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Abstract Let {Zi }i≥1 be an arbitrary sequence of trials with two possible outcomes
either success (1) or failure (0). General expressions for the exact distributions of
runs, both success and failure, in Z1, . . . , Zn are presented. Our method is based on
the use of joint distribution of success and failure run lengths and unifies the results
on distribution of runs. As a special case of our results we obtain the distributions of
runs for various binary sequences. As illustrated in the paper the results enable us to
derive the distribution of runs for binary trials arising in urn models.

Keywords Binary trials · Exchangeable trials · Markov dependent trials · Records ·
Runs · Urn model

1 Introduction

Runs based on a sequence of binary trials have attracted much attention in the literature
because of the wide range of applications in many areas including computer science,
molecular biology, statistical reliability and quality, and statistical hypothesis testing.
Past and current developments on the topic are well documented in Balakrishnan and
Koutras (2002) as well as in Fu and Lou (2003). Recent discussions on the topic app-
ear in the works of Eryılmaz (2005), Makri and Philippou (2005), Kong (2006), Makri
et al. (2007a), Makri et al. (2007b), Eryılmaz and Demir (2007).
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960 S. Demir, S. Eryılmaz

Let {Zi }i≥1 be a sequence of trials with two possible outcomes either success (1)
or failure (0). The main problem in run theory is to obtain the distributions of run
statistics under the various types of dependencies among the elements of {Zi }i≥1.
The problem has been extensively studied in the literature whenever the elements of
{Zi }i≥1 are independent (identical/nonidentical) or exchangeable or dependent in a
Markovian fashion (homogeneous/nonhomogeneous). However, in many cases, the
elements of {Zi }i≥1 may not be independent but dependent in a form different from
Markov dependence.

The distribution of runs under particular assumptions on {Zi }i≥1 can be obtained
by a simple unified combinatorial approach as shown in the present paper (see
Corollary 2).

Total number of successes (1s), to be denoted by Sn , among Z1, Z2, . . . , Zn can
be seen as the simplest run statistic. The distribution of Sn = ∑n

i=1 Zi has been
widely studied in the literature under the various types of possible dependencies among
Z1, Z2, . . . , Zn . Let Z1, Z2, . . . , Zn be an arbitrary sequence of binary trials. Then,
for k = 0, 1, . . . , n,

P {Sn = k} =
n∑

j=k

(−1) j−k
(

j

k

)

Tj ,

where

Tj =
∑

1≤i1<i2<···<i j ≤n

P
{

Zi1 = 1, Zi2 = 1, . . . , Zi j = 1
}
,

(see, e.g. Blom et al. 1994, p. 30).
The problem of testing randomness of observations arises in many fields. The tests

based on runs, in particular the total number of runs and the longest run, are best
known and easiest to apply for testing randomness in a sequence of observations. The
hypothesis of randomness implies that one is considering a sequence of binary trials
which are independent and identically distributed (i.i.d.). Thus the main interest in
this problem is to test the null hypothesis H0 of i.i.d. against the alternative hypothesis
Ha of dependence. To compute the powers of the test it is necessary to derive the
distributions of test (run) statistics under Ha of dependence. This is not an easy task
and derivations heavily depend on the dependence among Z1, Z2, . . . , Zn .

In the present paper, we provide some general expressions for the distributions
of runs based on a sequence of arbitrarily dependent binary trials. That is, we do
not suppose either the trials are identically distributed or independent. The results
enable us to compute the distribution of runs for various dependence structures among
Z1, Z2, . . . , Zn . In the second section, we provide general expressions for the distribu-
tion of runs. In Sect. 3, we illustrate our results for various binary sequences including
exchangeable binary trials, binary trials arising in urn models, homogeneous Markov
dependent binary trials, binary trials arising in record sequences.
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Run statistics in a sequence of arbitrarily dependent binary trials 961

2 Distribution of runs

Let {Zi }i≥1 be an arbitrary sequence of binary trials. Denote by R(1)n and R(0)n the num-

ber of success runs and failure runs in Z1, Z2, . . . , Zn , respectively. Let θ( j)
i denote

the length of the i th run of type j ( j = 0, 1) in Z1, Z2, . . . , Zn . For example in a
sequence of ten trials 1011111001, we have R(0)n = 2, R(1)n = 3, and θ(1)1 = 1,

θ
(1)
2 = 5, θ(1)3 = 1, θ(0)1 = 1, θ(0)2 = 2. The distribution of any run statistic defined

on a sequence Z1, Z2, . . . , Zn can be evaluated using the distribution of the vector
(θ
(1)
1 , . . . , θ

(1)
r1 , θ

(0)
1 , . . . , θ

(0)
r2 , R(1)n = r1, R(0)n = r2). The method which is based on

the use of the joint distribution of the run lengths and the number of runs has also been
used in a recent work of Eryılmaz (2008a).

