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Abstract By relaxing the linearity assumption in partial functional linear regression
models, we propose a varying coefficient partially functional linear regression model
(VCPFLM), which includes varying coefficient regression models and functional lin-
ear regression models as its special cases. We study the problem of functional parameter
estimation in a VCPFLM. The functional parameter is approximated by a polynomial
spline, and the spline coefficients are estimated by the ordinary least squares method.
Under some regular conditions, we obtain asymptotic properties of functional para-
meter estimators, including the global convergence rates and uniform convergence
rates. Simulation studies are conducted to investigate the performance of the proposed
methodologies.

Keywords Functional linear models - Global convergence rate - Polynomial spline -
Uniform convergence rate - Varying coefficient model

1 Introduction

Functional data that both predictor and response are random functions are often
encountered in meteorology, medicine, biology, economy and finance (Ramsay and
Silverman 2005). Due to its flexibility and interpretability, functional regression analy-
sis has received a lot of attention in past years. For example, see Cardot et al. (1999,
2003), Chiou et al. (2003), Ramsay and Silverman (2005), Yao et al. (2005), Cai and
Hall (2006), Hall and Horowitz (2007), Ferraty and Vieu (2006) and Baillo and Grané
(2009).
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To improve power of prediction and interpretation of functional regression mod-
els, some additional real-valued predictors were introduced into functional regression
models, which leaded to some new functional linear regression models. For example,
Aneiros-Pérez and Vieu (2006) proposed a semi-functional partial linear regression
model by combining the feature of a linear model together with the methodology
for nonparametric treatment of functional data; Aneiros-Pérez and Vieu (2008) pre-
sented an extended semi-functional partial linear regression model for dependent
data; Aneiros-Pérez and Vieu (2011) further proposed a fully automatic estima-
tion procedure in a partial linear model with functional data; Zhang et al. (2007)
developed a partial functional linear model by incorporating a parametric linear
regression into functional linear regression models; Wong et al. (2008) proposed a
functional-coefficient partially linear regression model by combining nonparametric
and functional-coefficient regression model; Dabo-Niang and Guillas (2010) intro-
duced a functional semiparametric model in which a real-valued random variable
was explained by the sum of an unknown linear combination of the components of
a multivariate random variable and an unknown transformation of a functional ran-
dom variable and the random error was autocorrelated; Lian (2011) considered a
functional partial linear model by taking advantage of both parametric and nonpara-
metric functional models; Lian (2012) proposed an empirical likelihood approach
to nonparametric functional regression and semi-functional partially linear model;
Zhou and Chen (2012) introduced a semi-functional linear model by combining
the feature of a functional linear regression model and a nonparametric regression
model.

To broaden the applicability of functional linear regression models, a varying-
coefficient functional linear regression model (VCFLRM) by allowing the slope
function to depend on some additional scalar covariates was also proposed by Cardot
and Sarda (2008) and has only received a little attention in recent years. For example,
Wu et al. (2010) discussed estimation of the slope function in a VCFLRM based on
functional principal components for sparse and irregular data, and investigated the
asymptotic properties of the proposed estimators; Miiller and Sentiirk (2011) pre-
sented a review of statistical inference on VCFLRM. Inspired by the work of Cardot
and Sarda (2008) and Wu et al. (2010), we consider a varying-coefficient partially
functional linear regression model (VCPFLRM) by relaxing the linearity assumption
in Zhang et al. (2007), which is an extension of partial functional linear regression
models and varying-coefficient functional linear regression models.

Polynomial spline is a very popular smoothing technique in a nonparametric regres-
sion, and it enables us to extend the standard methods for parametric models to
nonparametric settings and is easy to implement in applications, hence it is employed
to approximate functional coefficients in our considered VCPFLRM. Based on the
polynomial spline approximations to functional coefficients, we first use the least
squares approach to estimate parameters in polynomial spline approximations and
then obtain estimations of functional coefficients. Under some regular conditions, we
discuss the global and uniform convergence rates of the proposed estimators.

The rest of this paper is organized as follows. Section 2 describes varying coeffi-
cient partially functional linear regression models and presents the polynomial spline
estimators of functional coefficients. In Sect. 3, we study asymptotic properties of the
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proposed estimators. Simulation studies are conducted to investigate the performance
of the proposed methods in Sect. 4. Technique details are given in the Appendix.

