of
Table 4 (corresponding to a = 0.15,b6 = 0, ¢ = 0.5,d = 1.2). This is explained in
part by the fact that the correlation between § and Y is —0.37, whereas the correlation
between V and Y in row 1 (corresponding to no missing data) is only 0.04.

Example 3 (Mammogram data)

We now turn to a real data example involving the classification of mammographic
masses in the screening for breast cancer; there are many discrete covariates in this data
set. The data set consists of 961 patients, 516 of whom have mammographic masses
which are benign (class 0), and the remaining 445 patients have mammographic masses
which are malignant (class 1). The covariates used to predict the class a patient belongs
toare x| = ‘patient’s age’ (in years), x, = ‘mass shape’ (nominal value € {1, 2, 3, 4}),
x3 = ‘mass margin’ (nominal value € {1, 2, 3, 4, 5}), and v = ‘mass density’ (nominal
value € {1, 2, 3, 4}). A full description of this data set is available from the University
of California, Irvine, repository of machine learning database at http://archive.ics.
uci.edu/ml/. In this example, we focus on one dominant missingness pattern: for 56
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Table 5 Error rates for qgn

: P G D
(data-splitting), ¢, Error(én) Error(¢p) Error(¢,;”) Error(¢;,)
- G
(esubstitution). ¢’ 0.148 0.0800 0.156 0.0821
(out-of-bag), and ¢,,” (density)
(0.0013) (0.0008) (0.0012) (0.0008)

for Example 3

patients, the value of v = ‘mass density’ was missing. To better present our results,
we consider only this particular missingness pattern.

For each of the four procedures mentioned in the previous examples, a kernel
classifier was constructed using two-thirds of the data (randomly selected), and the
performance of the chosen classifiers was tested on the remaining portion (the kernels
were taken to be as in Example 1). This entire process was repeated 500 times, pro-
ducing the results in Table 5. It is interesting to note that the resubstitution method
and the procedure based on density estimation perform quite similarly, with estimated
error rates that are roughly half of those of data-splitting and the out-of-bag method.
In this example, all of the covariates used to predict ¥ were discrete, which might
partly explain the superior performance of the resubstitution procedure.

Remark 3 Although we have stated our results for a two-class classification problem,
our results can readily be extended to the more general M-class setup, where M > 2.
More specifically, if we put

¢p(z,8) = 5v1(z) + (1 — 8)Yo(x),
where for1 < j <M
Y(z) =j if E[SI{Y = j}|Z =12] = ]maxME[SI{Y = jHZ = 17]
=J=

Yvox) =j if E[(1—8)I{Y = j}X=x]= 1glja<XME[(1 —OHY = j}IX =x],

then it follows from Mojirsheibani and Mpntazeri (2007) that ¢ g is indeed the optimal
classifier. Now, for j = 1... M, define ¥y ,,(z) = j if

. Z,‘—Z
> 5i1{Yi=J}K1( i )

i:(Z;,Y;,8;)eDp,

. Zi—1
= lgnja;xM Z 8; I{Y; = j}Ki ( I )

i:(Z;,Y;,6;)€Dp

Also, for j = 1... M, define Yo, (x) = j if

. X,’—X
> (l—ai)I{Yi=]}K0< 7 )

il(X,‘,Yl‘,(Sl‘)EDm
ma Z (1 =) I{Yi = jIK i
= X — 0] i = ’
 max i i = Jifko h
i1(X;,Y;,8;)eDy
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1502 L. Demirdjian, M. Mojirsheibani

where K1, Ko, h1, and hg are as in Sect. 2, and put
Yin (2, 8) = 8Y1.m(2) + (1 — ) Po.m (X).

Finally, letting &1 and h vary over a set of prescribed values, the optimal classifier 1&”
is the classifier that minimizes the empirical error committed on the testing sequence
Ty, i.e., minimizing £~ Y oizi v sner, [W¥m(Zi, 8;) # Yi}.
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of the Sciences at California State University Northridge of Levon Demirdjian and the NSF Grant DMS-
1407400 of Majid Mojirsheibani.

