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Abstract. We consider economies with a single indivisible good and money.
We characterize the set of mechanisms that satisfy strategy-proofness, indi-
vidual rationality, equal compensation, and demand monotonicity. There are
three types of mechanisms which have the following properties: (i) they de-
termine the allocation of monetary compensation depending on who receives
the indivisible good; (ii) they allocate the indivisible good to one of the pre-
speci®ed (one or two) agent(s); and (iii) they disregard preferences of agents
other than the pre-speci®ed agent(s). This result implies that the presence of
an indivisible good induces serious asymmetry in mechanisms.

1. Introduction

We consider economies with a single indivisible good and an in®nitely di-
visible good.1 The indivisible good can be consumed by only one agent. The
divisible good, regarded as money, is used for compensation. This paper
looks for desirable allocation mechanisms which determine who consumes
the indivisible good and how much compensation the other agents receive
from the consumer. We think of the following four conditions as desiderata
for mechanisms. The ®rst condition is strategy-proofness. Strategy-proofness
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states that truthful revelation of preferences is always a dominant strategy. It
is an attractive requirement from the viewpoint of decentralization. The next
two conditions are related to equity. Those conditions are individual ratio-
nality (all agents end up no worse than at the status quo) and equal com-
pensation (the non-consumers of the indivisible good receive the same
amount of monetary compensation). The last condition is demand mono-
tonicity, which requires that the consumer of the indivisible good remain
unchanged when the consumer increases his/her demand for the indivisible
good and no other agents increase their demand. This condition is a neces-
sary condition of Pareto e�ciency, but rather weaker than Pareto e�ciency.
We attempt to design mechanisms that satisfy these four conditions.

There is huge literature on strategy-proofness. It is well known that
strategy-proofness is a strict requirement in a social choice framework. The
theorem of Gibbard (1973) and Satterthwaite (1975) states that any strategy-
proof mechanism whose range contains more than two outcomes must be
dictatorial. Under the requirement of Pareto e�ciency, the parallel impos-
sibility results can be established in economic environments. Zhou (1991),
improving upon Hurwicz (1972) and Dasgupta, Hammond, and Maskin
(1979), shows that strategy-proofness and Pareto e�ciency imply dictator-
ship in two-agent pure exchange economies. Hurwicz and Walker (1990)
prove that any strategy-proof mechanism is generically Pareto ine�cient in a
model that includes pure exchange economies with a transferable good.
These results suggest that we should give up Pareto e�ciency in order to
construct reasonable strategy-proof mechanisms. Barbera and Jackson
(1995) characterize the set of strategy-proof, anonymous, and non-bossy
mechanisms in pure exchange economies. The class of such mechanisms is
rather rich; moreover, those mechanisms ful®ll satisfactory properties of
coalition-strategy-proofness, envy-freeness (Foley 1967), and individual ra-
tionality. Serizawa (1995, 1996) presents similar characterizations in econo-
mies with one private good and one public good. Their characterizations
enable us to understand how ine�cient strategy-proof mechanisms are.

In economies with an indivisible good and money, Tadenuma and
Thomson (1995) show that there exists no strategy-proof and envy-free
mechanism.2 Although envy-freeness is a concept of equity, it implies Pareto
e�ciency in these economies (Svensson 1983). Ohseto (1996) proves that
there exists no strategy-proof and Pareto e�cient mechanism in these
economies. In this paper we adopt individual rationality and equal com-
pensation as mild requirements of equity, and demand monotonicity as a
minimum requirement of e�ciency. We will check in the next section that
each condition is strictly weaker than envy-freeness, and these conditions
together do not imply Pareto e�ciency in these economies.

2 They establish a more general result that any subcorrespondence of the envy-free
correspondence is manipulable in the sense of Hurwicz (1972).
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First, we show that if a mechanism satis®es strategy-proofness, equal
compensation, and demand monotonicity, then it satis®es the constant
transfer property (the allocation of monetary transfer depends only on who
receives the indivisible good). Secondly, we prove that any mechanism that
satis®es our four conditions allocates the indivisible good to one of the pre-
speci®ed (one or two) agent(s), and disregards preferences of agents other
than the pre-speci®ed agent(s). When the set of potential consumers consists
of two agents (without loss of generality, we call them agents 1 and 2), we
construct two types of mechanisms: the decisive mechanisms and the uni-
laterally unanimous mechanisms. Decisiveness requires that agent 1 (agent 2
respectively) get the indivisible good if he/she wants it at the cost of a pre-
speci®ed level of compensation, and agent 2 (agent 1 respectively) get the
indivisible good without compensation otherwise. Unilateral unanimity re-
quires that agent 1 (agent 2 respectively) get the indivisible good if both
agents want agent 1 (agent 2 respectively) to get it under a pre-speci®ed
transfer allocation, and agent 2 (agent 1 respectively) get the indivisible good
without compensation otherwise. When the set of potential consumers
consists of only one agent, we present the dictatorial mechanisms: one of the
agents always consumes the indivisible good without compensation. Finally,
we provide the following characterization: A mechanism satis®es strategy-
proofness, individual rationality, equal compensation, and demand monotonic-
ity if and only if it is decisive, unilaterally unanimous, or dictatorial. This
characterization enables us to understand that those mechanisms are very
ine�cient. Moreover, those mechanisms have serious asymmetry (e.g. (i) the
decisive mechanisms determine allocations on the basis of only one agent's
preferences; and (ii) the unilaterally unanimous mechanisms and the
dictatorial mechanisms always guarantee one of the agents at least the utility
level of having the indivisible good without compensation). In contrast to
Barbera and Jackson (1995), the presence of an indivisible good induces
serious asymmetry in mechanisms.