2 Model and estimation

Let Y be a real-valued response variable defined on a probability space (€2, B, P),
letU and Z = (Zy,...,Z p)T be one-dimensional and p-dimensional vectors of
explanatory variables defined on the same probability space, respectively. Also, let
{X():t € T} be a zero mean, second-order (i.e., EIX(t)|2 < ooforallr € T)
stochastic process defined on the probability space (€2, B, P) with sample paths in
Ly(7), which represents the Hilbert space containing square integrable functions
defined on 7 with inner product (x, y) = fT x(t)y(t)dt forVx, y € Ly(7) and norm

lxll2 = (x, x)!/2. We assume that the relationship between Y and (X, U, Z) is given
by
V= [ XOawdt +a@©)z+-+ap0)Z, e, ()
T
where ag(t) and a;(U)’s are unknown smooth functions for j = 1,..., p,and e isa

random error with mean zero and finite variance o2 and is independent of (X, U, Z).
Without loss of generality, we assume 7 = [0, 1]. Clearly, the above defined model
includes varying-coefficient models and functional linear regression models, which
correspond to the cases that ap(t) = Oand a;(U) = Ofor j =1, ..., p, respectively.
Also, it includes partial functional linear regression models (Zhang et al. 2007) when
aj(U) = Bj for j = 1,..., p. Hence, the above defined model (1) is an extension
of partial functional linear regression models and varying-coefficient models, and is
referred to as a varying-coefficient partially functional linear regression model.

Let the data set {X;, U;, Z;, Yi}l'.’=1 be n independent realizations of {X, U, Z, Y}
generated from model (1), i.e.,

1
Y; =/ Xi(ao)dt + a1(Ui)Zin + -+ ap(Ui)Zip + & for i=1,...,n,
0
)

where the random errors ¢;’s are independent and identically distributed with E¢; = 0
and Esi2 = 02, and are independent of (X;, U;, Z;).

In what follows, we consider estimations of functional parameters a;’s for j =
0,1,..., p. Let S, n,, be the space of polynomial splines on [0, 1] with degree ko
and Ny, knots ug 1, ..., ug, n,, satisfying

0=up,0 <uo,1 <+ <uoNp, <U0,Ny,+1 =1, 3
and Sg; n;, (j =1, ..., p) be the space of polynomial splines on [a, b], which is the

compact support of the density of U, with degree k; and Nj, knots uj 1, ..., u;jn;,
satisfying
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a=uj,o<uj,1<~-<uj,Njn<uj,Njn+1=b, 4)

where the numbers of knots Nj, (j = 0,1,..., p) increase when sample size n
increases. The space of polynomial splines Sg; v, is a linear space of K j,-dimension,
where K j, = Nj,+kj+1forj =0, 1, ..., p. Generally, we can choose the truncated
power basis and B-spline function as a basis of the above defined linear space. Due
to some good numerical properties of B-spline function, we use the B-spline basis to
approximate functional parameters a; as follows. More details for spline function and
spline space can refer to de Boor (2001) and Schumaker (1981).

Following the arguments of de Boor (2001), if the unknown function a; (j =
0,1, ..., p)is sufficiently smooth, there exists a spline function a; in the linear space
Skj,N,-,, such that

_/)1

'Na]—zb]sB]w (5)

where B g denotes the B-spline function in the linear space Sk]., Nin forj=0,1,...,p.
Thus, the model (2) can be approximated by

1
Y, w/ Xi(Oao()dt + a1 (U Zin + -+ ap (U Zip + 6. ©)
0

Denote

2
n Ko, P K/n

by =D 1Y —me<xl,Bm>—ZZb,«BJ«(U,>Z,, NC)

i=1 j=1s=1

where b = (bg,b{,.. DT with by = (bji, ..., bjk;,)" for j =0,1,.

By minimizing /(b) given in Equation (7), we can obtain the least squares estlmator
b= by, b.....b0)T of b, where b; = (bj1.....bjx,)" for j = 0,1,....p.
Thus, the polynomlal spline estimators of functional parameters a;’s are given by
aj = Zf{:’ 1 ’b\jY Bjs. In this case, we can also define an estimator of variance o? as
/0\,12 =n! Z?:l{yi_ < X;,a0 > — Z?:] Zl\j(U,')Z,'j}z.