Appendix: Proofs

In order to prove our main results, we first state a number of technical lemmas.

Lemma 1 Deﬁne Tiz)=E [6QY — DIZ =z]land Ty(x) = E[(1-8) QY —1D)|X =
x] and let T1 and To be any approxlmatlons to T1 and Ty, based on the sample D,,
Also, put ¢1 (2 = I{T] (z) > 0} and ¢0(x) = I{To(x) > 0}. Then the classifier

P(Z,8) = 8¢1(Z) + (1 — 8)¢o(X)

)

+E <‘E[(1 —8)Q2Y - DIX] - ﬁ)(X)HDm) , @.S.

satisfies

L)~ L@n) < E (\E sy - hiz] -

The proof of Lemma I will be deferred to the end of this section.

The next lemma provides exponential performance bounds for kernel regression esti-
mates.

Lemma 2 (Devroye et al. (1996) and Gyorfi et al. (2002)). Let D, = {(Uy, V1), ...,
(U,, Vy)} beiid|[—L, L] x RY _valued random vectors. Putm(v) = E(U|V =v) and

) /el GO

where the kernel K (-) is regular. If h, — 0 and nhﬁ — 0o asn — oo, then for every
€ > 0 and any distribution of (U, V), and n large enough,

my(v) = ZUiK <Vl
i=1

2
PLE[Ima(V) = m(V)||Dy] > €} < exp (—J;L) :
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where p = p(K) is a positive constant that depends on K only.

Next, we state a result from the empirical process theory. Given an iid sample D,, =
{(Zy, Y1), ..., (Zy, Yy)}, let v, be the empirical measure of the set A, i.e.,

1 n
w(A) = =3 I(Zi, ) € A).

i=1

Lemma 3 (Devroye (1982) and Massart (1990)). Let v be the probability measure of
(Z,Y) on R¥P x {0, 1} and let v, be the empirical measure based on D,,. If Aisa
collection of measurable sets, then Ve < 1,

P { sup [v, (A) — v(A)‘ > e} < S(A, nz)e_Z"G2
AeA

. .. 2
where the constant c; is positive, does not depend on n, and does not exceed Jetetie <

4¢8, and S(A, n?) is the (n*)" shatter coefficient of the class A.

Lemma 4 (Devroye et al. (1996)). Let ay, ..., ay be fixed real numbers, and let
b1, ..., by be different nonnegative reals. If « # 0, then the function

m
glx) = Zaie*b"xa, x>0

i=1
is either identically zero, or takes the value 0 at most m times.
Proof of Theorem 1
The proof is based on standard arguments. First, note that
L@ = inf L) = (L) = Lne@)) + (Zm,e«in) ~ inf L(¢m)>

¢m€(bm ¢m€(bm

= sup |Zm,e<¢m>—L(¢m)|+<fm,e(¢3n)—¢igg L(¢m>)

¢m€¢m
<2 sup |Le(dm) — L)l
¢m€®m
Therefore,
P{L(én)— inf L(¢m>>eDm}sP{2 sup )Zm,z<¢m>—L(¢m>\>eDm}
¢me¢m ¢m€¢771

Pm€Pp

=P{ sup (L (@) = L ()| >e/2‘Dm}

@ Springer
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= @] max P{|Lin.¢(¢m) — L(¢m)| > €/2|Dyy}  (by the union bound)

me m
<2|®, |e_2l€2/ 2 , (by Hoeffding’s inequality)
=2N; N()efeez/2

The result follows by taking expectation of both sides with respect to the distribution
of D,,. O

Proof of Theorem 2
Start by writing
L@n) = L) = [L(Gn) ~ inf,c0, L) | + [infg, co, L) — L@n)]
=1, +1I,, (say).