Section 2 contains notation and de®nitions. Section 3 describes a fun-
damental structure of strategy-proof, individually rational, equal compen-
sation, and demand monotonic mechanisms. Section 4 provides a full
characterization of those mechanisms. Section 5 summarizes our conclu-
sions.

2. Notation and de®nitions

Let N be a society consisting of n �n � 2� agents. Consider a single indivisible
good and an in®nitely divisible good. The indivisible good can be assigned to
only one agent. The divisible good, regarded as money, is used for com-
pensation. The society must decide who consumes the indivisible good and
how much compensation the other agents receive. An allocation for agent i is
a pair �ti; xi� 2 R� f0; 1g, where ti 2 R represents the net monetary transfer
which agent i receives (if ti > 0) or agent i pays (if ti < 0�, and xi 2 f0; 1g
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denotes agent i's consumption of the indivisible good. The set of feasible
allocations is given by A � ft1; . . . ; tn; x1; . . . ; xn� 2 Rn � f0; 1gnjPi2N ti � 0
and

P
i2N xi � 1g. The set of feasible transfer allocations is given by

AT � f�t1; . . . ; tn� 2 RnjPi2N ti � 0g.
Each agent i 2 N has a preference on his/her consumption space

R� f0; 1g. Let U be the set of all (quasi-) linear preferences of the form
ui�ti; xi� � ti � vi�xi� such that 0 � vi�0� < vi�1� < �1.3 For each ui 2 U , let
k�ui� � vi�1� ÿ vi�0�. We can interpret k�ui� as agent i's willingness to pay for
the indivisible good, that is, ui�ti; 0� � ui�ti ÿ k�ui�; 1� for any ti 2 R. Notice
that ui 2 U and ui 2 U are identical preferences if and only if k�ui� � k�ui�. A
list u � �u1; . . . ; un� 2 U n is called a preference pro®le.

For each coalition C in N , let ÿC represent coalition NnC. Let �uC; uÿC�
denote a preference pro®le where the i-th element of �uC; uÿC� is ui if i 2 C
and ui if i j2 C. When C � fig, we simply denote �ufig; uÿfig� by �ui; uÿi�.

A mechanism is a function f : U n ! A, which speci®es a feasible allocation
in A for each preference pro®le in U n. For each u 2 Un, we let
f �u� � �t1�u�; . . . ; tn�u�; x1�u�; . . . ; xn�u��. Let ft, f i, f i

t , and f i
x be functions

such that for each u 2 U n, ft�u� � �t1�u�; . . . ; tn�u��, f i�u� � �ti�u�; xi�u��,
f i

t �u� � ti�u�, and f i
x�u� � xi�u�, respectively. For each u 2 U n, let

C�f �u�� � fi 2 N jf i
x�u� � 1g represent the consumer of the indivisible good,

and NC�f �u�� � fi 2 N jf i
x�u� � 0g represent the non-consumers of the indi-

visible good. Notice that #C�f �u�� � 1 and #NC�f �u�� � nÿ 1 for each
u 2 U n. Let Rf � fi 2 N j there exists some u 2 Un such that C�f �u�� � figg
denote the set of agents who have an opportunity to receive the indivisible
good through the mechanism f .

Throughout the paper, it is assumed that each agent knows his/her own
preference and the structure of mechanisms. It is not assumed that each
agent knows the other agents' preferences.

We think of the following four requirements as desiderata for mecha-
nisms.

De®nition 2.1 A mechanism f satis®es strategy-proofness (SP) i� for any
u 2 U n; i 2 N , and ui 2 U , ui�f i�u�� � ui�f i�ui; uÿi��.

If a mechanism f does not satisfy SP, then there exist some u 2 U n, i 2 N ,
and ui 2 U such that ui�f i�ui; uÿi�� > ui�f i�u��; thus we say that agent i can
manipulate f at u via ui.

De®nition 2.2 A mechanism f satis®es individual rationality (IR) i� for any
u 2 U n and i 2 N , ui�f i�u�� � ui�0; 0�.

De®nition 2.3 A mechanism f satis®es equal compensation (EC) i� for any
u 2 U n and i, j 2 NC�f �u��, f i

t �u� � f j
t �u�.

3 This implies that the indivisible good is a ``good'' for any agent. This is not a
restrictive assumption since we present impossibility results.
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De®nition 2.4 A mechanism f satis®es demand monotonicity (DM) i� for any u,
u 2 U n such that k�ui� > k�ui� for i 2 C�f �u�� and k�uj� � k�uj� for all j 2 NC
�f �u��, C�f �u�� � C�f �u��.

SP states that truthful revelation of preferences is always a dominant
strategy. IR requires that the allocation through the mechanism should be no
worse than the status quo for each agent. EC requires that the amount of the
net transfer should be the same for all non-consumers of the indivisible good.
DM requires that an increase of the consumer's demand and non-increase of
the non-consumers' demand do not change the consumer of the indivisible
good.

These four axioms are independent as shown in Examples 4.2±4.5. Here we
present simple examples which draw a clear distinction between SP and DM.