In this section, we provide general expressions for the distribution of runs with-
out making any assumption on a binary sequence {Zi }i≥1. Let us start our discussion
considering the probability of the event

En(�ir1 ,
�jr2):

{
θ
(1)
1 = i1, . . . , θ

(1)
r1

= ir1 , θ
(0)
1 = j1, . . . , θ

(0)
r2

= jr2 , R(1)n =r1, R(0)n = r2

}
,

where �ir1 = (i1, . . . , ir1) and �jr2 = ( j1, . . . , jr2). The sequence Z1, . . . , Zn has one
of the following four forms for the occurrence of the event En(�ir1 ,

�jr2):

An(�ir1 ,
�jr2) :

j1
︷ ︸︸ ︷
0 . . . 0 |

i1
︷ ︸︸ ︷
1 . . . 1 |

j2
︷ ︸︸ ︷
0 . . . 0 |

i2
︷ ︸︸ ︷
1 . . . 1 | . . . |

jr2
︷ ︸︸ ︷
0 . . . 0 |

ir1
︷ ︸︸ ︷
1 . . . 1 (1)

Bn(�ir1,
�jr2) :

j1
︷ ︸︸ ︷
0 . . . 0 |

i1
︷ ︸︸ ︷
1 . . . 1 |

j2
︷ ︸︸ ︷
0 . . . 0 |

i2
︷ ︸︸ ︷
1 . . . 1 | . . . |

jr2−1
︷ ︸︸ ︷
0 . . . 0 |

ir1
︷ ︸︸ ︷
1 . . . 1 |

jr2
︷ ︸︸ ︷
0 . . . 0 (2)

Cn(�ir1 ,
�jr2) :

i1
︷ ︸︸ ︷
1 . . . 1 |

j1
︷ ︸︸ ︷
0 . . . 0 |

i2
︷ ︸︸ ︷
1 . . . 1 |

j2
︷ ︸︸ ︷
0 . . . 0 | . . . |

jr2
︷ ︸︸ ︷
0 . . . 0 |

ir1
︷ ︸︸ ︷
1 . . . 1 (3)

Dn(�ir1 ,
�jr2) :

i1
︷ ︸︸ ︷
1 . . . 1 |

j1
︷ ︸︸ ︷
0 . . . 0 |

i2
︷ ︸︸ ︷
1 . . . 1 |

j2
︷ ︸︸ ︷
0 . . . 0 | . . . |

jr2−1
︷ ︸︸ ︷
0 . . . 0 |

ir1
︷ ︸︸ ︷
1 . . . 1 |

jr2
︷ ︸︸ ︷
0 . . . 0, (4)

It should be noted that the definitions of (1)–(4) are based on the arguments given in
the proof of Theorem 2.1 of Gibbons and Chakraborti (2003, p. 78). It is clear that
for the first and fourth forms total number of success and failure runs are both equal
(r1 = r2) and we have r2 = r1 + 1 and r1 = r2 + 1 for the second and third forms,
respectively. Thus we proved the following.

Lemma 1 Let Z1, Z2, . . . , Zn be an arbitrary sequence of binary trials. Then

P
{

En(�ir1 ,
�jr2)

}
=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

P
(

An(�ir1,
�jr2)

)
+ P

(
Dn(�ir1 ,

�jr2)
)

if r1 = r2

P
(

Bn(�ir1 ,
�jr2)

)
if r2 = r1 + 1

P
(

Cn(�ir1 ,
�jr2)

)
if r1 = r2 + 1.
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962 S. Demir, S. Eryılmaz

We have the following relationships:

P
(

Bn(�ir1 ,
�jr2)

)
= P

(
An− jr2

(�ir1 ,
�jr2−1), Zn− jr2 +1 = 0, . . . , Zn = 0

)
,

and

P
(

Dn(�ir1 ,
�jr2)

)
= P

(
Cn− jr2

(�ir1,
�jr2−1), Zn− jr2 +1 = 0, . . . , Zn = 0

)
.

If Sn denotes the total number of successes in Z1, Z2, . . . , Zn then we also have the
following.

