Social Choice and Welfare (2022) 58:791-800
https://doi.org/10.1007/500355-021-01374-3

ORIGINAL PAPER

™

Check for
updates

Strategy-proof and fair reallocation with single-peaked
preferences

Zhen Zhao' - Shinji Ohseto'

Received: 11 May 2020 / Accepted: 26 October 2021 / Published online: 15 November 2021
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2021

Abstract

We consider the strategy-proof rules for reallocating individual endowments of
an infinitely divisible good when agents’ preferences are single-peaked. In social
endowment setting, the seminal work established by Sprumont (Econometrica
59:509-519, 1991) proves that the uniform rule is the unique one which satisfies
strategy-proofness, efficiency, and envy-freeness. However, the uniform rule is not
so appealing in our model since it disregards the differences in individual endow-
ments. In other words, the uniform rule is not individually rational. In this paper, we
propose a new rule named the uniform proportion rule. First, we prove that it is the
unique rule which satisfies strategy-proofness, efficiency, and envy-freeness on pro-
portion and we show that it is individually rational. Then, we show that our rule is
indeed a member of the class of sequential allotment rules characterized by Barbera
et al. (Games Econ Behav 18:1-21, 1997).

1 Introduction

Consider the problem of reallocating individual endowments of an infinitely divis-
ible good among agents with single-peaked preferences which mean that every agent
has an optimal amount of the good around which his preference is decreasing. Our
purpose is to construct desirable reallocation rules based on agents’ preferences.

A potential application could be found in the electricity markets where the agents
would be countries or states. Since excess electricity costs more on electricity stor-
age and overload can potentially damage the infrastructures, “more is better” does
not hold in this circumstance, whereas the existence of an optimal amount of elec-
tricity might be considered more practical. Thus the preferences over agents’ share
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of electricity could be interpreted as single-peaked. We intend to construct rules to
design a reallocation system of electricity in this situation.

We study strategy-proof, efficient, and fair reallocation rules. Strategy-proofness
states that no agent can gain by misrepresenting his preference. Efficiency requires
that there should be no other reallocation in which some agent is better off and no
agent is worse off. On fairness, there is a well-known property of envy-freeness
introduced in Foley (1967) which plays an important role in the theory of social
choice. It states that no agent prefers someone else’s allocation to his own. These
three properties are fairly standard in the theory of social choice. A prominent work
established by Sprumont (1991) proves that the uniform rule (Benassy 1982) is the
unique rule satisfying strategy-proofness, efficiency, and envy-freeness. Though the
uniform rule is believed to be one of the most attractive in the literature, it is not
considered to be suitable in our model taking into account the differences in individ-
ual endowments. In other words, the uniform rule is not individually rational which
requires that no agent should be worse off than his endowment.

Rather than envy-freeness, Barbera et al. (1997) introduce a novel concept,
replacement monotonicity. It requires that if an agent claims a different preference
which leads to at least as large (respectively, small) an allocation, then all other
agents receive no larger (respectively, smaller) allocation than before. In their semi-
nal work, they characterize the class of sequential allotment rules satisfying strat-
egy-proofness, efficiency, and replacement monotonicity. Moreover, they show that
if we impose individual rationality on the selections from this class of rules, only the
sequential allotment rules with initial guaranteed levels equal to agents’ individual
endowments remain acceptable. However, such class of rules is yet so large that it is
hard to specify a simple algorithm that could provide us a plausible solution of the
reallocation problem. This urges us to search for other fairness properties that can
help us to select some specific and desirable ones from this class of rules.

Hashimoto and Wakayama (2021) define a new concept of fairness named envy-
freeness for similarities: no envy among demanders or suppliers.! They construct
a new reallocation rule named the gross uniform reallocation rule and show that
it is the unique rule satisfying strategy-proofness, efficiency, individual rationality,
and envy-freeness for similarities. Another interesting work established by Klaus
et al. (1998) introduces a different concept of fairness named adjusted envy-freeness
which states that no agent prefers another agent’s net trade to his own.” They con-
struct a new rule named the uniform reallocation rule® and show that it is the unique
rule satisfying strategy-proofness, efficiency, and adjusted envy-freeness.