Example 2.5 (SP + IR + EC) Let N � f1; 2; 3g. A mechanism f is such
that for any u 2 U 3, if k�u3� � 1, then C�f �u�� � f1g and ft�u� � �0; 0; 0�,
and if k�u3� < 1, then C�f �u�� � f2g and ft�u� � �0; 0; 0�.
Example 2.6 (DM + IR + EC) Let N � f1; 2g. A mechanism f is such that
for any u 2 U2, if k�u1� � k�u2�, then C�f �u�� � f1g and ft�u� � �0; 0�, and if
k�u1� < k�u2�, then C�f �u�� � f2g and ft�u� � �0; 0�.

Example 2.5 shows that SP does not imply DM under the conditions of
IR and EC: to check that f violates DM, it is su�cient to see that
C�f �u�� � f1g when k�u1� � k�u2� � k�u3� � 1, and C�f �u�� � f2g when
k�u1� � 2, k�u2� � k�u3� � 1

2. This mechanism depends only on agent 3's
preferences and never allocates the indivisible good to agent 3. However, it is
possible to construct a mechanism which satis®es our axioms except DM,
which incorporates preferences of all agents, and which potentially allocates
the indivisible good to any agent (see Example 4.2). Example 2.6 proves that
DM does not imply SP under the conditions of IR and EC: to check that f
violates SP, it is su�cient to see that C�f �u1; u2�� � f1g and
C�f �u1; u2�� � f2g when k�u1� � k�u2� � 1, k�u2� � 2. This example also
satis®es Pareto e�ciency de®ned below. A similar example that contains any
number of agents will be constructed in Example 4.5.

We then discuss the relationships between our axioms (especially DM and
SP) and Pareto e�ciency. In this model, Pareto e�ciency can be represented
as follows (see e.g. Mas-Colell, Whinston, and Green (1995), Chapter 23). A
mechanism f satis®es Pareto e�ciency (PE) i� for any u 2 U n, C�f �u�� �
argmaxi2Nfk�ui�g. We will prove that PE implies DM, but not vice versa.

Lemma 2.7 If a mechanism f satis®es PE, then f satis®es DM.

Proof. Consider any u 2 Un. It follows from PE that C�f �u�� � fig implies
k�ui� � k�uj� for any j 6� i. Consider any u 2 U n such that k�ui� > k�ui� for
i 2 C�f �u�� and k�uj� � k�uj� for all j 2 NC�f �u��. It is clear that
k�ui� > k�uj� for any j 6� i, thus it follows from PE that C�f �u�� � fig.
Q.E.D.
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Example 2.8 (SP + IR + EC + DM) Let N � f1; 2g. A mechanism f is
such that for any u 2 U 2, if k�u1� � 1, then C�f �u�� � f1g and ft�u�
� �ÿ1; 1�, and if k�u1� < 1, then C�f �u�� � f2g and ft�u� � �0; 0�.

Example 2.8 shows that DM does not imply PE: to check that f violates
PE, it is su�cient to see that C�f �u�� � f1g when k�u1� � 1, k�u2� � 2. This
example also proves the existence of the mechanism which satis®es our four
axioms (it is a member of the decisive mechanisms which we will de®ne in
Section 4).

Ohseto (1996) shows that no mechanism satis®es SP and PE. Example 2.6
proves that PE does not imply SP, and Example 2.8 proves that SP does not
imply PE. Therefore, SP and PE are independent.

We ®nally discuss the relationships between our axioms and envy-free-
ness. A mechanism f satis®es envy-freeness (EF) i� for any u 2 U n and i,
j 2 N , ui�f i�u�� � ui�f j�u��. Tadenuma and Thomson (1995) demonstrate
the non-existence of mechanisms which satisfy SP and EF. It follows from
Lemmas 1 and 2 in Tadenuma and Thomson (1995) that EF implies IR. It is
evident from the de®nitions that EF implies EC. It follows from the fact that
EF implies PE (Svensson, 1983) and Lemma 2.7 that EF implies DM.
Therefore, our axioms except SP are strictly weaker than EF. The rela-
tionships among our axioms, PE, and EF are illustrated in Fig. 1.

3. Preliminary results

In this section we describe a fundamental structure of mechanisms that
satisfy SP, IR, EC, and DM. First, we prove that those mechanisms have
some constancy with respect to transfer allocations, that is, those mecha-

Fig. 1 The relationships among six axioms.
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nisms specify the same pattern of transfer allocations whenever they allocate
the indivisible good to the same agent.

A transfer allocation function is a function p : N ! AT , which speci®es a
pattern of transfer allocations for each consumer of the indivisible good. For
each i 2 N , we let p�i� � �p1�i�; . . . ; pj�i�; . . . ; pn�i��, where pj�i� represents
the amount of money which agent j receives when agent i consumes the
indivisible good. Let P denote the set of transfer allocation functions. A
mechanism f satis®es the constant transfer property with respect to (w.r.t.)
p 2 P i� for any u 2 U n; �C�f �u�� � fig ) ft�u� � p�i��. A mechanism f
satis®es the constant transfer property i� for some p 2 P, f satis®es the
constant transfer property w.r.t. p.

Theorem 3.1 If a mechanism f satis®es SP, EC, and DM, then f satis®es the
constant transfer property.

To prove this theorem, we have prepared the following useful lemmas.

