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Abstract The inverse Weibull distribution has the ability to model failure rates
which are quite common in reliability and biological studies. A three-parameter gen-
eralized inverse Weibull distribution with decreasing and unimodal failure rate is
introduced and studied. We provide a comprehensive treatment of the mathematical
properties of the new distribution including expressions for the moment generating
function and the rth generalized moment. The mixture model of two generalized
inverse Weibull distributions is investigated. The identifiability property of the mix-
ture model is demonstrated. For the first time, we propose a location-scale regression
model based on the log-generalized inverse Weibull distribution for modeling lifetime
data. In addition, we develop some diagnostic tools for sensitivity analysis. Two appli-
cations of real data are given to illustrate the potentiality of the proposed regression
model.
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592 F. R. S. de Gusmao et al.

1 Introduction

The inverse Weibull (IW) distribution has received some attention in the literature.
Keller and Kamath (1982) study the shapes of the density and failure rate functions
for the basic inverse model. The random variable Y has an inverse Weibull distribution
if its cumulative distribution function (cdf) takes the form

G(t) =exp [— (O?l)ﬁi| , t>0, (D

where ¢ > 0 and B8 > 0. The corresponding probability density function (pdf) is

o =pet e () ]

The IW distribution is also a limiting distribution of the largest order statistics. Drapella
(1993) and Mudholkar and Kollia (1994) suggested the names complementary Weibull
and reciprocal Weibull for the distribution (2). The corresponding survival and hazard
functions are

Se(t) =1—G(t) =1 —exp [— (%)ﬂ}

and

ho(t) = BaPr=B+D exp [— (?)ﬁ} [1 ~exp [— (%)ﬂﬂl :

respectively. The kth moment about zero of (2) is
E(T*) =o' T(1 — kg™,

where I'(-) is the gamma function.

The rest of the paper is organized as follows. In Sect. 2, we define the general-
ized inverse Weibull (GIW) distribution. Section 3 provides a general formula for its
moments. General expansions for the moments of order statistics of the new distri-
bution are given in Sect. 4. We discuss in Sect. 5 maximum likelihood estimation
with censored data. Section 6 provides some properties of a mixture of two GIW
distributions. Sections 7 and 8 discuss the log-generalized inverse Weibull distribu-
tion and the corresponding regression model, respectively. Some diagnostic measures
for the log-generalized inverse Weibull model are proposed in Sect. 9. Section 10
defines two type of residuals. Section 11 illustrates two applications to real data
sets including the model fitting and influence analysis. Section 12 ends with some
conclusions.
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The generalized inverse Weibull distribution 593

2 The generalized inverse Weibull distribution

Let G(¢) be the cdf of the inverse Weibull distribution discussed by Drapella (1993),
Mudholkar and Kollia (1994) and Jiang et al. (1999), among others. The cdf of the
GIW distribution can be defined by elevating G (¢) to the power of y > 0, say F(¢) =

G(t)Y = exp [—y (%)ﬂ ] Hence, the GIW density function with three parameters
a>0,8>0and y > 0is given by

F(1) = yBaP P+ exp [—y (%)’S} , 10 3)

We can easily prove that (3) is a density function by substituting u = —yaft=#. The
inverse Weibull distribution is a special case of (3) when y = 1. If T is a random
variable with density (3), we write T ~ GIW(«, B, ). The corresponding survival
and hazard functions are

S@)=1—F(@)=1—exp [—y (%)5]

and
p i
h(t) = yBaPt=F+D exp |:—y (%) j| {1 — exp |:—y (%) j” ,
respectively.
We can simulate the GIW distribution using the nonlinear equation
1 —-1/B
t=a [—Og(”)] : @)
v

where u has the uniform U (0, 1) distribution. Plots of the GIW density and survival
function for selected parameter values are given in Figs. 1 and 2, respectively.

2.1 Characterizing the failure rate function

The first derivative 4’(t) = dh(r)/dr to study the hazard function shape is given by

t

-1
(1) = h(t)r—F+D [yﬁaﬁ [1 —exp |:—y (9)’3“ — B+ 1)tﬂ] .

We can easily show that A(¢) is unimodal with a maximum value at t*, where t*
satisfies the nonlinear equation

@[ (Y] e
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Fig. 1 Plots of the GIW density for some values of « with 8 =5 and y = 0.5
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Fig. 2 Plots of the GIW survival functions for some values of « with § = 5 and y = 0.5

Evidently, lin(l) h(t) = llim h(t) =0.
t— —00

3 A general formula for the moments

We hardly need to emphasize the necessity and importance of the moments in any
statistical analysis especially in applied work. Some of the most important features
and characteristics of a distribution can be studied through moments (e.g., tendency,
dispersion, skewness and kurtosis). If the random variable 7" has the GIW density
function (3), the kth moment about zero is
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The generalized inverse Weibull distribution 595

k
E(TY = yrafr( —kp™"). (5)
The moment generating function M (z) of T for |z] < 1 is
T Sl 1
M(z) = E(& )ZZ[HWJ’& r(1—kp )}
k=0
Hence, for |z| < 1, the cumulant generating function of 7 is
n Zk x
K (z) =log[M(z)] =log { > [—wa"r (1 - kﬂ‘l)} : (©)
k!
k=0
The first four cumulants obtained from (6) are
ki =yPal'1(B), k2 =yPa™{I'2(B) —T1(B)},
3
k3 = y P (T3(B) — 3T2(AT1(B) + 2I'1 (B)°)

and

ks = yFa{T4(B) — 4T5(B)T1(B) — 3T1(B)? + 122 (B)T1(B)? — 6T1(B)*).

where I'y(B) = T'(1 — kﬂ_l) for k =1, ..., 4. The skewness and kurtosis are then
3

p3 =kK3/ sz and ps = K4/ K22, respectively.

The Shannon entropy of a random variable 7 with density f () is a measure of the
uncertainty defined by E{— log[ f (T')]}. The Shannon entropy for the GIW distribution
can be expressed as

E{—log[f(T)]} = —log(aBy) + (B + D{log(e) + ' [log(y) + 0.577216]} + 1,

where 0.577216 is the approximate value for Euler’s constant.

