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Abstract. An Excess-Voting Function relative to a profile = assigns to each
pair of alternatives (x,y), the number of voters who prefer x to y minus the
number of voters who prefer y to x. It is shown that any non-binary separable
Excess-Voting Function can be achieved from a preferences profile when
individuals are endowed with separable preferences. This result is an exten-
sion of Hollard and Le Breton (1996).

1 Introduction

We consider a committee having to take decisions over several distinct issues
(bills). This framework, where an alternative can be seen as a sequence of
bills with two positions (yes or no) underlies analysis of logrolling and vote
trading (see e.g. Miller 1977; Schwartz 1977). In this setting, a standard
hypothesis is to assume that voter preferences over the set of alternatives are
separable; loosely speaking, separability means that preferences on each
bundle of issues are independent of what could be decided for the remaining
issues.

Hollard and Le Breton proved in their paper (1996) that in the case of
binary bills, any separable tournament could be achieved through majority
pairwise voting from separable individual preferences. This paper follows the
spirit of their result both from technical and conceptual point of view.

The extension that is proposed here goes in two directions.

We don’t restrict ourselves to binary bills.

Many thanks are due to Jean-Frangois Laslier and to two referees for their valuable
remarks to improve this paper. I would like to thank Basudeb Chaudhuri for his
careful reading.
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Since in many contexts, the decisions may not be as clear as ‘yes’ or ‘no’,
it may be more useful to assume that issues can take as many position as
required and, also, to study whether or not, the results obtained in the binary
setting remain valid.

Instead of tournaments, we will consider Excess-Voting Functions, which
we will define below.

An aggregation method consists in picking up some information from the
profile, usually, in order to make the decision easier to take. But all the
aggregation methods do not require the same amount of information. In this
article, we will consider an aggregation method which contains the infor-
mation ‘number of individual preferences that are not counterbalanced in
pairwise comparisons’. This method leads to what we will call an Excess-
Voting Function. This function has been referred to (with no name) in Young
(1974), is called ‘Benjamin Franklin matrix” by Debord (1987), ‘Comparison
Matrix’ by Laslier (1996) and ‘net plurality’ by Dutta and Laslier (1996).

This paper contains two main results. The first one states that, assuming
that the number of voters is unrestricted, for any Separable Excess-Voting
Function, there exists a separable preference profile that contains exactly the
information picked up by that function. The second result gives a condition
on the number of voters required to allow any non-binary separable tour-
nament.

This paper is organized as follows; first, we introduce the notation and
definitions (section 2). Then the main theorems and some preliminary results
are given in section 3. The concluding section puts these results together with
some already established results and raises some open problems.

2 Notation and definitions

Let X be a non-empty finite set of alternatives (candidates) and 7 be a binary
relation defined over X. If an alternative x € X dominates another alternative
v € X then we denote this relation x7y. Let N = {1,...,n} be a set of voters,
each endowed with a complete strict preference ordering P; over X. A profile
n = (P,...,P,) is the list of the preferences of each voter. Let L be the set of
all possible complete strict orderings on X, and L” be the set of all possible
profiles. Let = € L" and x,y € X, the pairwise majority relation M(x) is de-
fined by xM(n)y <= #{i € N :xPy} = #{i € N: yPx}. If n is odd then
M(=m) is complete (for any x #y € X : (x,y) ¢ U = (y,x) € U) and asym-
metric (for any x 2y € X : (x,y) € U = (y,x) ¢ U) and it defines a tour-
nament.

Definition 1 Given a set of alternatives X, the set of voters N and a profile n, the
Excess-Voting Function EVy relative to T is defined as follows:

X xX— 7
(x,y) = #{i € N : xPy} — #{i € N : yPx}
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It is obvious that EV;(x,y) = —EV,(y,x) and that if the number of voter is
even (resp. odd), then for any distinct x and y, EV;(x,y) is even (resp. odd).
Moreover, for any distinct alternatives x and y, EV;(x,y) >0 <= xM(n)y.

Denote K = {1,2,...,k} the set containing the different bills that are to
be voted on by a committee (see Black 1958; Miller 1996). Let us suppose
that each bill i comprises n; positions. The set of all possible positions for bill
i will be denoted b; = {0, 1,...,n; — 1}. The set of all possible outcomes, over
which the preference relations are defined, is denoted and defined by
X =[], <;<x bi- The cardinality of X is given by #X =[], ., m:.