3 Asymptotic properties

In this section, we investigate asymptotic properties of the above proposed estimators.
For simplicity, we first introduce the following notation. For two sequences of positive
numbers ¢, and d,, ¢, < d, represents that ¢, /d, is uniformly bounded, and ¢, < d,,

if and only if ¢, < d,, and dn < ¢,,. The covariance operator I' of a random function

~ ~

X is defined as 'x(¢) = fo EX ()X (s)x(s)ds for x € Ly(7T). || - |loo denotes the
super-norm of function on some region D, that is, ||r|lcc = sup,¢p |r(x)|. Denote
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Ky = maxjeo,1,...,p) Kjn, hj = max;—g,... Nin (ji1 —ujy), and let C4([a, b]) be
the collection of all functions that are ¢ times continuously differentiable on [a, b].

To study asymptotic properties of the above proposed estimators, we here assume
that the degrees k;’s are fixed and the numbers of knots N;,’s depend on sample size
n. In addition, we also require the following assumptions.

(A1) For the knot sequences given in Egs. (3) and (4), there exists some positive
constant Cy such that

max;—o,... N;, (Uji+1 — Uj 1)
 max i I — - < (.
J=0.1 . p Miny=,... N, (Uj1+1 — Uj1)

Also, K, < n" for0 <r < 1/3,and h; < K,/ for j =0,1,..., p.

(A2) The density function fy; (1) of random variable U has a compact support D, =
[a, b] and fy (u) is bounded away from zero and infinity on D,,.

(A3) ap(t) € CI([0,1]),a;(u) € Ci(la,b])for j =1,..., pand 1 < g < k, where
k= minj:(),l,_._,,, kj.

(A4) ||X]l2 < C; < oo as., and there is a positive constant C3 such that (I'aj, a;) >
C3 ||a6‘ ||2 for any a(’)k € Sk, No,» Where C3 is a positive constant and C3 does not
depend on 7.

(A5) The eigenvalues of E(ZFZ} "\X; = x,U; = u) are uniformly bounded
away from zero and infinity for all (x,u) € L»(7) x D,, where Z* =
(1, Zit, ..., Zip)T.

(A6) For some mg > 2, E|Z1;|"™ <ooforj=1,...,p.

Remark 1 Assumption (A1) is similar to Eq. (3) of Zhou et al. (1998) and Assumption
(C3) of Xue and Yang (2006). Also, /C,, stands for the growth rate of the dimension
of the spline spaces relative to sample size. Assumption (A2) is very common in
nonparametric regression, for example, see Condition 1 of Stone (1985) and Condition
2 of Chen (1991). Assumption (A3) ensures that ag(¢) and a;j(U) for j =1, ..., p are
sufficiently smooth so that they can be approximated by spline functions. Assumption
(A4) is a stronger condition than that given in functional linear regression models.
Assumption (A5) is a generalization of Condition (ii) of Huang and Shen (2004) and
Assumption (C2) of Xue and Yang (2006). Assumption (A6) is similar to Condition
(v) of Huang and Shen (2004).

Under Assumptions (A1)—(A6), we obtain the following global and uniform con-
vergence rates of the polynomial spline estimators.

Theorem 1 Suppose that Assumptions (A1)—(A6) hold. Then, we have

- K _
||a.,—a.,~||§=0,,(7”)+0,,(/Cn2‘1) for j=0.1,....p.

Theorem 2 Under Assumptions (A1)—(A6), we have

1) = ajlloe = 0 (Kan™"2) + 0,067 for j=0,1,....p.
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Remark 2 Theorem 1 shows the global convergence rates of the polynomial spline
estimators of ag(t) and a;(U) for j = 1, ..., p, which are similar to Theorem 1 of
Huang and Shen (2004) and Newey (1997) and Theorem 3.2 of Huang et al. (2004).
Particularly, when KC,, < n'/(1+29) we have |[@; —a; |3 = OP(IC;%’/(HM)), which is
the optimal global convergence rate given in Stone (1982). The uniform convergence
rate in Theorem 2 is the same as Theorem 7 of Newey (1997). The above results
indicate that the existence of a random function does not affect the convergence rates
of the polynomial spline estimators of functional coefficients.