4 Moments of order statistics
Order statistics make their appearance in many areas of statistical theory and practice.
Let the random variable 7}, be the rth order statistic (71, < Tp., < --- < T,;) ina
sample of size n from the GIW distribution, forr = 1, ..., n. The pdf of T,., is given
by

frn@) = Crn fOF@ ' 1= F@OI"™", >0,
where f(f) comes from (3), F'(t) = exp [—y (%)ﬂ] and C,.,, = n!/[(r — D!(n—r)!].
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The kth moment about zero of the rth order statistic is
o0
k) _ E(TF ) = C r=1r] _ n—r
My = E(T) =Crpn | FOF@) ™ [1 = F(@)]"" dr.
0
After some algebra, we can obtain

nh) = Crana®y P11 = (/P (n R r) =D+ D)A (7
1

i=0

An alternative formula for this moment (Barakat and Abdelkader 2004) is

ETi) =k D (—DJ’”*”(i :j)(".)l,,'(k), ®)

Jj=n—i+l1 J
where I (k) denotes the integral

e ¢]

1;(k) =/tk—1[1 — F(n))/dr. )

0

From Egs. 8 and 9, we have

n J . .
E(Trk:n):k(yaﬁ)%rk(ﬂ) Z Z(_l)j—n+z‘—1(l—¥)(n')(—1)l(f)l,’;_1.
j=n—i+11=0 n—i/J\J l
(10)

For y = 1, we obtain the moments of order statistics of the IW distribution. Equations
7 and 10 are the main results of this section.

5 Maximum likelihood estimation with censored data

Let T; be a random variable distributed as (3) with the vector of parameters § =
(a, B, ¥)T. The data encountered in survival analysis and reliability studies are often
censored. A very simple random censoring mechanism that is often realistic is one
in which each individual i is assumed to have a lifetime 7; and a censoring time C;,
where 7; and C; are independent random variables. Suppose that the data consist of
n independent observations #; = min(7;, C;) fori = 1, ..., n. The distribution of C;
does not depend on any of the unknown parameters of 7;. Parametric inference for
such model is usually based on likelihood methods and their asymptotic theory. The
censored log-likelihood /(@) for the model parameters reduces to
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18) = r [log(y) +log(B) + Blog(@)] — (B+ 1) D _log(t)) — yaP > 177

ieF ieF
a\?
—|—Zlog I —exp|—y (2) ,
ieC

where r is the number of failures and F and C denote the sets of uncensored and
censored observations, respectively.
The score functions for the parameters «, B and y are given by

Ua®) = — — ypa ' 3 17F 4 ypalf =1 3" 177 (1_—”)

ieF ieC Ui
Up(®) = — + rlog(a) — > log() —ya? > 17  log ( )
'3 ieF ieF
_ 1 —u;
+yocﬁ Zti ﬂlog (—) ( u,) and
“ 14 Uj
ieC
U, ) = ——aﬂZt +aﬂ2t ( )
ieF ieC

o

B
where u; = 1 — exp [—y (I—) i| is the ith transformed observation.

The MLE 6 of 6 is obtained by solving the nonlinear likelihood equations U, (0) =
0, Ug(@) = 0 and U, (#) = O using iterative numerical techniques such as the
Newton—Raphson algorithm. We employ the programming matrix language Ox
(Doornik 2007).

For interval estimation of («, B, y) and hypothesis tests on these parameters, we
derive the observed information matrix since the expected information matrix is very
complicated and requires numerical integration. The 3 x 3 observed information matrix
J (@) is

Loo Laﬂ Lay
J@O) =—|{ - Lg Lgy |,
‘ Lyy
whose elements are given in Appendix 1. Under conditions that are fulfilled for param-

eters in the interior of the parameter space but not on the boundary, the asymptotic
distribution of

V(@ —0) is N3(0, 1(6)™"),

where /(6) is the expected information matrix. This asymptotic behavior is valid if
1(0) is replaced by J (0) i.e., the observed information matrix evaluated at 9. The
multivariate normal N3 (0, J (0) 1) distribution can be used to construct approximate
confidence regions for the parameters and for the hazard and survival functions. The
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asymptotic normality is also useful for testing goodness of fit of the GIW distribution
and for comparing this distribution with some of its special sub-models using one of
the three well-known asymptotically equivalent test statistics—namely, the likelihood
ratio (LR) statistic, Wald and Rao score statistics.

6 Mixture of two GIW distributions

Mixture distributions have been considered extensively by many authors. For an excel-
lent survey of estimation techniques, discussion and applications, see Everitt and Hand
(1981), Maclachlan and Krishnan (1997) and Maclachlan and Peel (2000). Recently,
AL-Hussaini and Sultan (2001), Jiang et al. (2001) and Sultan et al. (2007) reviewed
some properties and estimation techniques of finite mixtures for some lifetime models.

The mixture of two generalized inverse Weibull (MGIW) distributions has density
given by

2
[@:0) =" pifi(t; 0),
i=1

where 37 pi = 1,0 = (07,097, 01 = (@1, B1,y1)T, 02 = (@2, B2, )7 and
fi(t; ;) is the density function of the ith component given by

) i\ Bi
i(t;0) =vi il Bt ex —Yi il , ta, Bivi >0, i=1,2.
i p p

Different shapes of the MGIW density are shown in Figs. 3 and 4. The cdf of the
MGIW distribution can be expressed as

2
F(1;0) = > piFi(1;6)),
i=1
where F;(1; 6;) = exp [y (%)™ ] is the cdf of the ith GIW distribution for i = 1,2.

6.1 Properties

Here, we derive some properties of the MGIW distribution by extending the corre-
sponding results for the GIW distribution. The kth moment of the random variable T
following the MGIW distribution (5) is given by

2 &
ET =" piy/ afT( — k7).

i=1
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Fig.3 Plots of the MGIW density for some values of y» witha; = 1,8] =2,y =3,ap =5and f =6
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Fig. 4 Plots of the MGIW density for some values of | and y, witha) =1, 81 =2,0p =5and B =6

The corresponding survival and the hazard functions are

=3 o1 e[ (%)"]]

i=1
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and

h(t) =

s

2 (B N
zi:1 PiViﬂial{B t~BitD exp [—Vi (%)ﬁ ]
Bi

S [ m—r

respectively. If y; = 1 and o; = 1/6;, the results derived by Sultan et al. (2007) are
obtained as a special case.