An alternative x in X is a vector x = (x,x2,...,x;). For any a C K, x will
be denoted (x,,xx\,) Where x, = {x; : i € «} and xg\, = {x; : i ¢ «}. A binary
relation R satisfies the separability hypothesis' over X if Yo C K s VXK\os YK\
€ [liex\n b and Vzy,uy € [];c, b then (xk\0rZ2) R (Vk\2s22) if and only if
(kv )R (Vi 18-

If a binary relation (tournament or preference) satisfies the separability
hypothesis, we’ll say that this relation is separable.

This definition corresponds to the explanation given in the introduction.
XK\x, YK\« are the different coordinates of the compared alternatives and the
common coordinates are to be changed from z, to u,. One can see that all the
comparisons of a separable relation can be sorted with respect to the relation
they are linked to by separability. For any x # y, there exists a non empty
separability set S,y containing unordered pairs {u, v} such that the relation
between u and v follows from the relation between x and y as a direct con-
sequence of separability. Definition 2 gives the formal expression of a sep-
arability set.

Definition 2 Let X =[], ., bi and x,y € X be two distinct alternatives. Let
o= {i € K:x; =y} The separability set of {x,y} is defined by

U= (XK\OHMZX) and v= (yK\awuac)
Sty =  {u, v} : or
U= (yK\OU ua) and v= (xK\xv ua)

By definition,{x,y} € S(, ).

Alternatives for which S{, ;) = {{x,y}} have no coordinate in common.
In this case, we’ll say that x is an opposite of y. Let us denote opp(x) the set
of all the opposites of x according to the space X. The cardinality of opp(x) is
given by #opp(x) = [[,<,<x(n — 1) and is the same for all x.

We denote Lg(X) be the set of all possible separable preferences over X
and L{(X) be the set of all possible profiles of separable preferences over X
for n voters. An analysis of separable preferences and tournaments in a
binary framework (i.e. when each bill contains two positions) can be found in
Vidu (1996).

!This definition as well as the definition of separability set below were introduced by
Hollard and Le Breton (1996).
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We now define a separable excess-voting function:

Definition 3 Given X = [], ., bi the set of alternatives, N the set of voters and
T a profile, the excess-voting function EV; is separable if VYoo C K, Vxg\, , Vk\a
€ HieK\a bi andVz,,u, € H b; then EVn((xK\cwza)a (yl(\omzoc)) = EVn((xK\cu uo:)»
YK\as Ug, ) e

Let R be a binary relation over a set X, —R is the converse relation of R,
that is to say that xRy <= y(—R)x. If R is transitive (resp. separable) relation
then —R is transitive (resp. separable) as well. Given R a binary relation over
X and x,y two distinct alternatives in X, R, ) is such that R, ;) = R except
over the pair {x,y} where R,y = —R. If R is a transitive relation, then R,
is transitive if and only if x and y are adjacent in this relation. Moreover, if R
is separable, then R,y is separable if and only if S,y = {{x,y}}.

3 Theorems and preliminary results

Theorem 1 For any separable excess-voting function EV defined over X, there
exists a separable profile T such that EV = EV;.

Theorem 2 If n> [, ., (ni(nj — 1) + 1) — 1 and n is even then for every sepa-
rable binary relation R over X, there exists P € L{(X) such that R = M(P). If
n=[licx(ni(ni — 1) + 1) — 2 and n is odd then for every separable tournament
T over X, there exists P € L{(X) such that T = M(P).

The proof of the first theorem is essentially based upon separability sets.
It consists in building a convenient profile so that an analysis of separable
orderings is required. The proof of the second one implies a combinatoric
approach. We have to prove the following claims in order to make the proof
of these theorems easier.

Claim 1 Given X =[], ;< bi and P € Lg(X) such that x is ranked first in P
and y is ranked last in P, we have y € opp(x). Moreover, given the first ranked
alternative, any of its opposite can be ranked on last position.

Proof of Claim I Assume that x is ranked first in P but y, ranked last, is not
an opposite of x. Then x and y have some coordinates in common. So
x = (xK\a,xa)P(yK\x,x“) =y <= (xK\m,za)P(yK\“,za) where z, € [],., bi. But
x ranked first implies (Xg\y, %5 ) P(Xk\0Z2) <= ¥ = (Vk\os Xo) P(Vi\» 2) Which
implies that y cannot be ranked last.