Employing the arguments used in the proof of Theorem 1, we find

=2 suwp |Loe@n) = Lgn)| (1)
¢meq>m

To deal with the term II,,, let hp € Hy and h| € Hj be given and define
1 if 2,0 (2) > 5 1 if 20m(x) > %

0 otherwise 0 otherwise,

b, (2) = { and @y p(X) = {

where 7, (z) and 7o, (X) are as in (7). Now, observe that the kernel classifier in (6)
can be written as

Gm(Z, 8) = 8¢m,ny (L) + (1 — 8)Pm,no (X). 19)

Furthermore, it is a simple exercise to show that the functions ¢, 5, (z) and ¢, p,(X)
can equivalently be written as

1 if Tp(x) > 0
0 otherwise

1 ifTy(z) >0
0 otherwise

¢m,h1 (z) = ! and ¢m,ho (x) = {

respectively, where

Y 85QY - DK (Z" ”)

i:(Zi, Y 5))€Dy hi

"t [K‘ (Zh_l Z)}

Ti(z) =

(20)

@ Springer



Kernel classification with missing data and the choice. . . 1505

Y (1-8)QY - DKo (X" _X)

i:(Z,‘,Y[,Si)EDm h()
X—x
mkE | Ko
ho

Now let h1 = h1 (m) and ho = ho(m) be sequences in H; and Hy, respectively, such
hp+d — o0, and mh{ — oo.

and  Tp(x) = (21)

that, as m — oo, one has i — 0, hg — 0, m
1
[For example, one can take ho = min(Ag,m 90),co > 0, and h1 =
1

m1n(A1 m~ ¥y ¢ > 0.] Also, let qu e &, be the classifier corresponding
to h1 and ho In view of (19), (20), and (21), one has

I (Z.8) = 8¢, (L) + (1= 5),, . (X),
with

Gy @ =HT1@) >0}, ¢, 0 =I{Tox) > 0},

and where T‘l and T"o are as in (20) and (21) with A4 and h¢ replaced by ﬁl and ﬁo.
Then, by Lemma 1,

1I, = infy, ca,, L($n) — L(#p) < L(Gn) — L($p)

E ( E[5QY — 1|Z] - Dm)

+E (‘E [(1—8)QY — HX] — ?O(X)”Dm> . as.,

IA

where /T\l and /T\o are as in (20) and (21). Putting all the above together, we have

PAL($n) — L(#5) > €}
=P {L(éw = nf L)+ inf L(¢n) = L(gp) > e}

¢m € (Dm

<P {2 sup ‘Zm,e(¢m) - L(‘f’m)’ = %}

iy {E ((E[a(zy —1Z] - ﬁ(Z)”Dm> > Z}

+P {E ((E [(1 =&)Y — )X] — ’TB(X)HDm> > Z}

=Py + Pn,2 + Pn,3-

@ Springer



1506 L. Demirdjian, M. Mojirsheibani

Py =E |:P {sup¢me<bm Zm,l(¢m) — L(¢m)| > Z’Dm}}

< 4BE [S(®y, £2)] e '/8  (by Lemma 3) .

Now,

Furthermore, by Lemma 2

PP < me> N me?
2 3<exXxpy——— exXxpy————5
e (64)(16)p} (64)(16)p3

<92 me
exp § — ,
=P 667 v

where p; = p(K;), j = 0,1, is a positive constant that depends on K; only. This

completes the proof of Theorem 2. O

Proof of Theorem 3

Theorem 3 follows immediately from Corollary 2 and Lemma 4.

Proof of Theorem 4

The arguments in Devroye et al. (1996, Sec 25.3) can be used to show that K,(,,l) <rm

and K,(,,O) < rom, where K,(nl ) and /c,(no) are as in (12). Therefore, «,),

rm. The result now follows from an application of Corollary 2.