Lemma 3.2 For any mechanism f, u � �ui; uÿi� 2 U n, and ui 2 U , if f satis®es
SP, f i�u� � �ti�u�; 1�, and k�ui� > k�ui�, then f i�ui; uÿi� � �ti�u�; 1�.

Proof. Suppose toward contradiction that f i�ui; uÿi�� �ti�ui; uÿi�; xi�ui; uÿi��
6� �ti�u�; 1�. If xi�ui; uÿi� � 0 and ti�ui; uÿi� > ti�u� � k�ui�, then since
ui�ti�u�; 1� � ui�ti�u� � k�ui�; 0�, agent i can manipulate f at u via ui. If
xi�ui; uÿi� � 0 and ti�ui; uÿi� < ti�u� � k�ui�, then since ui�ti�u�; 1� � ui�ti�u�
�k�ui�; 0�, agent i can manipulate f at �ui; uÿi� via ui. If xi�ui; uÿi� � 0, then it
must hold that ti�u� � k�ui� � ti�ui; uÿi� � ti�u� � k�ui�, which contradicts
k�ui� > k�ui�. Hence, xi�ui; uÿi� � 1. It is clear that xi�ui; uÿi� � 1 and
ti�ui; uÿi� 6� ti�u� contradict SP. Q.E.D.

Lemma 3.3 For any mechanism f, u � �ui; uÿi� 2 U n, and ui 2 U , if f satis®es
SP, f i�u� � �ti�u�; 0�, and k�ui� > k�ui�, then f i�ui; uÿi� � �ti�u�; 0�.

Proof. Suppose toward contradiction that f i�ui; uÿi� � �ti�ui; uÿi�;
xi�ui; uÿi�� 6� �ti�u�; 0�. If xi�ui; uÿi� � 1 and ti�ui; uÿi� > ti�u� ÿ k�ui�, then
since ui�ti�u�; 0� � ui�ti�u� ÿ k�ui�; 1�, agent i can manipulate f at u via ui. If
xi�ui; uÿi� � 1, and ti�ui; uÿi� < ti�u� ÿ k�ui�; then since ui�ti�u�; 0� � ui�ti�u�
ÿk�ui�; 1�, agent i can manipulate f at �ui; uÿi� via ui. If xi�ui; uÿi� � 1, then
it must hold that ti�u� ÿ k�ui� � ti�ui; uÿi� � ti�u� ÿ k�ui�, which contradicts
k�ui� > k�ui�. Hence, xi�ui; uÿi� � 0. It is clear that xi�ui; uÿi� � 0 and
ti�ui; uÿi� 6� ti�u� contradict SP. Q.E.D.

Lemma 3.4 Assume that a mechanism f satis®es SP, EC, and DM. For any u,
u 2 U n such that k�ui� > k�ui� for i 2 C�f �u�� and k�uj� < k�uj� for all
j 2 NC�f �u��, it holds that f �u� � f �u�.

Proof. It follows from Lemma 3.2 that f i�u� � f i�ui; uÿi�. By EC, it holds
that f �u� � f �ui; uÿi�. Pick arbitrarily j 2 NC�f �u��. By DM, it holds that
C�f �ufi;jg; uÿfi;jg�� � C�f �u�� � fig. It follows from Lemma 3.3 that
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f j�ui; uÿi� � f j�ufi;jg; uÿfi;jg�. By EC, it holds that f �ui; uÿi� � f �ufi;jg; uÿfi;jg�.
Repeat this argument successively to all k 2 NC�f �u�� with k 6� j. Then, we
have f �u� � f �u�. Q.E.D.

Proof of Theorem 3.1. Choose any u, u 2 U n such that C�f �u�� � C�f �u��.
Consider bu 2 U n such that k�bui� > maxfk�ui�; k�ui�g for i 2 C�f �u��
� C�f �u�� and k�buj� < minfk�uj�; k�uj�g for all j 2 NC�f �u�� � NC�f �u��. It
follows from Lemma 3.4 that f �u� � f �bu� and f �u� � f �bu�. Hence, it holds
that ft�u� � ft�u�. This implies that f satis®es the constant transfer property.
Q.E.D.

Theorem 3.1 places a crucial restriction on the structure of mechanisms,
but puts no restriction on the choice of transfer allocation functions. The
following lemmas describe some necessary conditions on transfer allocation
functions.

Lemma 3.5 Assume that a mechanism f satis®es the constant transfer property
w.r.t. p 2 P. If f satis®es IR, then there exists i 2 Rf such that
p�i� � �0; . . . ; 0�.

Proof. For each i 2 Rf , there exists u 2 Un such that C�f �u�� � fig. By IR, it
must hold that tj�u� � pj�i� � 0 for any j 2 NC�f �u��. By budget balance,
ti�u� � pi�i� � 0. Therefore, pi�i� � 0 for all i 2 Rf . Suppose toward con-
tradiction that there exists no agent k 2 Rf such that pk�k� � 0, that is,
pi�i� < 0 for all i 2 Rf . Consider u 2 Un such that ÿk�ui� > pi�i� for any
i 2 Rf . It follows from IR that ti�u� � pi�i� � ÿk�ui� for i 2 C�f �u�� � Rf ,
which contradicts the construction of ui. Q.E.D.

Lemma 3.6 Assume that a mechanism f satis®es the constant transfer property
w.r.t. p 2 P. If f satis®es SP, IR, EC, and DM, then there exist no two agents
i; j 2 Rf such that p�i� � p�j� � �0; . . . ; 0�.