P
{

En1
n (

�ir1 ,
�jr2)

}
= P

{
En(�ir1 ,

�jr2), Sn = n1

}

= P
{
θ
(1)
1 = i1, . . . , θ

(1)
r1

= ir1 , θ
(0)
1 = j1, . . . , θ

(0)
r2

= jr2 , R(1)n =r1, R(0)n =r2, Sn =n1

}

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

P
(

An1
n (�ir1 ,

�jr2)
)

+ P
(

Dn1
n (�ir1 ,

�jr2)
)

if r1 = r2

P
(

Bn1
n (�ir1 ,

�jr2)
)

if r2 = r1 + 1

P
(

Cn1
n (�ir1 ,

�jr2)
)

if r1 = r2 + 1,

where
∑r1

j=1 i j = n1,
∑r2

i=1 ji = n − n1 and the events A, B,C, D, and E with
superscript n1 represent the corresponding forms such that the sequence contains n1
successes.

Lemma 2 Let Z1, Z2, . . . , Zn be an arbitrary sequence of binary trials. Then for
r1, r2 > 0

P
{

R(1)n = r1, R(0)n = r2

}

=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∑n−r2
n1=r1

∑
�ir1 ∈I

∑
�jr2 ∈J

[
P

(
An1

n (�ir1 ,
�jr2)

)
+ P

(
Dn1

n (�ir1 ,
�jr2)

)]
if r1 = r2

∑n−r2
n1=r1

∑
�ir1 ∈I

∑
�jr2 ∈J P

(
Bn1

n (�ir1 ,
�jr2)

)
if r2 = r1 + 1

∑n−r2
n1=r1

∑
�ir1 ∈I

∑
�jr2 ∈J P

(
Cn1

n (�ir1 ,
�jr2)

)
if r1 = r2 + 1,

where

I = {(
i1, . . . , ir1

) : i1 + · · · + ir1 = n1; ik > 0, k = 1, . . . , r1
}

and

J = {(
j1, . . . , jr2

) : j1 + · · · + jr2 = n − n1; jk > 0, k = 1, . . . , r2
}
.
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Run statistics in a sequence of arbitrarily dependent binary trials 963

Proof Conditioning on the total number of successes and noting that
∑r1

j=1 i j = n1
we have

P
{

R(1)n = r1, R(0)n = r2

}

=
n−r2∑

n1=r1

∑

i1

· · ·
∑

ir1
i1+···+ir1=n1

∑

j1

· · ·
∑

jr2
j1+···+ jr2 =n−n1

P
{
θ
(1)
1 = i1, . . . , θ

(1)
r1

= ir1 ,

θ
(0)
1 = j1, . . . , θ

(0)
r2

= jr2 , R(1)n = r1, R(0)n = r2, Sn = n1

}
.

The result now follows considering the cases r1 = r2, r2 = r1 ± 1. ��
Remark 1 The sums over the sets I and J contain

(n1−1
r1−1

)
and

(n−n1−1
r2−1

)
terms, respec-

tively. Therefore there are
∑n−r2

n1=r1

(n1−1
r1−1

)(n−n1−1
r2−1

)
terms contributing to the sum giving

P{R(1)n = r1, R(0)n = r2}.
Corollary 1 Let Z1, Z2, . . . , Zn be an arbitrary sequence of binary trials. If the prob-
abilities associated with the forms (1)–(4) depend on�ir1 and �jr2 only through the values
of

∑r1
j=1 i j = n1 and

∑r2
i=1 ji = n − n1 (this is the case whenever Z1, Z2, . . . , Zn

are exchangeable or homogeneous Markov dependent and hence i.i.d.) then we have

P
{

R(1)n = r1, R(0)n = r2

}

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∑n−r2
n1=r1

(n1−1
r1−1

)(n−n1−1
r2−1

) [
P

(
An1

n (r1, r2)
) + P

(
Dn1

n (r1, r2)
)]

if r1 = r2

∑n−r2
n1=r1

(n1−1
r1−1

)(n−n1−1
r2−1

)
P

(
Bn1

n (r1, r2)
)

if r2 = r1 + 1

∑n−r2
n1=r1

(n1−1
r1−1

)(n−n1−1
r2−1

)
P

(
Cn1

n (r1, r2)
)

if r1 = r2 + 1.

Note that since the probabilities of (1)–(4) depend on �ir1 and �jr2 only through the
values of

∑r1
j=1 i j = n1 and

∑r2
i=1 ji = n − n1 in Corollary 1 we use P(An1

n (r1, r2))

instead of P(An1
n (�ir1 ,

�jr2)).
Run statistics can be expressed as a function of run lengths and the total number

of runs. That is, given the total number of success runs R(1)n = r1, a run statistic
associated with successes can be viewed mathematically as

X (1)n = φ
(
θ
(1)
1 , . . . , θ (1)r1

)
, (5)

Similarly a run statistic associated with failures given the total number of failure runs
R(0)n = r2 can be represented as

X (0)n = ψ
(
θ
(0)
1 , . . . , θ (0)r2

)
, (6)

where φ and ψ are Borel measurable functions.
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964 S. Demir, S. Eryılmaz

The following theorem provides the joint distribution of X (1)n and X (0)n .

