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Abstract. This paper derives optimal decision rules for fixed-size committees in
polychotomous choice situations. Earlier studies focus on the dichotomous
choice model and thus the present extension broadens the scope of applica-
tions of the theory of collective decision making.

1 Introduction

The subject of optimal group decision-making in a committee of fixed size
that is subject to human fallibility has attracted a great deal of attention in the
past couple of decades or so. The results obtained by several studies are ap-
plicable to a variety of economic fields such as Labor Economics (Nitzan and
Paroush 1980 and Karotkin and Paroush 1995), Management (Gradstein et
al. 1990; Berg and Paroush 1998 and Ben-Yashar and Nitzan 1998), Invest-
ment and Reliability Theory (Sah and Stiglitz 1988 and Sah 1990, 1991),
Social Choice and Game Theory (Fishburn and Gehrlein 1997; Karotkin 1998;
Karotkin and Nitzan 1996; Paroush 1998; and Young 1995) and Industrial
Organization (Paroush 1985). Results of several studies also have importance
in other disciplines such as Political Science, Law, Operation Research and
Electrical Engineering (see for instance, Austen-Smith and Banks 1996;
Grofman 1978; Ladha 1992; Klevorick and Rothschild 1979 and Karotkin
1994). All these studies are restricted within the narrow limits of the dichoto-
mous choice model where committees, boards of directors or teams are com-
prised of decision makers whose ultimate assignment is a choice of one out of
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only two alternatives. Young (1983), who makes the first step to extend the
model, is an exception. This paper extends the pairwise choice setting to a
polychotomous choice model.

To the best of our knowledge the present paper is the first to derive optimal
decision rules for a team with fixed size that has to select the best course of
action from many alternatives.

Nitzan and Paroush (1982, 1985), Grofman et al. (1983) and Shapley and
Grofman (1984) are the first works which lay the theoretical foundations of
the binary choice model. Recently, Ben-Yashar and Nitzan (1997) formulated
a general version of the dichotomous choice model and the present study
extends this general version of the dichotomous model into a polychotomous
one. Obviously, the extension of a feasible set that contains only two elements
into a multiple-alternative choice set makes the entire issue of collective deci-
sion making more realistic and opens doors to additional applications.

Let us formulate our problem more specifically. Consider a choice set with
k alternatives which are referred to as the k possible states of nature. Only one
alternative, which is referred to as the correct alternative, is the best one with
respect to the common interest of the » members of a given decision group.
Often the choice of alternative in the present affects outcomes in the future
and there is uncertainty as to which of & alternatives is “the best” in a sense
that it will produce the best outcome for all the team’s members. The best
alternative in this sense is called the correct alternative. We assume that each
individual possesses a specific competence to identify the correct alternative
that is parameterized as a single number between zero and one, i.e., the
probability of a correct choice. This probability may also be a state-dependent
probability and each alternative may also be associated with some prior like-
lihood to be the correct one. A decision rule is a function from the set of all
possible judgments of the team’s members into the choice set. Given such a
framework our analysis explicitly provides the optimal decision rule that
maximizes the likelihood of the group’s correct decision. We shall show how
exactly the optimal rule is a function of the matrix of state dependent mem-
bers’ competence, the matrix of state dependent benefits and the vector of
prior probabilities.

The rest of the paper is organized as follows. Section 2 presents the model,
Sect. 3 derives the optimal rule, Sect. 4 takes account of special cases and re-
lated literature. Discussion and summary appear in Sect. 5.

2 The model

Consider a team of n members, N = {1,...,n}, which faces a choice set with
k alternatives, K = {1,...,k}. Assume that one and only one of the k alter-
natives best suits the interest of each of the decision makers, to wit, it is
assumed that there is no conflict of interest among the team’s members and
they all share common tastes and possess identical preferences with regard to
the elements of the choice set or the possible outcomes of the choice of dif-
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ferent alternatives. We refer to this specific alternative as “the correct alter-
native”. However, because of the existence of a veil of uncertainty, choice is
subject to human fallibility and none of the decision makers is endowed with
complete competence and perfect foresight to identify the correct alternative.
As an example, consider a group of medical doctors whose common objec-
tives are the survival and the health condition of a patient, but they hold dif-
ferent opinions about the proper medical procedure that has to be taken, or
consider a board of directors of a business firm where the ultimate goal of its
members is the firm’s profit maximization, but the board’s members hold
diversified views about the desired course of action that has to be taken in
order to achieve their common goal. Suppose we can parameterize each indi-
vidual’s competence by a single number that is bounded between zero and one
and this number may also be a state-dependent, denote this competence
(probability) by P!(r) Vr. In general, denote by P/(j) the competence (prob-
ability) of individual i to vote for alternative j while alternative r, the state
parameter, is the correct one. The possibility of state dependent is reflected by
the fact that the choice of alternative j by individual i may depend on which of
the k alternatives is the correct one, i.e., alternative r. Also note that different
individuals may possess different abilities to identify the correct alternative,
i.e., PI(r) is not necessarily equal to P/(r) when s # .
We assume that the decision-maker’s characteristics, P] (), satisty:

k
Vi,rZPir(j) =1 S
J=1

We assume that individuals vote independently. The independence among
votes can for instance be guaranteed by secret ballots. This assumption of in-
dependence is crucial and important and therefore raises discussions in the
context of the dichotomous model. See for instance, Nitzan and Paroush
(1984), Lahda (1992) and Berg (1993). This assumption is also plausible and
rational, because the paper discusses the optimal collective rule and as shown
by Austen-Smith and Banks (1996) and by Ben-Yashar (2001), independent
decisions are rational behavior (i.e., constitute a Nash equilibrium) if and
only if the optimal collective rule is used.! Denote the team’s voting profile by

x, where x = (x1,...,x,), x; € K and denote the set of all the k" possible
profiles by Q. A collective decision rule is a function f(x) from Q to K, i.e.,
f:Q2—K.

We next define and calculate the conditional probability to obtain the
profile x given the correct alternative r, and the collective conditional proba-
bility to obtain alternative j, given the correct alternative r, while the decision

! Recently, several authors have examined the choice model under rational behavior,
relaxing the assumption that decision makers vote non-strategically. For example,
Feddersen and Pesendorfer (1996, 1997, 1998), McLenan (1998), Meyerson (1998) and
Wit (1998), but as mentioned above, these discussions are not relevant when dealing
with the optimal collective rule.
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rule f'is used by the team. Note that each profile x induces a partition on the
set IV into k subsets N;(x) = {i € N|x; =/} where j =1,... k.

Given the probabilities P/(;j) and the assumption of independence, the
probability to obtain x given the correct alternative r is denoted by g(x/r):

g(x/r) = H PI( H PI( (2)

ieN,(x) ie UNj(x
J#r
Define X (j|f) = {x € Q|f(x) =/} and the collective probability to obtain j
given r and f can be derived as [['(j|f) = P{xe X(j|/)Ir} = > g(x/r).
. xeX(j11)
Obviously Yy, > T1"(jIf) =1 — [1'(r|f), where []"(r|f) is the probability of
j#r
the team’s correct choice and the complement probability 1 — []"(r|f) is the
collective probability to err, when the correct alternative is r.

The team’s benefit of correct choice r is denoted by B(r/r) and that of in-
correct choice j while alternative r is the correct one is B(j/r). Note that the
parameter on the right-hand side of the function B(j/r) denotes the correct
alternative and the argument on the left-hand side is the alternative actually
chosen. We reasonably assume that the benefit of a correct choice is positive
and provides higher benefit than an incorrect choice, i.e.,

Vri B(r/r) >0 and V;..B(r/r) > B(j/r). (3)
For a given fthe team’s expected net benefit when r is the correct alterna-
tive is:
= 5" BG/MIT (1Y) ()
jeK
and the overall expected net benefit is
E=Y aE' (5)
rek

where o, is some prior probability that alternative r is the correct alternative
k

and not all o, should necessarily be identical, > a; = 1.
i=1

3 The optimal decision rule

The problem of collective decision making under these circumstances is to find
the optimal decision rule f that maximizes E for a given prior vector o, a
benefit matrix B(j/r) and the k? - n probabilities P?(j).

Proposition. For any given decision profile x, if f(x) = r when

Vm #r Z asB(r/s)g(x/s) > ZocSB(m/s)g(x/s) (6)

sekK sekK

then f € argmax E.
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Proof. Define E(x,m) = > a,B(m/s)g(x/s) as the team’s expected net benefit
seK

when m is the chosen alternative, for a given decision profile x. Note that

E=Y"aE ="y > B(j/s)g(x/s)

seK seK jeKxeX(j|f)

= Y S wBl)

jek xeX(jlf) seK

:Z Z E(xvj)'

jekK xeX(jlf)

Recall that the rule f'induces the partition of Q into X (| /) and thus if this
rule assigns r to x, i.e., f(x) =r, whenever E(x,r) > E(x,m) (Vm # r) then
f eargmax E. Q.E.D.