Proof. Let Z � fi 2 Rf jp�i� � �0; . . . ; 0�g. Assume, on the contrary, that
there exist two agents i; j 2 Z. Since i; j 2 Rf , there exist u; u 2 Un such that
C�f �u�� � fig and C�f �u�� � fjg. Consider bu 2 U n such that ÿk� buk� > pk�k�
for any k 2 Rf nZ and k�bul� < minfk�ul�; k�ul�g for any l 2 N . Considereui; euj 2 U such that k�eui� > k�ui� and k�euj� > k�uj�. It follows from Lemma
3.4 that f �u� � f �eui; cuÿi� and f �u� � f �euj; cuÿj�. Hence, f i�eui; cuÿi� � �0; 1�
and f j�euj; cuÿj� � �0; 1�. We show that C�f �bu�� is indeterminable. If
C�f �bu�� � fkg for some k 2 Rf nZ, then tk�bu� � pk�k� � ÿk� buk� by IR, which
contradicts the construction of buk. If C�f �bu�� � flg for some l 2 Znfig, then
since f i�bu� � �0; 0�, agent i can manipulate f at bu via eui. If C�f �bu�� � fig,
then since f j�bu� � �0; 0�, agent j can manipulate f at bu via euj. Q.E.D.

These lemmas show that there must be asymmetry in mechanisms, that is,
there is only one agent who can consume the indivisible good without
compensating the other agents.
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4. Main results

In this section we provide a full characterization of mechanisms that satisfy
SP, IR, EC, and DM. First, we show that those mechanisms have serious
asymmetry, that is, the set of potential consumers of the indivisible good
through the mechanisms consists of at most two agents.

Theorem 4.1 If a mechanism f satis®es SP, IR, EC, and DM, then #Rf � 2.

Proof. Assume, on the contrary, that #Rf � 3. Without loss of generality, we
assume that Rf � f1; 2; ng. It follows from Theorem 3.1 that f satis®es the
constant transfer property w.r.t. some p 2 P. It follows from Lemmas 3.5
and 3.6 that there exists only one agent i 2 Rf such that p�i� � �0; . . . ; 0�.
Without loss of generality, we assume that p�n� � �0; . . . ; 0�. Hence,
p�i� 6� �0; . . . ; 0� for any i 2 Rf nfng. By IR and budget balance, pi�i� < 0 for
any i 2 Rf nfng. By EC, pj�i� > 0 for any i 2 Rf nfng and any j 6� i. Since
Rf � f1; 2g, there exist u; u0 2 U n such that C�f �u�� � f1g and
C�f �u0�� � f2g. For any i 2 Rf nfng, pick some ui 2 U such that
k�ui� < minfk�ui�; k�u0i�g and ÿk�ui� > pi�i�. For any j 2 ÿRf [ fng, pick
some uj 2 U such that k�uj� < minfk�uj�; k�u0j�g. Pick some bu1; bu2 2 U such
that k� bu1� > k�u1� and k� bu2� > k�u02�. It follows from Lemma 3.4 that
f �u� � f � bu1; uÿ1� and f �u0� � f � bu2; uÿ2�. Hence, C�f � bu1; uÿ1�� � f1g and
C�f � bu2; uÿ2�� � f2g. Pick some eu1; eu2 2 U such that
p1�2� ÿ p1�1� > k� eu1� > ÿp1�1� and p2�1� ÿ p2�2� > k� eu2� > ÿp2�2�. The
following steps lead to a contradiction (see Fig. 2).

Step 1. We claim that C�f � eu1; uÿ1�� � f1g: By IR, if C�f � eu1; uÿ1�� � fkg for
any k 2 Rf nf1; ng, then tk� eu1; uÿ1� � pk�k� � ÿk�uk�, which contradicts the
construction of uk. Notice that eu1�p1�1�; 1� � eu1�p1�1� � k� eu1�; 0� >eu1�0; 0� � eu1�p1�n�; 0�. If C�f � eu1; uÿ1�� � fng, then agent 1 can manipulate f
at � eu1; uÿ1� via bu1. Hence, we have that C�f � eu1; uÿ1�� � f1g.
Step 2. We claim that C�f � eu2; uÿ2�� � f2g: By IR, if C�f � eu2; uÿ2�� � fkg for
any k 2 Rf nf2; ng, then tk� eu2; uÿ2� � pk�k� � ÿk�uk�, which contradicts the
construction of uk. Notice that eu2�p2�2�; 1� � eu2�p2�2� � k� eu2�; 0� >eu2�0; 0� � eu2�p2�n�; 0�. If C�f � eu2; uÿ2�� � fng; then agent 2 can manipulate f
at � eu2; uÿ2� via bu2. Hence, we have that C�f � eu2; uÿ2�� � f2g:
Step 3. We claim that f �guf1;2g; uÿf1;2g� is indeterminable: By IR, if
C�f �guf1;2g; uÿf1;2g�� � fkg for any k 2 Rf nf1; 2; ng, then tk�guf1;2g; uÿf1;2g�
� pk�k� � ÿk�uk�, which contradicts the construction of uk. Notice thateu1�p1�2�; 0� � eu1�p1�2� ÿ k� eu1�; 1� > eu1�p1�1�; 1� and eu2�p2�1�; 0� � eu2�p2�1�
ÿk� eu2�; 1� > eu2�p2�2�; 1�. If C�f �guf1;2g; uÿf1;2g�� � f1g or fng, then agent 1
can manipulate f at �guf1;2g; uÿf1;2g� via u1. If C�f �guf1;2g; uÿf1;2g�� � f2g, then
agent 2 can manipulate f at �guf1;2g; uÿf1;2g� via u2. Therefore,
C�f �guf1;2g; uÿf1;2g�� is indeterminable. Q.E.D.