Theorem 1 Let Z1, Z2, . . . , Zn be an arbitrary sequence of binary trials and X (1)n and
X (0)n denote the run statistics associated with successes and failures in Z1, Z2, . . . , Zn,

respectively. Then

P
{

X (1)n ∈ B1, X (0)n ∈ B2

}
=

∑

r1

∑

r2

∑

n1

∑

�ir1∈I (B1)

∑

�jr2 ∈J (B2)

P
(

En1
n (

�ir1 ,
�jr2)

)
,

where B1 and B2 are Borel sets and

I (B1) =
{�ir1 : i1 + · · · + ir1 = n1;φ(i1, . . . , ir1) ∈ B1; i j > 0, j = 1, . . . , r1

}

and

J (B2)=
{ �jr2 : j1 + · · · + jr2 = n − n1;ψ( j1, . . . , jr2) ∈ B2; ji > 0, i =1, . . . , r2

}
.

Proof Using the representations given in (5) and (6) and conditioning on the total
number of runs we have

P
{

X (1)n ∈ B1, X (0)n ∈ B2

}
=

∑

r1

∑

r2

P
{
φ(θ

(1)
1 , . . . , θ (1)r1

) ∈ B1,

ψ(θ
(0)
1 , . . . , θ (0)r2

) ∈ B2, R(1)n = r1, R(0)n = r2

}
.

Now conditioning on the total number of successes one obtains

P
{

X (1)n ∈ B1, X (0)n ∈ B2

}

=
∑

r1

∑

r2

∑

n1

∑
· · ·

∑

i1+···+ir1=n1

φ(i1,...,ir1 )∈B1

∑
· · ·

∑

j1+···+ jr2 =n−n1

ψ( j1,..., jr2 )∈B2

P
{
θ
(1)
1 = i1, . . . , θ

(1)
r1

= ir1 ,

θ
(0)
1 = j1, . . . , θ

(0)
r2

= jr2 , R(1)n = r1, R(0)n = r2, Sn = n1

}
.

Thus the proof is completed. ��
We readily get the following result for the case whenever the probabilities associated

with the forms (1)–(4) depend on �ir1 and �jr2 only through the values of
∑r1

j=1 i j = n1

and
∑r2

i=1 ji = n − n1. This is the case for i.i.d., exchangeable, and homogeneous
Markov dependent binary trials as it will be illustrated in Sect. 3.

Corollary 2 Let Z1, Z2, . . . , Zn be an arbitrary sequence of binary trials. If the prob-
abilities associated with the forms (1)–(4) depend on�ir1 and �jr2 only through the values
of

∑r1
j=1 i j = n1 and

∑r2
i=1 ji = n − n1 then we have

123



Run statistics in a sequence of arbitrarily dependent binary trials 965

P
{

X (1)n ∈ B1, X (0)n ∈ B2

}
=

∑

r1

∑

r2

∑

n1

|I (B1)| |J (B2)| P
(
En1

n (r1, r2)
)
,

where |A| shows the cardinality of the set A.

Note that the problem of finding the cardinalities of |I (B1)| and |J (B2)| is combi-
natorial one. For example |I (B1)| corresponds to the total number of integer solutions
to the equation i1 + i2 +· · ·+ ir1 = n1 s.t. φ(i1, . . . , ir1) ∈ B1; i j > 0, j = 1, . . . , r1.

Theorem 1 and Corollary 2 enable us to get the distribution of various run statistics
for particular selections of the functions φ and ψ . Below we obtain the distributions
of some well known run statistics.

Let L(1)n and L(0)n denote the longest run of successes and failures in Z1, Z2, . . . , Zn ,
respectively. We can express the random variables L(1)n and L(0)n as

L(1)n = max
1≤i≤R(1)n

θ
(1)
i and L(0)n = max

1≤i≤R(0)n

θ
(0)
i .

The proof of the following result readily follows taking φ(x1, . . . , xr ) =
max(x1, . . . , xr ), ψ(x1, . . . , xr ) = max(x1, . . . , xr ) and B1 = (0, k1), B2 = (0, k2)

in Theorem 1.