We can conclude that the optimal rule assigns for any profile the alterna-
tive that gives the highest expected net benefit when this alternative is the
chosen one.?

Remark. Ym # r E(x,r) > E(x,m), if the following two conditions are sat-
isfied Vm # r:

(i) Vi # m,i #r B(r/i) = B(m/i)®
(ii) o (B(r/r) = B(m/r))g(x/r) > om(B(m/m) — B(r/m))g(x/m).

The following corollary specifies the optimal decision rule under the as-
sumption of symmetric benefits, i.e., Vr,j #r,m #r B(j/r) = B(m/r), and
can be derived as a special case from the proposition.

Define the net benefit of the correct alternative r as follows: Vr B(r) =
B(r/r) — B(j/r), where j # r. Note that under the assumption of symmetric
benefits, B(r) is a well-defined term.

Corollary. For any given decision profile x, if f (x) = r when

Ym #r IHE—H P’”
) Plﬂ ]
> > I + Z In (7)
i€Npy(x) P Wl) i€ Nj( ]
jv#m
J#r

then f € argmax E.

2 Note that E(x, r) represents the expected net benefit when r is the chosen alternative,
for a given decision profile x and E” represents the expected net benefit when r is the
correct alternative.

3 Condition (i) cannot be satisfied for all i because under the model assumptions,
Vj #r, B(r/r) > B(j/r).
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Proof. The two conditions that were mentioned in the remark above are
satisfied. The assumption of symmetric benefits ensure that condition (i) is
satisfied. And we now show that (7) is in fact identical to condition (ii).

First note that (7) is equivalent to (8),

% B(r) Pi(r) Py (m) P(Jj)
vmtr oS ] w1 By 1L prc (8)
Om B(m) ieNy(x) Pi (}") i€ Npy(x) Pi (m) ie Nj(x) Pi (J)
j‘;;m
JFr

Use (2) and substitute g(x/r) and g(x/m) in (8) to obtain the following
inequality,

Vm #r o.B(r)g(x/r) > a,B(m)g(x/m). 9)
Q.E.D.

Appendix A gives an alternative proof which is independent of the remark.

4 Special cases and related literature

In addition to the symmetry of the benefits assume symmetry of probabilities,
ie., Vi,r,m,j #m,j #r P/(j) = P/"(j) and note that the second term of the
right hand side in equation (7) disappears.* Thus, the criterion for the optimal
rule is: f(x) = r when

B(r) (r) P"(m)
Vm #r ln—+1 + Z 1anr> > In i) (10)
ie N,(x i€ Npy(x)

If in addition we assume that the probability to choose correctly is the
same for all the alternatives, to wit, the correct choice is not state dependent,
then the probability to err is independent of which alternative is chosen, i.e.,
to choose specific j # r where r is the correct alternative is identical for all
j # r. More formally, assume symmetry of probabilities

1 — P/(r)
k—1

Denote by P; the correct probability P/ (r). Thus, the optimal rule is: fx)=r
when

if Viim#r P!(r)=P"(m), thenVi,r,m#r P/(m)=

1

Vm #r ln—+ %—i— Z B> Z B (11)

i€ N, (5 i€ Ny(x)

where ff; =In Pi

(1=P)/(k—1)

4 This term may also equal zero for a less restrictive assumption.
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Assuming also symmetric environment that is Vm # r (i) o, = o, and (ii)
B(r) = B(m) then the first two terms on the left-hand side of (11) disappear
and the optimal rule is f(x) = r when

S s> Y8 (12)

ieN,.(x) iean(x)

pP;

- P)/(k—1)
Furthermore, if one assumes a homogeneous competence, that is Vi
P; = P, then the optimal rule is f(x) = r when Vm # r

2 B> D8

ieN,(x) i€ Ny(x)

where f; = In

or equivalently
[N ()] > [N (x)] (13)

which means that the optimal rule selects the most popular alternative as the
correct one, i.e., f(x) = r if the number of members supporting this alternative
is the highest.