< max(rym, rom) =

Proof of Theorem 5

The following proof employs some of the arguments used in Devroye et al. (1996,
Chap. 25). Fix D,, = {(Zy, 61, Y1), ..., (Zyn, 5,,Y,)} and let @, be the class of all
kernel rules in (5). Denote a typical rule in ®, as ¢, := ¢, 5,5, and let A, be the
class of all sets of the form

1
An = {(z,&y)‘l {Sﬂ(z) + (1 = 8To(x) > 5} ” y}
— {(Z,S,y)‘l {G(z,(S, D,) > %} £ y},

where G(z, 8, D,) = 871(z) + (1 — 8)7Tp(x), and T; and 7 are defined as in (4).
Similarly, define A4, 1 and A, o to be classes of sets of the form

1
Ant = {(Z,S,y)’l {G(Z,S, D,) > 5} — 1,y =0}

1
and  Ano = {(z,B,y)‘I {G(Z,S, D,) > 5} —0,y= 1}
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respectively. Note that any set A, € A, can be written as

Ap = {(Z,S,y)‘l {G(z,é, D) > %} —1y= o}
U {(z,a,y)}l{c(z,a,Dn) > %} —0,y= 1}
= Ap1 U Anp,
for some A, 1 € A,.1 and A, o € Ay 0. Define

vn(Ay) = P{(Z,6,Y) € A,|D,} (conditionedon D, since A, dependsonD,,)
Dn]

=E [1 {(Z.8,Y) € Ay 1 U A0} ‘Dn]

—E [1{(2,5, Y) € A,)

= E[1{@.8.Y) € A1} |Da] + E[1{Z.5,7) € Ao} D]

=P{(Z,5,Y) € Ap1|Dn} + P{(Z,8,Y) € Ano|Dn}

= Vn,1(An,1) + V1,0(An,0)- (22)
Similarly, for any A, € A,, define the empirical measure of A, as

n

Vn(An) = %Zl{(zi,&w Yi) € A} = %Zl {1 {G(Zi,&', Dy) > %} # Yi}
i=1

i=1

1 < 1
=—ZI I1{G(Z;,8;,D,)>-t=1,Y,=0
n i 2
+12n:IIG(Z»3-D ooy =1
n.l is Oi, n)>2—vz—
1=

1 1 &
=~ (@i 8, ) € Ana} + — 3 I{(Zi, 8, Yi) € Ano)
i=1 i=1

= /‘;n,l(An,l) +/17n,0(An,0)~ (23)

Next, observe that

L(¢n) = inf L<¢n>=(L(én>—2,§’*’>(q3n))+(Z;“(én)— inf L(¢n>)

¢n €d,

< sup [LP(¢n) — Lgn) +(Z§R><¢3n>— inf L(¢n>)
Pned, Pnedy

<2 sup |LR(¢n) — L(n)
Pned,
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=2 sup ’V\n(An) — v (Ap)
AneA,
<2sup ’/ﬁn,l (An,1) — V1 (An,l)’ + 2 sup }’ﬁn,O(An,O) - Vn,O(An,O)‘ (24)
An,IEAn.I An,Oe-An,O

where the last expression follows from (22) and (23). Let
1
Cn = {(z, 8)‘1 {G(Z,S, D,) > 5} = 1}

and for every C, € C,, let 0,(C,) = %ZLI 1{(Z;, ;) € C,} be the empirical
measure of Cy,. Also, let u, (C,) = P{(Z, §) € C,|D,}. Then we have

RHSof (24) <2 sup ﬁn (Cn) — un(Cy)| +2 sup I/In (Cn) — un(Cy)
CneCy, CneCy,
< 4sup |72 (B) — u(B)| (25)
BeB

where B is the collection of all Borel sets in R*? x {0, 1}, u(B) = P{(Z, §) € B},
and i1, (B) = % Y I1{(Z;, &) € B}. To see that the bound in (25) goes to zero with
probability one, let E be the set of all possible values of (Z, §) and let S be an arbitrary
finite subset of E. It follows that

1,(B) — M(B)‘ _! 3 |z sy - M({z,(S})’ (Scheffé stheorem)