Theorem 4.1 is a tight result. We present mechanisms which satisfy any
three axioms and the condition #Rf > 2.
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Example 4.2 �SP� IR� EC� f#Rf � n � 4g�4 Let p 2 P be such that
pj�i� � 0 for any i; j 2 N . A mechanism f satis®es the constant transfer
property w.r.t. p, and for any u 2 U 4, C�f �u�� is de®ned as follows.

k�u4� � 1 k�u4� < 1

k�u2� � 1 k�u2� < 1 k�u2� � 1 k�u2� < 1

k�u3� � 1 k�u1� � 1 f4g f3g f4g f3g
k�u1� < 1 f2g f2g f2g f2g

k�u3� < 1 k�u1� � 1 f1g f3g f1g f3g
k�u1� < 1 f1g f4g f1g f4g

Example 4.3 �SP� IR�DM� f#Rf � ng� Let p 2 P be such that pi�i� �
ÿ�nÿ i� for any i 2 N ; pj�i� � 1 for any i; j 2 N with i < j, and pj�i� � 0 for
any i; j 2 N with i > j. A mechanism f satis®es the constant transfer property
w.r.t. p, and for any u 2 U n, if k�ui� > nÿ i for some i 2 Nnfng and
k�uj� � nÿ j for any j 2 N with i > j, then C�f �u�� � fig, and if
k�uj� � nÿ j for any j 2 Nnfng, then C�f �u�� � fng.

Fig. 2 An illustration of the proof of Theorem 4.1: the set of preference pro®les where (u3; . . . ; un)

is ®xed

4 This example is suggested by Miki Kato. It is also possible to construct this type of
mechanisms with more than four agents.
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Example 4.4 �SP� EC�DM� f#Rf � ng� Let p 2 P be such that
pi�i� � ÿ�nÿ 1� for any i 2 N and pj�i� � 1 for any i; j 2 N with i 6� j. A
mechanism f satis®es the constant transfer property w.r.t. p, and for any
u 2 U n, if k�ui� > n for some i 2 Nnfng and k�uj� � n for any j 2 N with
i > j, then C�f �u�� � fig, and if k�uj� � n for any j 2 Nnfng, then
C�f �u�� � fng.
Example 4.5 �IR� EC�DM� f#Rf � ng� A mechanism f is such that for
any u 2 U n;C�f �u�� � mini2Nfargmaxi2Nfk�ui�gg, f i

t �u� � ÿk�ui� for
i 2 C�f �u��, and f j

t �u� � 1
nÿ1 k�ui� for any j 2 NC�f �u��.

The ®rst three examples do not use information of preferences e�ectively.
In Example 4.2, each agent's preferences have no in¯uence on whether or not
he/she gets the indivisible good, and the con®guration of transfer allocations.
In Examples 4.3 and 4.4, the mechanisms determine allocations without in-
corporating agent n's preferences. In contrast, the last example uses prefer-
ences e�ectively and satis®es PE at the cost of SP.

Next, we characterize the set of mechanisms that satisfy SP, IR, EC, DM,
and #Rf � 2. We ®nd again asymmetry in those mechanisms, that is, they
determine allocations only on the basis of preferences of agents in Rf .

Lemma 4.6 If a mechanism f satis®es SP, IR, EC, DM, and #Rf � 2, then
f �u� � f �uRf ; uÿRf � for any u, �u 2 Un.

Proof. For simplicity of arguments, we assume Rf � f1; 2g. Suppose toward
contradiction that f �u� 6� f �uf1;2g; uÿf1;2g�. It follows from Theorem 3.1 that
f satis®es the constant transfer property w.r.t. some p 2 P. Thus,
C�f �u�� 6� C�f �uf1;2g; uÿf1;2g��. Without loss of generality, we assume that
C�f �u�� � f1g and C�f �uf1;2g; uÿf1;2g�� � f2g. There exists some k �3 � k
� n� such that C�f �uf1;...;kg; uÿf1;...;kg�� � f1g and C�f �uf1;...;kÿ1g;
uÿf1;...;kÿ1g�� � f2g. It follows from IR and Lemmas 3.5 and 3.6 that either
p1�1� < p2�2� � 0 or p2�2� < p1�1� � 0. Consider the case of p1�1� <
p2�2� � 0. By EC, pk�1� > pk�2�. Hence, agent k can manipulate f at
�uf1;...;kÿ1g; uÿf1;...;kÿ1g� via uk, contradicting to SP. The other case is similar.
Q.E.D.

We de®ne two classes of mechanisms which depend only on preferences
of potential consumers.

De®nition 4.7 A mechanism f is decisive i� (A1) Rf � fi; jg for some i; j 2 N ,
(A2) f satis®es the constant transfer property w.r.t. some p 2 P such that
pi�i� � ÿ�nÿ 1�q < 0; pk�i� � q > 0 for any k 6� i, and pl�j� � 0 for any
l 2 N , and (A3) for any u 2 Un; �k�ui� > �nÿ 1�q) C�f �u�� � fig� and
�k�ui� < �nÿ 1�q) C�f �u�� � fjg�, where q is a positive real number.