In this paper, we propose a new concept of fairness named envy-freeness on propor-
tion which states that no agent prefers another agent’s trading proportion to his own. In
the example of electricity reallocation problem, we believe that the relative electricity

' An agent is a demander (respectively, supplier) whenever his endowment is strictly less (respectively,
greater) than his peak. The formal definition is given in Sect. 2.

2 The concept of envy-freeness in terms of allotment changes, called fair net trade, was formulated by
Kolm (1972) and Schmeidler and Vind (1972) in the more general context of exchange economies.

3 See also Klaus et al. (1997), Klaus (2001), and Moreno (2002).
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usage level represented by the ratio of individual endowments between agents should
be taken into consideration, and this idea is to some extent captured by our new axiom.
Then, we propose a new reallocation rule named the uniform proportion rule and prove
that it is the unique rule satisfying strategy-proofness, efficiency, and envy-freeness on
proportion. An interesting aspect of our result is that the uniform proportion rule is one
special element of the class of rules characterized by Barbera et al. (1997), however,
individual rationality is not required in our characterization. In other words, strategy-
proofness, efficiency, and envy-freeness on proportion imply individual rationality,
which amounts to a partial but important justification of envy-freeness on proportion.

In Sect. 2, we set up the model. In Sect. 3, we prove the theorem and show that
our rule is indeed a member of the sequential allotment rules. In Sect. 4, we show
that the theorem is tight. In Sect. 5, we discuss an interesting open question.

2 Notation and definitions

The set of agents is N = {1,...,n}. Consider economies with one divisible good
of which each agent i € N possesses an individual endowment ¢; € R,,. Let
e=(e,...,e,) €R’ be the profile of individual endowments, and denote the
total endowment by E = ) ., e. Each agent i € N has a single-peaked prefer-
ence relation R; on R,: there is a point p(R;) € R, such that for all x;,y; € R,
if either y; < x; < p(R;) or p(R;) < x; <Yy, then x; P; y;, where P, is the asymmet-
ric part of R;. The unique point p(R;) is called the peak of R;. Denote the set of
all single-peaked preferences defined on R, by # and let R=(R,,...,R,) of
X" be the profile of preferences. Let p(R) = (p(R)), ...,p(R,)) be the profile of
peaks. To distinguish the preferences of some agent and those of the rest, let
R_;=®Ry,....,R_{,R,,...,R,), and write R = (R;, R_;). The set of feasible alloca-
tions is X = {(xy,...,x,) € R} : Y, v x;, =E}

A rule is a function f : %" — X assigning to each preference profile R € #" a
feasible allocation f(R) = (f;(R), ..., f,(R)) € X, where f;(R) means agent i’s alloca-
tion at R.

For convenience, depending on R, we classify agents into three sets. For all
ReZ', let NYR)={ieN:pR)>e}, N(R={ieN:pR)=e} and
N°(R) ={i € N : p(R)) < ¢;} be the sets of demanders, non-traders and suppliers,
respectively.

Next we introduce several axioms which are standard in the literature.

Definition 1 A rule f is strategy-proof if for all R € %", all i € N and all R} € %,
(R R; fi(R;,R_l-).

Obviously, if a rule fis strategy-proof, then reporting the truth is always a weakly
dominant strategy for each agent.

Definition 2 A rule fis efficient if for all R € %", there is no x € X such that for all
i €N, x;R; fi(R), and for some j € N, x; P; fi(R).
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Efficiency states that there is no other allocation in which some agent is better off
and no agent is worse off.

Now we propose a new concept of fairness which requires that an allocation rule
is such that every agent i weakly prefers what he is allocated to what any other agent
j is allocated, if the allocation of j would be multiplied by the ratio of the individual
endowments between j and i.

Definition 3 A rule f satisfies envy-freeness on proportion, if for all R € %", and all
{i.j} ©N, fi(R) R Zf(R).