6.2 Identifiability

Let ¢ be a transform associated with each F; € ® having the domain of definition
Dy, with linear map M : F; — ¢;. If there exists a total ordering (<) of ® such that

(i) Fi < F2 (I, I2 € @) = Dy, C Dy, and
(ii) for each F| € @, there is some 51 € Dy,, ¢1(s) 7# O such that lim_, 5, ¢2(s)/
¢1(s) =0for F| < F, (F1, F, € ®),

the class A of all finite mixing distributions is identifiable relative to & (Chandra
1977).

Using Chandra’s approach (assumptions (i) and (ii)) and the results by Sultan et al.
(2007), we now prove the following proposition.

Proposition The class of all finite mixing distributions relative to the GIW distribution
is identifiable.

Proof 1If T; is a random variable with the GI W distribution, the sth moment is
¢i(s) = E(TY) =y Pa7 T = sp7"), i=1,2.
From the cdf of 7; we have
F1 < F, when B1 =0, y1=y and o] <y (11

and

1
Fi < F, when o] =ap > = y1 =y and B < Bo. (12)

Let Dy, (s) = (=00, B1), Dy, (s) = (—0o0, B2) and s = 1. From the facts (11) and
(12), we have

Jim g15) =y Mo P = i) = T0+) = o0, (13)
s— B
When oy = ap > 1/t,y1 = y» and 81 < B, we obtain

lim ¢o(s) = y{"Pa; (1= 185" > 0. (14)
s— B
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Finally, the results (13) and (14) lead to

lim 29 _ ¢
s—=>p1 P1(s)

and then the identifiability is proved. O

It is a much more difficult problem to study the identifiability of a mixture of n > 3
distributions. Lack of identifiability gives no guarantee of convergence to the true
values of parameters and therefore usually gives rise to confusing results.

7 The log-generalized inverse Weibull distribution

Let T be a random variable having the GIW density function (3). The random variable
Y = log(T) has alog-generalized inverse Weibull (LGIW) distribution whose density
function, parameterized in terms of 0 = 1/ and u = log(«), is given by

. 14 y— MK y— U
f(y,%a,u)z—eXpI—(—)—yeXp[—( )“ —00 <y <00
o o o

15)

where y > 0,0 > 0 and —00 < pu < oo. Four density curves (15) for selected
parameter values are given in Fig. 5 to show great flexibility of the new parameter y .
The corresponding survival function to (15) is

5091 [y - (224)].

We now define the standardized random variable Z = (Y — ) /o with density function

w(z;y) =yexpl—z—yexp(—z)], —oo<z<oo and y > 0. (16)

The inverse extreme value distribution follows as a special case when y = 1.
The kth ordinary moment of the standardized distribution (16), say u}( = E(Z"),
is

[e¢)
W, = / Xy exp[—z — y exp(—2)] dz. (17)
—0o0
Substituting u = exp(—z), we can rewrite Eq. 17 as

ty = (—1)")// [og()]" exp(—yu)du. (18)
0
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Fig. 5 Plots of the LGIW density for some parameter values

The integral in (18) follows from Prudnikov et al. (1986) and Nadarajah (2006) as

Iy ~T'(a)]
dak

a=1

/ llog(u) ¥ exp(—yu)du =
0

Inserting the last equation in (18), yields the kth moment of Z

¢ Ky T(a)]

M= Dy == (19)

a=1

The ordinary moments of Y can be obtained via binomial expansion and Eq. 19.

8 The log-generalized inverse Weibull regression model

In many practical applications, the lifetimes #; are affected by explanatory variables
such as the cholesterol level, blood pressure and many others. Letx; = (x;1, ..., X; p)T
be the explanatory variable vector associated with the ith response variable y; for
i =1,...,n.Consider a sample (y1, X1), ..., (yn, X,) of n independent observations,
where each random response is defined by y; = min{log(t;), log(c;)}. We assume
non-informative censoring and that the observed lifetimes and censoring times are
independent.

For the first time, we construct a linear regression model for the response variable
y; based on the LGIW density given by

yvi=x/B+oz, i=1,..,n, (20)
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where the random error z; follows the distribution (16), 8 = (B1,...,8,) , 0 >0
and y > 0 are unknown scalar parameters and Xx; is the explanatory Vanable vector
modeling the location parameter pu; = xiT B. Hence, the location parameter vector

= (41, ..., un)" of the LGIW model has a linear structure g = X, where
X = (x1, ..., X,)] is a known model matrix. The log-inverse Weibull (LIW) (or the
inverse extreme value) regression model is defined by Eq. 20 with y = 1.

Let F and C be the sets of individuals for which y; is the log-lifetime or log-
censoring, respectively. The total log-likelihood function for the model parameters
0 = (y,0, BT can be written from Eqgs. 16 and 20 as

1(0)=r[10g(y)—10g(6)]—z< ) VZCXP[ (yl_X ﬂ)}

ieF ieF

T
~|—Zlog |:1 — exp {—y exp |:— (#)] }j| , (1)
ieC

where r is the observed number of failures. The MLE 8 of 8 can be obtained by maxi-
mizing the log-likelihood function (21). We use the matrix programming language Ox
(MAXBFGS function) (see Doornik 2007) to compute this estimate. From the fitted
model (20), the survival function for y; can be estimated by

TR
S(yla 7?’6—’BT) =1 _exp[_‘};exp [_(%)}] ’

Under general regularity conditions, the asymptotic distribution of /n (’0\ —-0)
is multivariate normal N, 2(0, K(6)~ 1), where K (0) is the expected information
matrix. The asymptotic covariance matrix K ()~ of 9 can be approximated by the
inverse of the (p +2) x (p+2) observed information matrix J () and then the asymp-
totic inference for the parameter vector # can be based on the normal approximation
Npi200,J (6)~1) for . The observed information matrix is

. —Lyy —Lys _Lyﬂj
J(0) = {_Lr,s} = . o _Laﬂ_/ s
: _Lﬂjﬁx

whose elements are given in Appendix 2.