De®nition 4.8 A mechanism f is unilaterally unanimous i� (B1) Rf � fi; jg for
some i; j 2 N , (B2) f satis®es the constant transfer property w.r.t. some p 2 P
such that pi�i� � ÿ�nÿ 1�q < 0; pk�i� � q > 0 for any k 6� i, and pl�j� � 0 for
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any l 2 N , and (B3) for any u 2 Un; �k�ui� > �nÿ 1�q and k�uj� < q)
C�f �u�� � fig� and �k�ui� < �nÿ 1�q or k�uj� > q) C�f �u�� � fjg�, where q
is a positive real number.

Here, q represents the amount of the transfer from agent i to each of the
other agents when agent i receives the indivisible good. (A1) and (B1) say that
the set of potential consumers consists of two agents indexed by i and j. (A2)
and (B2) say that the mechanism satis®es the constant transfer property with
respect to some transfer allocation function in which agent i pays the equal
amount of money to the other agents when he/she gets the indivisible good
and agent j pays nothing when he/she gets it. (A3) says that agent i gets the
indivisible good if agent i wants it under a given transfer allocation, and agent
j gets the indivisible good otherwise. (B3) says that agent i gets the indivisible
good if agent i wants it and agent j does not want it (hence, both agents want
agent i to get it) under a given transfer allocation, and agent j gets the indi-
visible good otherwise. Figures 3 and 4 illustrate the structure of the decisive
mechanisms and the unilaterally unanimous mechanisms respectively.

Lemma 4.9 If a mechanism f satis®es SP, IR, EC, DM, and #Rf � 2, then f is
decisive or unilaterally unanimous.

Proof. Assuming that f is not decisive, we show that f is unilaterally unani-
mous. (B1) is trivial. (B2) is straightforward from Theorem 3.1, Lemmas 3.5
and 3.6, and EC. We prove (B3). Let q � ÿ1

nÿ1 pi�i�. Notice that for any

Fig. 3 An illustration of a decisive mechanism when n � 3
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ui; uj2U ; �k�ui� > �nÿ 1�q, ui�pi�i�; 1�� ui�pi�i� � k�ui�; 0� � ui�ÿ�nÿ 1�q
�k�ui�; 0� > ui�0; 0� � ui�pi�j�; 0��, and �k�uj� > q, uj�pj�j�; 1� � uj�pj�j�
�k�uj�; 0� � uj�k�uj�; 0� > uj�q; 0� � uj�pj�i�; 0��.
Step 1. For any u 2 Un such that k�ui� < �nÿ 1�q, we claim that
C�f �u�� � fjg: Assume, on the contrary, that C�f �u�� � fig. By IR, it must
hold that ti�u� � pi�i� � ÿ�nÿ 1�q � ÿk�ui�. It contradicts k�ui� < �nÿ 1�q.
Step 2. For any u 2 Un such that k�ui� > �nÿ 1�q and k�uj� < q, we claim
that C�f �u�� � fig: Since i 2 Rf , there exists �u 2 U n such that C�f ��u�� � fig.
For any ui 2 U such that k�ui� > �nÿ 1�q, it must hold that
C�f �ui; uÿi�� � fig; otherwise agent i can manipulate f at �ui; uÿi� via ui. For
any ui; uj 2 U such that k�ui� > �nÿ 1�q and k�uj� < q, it must hold that
C�f �ufi;jg; uÿfi;jg�� � fig; otherwise agent j can manipulate f at �ufi;jg; uÿfi;jg�
via uj. By Lemma 4.6, we obtain a desired conclusion.

Step 3. For any u 2 Un such that k�ui� � �nÿ 1�q and k�uj� > q, we claim
C�f �u�� � fjg: Since f is not decisive, there exists bu 2 Un, where
k�bui� > �nÿ 1�q, such that C�f �bu�� � fjg. For any ui 2 U such that
k�ui� � �nÿ 1�q, it must hold that C�f �ui; cuÿi�� � fjg; otherwise agent i can
manipulate f at bu via ui. For any ui; uj 2 U such that k�ui� � �nÿ 1�q and
k�uj� > q, it must hold that C�f �ufi;jg; duÿfi;jg�� � fjg; otherwise agent j can
manipulate f at �ufi;jg; duÿfi;jg� via buj. By Lemma 4.6, we have a desired
conclusion. Q.E.D.

Fig. 4 An illustration of a unilaterally unanimous mechanism when n � 3
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The de®nition of the decisive mechanisms does not specify an allocation
for any u 2 U n such that k�ui� � �nÿ 1�q. Let UA � fu 2 U njk�ui�
� �nÿ 1�q and k�uj� < qg;UB � fu 2 U njk�ui� � �nÿ 1�q and k�uj� � qg,
and UC � fu 2 U njk�ui� � �nÿ 1�q and k�uj� > qg. We use the notation
C�f �U�� � fkg for some U � U n and k 2 N when C�f �u�� � fkg for any
u 2 U . We will consider necessary conditions by SP on allocations for
preference pro®les in UA;UB, and UC. If there exist u; �u 2 UA such that
C�f �u�� � fig and C�f ��u�� � fjg, then by ui � ui and Lemma 4.6, agent j can
manipulate f at �u via uj. Hence, it must hold that either C�f �UA�� � fig or
C�f �UA�� � fjg. Similarly, it must hold that either C�f �UC�� � fig or
C�f �UC�� � fjg. It follows from Lemma 4.6 that either C�f �UB�� � fig or
C�f �UB�� � fjg. We can ®nd the following eight patterns for the speci®ca-
tion of allocations for UA;UB, and UC.

