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Abstract In this paper, a new censoring scheme, namely, adaptive Type-I progres-
sively hybrid censoring scheme under a step-stress partially accelerated test model is
introduced. It has some advantages over the progressively hybrid censoring schemes
already discussed in the literature. Based on this censoring scheme, themaximum like-
lihood estimations of Weibull distribution parameters and the acceleration factor are
considered. The biases andmean squared errors of themaximum likelihood estimators
of the model parameters are computed to evaluate their performances in the presence
of censoring scheme developed in this paper through a Monte Carlo simulation study.
The results obtained under the adaptive Type-I progressively hybrid censoring scheme
are compared with those produced under the non-adaptive Type-I progressively hybrid
censoring scheme using three different progressive censoring schemes. Moreover, the
confidence intervals lengths and their associated coverage probabilities are obtained
for both adaptive and non-adaptive Type-I progressively hybrid censoring scheme. In
addition, Optimum test plans are also developed to improve/guarantee the quality of
the statistical inference.
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Nomenclature

ALT Accelerated life test
PALT Partially accelerated life test
SSPALT Step-stress partially accelerated life test
WD Weibull distribution
MLEs Maximum likelihood estimates/estimators
pdf Probability density function
MSEs Mean squared errors
MTTF Mean time to failure
n Sample size (total number of test units in a SSPALT)
nu Number of failed units at use condition
na Number of failed units at accelerated condition
m A pre-specified number of failures
η A pre-specified censoring time
k Number of failures occurred before time η (k is random)
yi Observed lifetime of unit i tested under SSPALT
τ Stress-change time
Ri Number of removed units at the ith failure
∧ Denotes maximum likelihood estimate
α WD shape parameter (α > 0)
λ WD scale parameter (λ > 0)
β Acceleration factor (β >1)

1 Introduction

Under continuous quality and reliability improvement of products, it is more difficult
to obtain failure information under normal (use) condition. So, in order to quickly
obtain information on the failure-times of these products, all of test units or some
of them are run under higher than normal stress-levels. If the experimenter puts all
test units under such stresses, the test is called accelerated life test (ALT) but if he
puts some of them then the test is called partially accelerated life test (PALT). The
information obtained from the test performed in accelerated environment is used to
predict actual product performance in usual environment.

As Nelson (1990) indicates, the stress can be applied in various ways, commonly
used methods are step-stress and constant-stress. Under step-stress PALT (SSPALT),
a test item is first run at use condition and, if it does not fail for a specified time say
τ , then it is run at accelerated condition (stress) until failure occurs or the observation
is censored. But the constant-stress PALT runs each item at either use condition or
accelerated condition only, i.e. each unit is run at a constant-stress level until the test
is terminated.

The objective of a PALT is to collect more failure data in a limited time without
necessarily using high stresses to all test units. SSPALT is used when the stress-
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Statistical inference for a step-stress partially-accelerated life test model 273

levels are increased in stepwise approach for each of the items on a life test. SSPALT
is sometimes preferred over constant stress PALT because it quickly yields failures
without necessarily shocking the units on test with an initially high stress and thereby
avoiding additional, unrelated failure modes. SSPALT is particularly useful in new-
product development when the appropriate stress levels for a constant stress PALT are
unknown.

This paper considers SSPALT using progressively hybrid censoring scheme. The
work on progressively hybrid censoring schemes has become quite popular in life
testing and reliability studies. Kundu and Joarder (2006) and Childs et al. (2008)
have considered a Type-I progressively hybrid censoring scheme (Type-I PHCS) in
the context of life testing experiment is terminated at time min {Ym:m:n, η}; where
Ym:m:n is the time of mth failure out of m failures using n tested units and η is a pre-
specified censoring time. Ng et al. (2009) and Lin et al. (2009) have investigated point
and interval estimations for exponential andWeibull lifetimes under an adaptive Type-
II progressively hybrid censoring scheme (Type-II APHCS). Lin and Huang (2012)
studied point and interval estimations for exponential lifetimes under an adaptive
Type-I progressively hybrid censoring scheme (Type-I APHCS).

Regarding PALT, it has been studied under conventional Type-I and Type-II cen-
soring schemes by several authors, for example, see Goel (1971), DeGroot and Goel
(1979), Bhattacharya and Soejoeti (1989), Bai and Chung (1992), Bai et al. (1993a),
Abdel-Ghaly et al. (2002, 2003a, 2003b), Abdel-Ghani (1998, 2004), Ismail (2004),
Aly and Ismail (2008), Ismail and Sarhan (2009), Ismail (2010 and 2013). Also,
SSPALT has been studied under hybrid censoring, see Ismail (2012a). In addition,
Ismail (2012b) has considered SSPALT using progressive Type-II censoring scheme.

Specifically, based on Type-I PHCS there are some studies under ALT, for example,
see Lin et al. (2012), Lin and Huang (2012) and Ling et al. (2009). While under PALT
there was only one study had been made by Ismail (2013) using Type-I PHCS. Now,
in this paper we focus on statistical inference of SSPALTmodel under Type-I APHCS
assuming Weibull lifetimes. This new scheme under SSPALT will be described in the
next Section.