4 Simulation study

Experiment 1 To investigate the finite sample performance of our proposed method-
ologies, we conducted the first simulation study. In this simulation study, we generated
data {X;, U;, Z;, Y;}!_, from the following model

1
Y; =/ Xi(Mao)dt + a1 (Ui)Zin + ax(Ui)Zia + & for i=1,...,n.
0

For functional linear components, similar to Lian (2011), we took ag(t) =
S0 ki) and X;(1) = 302, Ej1j¢; (1) with k; = 0.5 and k; = 4/j? for
J=2,...,50, ¢1(t) = 1 and ¢;(t) = «/Ecos((j — Dmt) for j = 2,...,50,
and (; = 1/j and &; was independently and uniformly distributed on the inter-
val [—\/g, «/5] for j = 1,...,50. For varying coefficient components, we set
aj(U) = 0.138 + (0.316 + 0.982U) exp(—3.89U?), ax(U) = —0.437 — (0.659 +
1.260U) exp(—3.89U2), and U;, Z;1 and Z;» were simulated from the uniform dis-
tribution on the interval [—0.5, 0.5] (Wong et al. 2008). Random errors ¢;’s were
independently generated from the normal distribution with mean zero and variance
0.22,1.e., 5 ~ N(0,0.2%).

To implement our proposed methods, we took kg = 2, k; = 3 and k» = 3 in using
B-spline functions to approximate functions ao(¢), a; (U) and a» (U ), respectively. For
the knot positions, we can uniformly take knots on the considered interval of random
variable ¢ (or U) or take the sample quantiles of random variable ¢ (or U) to be their
corresponding knots. For simplicity, we uniformly took knots u¢ 5, on the interval [0, 1]
(i.e., uo,n = h/(Nop + 1)) forh = 0,1, ..., No, + 1, and knots u; , on the interval
[-0.5,0.5]Ge,ujp =—-05+h/(Nj+D)forj=1,2andh =0,1,..., N, + 1.
Thus, selecting the numbers of knots is equivalent to choosing the numbers of B-spline
functions Ky, , K1, and K7, when ko, k1 and k; are fixed. Generally, AIC, BIC, the
“leave-one-out” cross-validation (Rice and Silverman 1991) and the modified multi-
fold cross-validation (Cai et al. 2000) can be used to select the required numbers
of B-spline functions. Here, we used the “leave-one-out” cross-validation technique
to choose the numbers of B-spline functions. Following Rice and Silverman (1991),
Ko, K1, and K>, can be selected by minimizing the following cross-validation score:
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Table 1 Sample means, medians and variances of RASE and MSEP

n =200 n =500

Mean Median Var Mean Median Var
RASE( 0.1652 0.1251 0.0099 0.1156 0.0972 0.0038
RASE; 0.1258 0.1153 0.0039 0.0758 0.0704 0.0010
RASE, 0.1281 0.1166 0.0038 0.0767 0.0721 0.0009
RASE 0.4191 0.3933 0.0183 0.2681 0.2510 0.0061
MSEP 0.0039 0.0036 2.839 x 107 0.0016 0.0015 0.430 x 1077

1< . . . 2
CV (Kon. Kins Kan) = = D" {¥i= < X0 > ' W) Zin = W 2o

i=1

where a\ai(t), Zl\l—i(U) and 52_i(U) are respectively estimators of ag(t), a;(U) and
az(U), and are evaluated by deleting the ith observation {X;, U;, Z;, Y;} from the full
dataset {(X;, U;, Z;,Y;): j=1,...,n}.

To assess the performance of our proposed estimators, we computed the mean
square error of prediction (MSEP) of response variable Y (Cardot et al. 2003), which
is defined by

| 2
MSEP = — D H{Yi— < Xia0 > —a (U Ziy — ax(U) Zin )~

i=1

and the square-root of average squared error (RASE) of functional parameters ag(-),
ai(+) and a;(-) (Huang and Shen 2004), which is defined by

1/2

2 nj
1
RASE:Z RASE; with RASE; = —2 @i (ty) —a;(ty))?
= J J [nj P J J

where #5,’s are the regular grid points forh =1, ..., n;.