;2% 2 (2.8)eE
1 - 1 -
=3 2 |z sy —nizsp|+35 D [tz 8) - niz. o)
(z,6)€S (z,6)eS¢
1 ~ o~
=3 2 |tz 6 — iz on| + a5 + u(s9)
(z,0)€S
1 ~ ~
=3 D0 [Ptz 8D — nltz 8D| + () — ()| + 205 26)
(z,0)€S

The first | S| terms in (26) can be bounded via Hoeffding’s inequality: that is, given

€ >0,
P

Similarly, the term [z, (S¢) — w(S¢)| can be bounded by one more application of
Hoeffding’s inequality. Finally, «(S¢) can be made as small as desired by choosing
S large enough. Thus, by the Borel-Cantelli lemma, L(¢y) — infg,co, L(¢y) — O,
with probability one, as n — oo. Next, note that L((fﬁn) — L(¢p) can be rewritten as

An((z,8) — n((2.8))| > €| D) = 2e7¢ a5,
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L(¢n) — L(¢B) = (L(f/’)n) - ¢nirel<fbn L(¢n)> + <¢nirel<f1>n L(¢n) — L(¢>3))

=1, +1,.

To show that II,, 25 0, let 1//,2””” be the multinomial discrimination rule, which is
given by

1 if8h (@) + (1 —8io(x) > 3
0 otherwise,

,‘/frllnull(z’ 8) — {

where

i dYillZi =z e X ( - Vil X =)

r(z) = ST S 1Zi —12) S (=) IX; =x}

Note the similarity between the above classifier and the kernel classifier defined via
(4) and (5). It turns out that the multinomial classifier is exactly equal to the kernel
classifier in (5) provided /1 and & are taken to be 0 [see Devroye et al. (1996, p. 462)].
The strong consistency of the multinomial discrimination rule w,’l’“‘l " then follows from
the consistency results for general partitioning estimates of regression functions along
with expression (2). For more on partitioning estimates see, for example, Mojirsheibani
and Montazeri (2007). Also, see Gyorfi et al. (2002, Sect. 23.1).

The discussion above implies that infy, co, L(y) < L(l//,’l”“” ). But since

L(ymeity 2% [ (pp), we see that infy,cq, L(dn) —> L(¢p) which yields the
desired result (that II,, 25 0). Therefore, L(q;,,) — L(¢p) 2% 0asn — oo. O

Proof of Lemma 1

Let
E[8Y|Z=1z] 1 L E[(1-9)YX=x] 1
if ————>— if = TR
¢1(z)= E[f|Z=1z] 2 and ¢y(x)= E[(1-§)X=x] 2
0 otherwise 0 otherwise,
27

with the convention 0/0 = 0, and note that the optimal classifier in (2) can be written
as

¢B(Z,8) = 8¢1(Z) + (1 — 8)¢po(X).
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Next, write

Plop(Z,8) =Y} = P{op1(Z) + (1 = 8)¢o(X) =Y}
=P=1,01Z)=1,Y=1}+P{§=1,01(Z)=0,Y =0}
+P{§=0,00X)=1,Y =1} + P{§ =0,¢0(X) =0,Y =0}
;= A+ B+ C + D (say).

Put p(Z,Y) = PG = 11Z,Y),qX,Y) = PG = 11X, Y),n(Z) = P(Y = 1]Z),
and A(X) = P(Y = 1]1X), and observe that upon conditioning on Z and Y, one finds

A=E[{$(Z) = 1}{Y = 1}p(Z,Y)]
= E[I{¢1(Z) = B}I{Y = 1}(I{Y = 1}p(Z, 1) + I{Y = 0} p(Z, 0))]
= E[I{¢p1(Z)=1}{Y =1}p(Z, D]=E [E (I{¢1(Z) = 1}I{Y = 1}p(Z, 1)|Z)]
= E[{¢$1(Z) = 1}p(Z, )n(Z)] .