The rest of this paper is arranged as follows. In Sect. 2 themodel and the test method
are described. In Sect. 3 the maximum likelihood estimations (point and interval) of
Weibull distribution parameters and the acceleration factor are considered for both
Type-I APHCS and Type-I PHCS. Sect. 4 considers optimum test plans under different
censoring schemes using both Type-I APHCS and Type-I PHCS. Sect. 5 contains the
simulation results and discussion. Concluding remarks and further studies are given
in Sect. 6.

2 Description of the model

Assume that the random variable Y representing the lifetime of a product has Weibull
distribution (WD) with the shape and scale parameters as α and λ respectively. So, the
probability density function (pdf) of Y is

fY (y;α, λ) = α

λ

(y
λ

)α−1
e−(y/λ)α ; y > 0, α > 0, λ > 0 (1)
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WD is one of the most common distributions which are used to analyze several
lifetime data. Its hazard function can be increasing, decreasing and constant depending
on the shape parameter value. Thus, this distribution has lots of flexibility compared
to other distributions.

The survival function of WD with pdf in Eq. (1) takes the form

S(y) = exp{− (y/λ)α}, (2)

The corresponding failure rate function is given by

h(y) = α

λ

( y

λ

)α−1
. (3)

The pdf of Yunder SSPALT model can be written as

f (y) =
⎧⎨
⎩
0, y ≤ 0,
f1(y) ≡ fY (y;α, λ), 0 < y ≤ τ

f2(y), y > τ,

(4)

where

f2(y) ≡ fY (y;α, λ, β) = β
α

λ

(
τ + β(y − τ)

λ

)α−1

exp{− ([τ + β(y − τ)]/λ)α},
(5)

which is obtained by the transformation-variable technique using the density in Eq. (1)
and the model proposed by DeGroot and Goel (1979) which is given by:

Y =
{
T if T ≤ τ

τ + β−1(T-τ) if T > τ,
(6)

where T is the lifetime of the unit under use condition,τ is the stress change time and
β is the acceleration factor.

In this paper, we introduce a new progressively hybrid censoring scheme under
SSPALT called Type-I APHCS. It guarantees the termination of the life testing exper-
iment at a fixed time η and results a higher efficiency in estimations as compared with
Type-I PHCS discussed in the literature by Ismail (2013). This new censoring scheme,
Type-I APHCS, can be described as follows. Assume n identical units are placed on a
test with progressive censoring scheme (R1,R2,…, Rm), 1 ≤ m ≤ n, and the exper-
iment is terminated at time η, where ηε(0,∞) and integers Ri ’s are fixed in advance.
At the time of the first failure Y1:m:n, R1 of the remaining units are randomly removed.
Similarly, at the time of the second failure Y2:m:n, R2 of the remaining units are ran-
domly removed and so on. Let K indicate the number of failures that occur before
time η. If the mth failure Ym:m:n occurs before time η, the process will not stop at
the time Ym:m:n,but continue to observe additional failures (without any further with-
drawals) up to time η. Thus, at time η all the remaining R∗

K = n− K −∑K
i=1 Riunits
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are removed and the experiment is terminated. It can be noted that the progressive
censoring scheme in this case will become (R1, R2, …, Rm, Rm+1,…, RK ), where
Rm = Rm+1 = RK = 0. Clearly, there is an advantage that more than m failures may
be observed which will significantly increase the efficiency/quality of the statistical
inference. The process when Ym:m:n < η will have a progressive censoring scheme
as (R1,R2,…, RK ). Let nu be the number of units that fail before time τ, na be the
number of units that fail before time η at accelerated condition. That is, the total
number of failures that can occur before the time η is K = nu + na .

3 Maximum likelihood estimation

This section discusses the process of obtaining the maximum likelihood estimates
(MLEs) of the parameters α, λ and β based on two sets of data obtained from Type-I
PHC and Type-I APHC. Both point and interval estimations of the parameters are
considered for each data set.

3.1 Estimation based on Type-I APHC

3.1.1 Point estimation

Here, the ML estimates of SSPALTmodel parameters are given based on the observed
Type-I APHC data from WD.

Now, suppose that a Type-I APHCS fromWeibull sample with a given progressive
censoring scheme (R1, R2,…, Rm) is observed. We indicate the resulting failure times
byY1:m:n , Y2:m:n ,…,Ym:m:n , Ym+1:n ,…,YK :n whenYm:m:n > η, andY1:m:n , Y2:m:n ,
…, YK :m:n when Ym:m:n < η. Then, the likelihood function of the given sample is
given by

L(α, λ, β) ∝
nu∏
i=1

f1(yi ).[s1(yi )]Ri .[s1(τ )]nτ .

K∏
i=nu +1

f2(yi ).[s2(yi )]Ri .[s2(η)]R∗
K ,

(7)

where

s1(y) = exp{− (y/λ)α}, s2(y) = exp{− [(τ + β(y − τ))/λ]α},
nτ = n − nu −

nu∑
i=1

Ri

and R∗
K = n − K − ∑K

i=1 Ri with Rm = Rm+1 = RK = 0 if K ≥ m. For simplicity
of notation, we use yi instead of yi :m:n or yi:n in the remaining discussion.