Consider now that x is ranked first and that one of its opposite y is ranked
last. To show that any opposite z of x can be ranked last even though x
remains first, one just has to consider each coordinate of the alternatives one
at a time and set x; as the preferred outcome for the /" issue and z; as the
most disliked outcome for the i issue. By doing this, one gets the skeleton of
a separable ordering. |

The next claim shows that the separability sets are a partition of X x X.
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Claim 2 Let {x,y} be a pair of alternatives. For any pair of alternatives {u, v}
either Sy, = Squp) 0F Sixyy N Squey = 0.

Proof of Claim 2 Assume that S, and Sy, ) have a non-empty intersection.
If {x,y} = {u,v} then the claim is trivially t.rue: Any pair in Sy, ,) can be
denoted {(x},xx\s), (x,,x\»)} and any pair in Sp,, can be denoted
{(up, ux\p), (up, vk\p)}. The nonempty intersection leads to a one-to-one
correspondence between the coordinates of the alternatives in two of these
pairs. In ther. wo.rds, we have (x,xg\,) = (up,ux\p) and (x,yx\,) =
(u",f, vK\B) whlgh implies o = B, xx\, = ug\p and xg\, = ug\p. We can cqnclude
that any pair in Sy, ,, belongs to Sy, 3. Due to the symmetry of equality, the
converse is also true. ]

Definition 4 Two orderings P and P, ‘both defined over X, are neutral around
{x,y} if P = P over S,y and P = —P elsewhere.

This neutrality has a simple meaning. If the majority relation is applied
on a profile 7= containing two orderings P and P that are neutral around
{x,y}, then we have {aM(n)b and bM (n)a} <= {a,b} ¢ Si.,,

Claim 3 Given x and y in X such that y is an opposite of x, there exists two
separable orderings P and P that are neutral around {x,y}.

Proof of Claim 3 Let us consider x = (xj,...,x) and y = (..., ). Let
FOF' ... F"~! be the partition of X such that Vj€b :F/ ={xeX
: x1 = j}. The second part of Claim 1 states that it is always possible to find
an ordering in which two given alternatives x and y € opp(x) are respectively
ranked in the first and last position. Then, there exists a separable ordering
PP over FO such that (0,xy, .. .,x;) is ranked last while (0,3», ..., is ranked
first. Denote P/ the copy of P* over F/.

P =P over F/ Y,

FY' PEY Vj#xl

F" PFJ Vj7éx1,y1

FIPF! if j<land{j,I}Nn{xi,nm}= 0

P is defined as follows :

A careful inspection of P shows that it is separable. Indeed, P is a jux-
taposition of identical separable orderings. P = —P..,~ is separable as well
since the converse of any separable relation is itself separable, and reversing a
single arc in a separable ordering doesn’t break either transitivity (because x
and y are adjacent) nor separability (because y € opp(x)). For any pair {u, v},
we have uPv <= vPu except for the pair {x,»} which is Sy, itself (because
» € opp(x)). We can conclude that P and P are neutral around S, ;. |

Claim 4 Given x and y in X, there exists two separable orderings P and P that
are neutral around {x,y}.

Proof of Claim 4 The proof is by induction on the number of distinct bills £.
The theorem is evident when k& = 1. We suppose then that it is true for all &
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up to k = n — 1. Let us consider x = (x1,...,x,) and y = (»1,...,»). If x and
y are opposites then Claim 3 applies. x and y have at least one coordinate in
common. Without loss of generality, assume that x; =y =0. Let
FOF' ... Fm~! be the partition of X such that Vje€ b :F/ ={xeX

x; =j}. Then, we know by induction that for two alternatives x' =
(x2,...,x) and ¥y = (,..., ), it is possible to find two orderings over
[T><: < bi that are neutral around Sy . Let P/ and P/ be the copies of those
two orderings over F/.

. JP=P over F/ V,
P is defined as follows { FIPF ¥, < 1
. JP=P over F/ YV,
P is defined as follows { FIPF! V) > 1

To see that P and P are separable ordering is made easier by remarking
that these two ordering are the juxtaposition of separable orderings. Let us
check that P and P are neutral around {x,y}. Consider a pair (u,v) € S, v U
and v belong to the same subset F*'. By neutrality around Sy, ,; of P/ and P,
we have uPv <= uPv.

If (u,v) ¢ Sy, then two cases are possible.

Case 1: There exists a j such that {u,v} € F/. In this case, by neutrality of P/
and P/, we have uPv <= vPu.

Case 2: u € F/ and v € F! where J # 1. Without loss of generality, suppose
that j > /. In this case vPu and uPuv. |
We are now ready to prove the two theorems.