The asymptotic multivariate normal N, 2(0, J (8 )~1) distribution can be used to
construct approximate confidence regions for some parameters in 6 and for the hazard
and survival functions. In fact, an 100(1 — )% asymptotic confidence interval for
each parameter 6, is given by

A o [ =rr
ACIr=(49r—Za/2 0 + Za2V —L )
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where L " denotes the rth diagonal element of the inverse of the estimated observed
information matrix J (0) I and Zg/2 18 the quantile 1 — o/2 of the standard nor-
mal distribution. The asymptotic normality is also useful for testing goodness of
fit of some sub-models and for comparing some special sub-models using the LR
statistic.

The interpretation of the estimated coefficients could be based on the ratio of median
times (see Hosmer and Lemeshow 1999) which holds for continuous or categorical
explanatory variables. When the explanatory variable is binary (0 or 1), and consider-
ing the ratio of median times with x = 1 in the numerator, if /§ is negative (positive),
it implies that the individuals with x = 1 present reduced (increased) median survival
time in [exp(,@) x 100%] as compared to those individuals in the group with x = 0,
assuming the other explanatory variables fixed.

We are also interested to investigate if the LIW model is a good model to fit the
data under investigation. Clearly, the LR statistic can be used to discriminate between
the LIW and LGIW models since they are nested models. The hypotheses to be tested
in this case are Hy : y = 1 versus Hy : y # 1 and the LR statistic reduces to

= 2{l(@) — 1(0)}, where @ is the MLE of @ under Hp. The null hypothesis is
rejected if w > Xlz_a(l), where Xlz_a(l) is the quantile of the chi-square distribution
with one degree of freedom.

9 Sensitivity analysis
9.1 Global influence

A first tool to perform sensitivity analysis is by means of the global influence starting
from case-deletion. Case-deletion is a common approach to study the effect of drop-
ping the ith observation from the data set. The case-deletion model corresponding to
model (20) is given by

ylleT,B—i—Uzz, l=1,...,n, andfor [ #1i. (22)

From now on, a quantity with subscript (i) refers to the original quantity with the ith
observation deleted. Let /(;) (@) be the log-likelihood function for # under model (22)

and@\(i) = (Vi) 0(i)» Bg))T be the MLE of # obtained by maximizing/(;y (). To assess

the influence of the ith observation on the unrestricted estimate 0= (7,6, ET)T, the
basic idea is to compare the difference between ;) and 6. If deletion of an observa-
tion seriously affect the estimates, more attention should be paid to that observation.
Hence, if 0(1) is far from 8, then the ith case is regarded as an influential observation.
A first measure of the global influence can be expressed as the standardized norm of
0(,) — 8 (so-called generalized Cook distance) given by

GD;®) = @i —0)TIO) @ —0).

Another alternative is to assess the values G D;(f) and G D;(y, o) which reveal the
impact of the ith observation on the estimates of 8 and (y, o), respectively. Another
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well-know measure of the difference between 5(,') and @ is the likelihood distance
LD;(8) =2(1®) —1(6))).

Further, we can also compute 3 i — /§ i) (J = 1,..., p)toobtainthe difference between
:E and ﬁ(i). Alternative global influence measures are possible. We can develop the
behavior of a test statistic, such as the Wald test for explanatory variable or censoring
effect, under a case deletion scheme.

9.2 Local influence

As a second tool for sensitivity analysis, we now describe the local influence method
for the LGIW regression model with censored data. Local influence calculation can be
carried out for the model (20). If likelihood displacement L D (w) = 2{/ (?i) —1 @,)}
is used, where 6 is the MLE under the perturbed model, the normal curvature for
0 at the direction d, || d ||= 1, is given by Cq(8) = 2|d” AT J(0)~' Ad| (see Cook
1986). Here, A is a (p + 2) x n matrix depending on the perturbation scheme, whose
elements areAgiven by Aj; = 821(0|w)/80j8a)i, i=1,...,nand j=1,...,p+2
evaluated at # and w(, and @ is the no perturbation vector. For the LGIW model, the
elements of J (@) are given in Appendix 2. We can calculate normal curvatures Cq (@),
Ca(y), Ca(o) and Cq(p) to perform various index plots, for instance, the index plot
of dmax, the eigenvector corresponding to Cq,,,,, the largest eigenvalue of the matrix
B = AT J(0)~! A and the index plots of Cg, (8), Cq, (y), Ca, () and Cq, (B), so-called
the total local influence (see, for example, Lesaffre and Verbeke 1998), where d; is an
nx1 vector of zeros with one at the ith position. Hence, the curvature at direction d;
has the form C; = 2| AiTJ(é?)’1 A;|, where AiT is the ith row of A. It is usual to point
out those cases such that

C;>2C, C=

S| =

n
> ci
i=1

9.3 Curvature calculations

Here, under three perturbation schemes, we calculate the matrix

9%1(0|w)

A= (Aji)(p+2)><n = ( a@i(x)j

) N j=1,...,p+2 and i=17"'1n7
(p+2)xn

from the log-likelihood function (21). Let®w = (w1, .. ., @y) T be the vector of weights.
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9.3.1 Case-weight perturbation

In this case, the log-likelihood function has the form

10)@) = [log(y) —log(c)] D wi — D wizi — v D w; exp(—z)

ieF ieF ieF
+ D w;log {1 — exp[—y exp(—z)]1} ,
ieC
where z; = (y; —Xl-Tﬂ)/O’,O <wj <landw = (1,...,1)T. From now on, we take

A= (A1 ..., Ap)7, 2 = (vi —x[ B)/6 and h; = exp[— exp(—Z)].
The elements of the vector A have the form

Avs — y —exp(=2) ifi e F
U= hyexp(=2)(1 — h)~! ifi e C.
On the other hand, the elements of the vector A, are

Ao — 6 =142 [-14+pexp(=2)]} ifieF
T e ki exp(—2) (1 —h)Tt ifi e C.

The elements of the vector A for j =3, ..., p + 2 can be expressed as
A= 6*1x,'j [l—ﬁexp(ﬁi)] ifie F
T o wijhi exp(=2)(1 — hy) ™! ifi e C.