From Eq. (7) the natural logarithm of the likelihood function given K ≥ 1is

ln L(α, λ, β) = K ln α − Kα ln λ +na ln β + (α − 1)

⎡
⎣

nu∑
i=1

ln yi+
K∑

i=nu+1

ln ψi

⎤
⎦
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− 1

λα

⎧
⎨
⎩

nu∑
i=1

yα
i +

nu∑
i=1

Ri y
α
i +

K∑
i=nu+1

ψα
i +

K∑
i=nu+1

Ri ψα
i + nu nτ τα

+ na ψα
η R∗

K

⎫⎬
⎭ , (8)

where ψi = τ + β(yi − τ)and ψη = τ + β(η − τ).
By equating the first partial derivatives of ln L to zero with respect to α, λ and β,

the resulting three equations are

∂lnL

∂α
= k

α
− k ln λ +

nu∑
i=1

ln yi +
k∑

i=nu+1

ln ψi − 1

λα

{ nu∑
i=1

yα
i ln yi +

nu∑
i=1

Ri y
α
i ln yi

+
k∑

i=nu+1

ψα
i ln ψi +

k∑
i=nu+1

Ri ψ
α
i ln ψi

+ nu nτ τα ln τ + na R∗
K ψα

η ln ψη − ψα ln λ

⎫⎬
⎭ = 0, (9)

where

ψα =
nu∑
i=1

yα
i +

nu∑
i=1

Ri y
α
i +

K∑
i=nu+1

ψα
i +

K∑
i=nu+1

Ri ψα
i + nu nτ τα + na ψα

η R∗
K

∂lnL

∂λ
= −kα

λ
+ αψα

λα+1 = 0, (10)

∂lnL

∂β
= na

β
+ (α − 1)

k∑
i=nu+1

yi − τ

ψi
− α

λα

⎧⎨
⎩

k∑
i=nu+1

(yi − τ) ψα−1
i +

k∑
i=nu+1

Ri (yi − τ) ψα−1
i + na R

∗
K (η − τ)ψα−1

η

⎫⎬
⎭ = 0. (11)

From Eq. (10) we can obtain λ̂ as a function of α and β as

λ̂ =
(

ψα

k

)1/α

. (12)

Now, the system is reduced to two non-linear likelihood equations in α and β. It
can be solved iteratively using an iterative method such as Newton-Raphson to obtain
the ML estimates of α and β. Therefore, the ML estimate of λ can be easily obtained
from Eq. (12).
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3.1.2 Interval estimation

In this subsection, the approximate confidence intervals of the parameters are con-
structed based on the asymptotic distribution of the ML estimators of the elements
of the vector of unknown parameters 
 = (α, λ, β). It is known that the asymptotic
distribution of the ML estimators of 
 is given by; see Miller (1981),

(
(α̂ − α), (λ̂ − λ), (β̂ − β)) → N (0, I−1(α, λ, β)

)

where I−1(α, λ, β) is the variance-covariance matrix of the unknown parameters 
 =
(α, λ, β). The elements of the 3 × 3 matrix I−1 , Ii j (α, λ, β), i, j = 1, 2, 3 ; can be
approximated by Ii j (α̂, λ̂, β̂), where

Ii j (
̂) = −∂2lnL(
)

∂
i∂
 j
|

=
̂

Now, we get the following

∂2lnL

∂α2 = − k

α2 − (ψα. − ψα..lnλ)

λα
, (13)

where

ψα. =
nu∑
i=1

yα
i (ln yi)

2 +
nu∑
i=1

Ri y
α
i (ln yi)

2+
k∑

i=nu+1

ψα
i (lnψi)

2+
k∑

i=nu+1

Ri ψ
α
i (lnψi)

2

+ nu nτ τα(ln τ)2 + na R∗
K ψα

η (ln ψη)
2 − (ψα.. + ψαln λ)ln λ,

and

ψα.. =
nu∑
i=1

yα
i ln yi +

nu∑
i=1

Ri y
α
i ln yi +

k∑
i=nu+1

ψα
i ln ψi +

k∑
i=nu+1

Ri ψ
α
i ln ψi

+ nu nτ τα ln τ + na R∗
K ψα

η ln ψη − ψα ln λ

∂2lnL

∂α∂λ
= − k

λ
+ 1

λα+1
{(1 − α ln λ)ψα + α (ψα.. + ψα ln λ)} , (14)

∂2lnL

∂α∂β
=

k∑
i=nu+1

yi − τ

ψi
− 1

λα

⎧⎨
⎩

k∑
i=nu+1

(yi − τ)[α ψα−1
i lnψi + ψα

i /ψi ]
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+
k∑

i=nu+1

Ri (yi − τ)[α ψα−1
i lnψi + ψα

i /ψi ]

+ na R∗
K (η − τ)[α ψα−1

η lnψη + ψα
η /ψη]