Similarly,

B = E[I{¢\(Z) =0}p(Z,0)(1 —n(Z)], C=E[I{¢o(X) = 1}¢(X, DAX)],
D = E[I{¢o(X) = 0}¢(X, 0)(1 = A(X))] .

Next, let ¢31, 430, and ¢AS be as in the statement of the lemma and note that

P{$(Z,8) =Y Dy} =A +B +C' + D, as.,

where
A = :1{¢31(Z) = 1}p(Z, l)n(Z)‘Dm] ;
B —E :1{¢31(Z) = 0}p(Z,0)(1 — n(Z)) Dm],
¢ = E[11do) = (X, DAO| D,y ]
D' = E[11o(X) = 0}q (X, 0)(1 = (X)) | Dy |
Thus,

L(@)—L(¢p) = P{¢p(Z,8) = Y} — P{$(Z,5) = Y|Dy}
=A-A)Y+B-B)+(C~-CH+(D-D

= E[p@. )@ (11912) = 1) ~ 111(Z) = 1)) | D,
+E[p@.0) (1 = 1@) (161Z) = 0) = 1112) = 0}) | D |
+ £ [q(X. DAX) (HeoX) = 1} = 1{doX) = 11) | D
+ E[q(X.0) (1 = 2X)) (1go(X) = 0} = I{do(X) = 0})

Dm] ,a.s.
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= E[(p@. )n@) = p@. 01 = 1@} (1191(Z) = 1) = 11312 = 1}) | Du |
+ E[lg(X. DAX) =X, 0 (1 =X} (1o (X) = 1} =T {do(X)=1})

Dm] ,a.s.
(28)

On the other hand,

EY|Z) = E[EGY|Z,Y)|Z] = E[Yp(Z,Y)|Z] = E[Y{Yp(Z, 1)
+(1 =Y)p(Z,0)}|Z]
= E[Yp(Z, D|Z] = p(Z, 1)n(Z) , as.

We also have

E@|Z) = E[EGB|Z,Y)|Z] = E[p(Z,Y)|Z] = E[Yp(Z,1) + (1 — Y)p(Z, 0)|Z]
= p(Z, )n(Z) + p(Z,0)(1 = n(Z)) , as.

Therefore,

EGQY — 1)|Z) = 2EGY|Z) — ES|Z)
=2p(Z, )n(Z) — [p(Z, )n(Z) + p(Z,0) (1 — n(Z))] (29)
= p(Z, )n(Z) — p(Z,0)(1 — n(Z)) , as.

Similarly, one can show that
E[(1-=8)2Y — DHIX] =¢gX, DAX) —g(X, 0)(1 = A(X)), as. (30)
Substituting (29) and (30) in (28), one has

L(¢) — L(¢p)
= E{EBQY - 0121 (11912 = 1} - 1141 2) = 1)) | D}

+E{EL(1 =)@ = DIXI (11000 = 1} = 11X = 1}) [ D} . as.
(€29
Now, in view of the definition of qgl and the fact that the function ¢; [see (27)] can

alternatively be written in the form

1 ifE[§QRY —1|Z=12] >0
¢1(2) = .
0 otherwise,

one finds

EBQRY - DIZ =2 (He1@ = 1} - 111 ) = 1})
< [EBRY - DIZ =21~ Ti(@). (32)
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which follows by considering the two cases {¢1(z) = 1, qgl (z) = 0} and {¢1(z) =
0, ¢1(z) = 1} separately. Similarly, since ¢ in (27) can alternatively be written as

1 ifE[(1-8)QY -DIX=x]>0

0 otherwise,

do(x) =

by considering the two cases {¢o(x) = 1, Po(x) = 0} and {¢gp(x) = 0, po(x) = 1}
separately we find that

EL(1 =92 = DIX =x1 (Igo®) = 1} = I{dox) = 1})

R (33)
< [Ela - oy — X =x1-To|.

Integrating both sides of (32) with respect to the probability measure of Z, and both
sides of (33) with respect to the probability measure of X, gives the desired result [in
conjunction with (31)]. O
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