9.3.2 Response perturbation

We assume that each y; is perturbed as y;, = y; + w; Sy, where S, is a scale factor
such as the standard deviation of Y and w; € N. The perturbed log-likelihood function
becomes

10|w) = r [log(y) —log(c)] = D zi =y D exp(—z})

ieF ieF

+ Z log {1 —exp[—y exp(—z?‘)]} ,
ieC

where z¥ = [(yi + i Sy) — x] B] /o In addition, the elements of the vector A; take
the form

6718, exp(&) ifieF

B 671 8yhs exp(~20 (17 exp(—2) — 11 (1= i) + by exp(—20)(0 — )2 ifi € C.
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On the other hand, the elements of the vector A, are

G281 + pZi exp(—2i) — exp(—Z1)] ifi e F
Agi = 1 672 Syhi exp(=Z){z: [ exp(=2i) — 1] + 1}(1 = hi) ™!

+6 2P SyZ2ih? exp(—22:) (1 — h;) 2 ifi e C.
The elements of the vector A, for j =3, ..., p + 2, can be expressed as

P62 Syxij exp(—Z;) ifi e F
Aji = 1 —7hiexp(=2){=672Syxi;[7 exp(—Z;) — 11 — h) ™!

+P672Syxijh exp(=22) (1 — hi) 2 ifi e C.

9.3.3 Explanatory variable perturbation

We now consider an additive perturbation on a particular continuous explanatory vari-
able, say X;, by making x;;,, = Xir +®; Sy, where Sy is a scale factor and w; € N. This
perturbation scheme leads to the following expressions for the log-likelihood function
and for the elements of the matrix A:

1(8]w) = r [log(y) —log(o)] — sz* -y Zexp(—zf*)

ieF ieF

+ Z log {1 — exp[—y exp(—z;")1},
ieC

where 22* = (y;—x}T B)/o andx}T B = B1+Poxin++ - -+B (Xir+wi S )++ - -+ Bpxip.
In addition, the elements of the vector A can be expressed as

_ { —6718, By exp(=2) ifieF
—671 8, Brhi exp(—2){[P exp(—21) — 11(1 — hy) + hi exp(=2)}(1 — hi)~2 ifi € C,

the elements of the vector A; are

G728 Bi—1 — P2 exp(=2) + exp(~2)) ifi € F
Ay = —)75_25x/§thifxp(—2i){2i[)7 exp(—z) — 1]+ 1}(1 - hi)~!
P67 28 Brzih? exp(—22) (1 — hy) 2 ifi e C,
the elements of the vector A, for j =3,..., p+2and j # ¢, have the forms
— 96728 Prxij exp(—2;) ifi e F
Aji = —P6 28 Prxijhi exp@)ly exp(=2i) + 11 — h) ™!
—P6 7S Prxijh exp(=22) (1 — hy) =2 ifi eC,

and the elements of the vector A; are given by
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61s, [1 — 96 Brxis exp(—5;) — exp(—%i)] ifieF
A= =96 Schi exp(=2){6 ™" Brxiel P exp(=21) — 11 = 1)(1 — ki)~
—P6 728 Bixijh? exp(—22) (1 — hy)~2 ifi € C.

10 Residual analysis

In order to study departures from the error assumption as well as the presence of outli-
ers, we consider the martingale residual proposed by Barlow and Prentice (1988) and
some transformations of this residual.

10.1 Martingale residual

This residual was introduced in the counting process (see Fleming and Harrington
1991). For LGIW regression models can be written as

1+log{l —exp[—pexp(—2)]}if i€ F
ry. = A A . .
! log {1 — exp [—y exp(—zi)]} if ieC,
where Z; = (y; — xl.T B)/6 . The distribution of the residual ryy, is skewed with a max-
imum value +1 and minimum value —oo. Transformations to achieve a more normal
shaped form would be more adequate for residual analysis.

10.2 Martingale-type residual

Another possibility is to use a transformation of the martingale residual, based on
the deviance residuals for the Cox model with no time-dependent covariates as intro-
duced by Therneau et al. (1990). We use this transformation of the martingale residual
in order to have a new residual symmetrically distributed around zero (see Ortega

et al. 2008). Hence, a martingale-type residual for the LGIW regression model can be
expressed as

rp; = sgn(ry;) {_2 [rMi + 8i log(8; — rMi)]}l/z ’ (23)

where ryy; is the martingale residual.

11 Applications
11.1 Vitamin A
We illustrate the proposed model using a data set from a randomized community trial

that was designed to evaluate the effect of vitamin A supplementation on diarrheal
episodes in 1,207 pre-school children, aged 6—48 months at the baseline, who were
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Fig. 6 TTT-plot on vitamin A data

assigned to receive either placebo or vitamin A in a small city of the Northeast of
Brazil from December 1990 to December 1991 (see, for example, Barreto et al. 1994).

The vitamin A dosage was 100,000 IU for children younger than 12 months and
200,000 IU for older children, which is the highest dosage guideline established by
the World Health Organization (WHO) for the prevention of vitamin A deficiency.

The total time was defined as the time from the first dose of vitamin A until the
occurrence of an episode of diarrhea. An episode of diarrhea was defined as a sequence
of days with diarrhea and a day with diarrhea was defined when three or more liquid
or semi-liquid motions were reported in a 24-h period. The information on the occur-
rence of diarrhea collected at each visit corresponds to a recall period of 48—72h. The
number of liquid and semi-liquid motions per 24h was recorded. In many applica-
tions, there is a qualitative information about the failure rate function shape which
can help in selecting a particular model. In this context, a device called the total
time on test (TTT) plot (Aarset 1987) is useful. The TTT plot is obtained by plotting
G(r/n) = [Ci_ Tin) + (0 — 1)) /(21 Tip) for r = 1,..., n against r/n
(Mudholkar et al. 1996), where T;.,, fori = 1, ..., n, are the order statistics of the
sample.

Figure 6 shows the TTT-plot for the current data with the convex and then concave
shape, which indicates that the hazard function has a unimodal shape. Hence, the GIW
distribution could be an appropriate model for fitting such data. The MLEs (approxi-
mate standard errors in parentheses) are: & = 3.3422 (52.08), ,3 = 0.9696 (0.0245)
and y = 8.6448 (130.66). In order to assess if the model is appropriate, Fig. 7a
plots the empirical survival function and the estimated survival function for the GIW
distribution. This distribution fits well to the data under analysis. Additionally, the
estimated hazard function in Fig. 7b has an upside-down bathtub-shaped curve.