−α[
k∑

i=nu+1

(yi − τ)ψα−1
i +

k∑
i=nu+1

Ri (yi − τ)ψα−1
i

+ na R∗
K (η − τ)ψα−1

η ] lnλ

⎫⎬
⎭ , (15)

∂2lnL

∂λ2
= kα

λ2
− α(α + 1)ψα

λα+2 , (16)

∂2lnL

∂λ∂β
= α2

λα+1

⎧⎨
⎩

k∑
i=nu+1

(yi − τ)ψα−1
i

+
k∑

i=nu+1

Ri (yi − τ)ψα−1
i + na R∗

K (η − τ)ψα−1
η

⎫⎬
⎭ , (17)

∂2lnL

∂β2 = −na
β2 − (α − 1)

k∑
i=nu+1

(yi − τ)2

ψ2
i

− α(α − 1)

λα

⎧⎨
⎩

k∑
i=nu+1

(yi − τ)2 ψα−2
i

+
k∑

i=nu+1

Ri (yi − τ)2 ψα−2
i + na R

∗
K (η − τ)2ψα−2

η

⎫⎬
⎭ , (18)

Thus, the approximate 100(1 - γ ) % two sided confidence intervals for α, λ and β

are, respectively, given by

α̂ ± Zγ /2

√
I−1
11 (α̂, λ̂, β̂), λ̂ ± Zγ /2

√
I−1
22 (α̂, λ̂, β̂) and β̂ ± Zγ /2

√
I−1
33 (α̂, λ̂, β̂).

(19)

where Zγ /2 is the upper (γ /2)th percentile of a standard normal distribution.

3.2 Estimation based on Type-I PHC

The SSPALT Type-I PHC scheme can be applied as follows. Assume that n identical
units are set on a life test. Each of the n units is first operated under use condition.

123
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This use condition level is switched to an accelerated condition at time τat which r
living units of the residual units are randomly withdrawn and the test is continued. It
is observed that τ and r are predetermined. If the mth failure (m > n) happens at a
time ym:n before a preset η > τ , the experiment ends at the time point ym:n . But if
ym:n > η, then all the surviving units are removed and the experiment finishes at the
time η. The end time of the Type-I PHC scheme is at most η. Suppose that nu be the
number of units that fail before the time τ, na be the number of units that fail before
the time η at accelerated condition and n f be the number of units that fail before the
experiment ends. Thus, we have

n f =
{
nu + na = m, if τ < ym:n ≤ η

nu + na < m, if ym:n > η
(20)

Based on Type-I PHC scheme, we can notice the following kinds of observations:

Set 1: y1:n < · · · < ynu :n ≤ τ < ynu +1:n < · · · < ym:n ≤ η, if τ < ym:n ≤ η

Set 2: y1:n < · · · < ynu :n ≤ τ < ynu +1:n < · · · < ynu + na :n ≤ η, if ym:n > η

3.2.1 Point estimation

Using the observed progressively Type-I hybrid censored data fromWD, we introduce
the likelihood function under SSPALT for the two sets of data specified above as
follows to obtain the ML estimates of the unknown parameters.

The likelihood function of the data set 1 is presented by

L(α, λ, β) ∝
nu∏
i=1

f1(yi ).[S1(τ )]r .
m∏

i=nu +1

f2(yi ).[S2(ym:n)]n−m−r (21)

where

s1(y) = exp{− (y/λ)α}

and

s2(y) = exp{− [(τ + β(y − τ))/λ]α},

For the data set 2 the likelihood function is given by

L(α, λ, β) ∝
nu∏
i=1

f1(yi ).[S1(τ )]r .
nu + na∏
i=nu +1

f2(yi ).[S2(η)]n−(nu + na)−r (22)

To get the ML estimates of the model parameters, the natural logarithm of the
likelihood functions for both data set 1 and data set 2 are, respectively, as follows

lnL(α, λ, β) = m ln α − mα ln λ + na ln β

123



280 Ali A. Ismail

+ (α − 1)

⎧
⎨
⎩

nu∑
i=1

ln yi +
m∑

i=nu+1

ln[τ + β(yi − τ)]
⎫
⎬
⎭

− 1

λα

⎧⎨
⎩

nu∑
i=1

yα
i +

m∑
i=nu+1

[τ + β(yi − τ)]α

+ r nu τα + (n − m − r)na[τ + β(ym:n − τ)]α
⎫⎬
⎭ , (23)

and

lnL(α, λ, β) = (nu + na)ln α − (nu + na)α ln λ

+ na ln β + (α − 1)

⎧
⎨
⎩

nu∑
i=1

ln yi +
nu+na∑
i=nu+1

ln[τ + β(yi − τ)]
⎫
⎬
⎭

− 1

λα
{
nu∑
i=1

yα
i +

nu+na∑
i=nu+1

[τ + β(yi − τ)]α + r nu τα

+[n − (nu + na) − r ]na[τ + β(η − τ)]α}.