Remark In our model, it is easy to show that efficiency is equivalent to same-sidedness,
that is, for all R € #", either f,(R) > p(R,) foralli € N or f;(R) < p(R;) for alli € N.

3 Main results

In social endowment setting, the well-known uniform rule is the most studied rule in
the literature.* We extend it into individual endowments setting. In this section, we
first introduce our reallocation rule which is called the uniform proportion rule, and
we show the characterization result. Then we prove that the uniform proportion rule
is individually rational. Finally, we show that the uniform proportion rule is a mem-
ber of the sequential allotment rules.

Definition 4 The uniform proportion rule: For all R € %" and alli € N,

(R) = min{p(R,), Ae;} iijeNp(Rj) > E,
pi\R) = max{p(R;), Ae;} if ZieNp(Rj) <E,

where 4 € R, solves ZjeN @i(R) =E.

The uniform proportion rule works as follows. In case of excess demand
S ieN P(R;) > E), all suppliers and non-traders receive their peaks. Then distribute the
total resulting supply to each demander in a uniform proportion over each demander’s
initial endowment. If some demander were distributed more than his peak, then he
would receive his peak as the final allocation. Iterate this process until there is no supply
left. In the balanced situation ()] ieN P(R;) = E), all agents receive their peaks. In case
of excess supply (3. jen P(R;) < E), all demanders and non-traders receive their peaks.
Then subtract the total resulting demand in a uniform proportion from each supplier’s
initial endowment. If some supplier were subtracted less then his peak, then he would
receive his peak as the final allocation. Iterate this process until there is no demand left.

We illustrate the algorithm with an example.

Example 1 Let N = {1,2,3,4,5}, and e = (100,40, 30, 20, 10). Let R € %° be such
that p(R) = (60, 50, 50, 40, 20). Since Y;,_y p(R;) = 220 > 200 = E, the only supplier

4 There are many interesting axiomatic studies on the uniform rule, for example, Ching (1992, 1994),
Mizobuchi and Serizawa (2006), Sakai and Wakayama (2012) and Sonmez (1994).
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agent 1 has f;(R) = p(R,) = 60 as his final allocation. Then we have ¢; — p(R,) = 40
units to be distributed to other four agents based on the ratio between their individual

endowments. Thus we would distribute —[ e p(Rl)] =16 units,
. ¢4 eyt+este tes
—ez o—— le, —p(R)] =12 units, m[ —p(R)| =8 units, and

—5 p—
et [ e, — p(R, )] 4 units to each remaining agents respectively. Since
e, + m [ p(Rl)] =40+ 16 =56 > 50 = p(R,), we have f,(R) =p(R,) =50 as

the final allocation for agent 2. Now we have e; — p(R,) — (p(R,) — e,) = 30 units to
be distributed to agent 3, 4, and 5 in the same fashion Thus f3(R) = e; +

—PR) = (P(Ry) — &) =45, fy(R) = ey + —Z—le, = p(R,) = (p(Ry) = €)] = 30,
and f5(R) = es + ﬁ[ , —P(R) — (p(R,y) — 32)] = 15 are the final allocations for

agent 3, 4, and 5 respectively. We conclude that the final allocation is
f(R) = (60,50,45,30, 15). It is easy to see that, in this example, f;(R) = p(R;) for
i =1land 2, and f;(R) = Ae;fori = 3,4,and 5, where A = 1.5.

Now we state our characterization.

e+e+es[1

Theorem The uniform proportion rule is the only rule that satisfies strategy-proof-
ness, efficiency and envy-freeness on proportion.

Proof We first prove the necessity part of the theorem. Obviously the uniform pro-
portion rule satisfies efficiency. On strategy-proofness, we refer to the proof pro-
posed by Sprumont (1991). By replacing A defined in his model with Ae; defined in
our model, and without any other modification the proof is complete.

Lastly, we check envy-freeness on proportion. Let R € %" and i,j € N be arbi-
trary. Consider the case of )., p(R;) > E (since the other case is similar, we omit
the proof).