Corollary 3 Let Z1, Z2, . . . , Zn be an arbitrary sequence of binary trials. Then

P
{

L(1)n < k1, L(0)n < k2

}
=

∑

r1

∑

r2

∑

n1

∑

�ir1∈I (k1)

∑

�jr2 ∈J (k2)

P
(

En1
n (

�ir1 ,
�jr2)

)
,

where

I (k1) = {(
i1, . . . , ir1

) : i1 + · · · + ir1 = n1; 0 < i j < k1, j = 1, . . . , r1
}

and

J (k2) = {(
j1, . . . , jr2

) : j1 + · · · + jr2 = n − n1; 0 < ji < k2, i = 1, . . . , r2
}
.

Remark 2 The sums over the sets I (k1) and J (k2) contain N (r1, k1, n1) and
N (r2, k2, n−n1) terms, respectively, where N (a, b, c)denotes the total number of inte-
ger solutions to the equation x1 + x2 +· · ·+ xa = c, s.t. 0 < xi < b, i = 1, 2, . . . , a,
and is given by

N (a, b, c) =
a∑

j=0

(−1) j
(

a

j

)(
c − j (b − 1)− 1

a − 1

)

.

See, e.g. Charalambides (2002).

Remark 3 The marginal distribution of L(1)n (L(0)n ) can be obtained taking k2 = n + 1
(k1 = n + 1) in Corollary 3.
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966 S. Demir, S. Eryılmaz

Remark 4 The distribution of the longest run of any type, denoted by Ln = max(L(1)n ,

L(0)n ), follows from Corollary 3 since

P {Ln < k} = P
{

L(1)n < k, L(0)n < k
}
.

Corollary 4 Let Z1, Z2, . . . , Zn be an arbitrary sequence of binary trials. If the prob-
abilities associated with the forms (1)–(4) depend on�ir1 and �jr2 only through the values
of

∑r1
j=1 i j = n1 and

∑r2
i=1 ji = n − n1 then we have

P
{

L(1)n < k1, L(0)n < k2

}

=
∑

r1

∑

r2

∑

n1

N (r1, k1, n1)N (r2, k2, n − n1)P
(
En1

n (r1, r2)
)
.

Another popular run statistic is the total number of runs of length at least k. Let
G(1)

n,k1
(G(0)

n,k2
) denote the total number of success (failure) runs of length at least k1(k2)

in Z1, Z2, . . . , Zn . These statistics can be expressed as

G(1)
n,k1

=
R(1)n∑

i=1

I
(
θ
(1)
i ≥ k1

)
and G(0)

n,k2
=

R(0)n∑

i=1

I
(
θ
(0)
i ≥ k2

)
.

Note that the event {G(1)
n,k1

≥ x} is equivalent to

{

θ
(1)

R(1)n −x+1:R(1)n
≥ k1

}

, where θ(1)
m:R(1)n

denotes the mth smallest among θ(1)1 , θ
(1)
2 , . . . , θ

(1)

R(1)n
. Now using Theorem 1 with

B1 = [x, n1) and B2 = [y, n − n1) we have the following corollary.

Corollary 5 Let Z1, Z2, . . . , Zn be an arbitrary sequence of binary trials. Then

P
{

G(1)
n,k1

≥ x,G(0)
n,k2

≥ y
}

=
∑

r1

∑

r2

∑

n1

∑

�ir1∈Ix (k1)

∑

�jr2 ∈Jy(k2)

P
(

En1
n (

�ir1 ,
�jr2)

)
,

where

Ix (k1) = {(
i1, . . . , ir1

) : i1 + · · · + ir1 = n1; ir1−x+1:r1 ≥ k1
}

and

Jy(k2) = {(
j1, . . . , jr2

) : j1 + · · · + jr2 = n − n1; jr2−y+1:r2 ≥ k2
}
,

where im:r1( jm:r2) shows the mth smallest among i1, i2, . . . , ir1( j1, j2, . . . , jr2).

It should be noted that, using Theorem 1 we can find the joint distributions not
only the same type of runs for successes and failures but also the different types. That

123



Run statistics in a sequence of arbitrarily dependent binary trials 967

is, the forms of the functions φ and ψ can be chosen different from each other. For
example choosing

φ(x1, . . . , xr ) = max(x1, . . . , xr ),

ψ(x1, . . . , xr ) =
r∑

m=1

xm

we get the joint distribution of the longest success run and the total number of successes
(failures) as provided in the following corollary.

Corollary 6 Let Z1, Z2, . . . , Zn be an arbitrary sequence of binary trials. Then

P
{

L(1)n < k, Sn = n1

}
=

∑

r1

∑

r2

∑

�ir1∈I (k)

∑

�jr2 ∈J

P
(

En1
n (

�ir1 ,
�jr2)

)
,

where

I (k) = {(
i1, . . . , ir1

) : i1 + · · · + ir1 = n1; 0 < i j < k, j = 1, . . . , r1
}

and

J = {(
j1, . . . , jr2

) : j1 + · · · + jr2 = n − n1; ji > 0, i = 1, . . . , r2
}
.