We shall consider only the case of data set 1 to perform the needed statistical
inference. Equating the partial derivatives of ln L to zero with respect to α, λ and β,
the resulting three equations are:

∂lnL

∂α
= m

α
− mln λ +

nu∑
i=1

ln yi +
m∑

i=nu+1

ln ψi − 1

λα

×
⎧
⎨
⎩

⎡
⎣

nu∑
i=1

yα
i ln yi +

m∑
i=nu+1

ψα
i ln ψi + r nu ταln τ + (n − m − r)na ψα

m lnψm

⎤
⎦

−
⎧⎨
⎩

nu∑
i=1

yα
i +

m∑
i=nu+1

ψα
i + r nu τα + (n − m − r)na ψα

m

⎫⎬
⎭ ln λ

⎫⎬
⎭ = 0, (24)

where ψi = τ + β(yi − τ) and ψm = τ + β(ym:n − τ).

∂lnL

∂λ
= −mα

λ
+ α

λα+1

⎧⎨
⎩

nu∑
i=1

yα
i +

m∑
i=nu+1

ψα
i +r nu τα + (n − m − r)na ψα

m

⎫⎬
⎭ = 0,

(25)

∂lnL

∂β
= na

β
+ (α − 1)

m∑
i=nu+1

yi − τ

ψi
− α

λα
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×
⎧
⎨
⎩

m∑
i=nu+1

(yi − τ) ψα−1
i + (n − m − r)na(ym:n − τ) ψα−1

m

⎫
⎬
⎭ = 0. (26)

From Eq. (25) we can obtain λ̂ as a function of α and β as

λ̂ =
{∑nu

i=1 y
α
i + ∑m

i=nu+1 ψα
i + r nu τα + (n − m − r)na ψα

m

m

}1/α

. (27)

Now, the system is reduced to two non-linear likelihood equations in α and β . It
can be solved iteratively using an iterative method such as Newton-Raphson to obtain
the ML estimates of α and β. Therefore, the ML estimate of λ can be easily obtained
from Eq. (27).

3.2.2 Interval estimation

In this subsection, the approximate confidence intervals of the parameters are derived
based on the asymptotic distribution of theML estimators of the elements of the vector
of unknown parameters 
 = (α, λ, β).

Now, we obtain the second partial derivatives of ln L with respect to α, λ and β as
follows

∂2lnL

∂α2 = − m

α2 − 1

λα

⎧
⎨
⎩

⎡
⎣

nu∑
i=1

yα
i (ln yi)

2 +
m∑

i=nu+1

ψα
i (ln ψi)

2 + r nu τα(ln τ)2

+ (n − m − r)na ψα
m(lnψm)2

]
−

[ nu∑
i=1

yα
i ln yi

+
m∑

i=nu+1

ψα
i ln ψi + r nu ταln τ + (n − m − r)na ψα

m lnψm

⎤
⎦

⎫⎬
⎭ ln λ(28)

∂2lnL

∂α∂λ
= −m

λ
+ 1

λα+1 {1 + α [[
nu∑
i=1

yα
i ln yi +

m∑
i=nu+1

ψα
i ln ψi

+ r nu ταln τ + (n − m − r)na ψα
m lnψm]

−
⎧⎨
⎩

nu∑
i=1

yα
i +

m∑
i=nu+1

ψα
i + r nu τα + (n − m − r)na ψα

m} ln λ ]
⎫⎬
⎭ , (29)

∂2lnL

∂α∂β
=

m∑
i=nu+1

yi − τ

ψi
− 1

λα

×
⎧
⎨
⎩

⎡
⎣

⎧
⎨
⎩

m∑
i=nu+1

(yi − τ)ψα−1
i + (n − m − r)na(ym:n − τ) ψα−1

m

⎫
⎬
⎭
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+ α

⎧
⎨
⎩

m∑
i=nu+1

(yi − τ) ψα−1
i lnψi + (n − m − r)na(ym:n − τ)ψα−1

m lnψm

⎫
⎬
⎭

⎤
⎦

−α

⎧⎨
⎩

m∑
i=nu+1

(yi − τ) ψα−1
i + (n − m − r)na(ym:n − τ)ψα−1

m

⎫⎬
⎭ lnλ

⎫⎬
⎭ , (30)

∂2lnL

∂λ2
= mα

λ2
−α (α + 1)

λα+2

⎧⎨
⎩

nu∑
i=1

yα
i +

m∑
i=nu+1

ψα
i + r nu τα + (n − m − r)na ψα

m

⎫⎬
⎭ ,

(31)

∂2lnL

∂λ∂β
= α2(α − 1)

λα+1

⎧⎨
⎩

m∑
i=nu+1

(yi − τ)2 ψα−2
i + (n − m − r)na(ym:n − τ)2ψα−2

m

⎫⎬
⎭,

(32)

∂2lnL

∂β2 = −na
β2 − (α − 1)

m∑
i=nu+1

(yi − τ)2

ψ2
i

− α(α − 1)

λα

×
⎧
⎨
⎩

m∑
i=nu+1

(yi − τ)2 ψα−2
i + (n − m − r)na(ym:n − τ)2ψα−2

m

⎫
⎬
⎭ . (33)

Thus, the approximate 100(1 - γ ) % two sided confidence intervals for α, λ and β

are, respectively, given by

α̂± Zγ /2

√
I−1
11 (α̂, λ̂, β̂), λ̂± Zγ /2

√
I−1
22(α̂, λ̂, β̂) and β̂ ± Zγ /2

√
I−1
33 (α̂, λ̂, β̂). (34)

where Zγ /2is the upper (γ /2)th percentile of a standard normal distribution.