In this simulation study, we considered two different sample sizes: n = 200 and 500.
For each sample size, results were obtained via 1000 replications. Table 1 presented
sample means, medians and variances of RASE, RASE; and MSEP. Figures 1, 2,
and 3 displayed the polynomial spline estimates of ag(z), a;(U) and a>(U) for a
special replication corresponding to minimum of RASE. From Table 1, we observed
that the sample mean, median and variance of RASE, RASE; and MSEP decrease as
sample size increases. Also, from Figures 1, 2, and 3, we observed that estimates of
ao(t),a;(U) and ap (U) become more and more accurate as sample size increases. All
these findings showed that our proposed estimation procedure performs well under
our considered settings.

@ Springer



834 Q.-Y. Peng et al.

(b)
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Fig. 1 The true aq(t) (solid curve) and its polynomial spline estimation ag(t) (dash curve) under sample
sizes: a n = 200 and b n = 500.

0.7 0.7
06 06} (b
0.5
0.4
0.3
0.2
0.1

0
-0.5 0 0.5 -0.5 0 0.5

Fig.2 The true a (U) (solid curve) and its polynomial spline estimation @1 (U) (dash curve) under sample
sizes: an = 200 and b n = 500.
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Fig.3 The true ap (U) (solid curve) and its polynomial spline estimation @, (U) (dash curve) under sample
sizes: an = 200 and b n = 500.

Experiment 2 To compare the performance of our proposed estimators with those
obtained from a partial functional linear model, we conducted the following two sim-
ulation studies in this experiment.

In the second simulation study, the observed data { X;, U;, Z;, Y; }l'.’:] were generated
from the following partial functional linear regression model (PFLRM):

1
Yi = / Xi®ao(t)dt +a1(U)Ziy + a2(U)Zip + &i
0
with the same settings as given in the first simulation study except that a;(U) and
a>(U) were taken to be aj(U) = 1.5 and ap(U) = —1 and ¢; ER- N(0,0.5%) for

i=1,...,n.
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Table 2 Mean and standard deviation (SD) of MSEP in experiment 2

Fitted Simulation 2 (True model: PFLM) Simulation 3 (True model: VCPFLM)
Model n =200 n = 500 n =200 n =500

Mean SD Mean SD Mean SD Mean SD
PFLM 0.0119 0.0062 0.0049 0.0023 0.1991 0.0170 0.1977 0.0105

VCPFLM 0.0252 0.0115 0.0106 0.0049 0.0244 0.0113 0.0105 0.0041

In the third simulation study, the observed data {X;, U;, Z;, Y;}!_, were generated
from the following VCPFLRM:

1
i = / Xi(Oao@)dt +ay (U Ziy + ax (U Zin + &
0

with the same settings as given in the first simulation study except that a1 (U)anday(U)
were taken tobea;(U) =sin2rU) and ar (U) = 4U(1 -U),U; i " Uniform(0, 1),
Zij S " Uniform(—1, 1) for j = 1 and 2, and &; S "N(0,O0. 52) fori =1,

For each of the above two simulation studies, 500 data sets were generated and were
fitted to PFLRM and our proposed VCPFLRM with the same selections of kg, k1, k2
and knots as given in the first simulation study, respectively. Results corresponding to
MSEP for n = 200 and 500 were presented in Table 2. From Table 2, we observed
that (i) using our proposed VCPLRM to fit PFLRM data has the same performance
as using PFLRM to fit PFLRM data in terms of their means and standard deviations
of MSEP; (ii) using PFLRM to fit VCPLRM data may yield a relatively large mean
value of MSEP, which indicated that our proposed VCPFLRM behaves better than
PFLRM under misspecified functional linear models; (iii) increasing sample size can
reduce standard deviation of MSEP.

Acknowledgments The authors are grateful to the Editor and two referees for their valuable suggestions
that greatly improved the manuscript. The work was supported by National Nature Science Foundation of
China (Grant Nos. 11225103, 11301464), Research Fund for the Doctoral Program of Higher Education
of China (20115301110004) and the Scientific Research Foundation of Yunnan Provincial Department of
Education (No. 2013Y360).