Corollary 7 Let Z1, Z2, . . . , Zn be an arbitrary sequence of binary trials. If the prob-
abilities associated with the forms (1)–(4) depend on�ir1 and �jr2 only through the values
of

∑r1
j=1 i j = n1 and

∑r2
i=1 ji = n − n1 then we have

P
{

L(1)n < k, Sn = n1

}
=

∑

r1

∑

r2

(
n − n1 − 1

r2 − 1

)

N (r1, k, n1)P
(
En1

n (r1, r2)
)
.

3 Particular cases

As it seen from the previous section, it is enough to compute the probabilities of the
forms (1)–(4) for finding the distributions of runs. This can be done for a given structure
of a binary sequence. Below we provide some examples for various type of binary trials.

3.1 Exchangeable binary trials

Let Z1, Z2, . . . , Zn be a sequence of exchangeable binary trials. That is, the joint
distribution of Z1, Z2, . . . , Zn is invariant under permutation of its arguments. In this
case P(An(�ir1 ,

�jr2)) = P(Dn(�ir1 ,
�jr2)) = g(n,

∑r1
j=1 i j ) if r1 = r2; 0 otherwise,

P(Bn(�ir1 ,
�jr2)) = g(n,

∑r1
j=1 i j ) if r2 = r1 + 1; 0 otherwise, and P(Cn(�ir1 ,

�jr2)) =
g(n,

∑r1
j=1 i j ) if r1 = r2 + 1; 0 otherwise, where g(n, x) denotes the probability of
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968 S. Demir, S. Eryılmaz

getting x successes in Z1, Z2, . . . , Zn . Since the corresponding probabilities depend
on �ir1 and �jr2 only through the values of

∑r1
j=1 i j = n1 and

∑r2
i=1 ji = n − n1 the

usage of the material presented in Sect. 2 with

P
(

An1
n (r1, r2 = r1)

) = P
(
Bn1

n (r1, r2 = r1 + 1)
)

= P
(
Cn1

n (r1, r2 = r1 − 1)
) = P

(
Dn1

n (r1, r2 = r1)
)

= P
{

Z1 = 1, . . . , Zn1 = 1, Zn1+1 = 0, . . . , Zn = 0
}

= g(n, n1)

provides the distribution of runs for a sequence of exchangeable binary trials. Specifi-
cally using Corollary 4 the joint distribution of the longest success and longest failure
run is

P
{

L(1)n <k1, L(0)n <k2

}
=

∑

r1

∑

r2

∑

n1

N (r1, k1, n1)N (r2, k2, n−n1)P
(
En1

n (r1, r2)
)
,

(7)

where P(En1
n (r1, r2)) = 2g(n, n1) if r1 = r2 and P(En1

n (r1, r2)) = g(n, n1) if
r2 = r1 ± 1. Equation (7) is consistent with the Corollary 5 of Eryılmaz (2008a).

For an illustration we compute the distribution of the longest success run for
exchangeable trials arising in a record threshold model. Let {Yi }i≥1 be a sequence
of i.i.d. random variables with continuous distribution function F . The random vari-
able Y j is called a record if Y j > Yi for all i = 1, 2, . . . , j − 1, where by convention
Y1 is a record. Let u(k) be the time (index) of the kth record, k = 1, 2, . . . Then
u(1) = 1, u(k) = min{ j : Y j > Yu(k−1)}, k > 1. Then Yu(1),Yu(2), . . . denote the
record values associated with {Yi }i≥1. The probability density function of the r th
record value (Yu(r)) is given by

fr (x) = 1

(r − 1)!
(− ln(F̄(x))

)r−1
f (x), r > 1,

where F̄(x) = 1 − F(x) and f (x) is the probability density function associated
with F(x) (Nevzorov 2001, p. 69). Let Y ′

1,Y ′
2, . . . ,Y ′

n be i.i.d random variables with
continuous distribution function G and independent of {Yi }i≥1. Define

Zi =
{

1, if Y ′
i > Yu(r)

0, otherwise
i = 1, 2, . . . , n.