4 Optimum test plans

The main purpose of this section is to choose the optimal stress-change time τ ∗ for
both Type-I PHC and Type-I APHC under different progressive censoring schemes.
In step-stress setting, the experimenter is often interested in estimating the mean life
at use condition with maximum precision. The mean lifetime is an important char-
acteristic in reliability analysis. In practice, the optimum test plans are important for
improving precision in parameter estimation and thus improving the quality of the
statistical inference. So, these optimum test plans are more useful for estimating the
life distribution at design stress. One selection criterion, the D-optimality criterion, is
proposed which enables the experimenter to determine the optimal value of τ .

The D-optimality criterion is based on the determinant of Fisher’s information
matrix F. It has been extensively used in the context of planning life test. If one is
more interested in estimation with high precision, a more reasonable criterion should
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be D-optimality, which takes into account the overall parameter space. It can be con-
structed in terms of the generalized asymptotic variance (GAV) of the MLEs of the
model parameters. This GAV is proportional to reciprocal of the determinant of Fisher-
information matrix; see Bai et al. (1993b). So that maximizing this determinant is
equivalent to minimizing GAV. The criterion function is then defined by

GAV (α̂, λ̂, β̂) = 1

|F| (35)

Hence, the optimal stress-change time τ ∗ is chosen so that GAV is minimized.
It is noted that the D-optimality criterion is based on the information matrix F.

This criterion has been extensively used in the design selection process for designed
experiments. The two approaches of schemes; Type-I PHC and Type-I APHC are
compared with each other under different progressive censoring schemes in terms of
the optimal GAV of the MLEs of the model parameters.

5 Simulation studies

In this section simulation studies are conducted to discuss the performance of the
ML estimators in terms of their biases and mean square errors (MSEs) for different
choices of parameter values and different choices of n, m, τand η values based on
two different types of progressively hybrid censoring schemes which are Type-I PHC
and Type-I APHC schemes. Also, 95 % asymptotic confidence intervals based on
the asymptotic distribution of the ML estimators are constructed and their lengths are
computed and presented with associated coverage probabilities.

Three different progressive censoring schemes are considered:

Scheme 1: R1 = · · · = Rm−1 = 0 and Rm = n − m;
Scheme 2: R1 = n − m and R2 = · · · = Rm = 0; and
Scheme 3: R1 = · · · = Rm−1 = 1 and Rm = n − 2m + 1.

For each setting under both Type-I PHC and Type-I APHC schemes, the biases
and MSEs based on 10,000 simulations are computed and reported in Tables 1, 2, 3,
4, 5, 6. In addition, 95 % asymptotic confidence intervals lengths are computed and
presented with associated coverage probabilities in Tables 7, 8, 9, 10, 11, 12.

The simulation study is carried out according to the following algorithm

(1) Specify the values of n, m, τ and η.
(2) Specify the values of the parameters α, λ and β.
(3) Generate a random sample of size n from the random variable Y given by Eq. (6)

and sort it. TheWeibull randomvariable can be easily generated. For example, ifU
represents a uniform randomvariable from [0, 1], then Y = −λ [ln (1−U )]1/αhas
Weibull distribution with pdf given by Eq. (1) i f y ≤ τ . But i f y > τ then
Y = τ + {−λ [ln (1 − U )]1/α − τ }/βhas Weibull distribution with pdf given by
Eq. (5).

(4) Use the model given by Eq. (4) to generate progressively hybrid censored data
for given n, m, τ, η (η > τ), α, λ and β.
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(5) Use the progressively hybrid censored data to compute the MLEs of the model
parameters. Newton-Raphson method is applied for solving the nonlinear system
to obtain the MLEs of the parameters.

(6) Replicate the steps 3–5 10,000 times.
(7) Compute the average values of biases and MSEs associated with the MLEs of the

parameters.
(8) Compute the average values of intervals lengths (ILs) as well as the associated

coverage probabilities with each parameter using confidence level 1−γ = 0.95.
(9) Steps 1–8 are done with different values of n, m, τ, η (η > τ), α, λ and β.