Appendix: Proofs of Theorems

Denote Bj; = K 1/ 2(;5 js» where ¢ ;s are the normalized B-splines in the space Sk Njn
for s = 1 Kjyand j = 0,1,..., p. It follows from Theorem 4.2 of Chapter

5 in DeVore and Lorentz (1993) that for any spline function Z sl ) jsBjs, there are
positive constants M| and M, such that
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an 2
Mt = [ byt < aloyh ®)
s=1
where | - |2 is Euclidean norm.
Define B = (X, Z), where
< X1,Bot > < X1,Bp > ... < X1, Bok,, >
< X2,Bo1 > < X2,Bpp > ... < Xo, Bok,, >
X = . . . 9
< Xn,Bo1 > < X,,Bn > ... <Xy, Boky, >
Biu(UZu ... Bik,,(UDZu ... Bpi(U)Zip ... Bpk,,(UDZip
Bi1(U2)Z21 ... Bik,,(U2)Zo1 ... Bpi(U2)Zap ... Bpk,,(U2)Zzp
BuuWU)Zn ... BlKln(Un)an Bpl(Un)an Bprn(Un)an
To prove Theorems 1 and 2, we require the following Lemmas.
Lemma 1 If Assumptions (A1)—(A6) hold, we have
1 n p 2
w 2iel {< Xivao > +20, aj(Ui)Zij}
sup . - 1‘ = 0,(1).
afESkj~Njn E(< Xl, ap > +Zj=l a](Ul)le)
j=0,1,....p

Proof For an i.i.d. random variable sequence &1, ..., &, let E, (&) = % Z?:l &. By
Assumptions (A2)—(AS), we have

2
p p

p
E(<Xia0>+) aj(UDZij| <E < X1.a0 >+ ajU)] =D lla;ll3.
j=1 j=1 =0

Consequently, we only need to prove that for arbitrary given n > 0, as n — oo, we
have

2
(= B)[< Xeoao > + By 0,(0) 2]

I=P sup
P 2
a_,-eSkj,Nj" Zj:() ||Clj||2
Jj=0,1,....p

>(p+ 1)nt—0.

If |(E,—E) < Xi, a0 >* | <nllaoll3, |(Exn — E) {< Xi, a0>a;(U)Zij} | <nllaoll2
llajll2 for j=1,..., p,and |[(E, — E){a;(Up)aj(Ui)ZijZij} <nllaj|l2lla; |2 for
j',j=1,..., p, we obtain
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2
P 14 P
[(En—E) { < Xivao>+ »_a;(UnZij | <n | D llajll)* <(p+1]n > llajll3-

Jj=1 Jj=0 J=0

Thus, we have

(En — E) < Xi,a0 > |

I<pP sup 5 >
a0 € Sky. N, ||610||2
N 22”:}, wp  [En—B)l< Xioao > a; (U Zi)
j=1 ajeskj,Nj" ||a0||2||aj||2
aoESkO Non
N Z”: i pl oy 1B B WD U)ZyZyl
j=1j'=1 LleSkj,N_,-,, ||aj||2||aj’||2

aj/eskj/.Nj/n

E I+ 2 + Is.

For I, it follows from Lemma 5.2 of Cardot et al. (1999) that I} — 0 as n — oo.
Following the similar argument of Lemma 1 in Huang and Shen (2004), it is easily
shown that I3 — 0 as n — oo. Consequently, we only need to prove that for j =

1’...’p’

[(En — E)[< X, a0 > a;(U;)Zi;l|
Iij=P sup >n¢ — 0 as n— oo.
€Sk N, [laoll2lla;ll2
a0 €Sko,Noy,

Note that < X;,a0 > a;(U)Z;; = ZI,{O" Z boéo jsj < Xi, Bos, >

so=1
Bjsj(U,')Zij forj =1,..., p.Hence, if |(E, — E){< Xl, Bosy > Bjsj(Ui)Zij}| <n
for so = 1,...,Kop and s; = 1,..., K}, it follows from the Cauchy-Schwarz

inequality and Eq. (8) that

Kon Kj”
[(Ex — E)l< Xi,a0 > aj(U)ZijIl <0 D D" IbosylIbjis;|
S()=] sj=]
1/2 1 2 2 1 2 1 2
Ko, K, <me / <Zb /
so=1 sj=1

< CnKullaoll2lla;|l2.
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Thus, we have

Kon Kj’l
Ij < > > P{(Ey— E) (< Xi. Bogy > Bjs;(UNZij) | > n/CKy}. (9
S()=] s.,’=]
Denote Zij = Z;jl1(|Z;j| < n‘s) for j = 1,..., p, and we assume mgy > 8~ ! with

& > 0. It follows from condition (A6) that as n — o0, we have

E|Zy;|™

n
P{3i=1,...,nsuchthat Z;j # Zi;} < > P{|Z;j| > n’} < Soe
n

i=1
Combining condition (A1) and Eq. (9) yields

I; <n* max P {I(Ex = E) (< Xi. Bosy > Bjs; (U Zij) | > n/CKy}.