The random variables Z1, Z2, . . . , Zn are exchangeable and under the hypothesis
H0 : F = G we have
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Run statistics in a sequence of arbitrarily dependent binary trials 969

Table 1 Distribution and
expectation of the longest
success run for the record
threshold model

r k P{L(1)n < k} r k P{L(1)n < k}
2 1 0.2745 3 1 0.4853

2 0.6348 2 0.8338

3 0.8082 3 0.9371

4 0.8920 4 0.9726

5 0.9354 5 0.9868

6 0.9605 6 0.9932

7 0.9745 7 0.9963

8 0.9830 8 0.9979

9 0.9883 9 0.9988

10 0.9917 10 0.9992

E(L(1)n ) 1.5572 0.8736

g(n, n1) = P
{
Y ′

1 > Yu(r), . . . ,Y ′
n1
> Yu(r),Y ′

n1+1 ≤ Yu(r), . . . ,Y ′
n ≤ Yu(r)

}

=
∞∫

−∞
(F̄(x))n1 (F(x))n−n1

1

(r − 1)!
(− ln F̄(x)

)r−1
d F(x)

= 1

(r − 1)!
1∫

0

un1 (1 − u)n−n1 (− ln u)r−1 du

=
n−n1∑

i=0

(−1)i
(

n − n1

i

)
1

(n1 + i + 1)r
, n1 ≥ 0.

The latter equation is obtained using the binomial expansion for the term (1−u)n−n1 .
Table 1 contains the distribution of the longest success run (longest run of exceedances)
for n = 10 and r = 2, 3. We observe that an increase in r leads to a decrease in the
mean length of the longest success run.

3.2 Binary trials arising in urn models

Urn models have been a popular topic in probability and statistics. A class of these
models is the Pólya urn which was introduced by Eggenberger and Pólya (1923). For
a detailed and lucid review of urn models we refer to Johnson and Kotz (1977). A
two-color Pólya urn is an urn which initially contains mi balls of color i , i = 1, 2.
At each stage a ball is drawn from the urn and its color is noted. If a ball of color i
is drawn at stage, ai j balls of color j , j = 1, 2 are added to the urn. This scheme
is described by 2 × 2 addition matrix (ai j ), i, j = 1, 2 whose rows are indexed by
the color of the ball selected and whose columns are indexed by the color of the ball
added. Let the urn initially contains m1 black and m2 white balls and define
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Zi =
{

1 if the i th ball selected is black

0 if the i th ball selected is white
, i = 1, 2, . . .

The resulting binary trials Z1, Z2, . . . are generally dependent and the type of this
dependence is determined by the structure of the addition matrix. Distribution of
success runs in Z1, Z2, . . . have been investigated in the literature for the diagonal
addition matrix whose entries are a11 = a22 = a and a12 = a21 = 0 (Sen et al. 2002;
Makri et al. 2007b,c; Eryılmaz 2008b). For this scheme a ball is drawn form the urn
and then replaced together with a balls of the same color. Thus this scheme generates
an exchangeable binary sequence with the probability of getting n1 successes-black
balls- in Z1, Z2, . . . , Zn given by

g(n, n1) =
∏n1−1

j=0 (m1 + j · a)
∏n−n1−1

j=0 (m2 + j · a)
∏n−1

j=0(m1 + m2 + j · a)
, 0 ≤ n1 ≤ n.

The usage of g(n, n1) in the formulas presented in Sect. 2 provides the joint distribu-
tion of runs for this exchangeable urn scheme. These results extend the results of Sen
et al. (2002), Eryılmaz and Demir (2007), Makri et al. (2007b,c) since they enable
us to obtain the joint distributions not only the same type of runs for successes and
failures but also the different types.

The random trials Z1, Z2, . . . may not be exchangeable for particular selections
of addition matrix. That is, different schemes might generate a sequence whose ele-
ments are dependent but not exchangeable. For example consider the case a11 = −1,
a12 = 1, a21 = a22 = 0 (Styve 1965), i.e. any black ball is replaced by a white one,
whereas white balls are returned to the urn. This is a useful model for inspection of
items in a lot, in which items found to be defective (black) are immediately replaced
by non-defective (white) items. The resulting binary trials Z1, Z2, . . . are no longer
exchangeable. Distribution of runs under this scheme can be obtained computing the
probabilities of the forms (1)–(4). Under this scheme we have

P
(

An1
n (

�ir1 ,
�jr2)

)
=

(
m1

n1

)
n1!

(m1+m2)n

r2∏

s=1

(m2+i0+· · · + is−1)
js , i0 ≡ 0, r1 =r2,

P
(
Bn1

n (
�ir1 ,

�jr2)
)

=
(

m1

n1

)
n1!

(m1 + m2)n

r2∏

s=1

(m2 + i0 + · · · + is−1)
js ,

i0 ≡ 0, r2 = r1 + 1,

P
(

Cn1
n (

�ir1 ,
�jr2)

)
=

(
m1

n1

)
n1!