Conducting the above algorithmunder bothType-I PHCandType-IAPHCschemes,
the average values of biases andMSEs are obtained using 10,000 replications to avoid
randomness. The results reported in Tables 1, 2, 3, 4, 5, 6 are based on different values
of n, m, τ, η (η > τ), α, λ and β to investigate the performance of the MLEs of
the model parameters. Also, the average values of ILs as well as the corresponding
coverage probabilities with each parameter using confidence level 1 −γ = 0.95 are
computed and the results are presented in Tables 7, 8, 9, 10, 11, 12.

t is observed from Tables 1, 2, 3, 4, 5, 6 that in all cases theMLEs of the model para-
meters based on Type-I APHC give smaller MSEs compared to those based on Type-I
PHC. In all cases theMSEs of theMLEs of the three parameters based onType-IAPHC
decrease as the effective sample size (m) increases. This is also true for Type-I PHC
except for some cases for Scheme2because of the heavy censoring at the early stages of
the experiment. In addition, the biases of theMLEs are all smaller under Type-I APHC.
Generally, the precision of estimation under the Type-IAPHC scheme is better because
we have a larger number of failures to be noticed. Thus, when the time of experiment is
not the major concern, the Type-I APHC scheme will be a desirable choice in order to
improve the quality of the statistical inference about the model parameters. Moreover,
it is shown from the results presented in Tables 7, 8, 9, 10, 11, 12 that the average ILs
obtained underType-IAPHCscheme are shorter than those obtained usingType-I PHC
scheme. Also, we observed that the computed coverage probabilities of the confidence
intervals for each parameter under Type-I APHC scheme are very close to the nominal
level. On the other hand, it was found that these coverage probabilities using Type-I
PHC scheme are not satisfactory. They are considerably lower than the nominal level in
general.

In addition, from Tables 1, 2, 3, 4, 5, 6 the following observations based on Type-I
APHC scheme can be made.

(1) For fixed n,τ and η, the MSEs decrease as m increases.
(2) For fixed τ and η, the MSEs considerably decrease as n and m increase at the

same time.
(3) For fixed n, m and η, the MSEs decrease as τ decreases. This is also true in the

case of Type-I PHC scheme.
(4) For fixed n, m and τ , the MSEs decrease as η increases. This is also true in the

case of Type-I PHC scheme. It is noted that, under Type-I PHC scheme, as η gets
longer the MSEs decrease unless τ is large.

The same pattern is observed for the biases as shown form the results.
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For the two approaches of censoring schemes; Type-I PHC and Type-I APHC,
optimum test plans have been developed, numerically. The results of optimal stress
change-time τ* under different progressive censoring schemes, and the optimal GAV
of the MLEs of the model parameters are given in the Tables 13, 14, 15, 16. The
optimal GAV is numerically obtained with τ* in place of τ . Under the two approaches
of schemes; Type-I PHCandType-IAPHC, the optimalGAVof theMLEs of themodel
parameters decreases as the sample size n increases. As indicated from the results, the
optimal GAV of the MLEs of the model parameters under Type-I APHC scheme is
much smaller than that obtained by Type-I PHC scheme. That is, the performance of
the MLEs of the model parameters under Type-I APHC scheme is much better than
that of the Type-I PHC scheme.
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Table 13 Average values of
optimal τ and the optimal GAV
based on both Type-I PHC and
Type-I APHC when α, λ, β,
and η set at 1.4, 0.7, 1.2, and 5,
respectively

τ∗ Optimal GAV

(n,m) Scheme PHC APHC PHC APHC

(25, 10) 1 2.4105 2.2104 0.0320 0.0114

2 3.1364 2.5324 0.0344 0.0172

3 2.7201 2.3213 0.0311 0.0149

(35, 10) 1 2.3922 2.1031 0.0071 0.0056

2 2.9754 2.4721 0.0083 0.0068

3 2.6878 2.2951 0.0076 0.0059

(50, 10) 1 2.3371 1.9824 0.0042 0.0021

2 2.8710 2.3188 0.0048 0.0029

3 2.6213 2.1954 0.0045 0.0024

(25, 15) 1 2.2290 1.8166 0.0021 0.0012

2 2.6576 2.1582 0.0027 0.0018

3 2.5834 2.1073 0.0024 0.0015

(35, 15) 1 2.1869 1.7633 0.0009 0.0007

2 2.4739 2.1144 0.0008 0.0005

3 2.5164 2.0481 0.0006 0.0003

(50, 15) 1 2.1869 1.6279 0.0005 0.0002

2 2.4739 2.0521 0.0004 0.0003

3 2.5164 1.9216 0.0003 0.0001

Table 14 Average values of
optimal τ and the optimal GAV
based on both Type-I PHC and
Type-I APHC when α, λ, β,
and η set at 1.4, 0.7, 1.2, and 10,
respectively

τ∗ Optimal GAV

(n,m) Scheme PHC APHC PHC APHC

(25, 10) 1 4.5076 3.9345 0.0283 0.0098

2 5.8651 4.5077 0.0301 0.0147

3 5.0866 4.1319 0.0272 0.0128

(35, 10) 1 4.4734 3.7435 0.0062 0.0048

2 5.5640 4.4003 0.0073 0.0058

3 5.0262 4.0853 0.0067 0.0051

(50, 10) 1 4.3704 3.5287 0.0037 0.0018

2 5.3688 4.1275 0.0042 0.0025

3 4.9018 3.9078 0.0039 0.0021

(25, 15) 1 4.1682 3.2335 0.0018 0.0010

2 4.9697 3.8416 0.0026 0.0015

3 4.8319 3.7512 0.0021 0.0013

(35, 15) 1 4.0895 3.1387 0.0008 0.0003

2 4.6262 3.7636 0.0007 0.0004

3 4.7057 3.6456 0.0005 0.0003

(50, 15) 1 4.0346 2.8977 0.0004 0.0001

2 4.4438 3.6527 0.0004 0.0003

3 4.5914 3.4204 0.0003 0.0001
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Table 15 Average values of
optimal τ and the optimal GAV
based on both Type-I PHC and
Type-I APHC when α, λ, β,
and η set at 0.4, 0.7, 1.2, and 5,
respectively