11.2 Multiple myeloma

As a second application, we consider the data set given in Krall et al. (1975) and
reported in Lawless (2003, p. 334) connected with survival analysis. This data set has
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Fig.7 aEstimated survival function and the empirical survival for vitamin A data. b Estimated hazard rate
function for vitamin A data

recently been analyzed by Jin et al. (2003) and Ghosh and Ghosal (2006) who use a
semi-parametric accelerated failure time model. The aim of the study is to relate the
logarithm of the survival time (y) for multiple myeloma with a number of prognostic
variables for censored data. The data consist of the survival times, in months, of 65
patients who were treated with alkylating agents, of which 48 died during the study
and 17 survived. They also include measurements on each patient for the following
five predictors: logarithm of a blood urea nitrogen measurement at diagnosis (urea)
(x1); hemoglobin measurement at diagnosis (hemoglobin) (x2); age at diagnosis (age)
(x3); sex (sex) (x4, 0 for male and 1 for female) and serum calcium measurement at
diagnosis (serum) (x5).
We fit the LGIW no-intercept regression model

yi = B1xi1 + Baxiz + B3xi3 + Baxia + Bsxis + oz, (24

where the errors zp, ..., z¢5 are independent random variables with density function
(16).

11.2.1 Maximum likelihood results

Table 1 provides the MLEs of the parameters for the LGIW and LIW regression models
fitted to the current data using the subroutine MAXBFGS in Ox. The LR statistic for
testing the hypotheses Hyp: y = 1 versus H;: y # 1,i.e.to compare the LIW and LGIW
regression models, is w = 2{—76.87 — (—82.69)} = 11.64 (P-value <0.01) which
yields favorable indications toward to the LGIW model. The LGIW model involves an
extra parameter which gives it more flexibility to fit the data, although some parame-
ters may be estimated with less precision, as is the case of 3 in this example. We note
from the fitted LGIW regression model that the age at diagnostic and the sex do not
seem to be significant. We expect that the survival time increases as the blood urea
nitrogen and the serum calcium measurements at diagnostic decrease, but it increases
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Table 1 MLE:s of the parameters for the LGIW and LIW regression model fitted to the myeloma data

LGIW LIW
Parameter Estimate SE P-value Estimate SE P-value
y 130.25 180.25 - 1 - -
0.9179 0.1025 - 1.0525 0.1162 -
Bi —1.5459 0.3605 <0.0001 -1.1777 0.3885 0.0035
B 0.1604 0.0456 0.0008 0.2421 0.0502 <0.0001
B3 0.0006 0.0119 0.9612 0.0309 0.0099 0.0027
Ba 0.3093 0.2604 0.2393 0.8197 0.2659 0.0030
Bs -0.1618 0.0607 0.0097 —0.0605 0.0549 0.2745

Table 2 MLE:s of the parameters for the log-Weibull model fitted to the myeloma data

Parameter Estimate SE P-value
o 0.8822 0.0943 -

Bo 4.5642 1.4489 0.0016

B1 —1.6257 0.5180 0.0017

B2 0.1181 0.0538 0.0282

B3 0.0187 0.0140 0.1815

Ba 0.0352 0.2741 0.8979

Bs —0.1215 0.0883 0.1691

Table 3 Statistics AIC, BIC and CAIC for comparing the LGIW and LIW models

Model AIC BIC CAIC
LGIW 167.8 183.0 169.7
LIW 177.4 190.4 178.8
LW 174.6 189.8 176.6

as the hemoglobin measurement at diagnosis increases. As an alternative analysis, we
fit the log-Weibull (LW) regression model (see, for example, Lawless 2003) to these
data. The MLEs of the parameters for this model are given in Table 2. Further, we
provide in Table 3 the Akaike Information Criterion (AIC), the Bayesian Information
Criterion (BIC) and the Consistent Akaike Information Criterion (CAIC) to compare
the LGIW, LIW and log-Weibull regression models. The LGIW regression model out-
performs the other two models irrespective of the criteria and can be used effectively
in the analysis of these data.
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11.2.2 Sensitivity analysis

Global influence analysis. In this section, we compute using Ox the case-deletion
measures G D;(#) and L D; (@) introduced in Sect. 9.1. The influence measure index
plots are given in Fig. 8, where we note that the cases 5, #12 and {40 are possible
influential observations.

Local and total influence analysis. In this section, we perform an analysis of the
local influence for the Golden shiner data set by fitting LGIW regression models.

Case-weight perturbation. We apply the local influence theory developed in
Sect. 9.2, where the case-weight perturbation is used and the value Cq,,,, = 1.27
was obtained as a maximum curvature. Figure 9a plots the eigenvector corresponding
to dmax, whereas Fig. 9b plots the total influence C;. The observations g5 and #12 are
very distinguished in relation to the others.
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Response variable perturbation. The influence of perturbations on the observed
survival times is now analyzed. The value of the maximum curvature was Cq,,,, =
14.37. Figure 10a shows the plot of dpax versus the observation index, thus indicating
that the observations 5 and 12 are far way from the others. Figure 10b plots the total
local influence (C;) versus the observation index, thus suggesting that the observations
5 and 12 again stand out.

Explanatory variable perturbation. The perturbation of vectors for each continuous
explanatory variable (x1, x2, x3 and x5) are now investigated. The values for the max-
imum curvature were Cq,,,, = 2.05, Cq,,, = 1.75, Cq,,,, = 1.05 and Cq,,, = 1.75
for x1, x2, x3 and xs, respectively. Then plots of diax and the total local influence C;
against the index of the observations are shown in Figs. 11a—d and 12a—-d. We note
that the observations #5 and 12 are very distinguished in relation to the others.

11.2.3 Residual analysis

In order to detect possible outliers in the fitted LGIW regression model, Fig. 13 plots
the martingale-type residuals 7 pmog; versus fitted values. We note that almost all obser-
vations are within the interval [—2, 2], although a few observations (5 and f12) appear
as possible outliers, thus indicating that the model is well fitted.