Case 1 If @;(R) = p(R,), then it is obvious that ¢;(R) R, %(pj(R).

Case 2 Let ¢;(R) = Je; and (pj(R) = /lej. Since g(pj(R) = ?/lej = Je;, we have @;(R)
R %9,(R). '

Case 3 Let @;(R) = Ae; and (pj(R) p(R) By the definition of the rule,
@;(R) = Ae; < p(R)) and & (pJ(R) —p(R) < /le = Ze,. Since e’(p(R) < Jle; < p(R),

by the definition of smgle peakedness @;(R) R 1= (pj(R)
J

Now we prove the sufficiency part of the theorem. Let f be a rule satisfying strat-
egy-proofness, efficiency, and envy-freeness on proportion. Let R € %" be such that
Z ien P(R;) 2 E (the other case is similar and we omit the proof). By efficiency,
f (R) < fp(R ) for all i e N. For convenience, arrange the indexes of agents such that
f1 ® fn

< - < . Notice that we do not rearrange the indexes of agents

henceforth although ‘e argue agents allocation on a different profile of prefer-
ences. Let N*(R)={ieN : i (R) < 4B for some j € N}. We will now show that all

/
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agents who receive their optimal assignment by the allocation rule will be in N*(R),
while every agent i outside of N*(R) will receive Ae; for some A.

Step 1. For all i € N*(R), fi(R) = p(R)).

Suppose by way of contradiction that there is some j & N*(R) such that
J(R) < p(R;). Let | =min{j € N*(R) : f(R) <p(R;)}. By the definition of agent
[, we have f(R) <p(R)), and f(R) =p(R,;) for all i <[. We are now consider-
ing a preference order R; which is such that [ strictly prefers having more than
fi(R) to f(R), even if the amount exceeds the peak of /. Formally, this prop-
erty can be stated as let R) € # be such that p(R)) = p(R;) and x; P} fi(R) for all
x; > p(R)). Since Z#IP(R,') +p(R) = Y,enP(R) > E, by efficiency, fori =1, ...,
fi(RI,R_) <p(R)). Since it is already shown that f(R) < p(R;), we can com-
pare f(R),R_,) with f(R). By the definition of R; and strategy-proofness, we
have f(R) R, f,(R;,R_l) which implies that f,(R) > f(R),R_)), and f,(R/,R_)) R;
fi(R) which implies that f,(R,R_;) > f,(R). Thus we must have f,(R;,R_l) = f(R).
Hence, we have Y.,  fi(R) >3,  fi(R,R_). By feasibility, we have
Zictat, i) < Xy W JiRLR).

Now we have to consider two cases.

.....

Case 1 For some je{l+1,....n}, f(R) <f(R,R_). Then we have
(R F(R) f(R R . .

f’( ) <40 e/» ~—L—. By envy-freeness on proportion, it must hold that f,(R,R_)) R}
a, f (R',R_). However, this contradicts the definition of R; since

E’f(R’, _l) > f,(R) = f(R), R_)) and thus the proof of Case 1 is completed.

Case 2 For all je{l+1,....n}, f(R)>f(R,R_). Then we have

Dt afi® 2 Yy LSRR which implies
Zi:l+1,...,nf(R) Yiis.. nJiR,R_). Hence, fi(R)= ]I”J(R’ for all
je{l+1,...,n}. By the deﬁmtlon of N*(R), f’(R) @ By envy-free-

ness on proportion, it must hold that f(R/,R_;) R’ “ fn(R’ ,R_). However this contra-
dicts the definition of R since :’ f(RI,R_) > fl(R) fi(R),R_;) and thus the proof of

Case 2 is completed.
Step 2. There is some 4 € R, such that for alli € N\N*(R), fi(R) =

By the definition of N*(R), for all i € N*(R) and all j,k € N\N*(R), we have
0 <2 f ® LB _ fk(R) LetA= . = for some j € N\N*(R).? Therefore, we can write

J;(R) - Je, for all j € N\N*(R).