τ∗ Optimal GAV

(n,m) Scheme PHC APHC PHC APHC

(25, 10) 1 2.7239 2.0557 0.0374 0.0101

2 3.5441 2.3551 0.0402 0.0153

3 3.0737 2.1588 0.0364 0.0133

(35, 10) 1 2.7032 1.9559 0.0083 0.0052

2 3.3622 2.2991 0.0097 0.0061

3 3.0372 2.1344 0.0089 0.0053

(50, 10) 1 2.6409 1.8436 0.0049 0.0018

2 3.2442 2.1565 0.0056 0.0024

3 2.9621 2.0417 0.0053 0.0021

(25, 15) 1 2.5188 1.6894 0.0025 0.0011

2 3.0031 2.0071 0.0032 0.0016

3 2.9192 1.9598 0.0028 0.0013

(35, 15) 1 2.4712 1.6399 0.0011 0.0006

2 2.7955 1.9664 0.0009 0.0004

3 2.8435 1.9047 0.0007 0.0003

(50, 15) 1 2.4169 1.5139 0.0006 0.0001

2 2.6314 1.9085 0.0005 0.0003

3 2.7157 1.7871 0.0004 0.0002

Table 16 Average values of
optimal τ and the optimal GAV
based on both Type-I PHC and
Type-I APHC when α, λ, β,
and η set at 0.4, 0.7, 1.2, and 10,
respectively

τ∗ Optimal GAV

(n,m) Scheme PHC APHC PHC APHC

(25, 10) 1 3.9667 3.0296 0.0303 0.0092

2 5.1613 3.4709 0.0322 0.0141

3 4.4762 3.1816 0.0291 0.0123

(35, 10) 1 3.9366 2.8825 0.0066 0.0042

2 4.8963 3.3882 0.0078 0.0055

3 4.4231 3.1457 0.0072 0.0047

(50, 10) 1 3.8464 2.7171 0.0043 0.0013

2 4.7245 3.1782 0.0045 0.0021

3 4.3136 3.0091 0.0042 0.0018

(25, 15) 1 3.6682 2.4898 0.0019 0.0011

2 4.3733 2.9582 0.0028 0.0015

3 4.2521 2.8884 0.0022 0.0012

(35, 15) 1 3.5988 2.4168 0.0009 0.0002

2 4.0711 2.8983 0.0007 0.0004

3 4.1413 2.8071 0.0005 0.0003

(50, 15) 1 3.5504 2.2312 0.0004 0.0001

2 3.9105 2.8126 0.0004 0.0003

3 4.0404 2.6337 0.0003 0.0001
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6 Concluding remarks and further studies

In this paper, the maximum likelihood estimations of Weibull distribution parameters
and the acceleration factor have been discussed using data obtained based on both
non-adaptive and adaptive Type-I progressively hybrid censoring schemes assuming
three different progressive censoring schemes. The biases and mean squared errors
of the maximum likelihood estimators of the model parameters have been computed
to evaluate their performances in the presence of censoring schemes developed in
this paper through a Monte Carlo simulation study. Moreover, the confidence inter-
vals lengths and their associated coverage probabilities have been obtained for both
adaptive and non-adaptive Type-I progressively hybrid censoring schemes. The results
obtained under the adaptive Type-I progressively hybrid censoring scheme have been
compared with those produced under the non-adaptive Type-I progressively hybrid
censoring scheme using the three different progressive censoring schemes. It has been
observed that the results obtained under Type-I APHC scheme are better than those
using Type-I PHC scheme. In most cases the results of Type-I PHC scheme are not
satisfactory. Since there are more expected failures using Type-I APHC scheme than
those obtained by Type-I PHC scheme, so, Type-I APHC scheme is highly recom-
mended to use for improving the quality of the statistical inference.

Moreover, statistically optimum step-stress partially accelerated life test plans have
been developed. The optimality criterion adopted is the minimization of the GAV of
the MLEs of the model parameters. That is, the optimal stress-change time τ* is
obtained such that the GAV of the MLEs of the model parameters is minimized. Thus,
the optimal design of the life tests can be considered as a technique to improve the
quality of the statistical inference. The design of an optimal life test already enables
us to obtain estimations of high degree of precision. This issue coincides with the note
ofWu and Huang (2010). They said that “In order to obtain a precise estimate of mean
life, one needs to design an optimal life test”. As a future work, the Bayesian inference
in the case of SSPALT under the same censoring schemes proposed in this paper will
be considered.
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