(m1 + m2)n

r2∏

s=1

(m2 + i1 + · · · + is)
js , r1 = r2 + 1,

P
(

Dn1
n (

�ir1 ,
�jr2)

)
=

(
m1

n1

)
n1!

(m1 + m2)n

r2∏

s=1

(m2 + i1 + · · · + is)
js , r1 = r2.
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3.3 Markov-dependent binary trials

Let Z1, Z2, . . . , Zn be a sequence of homogeneous Markov dependent binary trials
with transition probabilities p00, p01, p10, p11 and initial probabilities P{Z1 = 1} =
p1, P{Z1 = 0} = p0 = 1 − p1. Then we have

P
(

An1
n (r1, r2)

) = pn1−r1
11 pr1

01 pr1−1
10 pn−n1−r2

00 p0,

P
(
Bn1

n (r1, r2)
) = pn1−r1

11 pr1
01 pr1

10 pn−n1−r2
00 p0,

P
(
Cn1

n (r1, r2)
) = pn1−r1

11 pr2
01 pr1−1

10 pn−n1−r2
00 p1,

P
(
Dn1

n (r1, r2)
) = pn1−r1

11 pr2−1
01 pr1

10 pn−n1−r2
00 p1

As it seen the probabilities of the forms (1)–(4) depend on
∑r1

j=1 i j = n1 and
∑r2

i=1 ji = n − n1. Therefore Eq. (7) also holds for a sequence of homogeneous
Markov-dependent binary trials with

P
{

En1
n (r1, r2)

}

=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

pn1−r1
11 pr1

01 pr1−1
10 pn−n1−r2

00 p0 + pn1−r1
11 pr2−1

01 pr1
10 pn−n1−r2

00 p1 if r1 = r2

pn1−r1
11 pr1

01 pr1
10 pn−n1−r2

00 p0 if r2 = r1 + 1

pn1−r1
11 pr2

01 pr1−1
10 pn−n1−r2

00 p1 if r1 = r2 + 1.

3.4 Consecutive records (independent nonidentical binary trials)

Let {Yi }i≥1 be a sequence of random variables. Define

Zi =
{

1, if Yi is record
0, otherwise

i = 1, 2, . . . (8)

The random variables defined by (8) are known as record indicators and if {Yi }i≥1
is a sequence of i.i.d. random variables with a common absolutely continuous distribu-
tion function then the record indicators are independent and P{Zi = 1} = 1− P{Zi =
0} = 1

i , i ≥ 1 (Nevzorov 2001, pp. 57–58). Chern et al. (2000) and Chern and Hwang
(2005) studied the distribution of the number of consecutive records, i.e. the runs in
{Zi }i≥1. Runs associated with {Zi }i≥1 can be studied using the formulas presented in
this paper. We only need to consider the probabilities of the forms (3) and (4) since
P{Z1 = 1} = 1. Using the independence of record indicators we have

P
(

Cn1
n (

�ir1,
�jr2)

)

= 1

i1!
r2=r1−1∏

s=1

(
n1 − ∑r1

m=s+1 im + ∑s
m=1 jm

)!
(
n1 − ∑r1

m=s+2 im + ∑s
m=1 jm

)!

(
n1 − ∑r1

m=s+1 im + ∑s−1
m=0 jm

)

(
n1 − ∑r1

m=s+1 im + ∑s
m=0 jm

) ,
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Table 2 Waiting time
probabilities for the first k
consecutive records

x P{W2 = x} P{W3 = x}
2 0.5000

3 0.0000 0.1667

4 0.0417 0.0000

5 0.0167 0.0083

6 0.0125 0.0056

7 0.0087 0.0030

8 0.0066 0.0020

9 0.0051 0.0014

10 0.0041 0.0010

P
(

Dn1
n (

�ir1 ,
�jr2)

)

= 1

i1!
r1−1=r2−1∏

s=1

(
n1 − ∑r1

m=s+1 im + ∑s
m=1 jm

)!
(
n1 − ∑r1

m=s+2 im + ∑s
m=1 jm

)!

(
n1 − ∑r1

m=s+1 im + ∑s−1
m=0 jm

)

(
n1 − ∑r1

m=s+1 im + ∑s
m=0 jm

)

×n − jr2

n
,

where j0 ≡ 0, and
∑b

i=a = 0 for a > b.
Table 2 gives the waiting-time probabilities for the first k consecutive records

(success run of length k). If Wk denotes the waiting time for the first success run length
of k then the distribution of Wk can be computed from P{Wk = x} = P{L(1)x−1 < k}−
P{L(1)x < k}.
Acknowledgments The authors would like to express gratitude to the referee for a thorough review and
valuable comments that led to some improvements in this paper.
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