As shown in Steps 1 and 2, for all i € N*(R) and all j € N\N*(R), we have
PR) =f(R) < ff‘R)e = Je;, and by efficiency, we have Ae; = f,(R) < p(R;). There-
fore, for alli € N we have fi(R) = min{p(R,), Ae;}. O

E-Fien+ ® PR

Yientw €

5 By feasibility, 4 can be precisely computed as 4 =
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In our model of individual endowments setting, it is fairly natural to consider
individual rationality as an important criterion when constructing reallocation rules
which states that no agent prefers his individual endowment to his allocation.® We
define individual rationality as follows.

Definition 5 A rule fis individually rational if for all R € %" and alli € N, f,(R) R;e;.

Although individual rationality is not required in our characterization, in fact,
the uniform proportion rule is individually rational. We prove it in the following
proposition.

Proposition 1 The uniform proportion rule @ is individually rational.

Proof Let R € %" be such that ZjeN P(R;) 2 E (the other case is similar and we omit
the proof). We show that 4 > 1.

Suppose by way of contradiction that A< 1. For all i€ N, we have
@;(R) = min{p(R,), Ae;} < e;. Thus Y., @;(R) < E which is contradictory to the
feasibility of @. Therefore, A > 1. By the definition of single-peaked preference, it is
easy to see that for all i € N, we have ¢;(R) R; ¢;. O

Remark A seminal work by Barbera et al. (1997) studies strategy-proof and effi-
cient allocation rules where the agents might be treated with different priorities.
Moreover, it introduces a novel concept—replacement monotonicity, and character-
izes a large class of rules named sequential allotment rules which are the only rules
that satisfy strategy-proofness, efficiency, and replacement monotonicity. Indeed,
the uniform proportion rule is a member of such class of rules. To show that, we
only need to prove that our rule satisfies replacement monotonicity. First, we define
replacement monotonicity which requires that if an agent claims a different prefer-
ence which leads to at least as large (respectively, small) an allocation, then all other
agents receive no larger (respectively, smaller) allocation than before. Then we show
that the uniform proportion rule is replacement monotonic.

Definition 6 A rule f is replacement monotonic if for all R € %", all i € N, and all
R € Z.[f(R) <f(R.R_)] = [[(R)2f(R.R_)|forall j#i.

Proposition 2 The uniform proportion rule @ is replacement monotonic.
Proof Suppose by way of contradiction that for some R € %", some i € N, and
some R} € Z, ¢,(R) < (R}, R_,), and ¢,(R) < @;(R],R_;) for some j # i. Consider

the case of ).y P(R;) > E (since the other case is similar, we omit the proof).

Case 1 Zk#p(Rk) +p(R) > E.

6 See Klaus et al. (1997) and Hashimoto and Wakayama (2021).
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By the definition of ¢, ¢;(R) = min{p(R)), Ae;} and (pj(le,R_i) = min{p(R)), pe;}
for some A, u € R,.

First, let ®;(R) = p(R)). Since @,(R) < (pj(R;,R_i), we have
(pj(R;,R_i) = pe; < p(R)). It implies p(R;) < pe; < p(R;), which is a contradiction.

Second, let qaj(R) = /lej. Since (pj(R) < (pj(RZ,R_I-), we have
Ae; < min{p(R), pe;} ~ which  implies A<pu. Thus for all k#ij,
@,(R) = min{p(R,). Ae,} < min{p(Ry), pe,} = @, (R, R_). Since ¢,(R) < ¢,(R., R_)
and @;(R) < @,(R,R_;), we have ¥, .\ @ (R) < X ey @x(R}, R_;), which contradicts
the feasibility of ¢.

Case 2 Zk#ip(Rk) +pR) <E.

By the definition of ¢, for all k # i,j, @,(R) = min{p(Ry), Ae;} < p(R,) < max
(PR, pey} = o (R, R_;) for some A,u€R,. Since @,R)< ¢,(R,,R_;) and
@j(R) < ¢,(R),R_;), we have ¥, .\ @ (R) < X oy @x(R}, R_;), which contradicts the
feasibility of ¢.