Proof of Theorem 1 Let us consider a separable Excess-Votion Function EV
and denote R the pairwise majority relation this function induces (i.e.
Vx,y € X : EV(x,y) >0 <= xRy). Let us partition the set of paired compar-
isons into the collection of separability sets according to Claim 2. Without
loss of generality, let us denote this partition {S }1 << For any separability
set S{x »}» when xRy, it is possible, by Claims 3 and 4 to build two orderings P;

and P that are neutral around {x,y} and comply with the relation described
by R through majority pairwise comparisons. If x/y then take any separable
ordering P; and define P = —P;. In this way, a profile 7 = (Pl P, PP, ...,
Py, Py) can be constructed in order to obtain any binary relation R. Con-
cerning the function EV,, remark that, for this profile =, when the number of
voters is even, then the excess-voting function can take only three different
values, namely —2, 0 or 2, whereas 1 and —1 are the only two possible values
of the excess-voting function when the number of voters is odd. We first
prove the theorem for an even number of voters.

Consider two distinct alternatives x and y such that EV (x,y) = 2i where i
is an integer. Without loss of generality, assume that the preferences P; and ﬁ,
are neutral around {x,y} in the profile n. By duplicating those two prefer-



Aggregation of separable preferences 165

ences i — 1 times, the new profile 7’ is such that EVy(x,y) = EV(x,y). The
profile 7 is obtained by doing the same duplication when necessary for each
distinct separability set of X.

When the number of voters is odd, duplicating the preferences is not
sufficient because the excess-voting function is necessarily odd. The con-
struction of 7 is achieved in three steps:

First, build a separable profile 7’ from = such that for any distinct alterna-
tives x and y, EV(x,y) > 0 <= EVy(x,y) = EV(x,y) + 1.

Second, remove an arbitrary preference P; from profile 7'. Let 7" be this new
profile. For any distinct alternative x and y such that EV(x,y) > 0, either
EVp(x,y) = EV(x,y) or EVpi(x,y) = EV(x,y) + 2.

Third, for any distinct alternatives x and y such that EVy(x,y) # EV(x,y),
remove two individual preferences that are neutral around {x, y}. The profile
7 finally obtained is such that for any x # y, EVz(x,y) = EV(x,y). |

Proof of Theorem 2 Let us use the profile # = (P, Py, P>, P>,...,P;, Py) that is
constructed at the beginning of the proof of Theorem 1. This construction
requires n = 2J individuals. Let us calculate J. Given {x,y} and f = K\a =
{i € K : x; # y;} the subset containing the distinct coordinates of x and y,
there are some separability sets for which f coincide, the number of distinct
separability sets with the same f is Hie/} n;(n; — 1). Taking into account all
possible f# we obtain J = %Zﬁc,{ [licpni(ni — 1). The number 2J can also be
written [[(m(n; — 1)+ 1) — 1. If n22J and »n is even then the conclusion

remainsl%]zglid by allocating any additional pair of voters on any arbitrary
chosen §; using the construction above. If n is odd and n>2J — 1 then we
can proceed by using the profile 7 since from the construction of =, if x7y we
have: #{i e N :xPy} —#{i € N:yPx} =2. Any voter can be deleted
without any consequence on the majority result. |

When for any i € K,n; = 5, then Theorem 2 becomes: if n>=(n(n — 1)+
1)k —1 and n is even, then for every separable binary relation R over
X =1, <i<k bi» there exists P € Ly(X) such that R = M(P). This result co-
incides with Hollard and Le Breton when 5 = 2.

Concluding remarks

The results contained in the present paper can be brought together with
many special cases that have been proved in the literature (the most basic
particular case being McGarvey 1953). Concerning the Excess-Voting
function, a similar theorem has been already proved by Debord (1987) in the
case where separability is not assumed. Nevertheless, the present proof
cannot be obtained from that of Debord. On the contrary, though a hy-
pothesis is added to the model, our proof can be adapted to get the one of
Debord by considering that the separability set Sy, is always equal to
{{x,y}} for any distinct alternatives x and y. To be convinced that this is not
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meaningless and that the proof is more general than one could believe at first,
recall that a separability set contains some pairs of alternatives over which
the relation depends on that of the others. We have seen that when the
alternatives are opposite then the relation is independent of that of any other
pair of alternatives. More than separability by itself, our theorem is based
upon the dependence of relations over a given set of alternatives. The defi-
nition of separability allows (and implies) a formal (and simple) definition of
the sets of dependent relations, and the proof given here remains valid no
matter what kind of dependence is assumed.