11.2.4 Impact of the detected influential observations

From the previous sections we can consider the observations 5 and £12 as possi-
ble influential. The observation #5 corresponds to one of the lowest survival times
and shows the extent of hemoglobin. The observation 12 is also one of the low-
est stroke survivors and also shows the extent of the serum calcium. Table 4 gives
the relative changes (in percentages) of the parameter estimates defined by RCG,- =

[@ — ﬁj (1))/§,~]><100, and the corresponding p-values, where ’5]. (I) denotes the
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MLE of 6 after removing the “set I’ of observations in the LGIW model fitted to the
current data. We consider the following sets: I1 = {#5}, I, = {12} and I3 = {#5, #12}.

Table 4 shows that the estimates of the LGIW regression model are not highly sensi-
tive under deletion of the outstanding observations. In general, the significance of the
parameter estimates does not change (at the significance level of 5%) after removing
the set /. Hence, we do not have inferential changes after removing the observations
handed out in the diagnostic plots. The large variations in the parameter estimates
occur for the estimates which are not significant, and then they could be removed
from the model.

12 Conclusions

We introduce a three parameter lifetime distribution, so-called the generalized inverse
Weibull (GIW) distribution, to extend some well-known distributions in the lifetime

@ Springer



The generalized inverse Weibull distribution

615

(a)o,2

0,1

-0,1

dmax, (8)

-0,2
0,3
-0,4

(c)o2

0,1

dmax; (&)

Ly

W 25 36\/35 40 45 50 55 60 65

Index

2

57|10

o5 3V35 40 45 50 55 60 65

Index

(b)

0,15

0,1

Ci(#)

0,05

|

WAy N

0
0 5 10 15 20 25 30 35 40 45 50 55 60 65

Index

I

dmax; (6)

Nl
5(]10
-0,1
-0,2
0,3
0,4
5
1

5 3:\/35 40 45 50 55 60 65

2

Index

Fig. 12 Index plot for @ on the myeloma data (explanatory variable perturbation): a dmax (age), b total
local influence (age), ¢ dmax (serum) and d Total local influence (serum)

3
5 2

) - . =" .
3 1 .
=l - .
o} - -
m - " L]
® 0 = f - z -
I B oz 0
@ . . . "
1 . - -
T - - .
£ . -

-3

Fitted Value

Fig. 13 Plot of the martingale-type residuals (rp,) versus fitted values for the LGIW model fitted to
myeloma data

@ Springer



616 F. R. S. de Gusmao et al.

Table 4 Relative changes [-RC- in %], parameter estimates and their P-values in parentheses for the
indicated set

Dropping 14 G B1 B2 B3 Ba Bs

All observations 130.3 0.918 —1.546 0.160 0.001 0.309 —0.162
-) =) (0.000) (0.000) (0.961) (0.239) (0.010)
[313] [3] [—4] [30] [808] [65] [-9]

Set I} 537.7 0.892 —1.603 0.112 —0.004 0.108 —0.177
-) -) (0.000) (0.030) (0.720) (0.695) (0.003)
[13] [2] [3] [-7] [-714] [—48] [—13]

Set I» 112.8 0.896 —1.504 0.172 0.005 0.459 —0.182
-) =) (0.000) (0.000) (0.694) (0.082) (0.003)
[—219] [5] [—1] [20] [117] [14] [—21]

Set I3 414.9 0.876 —1.555 0.128 0.000 0.265 —0.195
-) -) (0.000) (0.009) (0.993) (0.337) (0.001)

literature. The new distribution is much more flexible than the inverse Weibull distri-
bution and could have increasing, decreasing and unimodal hazard rates. We derive
explicit algebraic formula for the rth moment which holds in generality for any param-
eter values. We discuss maximum likelihood estimation and hypothesis tests for the
parameters.

We also propose a log-generalized inverse Weibull (LGIW) regression model for
analysis of lifetime censored data. We show how to obtain the maximum likelihood
estimates (MLEs) and develop asymptotic tests for the parameters based on the asymp-
totic distribution of the estimates. We provide applications of influence diagnostics
(global, local and total influence) in LGIW regression models to censored data. Further,
we discuss the robustness aspects of the MLEs from the fitted LGIW regression model
through residual and sensitivity analysis. The practical relevance and applicability of
the proposed regression model are demonstrated in two real data analysis.

Appendix 1: The observed information matrix for the GIW model

The elements of the observed information matrix J (@) for the model parameters
(o, B, ) under censored data are given by

Lew(® = —5 — (s — 1P 2> 1P

Ol_ ieF
g 6 (1w |, B ()|
+y‘3(x ;ti ( uj )|:ﬂ ! uj (ti) :|’
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Log(0) = ——yaﬁ IZt [1+ﬂlog (;ﬁ)i|

ieF

+yaf” lgr ( ){1+ﬁ10g(3)[1—£(%)ﬁ:”;
=gt (e g () ()2 )]

B
W R N W EL S LA Y PR LA
Loy (0) = —pa zti +pa Zti ( u; ) |:1 uj (fi) :|

ieF ieC

r _ 1—u;
Lyy®) = =5 ¥ 31, 2’3(—2’);

. u:
ieC

1

and
Lgp(0) = —é —ya? Zlog (;ﬁ) [log(a) - tf’f’ IOg(fi):I
ieF !
1 —u; _
B ! _ P .
+ya Zlog (fz)( 0 )|:10g(a) t; " log(t)

ieC !

ti_ﬂy a)? oo (¢
Uj 1 g 1 ’
B
Here, u; = 1 — exp |:—y (%) ]

Appendix 2: The observed information matrix for the LGIW model

We derive the second-order partial derivatives of the log-likelihood function. After
some algebraic manipulations, we obtain

, _
L,, = -5 Zexp(—2zi)hi(1 —hi)"%

ieC
L, = ZCXP(—Zi)(ii)J + Zhi exp(—2zi)(Zi)o [y exp(—z)](1 — ]’li)_l
ieF ieC
+ D hiyexp(—=22)Gio (1 — b2

ieC
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Lyg, = ZCXP(—Zi)(Zi)ﬁj + Zhi exp(—zi)(Zi)g; [y exp(—z)](1 — hi)™!