Therefore, we conclude that the uniform proportion rule is replacement mono-
tonic. O

4 Independence
We show the independence of the axioms in our theorem.

Example 2 The endowment rule is defined as ff(R) =e¢; for all i € N, and all
R € #". The endowment rule satisfies strategy-proofness and envy-freeness on pro-
portion but not efficiency.

Example 3 The uniform rule is defined as follows. For all R € #" and alli € N,

fu(R) _ min{P(R;), /1} if ZjeNp(Rj) > E,
i - max{p(R;), A} if ZjeNp(Rj) <E,

where A € R, solves ZJGN];”(R) =E.

The uniform rule satisfies strategy-proofness and efficiency but not envy-freeness
on proportion.

Example 4 Let n=3 and e=(1,1,2). Let R € % be such that 1 R’l 3 and
p(R") = (2,3,0). Define f as follows: for all R € %°,

. [ (1,3,0)ifR=F,
SR = { @(R) otherwise.

Then f satisfies efficiency and envy-freeness on proportion but not
strategy-proofness.
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5 Discussion

In this paper, we introduce a new concept—envy-freeness on proportion, and show
that the uniform proportion rule is the only rule that satisfies strategy-proofness, effi-
ciency, and envy-freeness on proportion. In the same setting as ours, several studies
introduce different concepts of envy-freeness. One is adjusted envy-freeness intro-
duced by Klaus et al. (1998) and Moreno (2002).

Definition 7 A rule f is adjusted envy-free, if for all R € %" and all {i,j} C N, f(R)
R, max{e; + (f(R) —¢,),0}.

Another one is envy-freeness for similarities introduced by Hashimoto and
Wakayama (2021).

Definition 8 An allocation x € X is envy-free for similarities for R € %" if for all
{i,j} C N, if either {i,j} € N4(R) and x; > e or{i,j} CN*(R)and x; < e, then x; R;
x;. A rule f'is envy-free for similarities if for all R € X', f(R) is envy-free for simi-
larities for R.

These three concepts define envy-freeness in three different ways, one in terms
of the proportion of allotment changes, one the net allotment changes, and the other
the final allotments, respectively. It triggers us to consider if we can define these
concepts in a general form with which we could define a class of concepts of envy-
freeness. Let us define it formally.’

Forall R € #", let (N'(R), N*(R), ..., N'(R)} for 1 <[ < nbe a partition of the set
of agents, and g : Ri — R, be an auxiliary function used both to define a general
envy-free concept.

Definition 9 A rule f satisfies envy-freeness relative to {N"}f{=I and g, if for all
Re %", andalli,j € N\(R)fork € {1,2,...,1}, fi(R)R; g(e;, ej,fi(R),]s-(R)).

In Klaus et al. (1998) and Moreno (2002), for all R € #", the partition is
N'(R)=N and N¥QR)= @ for all k € {2,...,1}, and the auxiliary function is
g=¢+(fi(R)—¢)if e; + (f(R) —¢;) € R,, and g = 0 otherwise. In our paper, for
all R € #", the partition is N'(R) = N and N*(R) = @ for all k € {2, ...,1}, and the
auxiliary function is g = 3];(R). In Hashimoto and Wakayama (2021), for all

R € %", the partitionis N'(R) = {i € N : p(R,) > ¢;}, N>(R) = {i €N : p(R,) = ¢;},
N3 R)={i €N : p(R) < ¢;}and N(R) = @ for all k € {4, ..., 1}, and the auxiliary
function is g = f;(R) if f;(R) # ¢; and g = f;(R) otherwise.

It might be interesting to consider which envy-free concept is natural and appeal-
ing in this general class and characterize the rules which satisfy strategy-proofness,
efficiency, and such envy-free concept. We leave it an open question for future
research.

7 This is based on the idea of an anonymous referee.
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