Most of the time, separability is studied either in the binary case or in the
spatial case. Hollard and Le Breton (1996), proved a theorem similar to ours,
in the restricted case of tournaments and dichotomous bills. The structure of
the proof that is used in this paper is very much inspired by that of Hollard
and Le Breton but it extends their result in the direction of a higher infor-
mation-level and of a wider range of alternatives. In the case of tournaments,
it is possible to state Theorem 2 and to introduce a clue upon the number of
voters that coincides with Hollard and Le Breton in the binary case. The
profiles constructed in the different proofs are not optimal with respect to the
required number of individuals. This number depends, as it could be ex-
pected, on the number of alternatives in X. Refering to the work of Stearns
(1959), a lower bound to the minimal number of required voters cannot be
found without first knowing the number of possible separable orderings
which, to my knowledge, remains unknown (see Vidu (1996) for some clues
in the binary case).

In this paper, the marginal preferences are not restricted at all. We could
consider restricting further the setting of this paper® by assuming that the set
of alternatives is, say, a grid in R* and that the preferences of each voter is
separable as before but also that each marginal preference is single-peaked
(that is single-peakedness applies for each dimension). This single-peaked-
ness in addition to separability is close but different from the multidimen-
sional single-peakedness given by Barbera et al. (1993).

In such a setting, the majority relation remains separable as before but
also, all its marginals are single-peaked and transitive. A proof of this as-
sertion may be found for example in Moulin (1988). An interesting
McGarvey question would be: Can any separable binary relation with single-
peaked marginals be obtained through the majority aggregation of a profile
of separable and single-peaked preferences? This question makes sense when
bills can take more than two position since preferences on two positions are
trivially single-peaked and transitive. It is interesting to note that this setting
corresponds to the discrete version of the spatial model used by political
scientists.

When we consider only dichotomous bills, it is possible to determine the
Condorcet position in each bill. A logrolling situation appears when there

2 Thanks are due to an anonymous referee for the following suggestion.
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exists an alternative in {0, l}k that dominates (through the majority relation)
the alternative made of the k Condorcet positions. If single-peakedness is
introduced in the marginal preferences, the existence of a Condorcet position
is secured even though more than two positions are possible in some bills.
This is a good reason to explore the subject for future research in the case of
single-peaked preferences.

References

Barbera, S., Gul, F., Stacchetti, E. (1993) Generalized Median Voter Schemes and
Committees. J. Econ. Theory 61: 262-289

Black, D. (1958) The Theory of Committees and Elections. Cambridge University
Press, Cambridge

Debord, B. (1987) Axiomatisation de Procédures d’Agrégation de Préférences. PhD
thesis, Université Scientifique Technologique et Médicale de Grenoble

Dutta, B., Laslier, J.-F. (1996) Comparison Functions and Choice Correspondences,
mimeo

Hollard, G., Le Breton, M. (1996) Logrolling and a McGarvey Theorem for
Separable Tournaments. Soc. Choice Welfare 13: 451-455

Laslier, J.-F. (1996) Multivariate Description of Comparison Matrices. J. Multi-
Criteria Decision Analysis 5: 112-126

Laslier, J.-F. (1997) Tournament Solutions and Majority Voting. Springer, Berlin,
Heidelberg, New York

McGarvey, D. (1953) A Theorem on the Construction of Voting Paradoxes.
Econometrica 21: 608-610

Miller, N. R. (1977) Logrolling, Vote Trading, and the Paradox of Voting: A Game-
Theoretical Overview. Public Choice 30: 51-75

Miller, N. R. (1996) Committees, Agendas and Voting. Harwood Academic
Publishers, Chur

Moulin, H. (1988) Axioms for Cooperative Decision-Making. Cambridge University
Press, Cambridge

Schwartz, T. (1977) Collective Choice, Separation of Issues and Vote Trading. Amer.
Polit. Sci. Rev. 71: 999-1010

Stearns, R. (1959) The Voting Problem. Amer. Math. Monthly 66: 761-763

Vidu, L. (1996) Separable Preferences and Separable Tournaments. A New Graph
Theoretical Problem, Cahier de recherches #96-1, C.R.E.M.E., Université de
Caen.

Young, H. P. (1974) An Axiomatization of Borda’s Rule. J. Econ. Theory 9: 43-52