�a1� C�f �UA�� � fig;C�f �UB�� � fig;C�f �UC�� � fig.
�a2� C�f �UA�� � fig;C�f �UB�� � fig;C�f �UC�� � fjg.
�a3� C�f �UA�� � fig;C�f �UB�� � fjg;C�f �UC�� � fjg.
�a4� C�f �UA�� � fjg;C�f �UB�� � fjg;C�f �UC�� � fjg.
�a5� C�f �UA�� � fig;C�f �UB�� � fjg;C�f �UC�� � fig.
�a6� C�f �UA�� � fjg;C�f �UB�� � fig;C�f �UC�� � fig.
�a7� C�f �UA�� � fjg;C�f �UB�� � fig;C�f �UC�� � fjg.
�a8� C�f �UA�� � fjg;C�f �UB�� � fjg;C�f �UC�� � fig.

Similarly, the de®nition of the unilaterally unanimous mechanisms does
not specify an allocation for any u 2 Un such that �k�ui� � �nÿ 1�q and
k�uj� � q�, and �k�ui� > �nÿ 1�q and k�uj� � q�. Let UD � fu 2 Unjk�ui� >
�nÿ 1�q and k�uj� � qg. We can ®nd the following eight patterns for the
speci®cation of allocations for UA;UB, and UD.

�b1� C�f �UA�� � fig;C�f �UB�� � fig;C�f �UD�� � fig.
�b2� C�f �UA�� � fig;C�f �UB�� � fjg;C�f �UD�� � fig.
�b3� C�f �UA�� � fig;C�f �UB�� � fjg;C�f �UD�� � fjg.
�b4� C�f �UA�� � fjg;C�f �UB�� � fjg;C�f �UD�� � fig.
�b5� C�f �UA�� � fjg;C�f �UB�� � fjg;C�f �UD�� � fjg.
�b6� C�f �UA�� � fig;C�f �UB�� � fig;C�f �UD�� � fjg.
�b7� C�f �UA�� � fjg;C�f �UB�� � fig;C�f �UD�� � fig.
�b8� C�f �UA�� � fjg;C�f �UB�� � fig;C�f �UD�� � fjg.
Theorem 4.10 A mechanism f satis®es SP, IR, EC, DM, and #Rf � 2 if and
only if (i) f is decisive with either of �a1�±�a4�, or (ii) f is unilaterally unanimous
with either of �b1�±�b5�.

Proof. It follows from Lemma 4.9 that if f satis®es SP, IR, EC, DM, and
#Rf � 2, then f is decisive or unilaterally unanimous. It is easy to show that
if f is decisive with either of �a5�±�a8�, then f violates SP. Similarly, it is easy to
show that if f is unilaterally unanimous with either of �b6�±�b8�, then f vio-
lates SP. This proves necessity. Straightforward proofs of su�ciency are
omitted. Q.E.D.
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Finally, we characterize the set of mechanisms that satisfy SP, IR, EC,
DM, and #Rf � 1. We introduce the dictatorial mechanisms: there is an
agent who always consumes the indivisible good without compensation to
the other agents.

De®nition 4.11 A mechanism f is dictatorial i� there is an agent i 2 N such that
for any u 2 U n; f i�u� � �0; 1� and f j�u� � �0; 0� for any j 6� i.

The following theorem is straightforward, and the proof will be omitted.

Theorem 4.12 A mechanism f satis®es SP, IR, EC, DM, and #Rf � 1 if and
only if f is dictatorial.

5. Conclusion

In the previous section, we divided the set of mechanisms into three classes
based on the number of potential consumers, and we characterized the
mechanisms which satisfy SP, IR, EC, and DM for each of the classes
(Theorems 4.1, 4.10, and 4.12). It may be convenient to sum up those results
as the following theorem.

Theorem 5.1 A mechanism f satis®es SP, IR, EC, and DM if and only if (i) f is
decisive with either of �a1�±�a4�, (ii) f is unilaterally unanimous with either of
�b1�±�b5�, or (iii) f is dictatorial.

These three types of mechanisms have the following common properties:
(i) they determine the allocation of monetary transfer depending on who
receives the indivisible good; (ii) they allocate the indivisible good to one of
the pre-speci®ed (one or two) agent(s); and (iii) they disregard preferences of
agents other than the pre-speci®ed agent(s).

It follows from Tadenuma and Thomson (1995) that no mechanism
satis®es SP and EF. Although our axioms of IR, EC, and DM are strictly
weaker than EF, it is impossible to construct attractive mechanisms which
satisfy SP, IR, EC, and DM. This characterization implies that the presence
of an indivisible good yields serious asymmetry in mechanisms.

Ohseto (1996) proved that no mechanism satis®es SP and PE. However, it
was not yet clear how ine�cient SP mechanisms are. This characterization
enables us to understand that those mechanisms are very ine�cient. It is easy
to see that any decisive mechanism, unilaterally unanimous mechanism, or
dictatorial mechanism fails to achieve a Pareto e�cient allocation in many
preference pro®les.
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