The dichotomous case

A special case of the optimal rule in the more general framework (Proposi-
tion) is the dichotomous case, where we assume k& = 2. Let us denote the two
alternatives by 1 and —1, and the two correct probabilities by P! and P?, the
prior probability that alternative 1 is the correct one by o and the complement
1 — o is the prior probability that alternative —1 is the correct one. In this case
the optimal rule is: f (x) =1 when

1nlioc +Zl p2> Z —Pl (14)

ieNi(x ieN_

This is the major result of Ben-Yashar and Nitzan (1997).

Referring now to the above assumptions of the symmetry of the benefits,
symmetry of probabilities, the assumption that the probability to choose cor-
rectly is the same for all the alternatives and symmetric environment for which
the optimal rule is given in (12), in the dichotomous case one obtains the same
rule as firstly derived in Nitzan and Paroush (1982) and independently in
Shapley and Grofman (1984), that is f(x) = 1 when

> B> Z ﬁz (15)

ieN;(x) ieN_,

P . A
; or equivalently f(x) =1 when ) f,x; > 0 where x; €
(—1,1}. 1-P i
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5 Discussion and summary

This paper extends the dichotomous choice model to a polychotomous one.
We specify the optimal rule and explicitly show how the optimal choice is
determined by the vector of prior probabilities, the matrix of benefit and the
state dependent probabilities.

The major conclusion of our analysis is that the number of the alternatives
in the choice set matters. An extension of the choice set may change the opti-
mal decision rule. Let us illustrate this last point with the simplest possible
example. Consider a symmetric environment, i.e., the priors are identical and
the net benefits of correct choice are identical for each alternative. Moreover,
assume a team of only three members whose competence parameters are in-
dependent of states. Denote the competence vector by (Pi, P», P3) where P;
are the probability of the choice of the correct alternative of member i and the
probability of a choice of incorrect for each of the incorrect alternatives is
assumed to be (1 — P;)/(k — 1) where k is the total number of alternatives in
the choice set. Without loss of generality assume that P; > P, > P3. Consider
the case k = 2. The expert rule (dictator) and not the simple majority rule is

P, P, Ps
1—p,1-P, 1—P;

P, (1=Py) (1 =P5)
(1-P) P P
is changed and becomes the simple majority rule. To wit, the correct alterna-
tive is either the one with two votes or more or in case that such an alternative
does not exist the one which is chosen by the most competent member. The
reason for the above condition on k is that the criterion for the expert rule to
be optimal as derived from (8) is

the optimal rule if and only if . However, if k is an

integer larger than ko =

+ 1 then the optimal rule

Py S ) P
= PO/G—1) " (T =P)/—1) (= Py)/k—1)
and by definition this criterion is satisfied only if k < k.

It is worth mentioning that the optimal rule that is obtained above can be
used also for ranking the alternatives. The importance of the ability to rank
the various alternatives most notably arises when first best alternatives can not
be implemented, or when a few alternatives should be selected.

When we try to extend our model to a situation where each individual has
to rank the k alternatives instead of choosing only one, matters become more
complicated. Ideally we would like to refer to the probabilities of each alter-
native being placed by an individual in a particular position in his ranking
vector. However, a simplification would be to treat each of the k! possible
rankings as an alternative and then to choose the best one among the n
available alternatives using our optimal rule.

In summary, this paper is concerned with the identification of the optimal
decision rule for a fixed-size committee in a general uncertain polychotomous
choice setting. Obviously, the extension of a feasible set that contains only
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two elements into a multiple-alternative choice set makes the entire issue of
collective decision making more realistic and opens doors for several more
applications.

Appendix A

Proof. Use (4) to see that E*, the expected net benefit when s is the correct
alternative can be written as:

E* = B(s/s)[T'(sf) + Z B(j/s)[T(1f)
T

Under the assumption of symmetric benefits

Y BU/MSITGIS) = BG/) Y _TTGI) = BG/9)(1 = TT'(s1.)).

jeK jeK
j#s J#s
Thus,
E* = (B(s/s) — B(j/s))II'(sf) + B(j/s)
and
E=Y " aBOI'6L) + S aB(i/s)
sekK seK
Or,
E=Y" Y aB)g(x/s)+C (A1)
seK xeX(s|f)

where C is a constant independent of /. Use the inequality (9) and the defini-
tion of (A1) to see that for any given profile x, if f(x) = r when (9) holds, then
f eargmax E. And as we showed inequality (9) is the same as (7). Q.E.D.
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