From Lemma A.8 of Ferraty and Vieu (2006), we have
H] SJ n2r exp(_cnznl—(25+3r))‘

Since 87! < mo and 0 < r < 1/3, we can always find 6 > 0 and r > O such that
26 +3r < 1. Hence, asn — oo, we have I; — Ofor j =1,..., p. Combining the
above equations leads to Lemma 1. O

Lemma 2 [f Assumptions (A1)—(A6) hold, there is an interval [M3, M4] with 0 <
M3 < My such that as n — o0, we have

BB

n

P{all the eigenvalues of fall in [M3, M4]} — 1.

Proof The proof of Lemma 2 is similar to that given in Lemma 2 of Huang and Shen
(2004). Hence, we here omit it. O

Lemma 2 shows that the convergence rate of estimator b does not depend on the
eigenvalues of the covariance operator I' of X. Thus, it follows from Cardot et al.
(2003) that the convergence rate of our proposed estimator can attain the nonparametric
convergence rate.

Proof of Theorem 1 Denote Y, =< Xi,ap > —G—Zf:laj(U,-)Z,-j and ¥ =

(Y, YT Let b = B'B)"'BTY, where b = (). b{.....0")" with
5] = (5j1a~~vgjkjn)T for J = 0’17""p‘ Denote a] = Zf;’;g]SB]S and
e = (e, -- ,sn)T. Under the above notation, it follows from Lemma 2 that
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Elb—b? = E(TBB'B)"!(B'B)"'BT¢) = "n—zE(tr(%BTB)*l) < K,/n. Hence,
it follows from Eq. (8) that

o K

o~ ~ - 7 n
Dl = a1z = b= b = 0p(—). (10)
Jj=0

Again, it follows from condition (A1) and Theorem XII.1 of de Boor (2001) that for

j=0,1,..., p, there exist spline function a;f IS Skj,Njn and constant C; > 0 such
that

lla} = ajlleo < Cih S K. (11)

Let b* = (g, 077, ... bp1)T with b = (b%)..... 0% )7, and af =

Zf{:"i b;‘.SBjS for j = 0,1,..., p. It follows from Equation (8) and Lemma 2 that

D ollat —ajllz < |b* — b1> < (b —b*)'BTB(b — b*) ass.. Since B(BB) !B’
is an orthogonal projection matrix, we have

IA

I -~ ~ 1 -
—(b—=bTBTB®Mb — b*) < —|Y — Bb*|)?
n n

IA

1 < P
~ DA< Xisao — a5 > + > a;(Uy) — a;(UNIZij}.
i=1 j=1

By Assumptions (A2)—(A4) and Eq. (11), we obtain

p P
-2
E{< Xi.a0—aj >+ D (@j(U)—a;UNZ1;}* < D llaj—ail[z = 0,(K,"").

j=1 j=0
(12)
For j =0,1,..., p, we can obtain
@ — ajll5 < 3(1@; —ajll5 + lla; — ail3 + llaj —aj|13). (13)
Combining Egs. (10)—(13) yields Theorem 1. O
Proof of Theorem 2 For j =0, 1, ..., p, we have
1@ = ajlloo < 11 = @jllos + 11d; — a}lloo + lla} — ;loc, (14)

where d; and a¥ are defined in the proof of Theorem 1. Also, it follows from Huang
et al. (2004) that there is a constant M > 0 such that

l1gjlloc = M\/Kjnllgjll2 15)
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forg; € Skj,Nj” (j =0,1,..., p). Hence, by condition (A1), (10), (13) and (15), we
obtain

1@; — djlloo < MK julld; —djlla = 0p(Kun™/?),

~ ~ 1/2—
1d; — aflloe < M{/Kjulla; — ailla = 0,079,

Again, it follows from Eq. (11) that IIa;-‘ —ajlloc = o, = o(IC,]/z_q). Therefor,
combining the above equations leads to Theorem 2. O
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