ieF ieC
+ > Ry exp(=22) G, (1 — hi )
ieC

Loo = —5 + D {~Gao + ¥ exp(=2) [~ [P + Gidoo |
ieF

—y D hiexp(=z0) (Gl [y exp(=20) = U+ Gdaa | (1 = )™

ieC

—y D hexp(=22) [(E)o 1> (1 = hi) ™%
ieC

Log; = — Z(Zi),g_,.g +y Z [— exp(=2)(Zi)p; (Zi)o + exp(—2zi)Zi)p;o ]
ieF ieF

-y Zhi exp(—zi) {(Gi)g; Gidoly exp(—zi)) — 11+ Gi)gio} (1 —h) ™"
ieC

+y Dk} exp(=22) (@) p—j Gide (1 — hi) ™
ieC

and

Lgg = > [~y exp(=2) (g, Gidp,]

ieF

—y > hiexp(=z) {(Gi)g; G)p, Ly exp(—zi) — 11} (1 — b))~
ieC

—y D ki exp(=22) (g (E)p, (1 — hi) ™2
ieC

where h; = expl—y exp(—zi)l, (Zi)o = —zi/0, (Zi)p; = —xij/0, (Zi)p, = —Xis/0,
(Gi)oo = 22i /0%, (Z)pjo = Xij/o* and z; = (y; —x! B) /0.

References

Aarset MV (1987) How to identify bathtub hazard rate. IEEE Trans Reliab 36:106—-108

AL-Hussaini EK, Sultan KS (2001) Reliability and hazard based on finite mixture models. In: Balakrishnan
N, Rao CR (eds) Handbook of statistics, vol 20. Elsevier, Amsterdam pp 139-183

Barakat HM, Abdelkader YH (2004) Computing the moments of order statistics from nonidentical random
variables. Stat Methods Appl 13:15-26

Barlow WE, Prentice RL (1988) Residuals for relative risk regression. Biometrika 75:65-74

Barreto ML, Santos LMP, Assis AMO, Aradjo MPN, Farenzena GG, Santos PAB, Fiaccone
RL (1994) Effect of vitamin A supplementation on diarrhoea and acute lower-respiratory-tract infec-
tions in young children in Brazil. Lancet 344:228-231

Chandra S (1977) On the mixtures of probability distributions. Scand J Stat 4:105-112

Cook RD (1986) Assesment of local influence (with discussion). J R Stat Soc B 48:133-169

Doornik J (2007) Ox: an object-oriented matrix programming language. International Thomson Bussiness
Press, London

@ Springer



The generalized inverse Weibull distribution 619

Drapella A (1993) Complementary Weibull distribution: unknown or just forgotten. Qual Reliab Eng Int
9:383-385

Everitt BS, Hand DJ (1981) Finite mixture distributions. Chapman and Hall, London

Fleming TR, Harrington DP (1991) Counting process and survival analysis. Wiley, New York

Ghosh SK, Ghosal S (2006) Semiparametric accelerated failure time models for censored data. In: Upad-
hyay SK, Singh U, Dey DK (eds) Bayesian statistics and its applications. Anamaya Publishers,
New Delhi pp 213-229

Hosmer DW, Lemeshow S (1999) Applied survival analysis. Wiley, New York

Jiang R, Zuo MJ, Li HX (1999) Weibull and Weibull inverse mixture models allowing negative weights.
Reliab Eng Syst Saf 66:227-234

Jiang R, Murthy DNP, Ji P (2001) Models involving two inverse Weibull distributions. Reliab Eng Syst Saf
73:73-81

Jin Z, Lin DY, Wei LJ, Ying Z (2003) Rank-based inference for the accelerated failure time model. Bio-
metrika 90:341-353

Keller AZ, Kamath AR (1982) Reliability analysis of CNC machine tools. Reliab Eng 3:449-473

Krall J, Uthoff V, Harley J (1975) A step-up procedure for selecting variables associated with survival.
Reliab Eng Syst Saf 73:73-81

Lawless JF (2003) Statistical models and methods for lifetime data. Wiley, New York

Lesaffre E, Verbeke G (1998) Local influence in linear mixed models. Biometrics 54:570-582

Maclachlan GJ, Krishnan T (1997) The EM algorithm and extensions. Wiley, New York

Maclachlan G, Peel D (2000) Finite mixture models. Wiley, New York

Mudholkar GS, Kollia GD (1994) Generalized Weibull family: a structural analysis. Commun Stat Ser A
23:1149-1171

Mudholkar GS, Srivastava DK, Kollia GD (1996) A generalization of the Weibull distribution with appli-
cation to the analysis of survival data. ] Am Stat Assoc 91:1575-1583

Nadarajah S (2006) The exponentiated Gumbel distribution with climate application. Environmetrics
17:13-23

Ortega EMM, Paula GA, Bolfarine H (2008) Deviance residuals in generalized log-gamma regression mod-
els with censored observations. J Stat Comput Simul 78:747-764

Prudnikov AP, Brychkov YA, Marichev OI (1986) Integrals and series. Gordon and Breach Science Pub-
lishers, New York

Sultan KS, Ismail MA, Al-Moisheer AS (2007) Mixture of two inverse Weibull distributions: properties
and estimation. Comput Stat Data Anal 51:5377-5387

Therneau TM, Grambsch PM, Fleming TR (1990) Martingale-based residuals for survival models. Biomet-
rika 77:147-160

@ Springer



	The generalized inverse Weibull distribution
	Abstract
	1 Introduction
	2 The generalized inverse Weibull distribution
	2.1 Characterizing the failure rate function

	3 A general formula for the moments
	4 Moments of order statistics
	5 Maximum likelihood estimation with censored data
	6 Mixture of two GIW distributions
	6.1 Properties
	6.2 Identifiability

	7 The log-generalized inverse Weibull distribution
	8 The log-generalized inverse Weibull regression model
	9 Sensitivity analysis
	9.1 Global influence
	9.2 Local influence
	9.3 Curvature calculations
	9.3.1 Case-weight perturbation
	9.3.2 Response perturbation
	9.3.3 Explanatory variable perturbation


	10 Residual analysis
	10.1 Martingale residual
	10.2 Martingale-type residual

	11 Applications
	11.1 Vitamin A
	11.2 Multiple myeloma
	11.2.1 Maximum likelihood results
	11.2.2 Sensitivity analysis
	11.2.3 Residual analysis
	11.2.4 Impact of the detected influential observations


	12 Conclusions
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


