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Abstract

Bogomolnaia and Moulin (J Econ Theory 100:295-328, 2001) show that there is no
rule satisfying stochastic dominance efficiency, equal treatment of equals and stochas-
tic dominance strategy-proofness for a probabilistic assignment problem of indivisible
objects. Recently, Mennle and Seuken (Partial strategyproofness: relaxing strategy-
proofness for the random assignment problem. Mimeo, 2017) show that stochastic
dominance strategy-proofness is equivalent to the combination of three axioms, swap
monotonicity, upper invariance, and lower invariance. In this paper, we introduce a
weakening of stochastic dominance strategy-proofness, called upper-contour strategy-
proofness, which requires that if the upper-contour sets of some objects are the same
in two preference relations, then the sum of probabilities assigned to the objects in the
two upper-contour sets should be the same. First, we show that upper-contour strategy-
proofness is equivalent to the combination of two axioms, upper invariance and lower
invariance. Next, we show that the impossibility result still holds even though stochas-
tic dominance strategy-proofness is weakened to upper-contour strategy-proofness.

1 Introduction

We consider a problem of allocating indivisible objects to a group of agents when
each agent is supposed to receive exactly one object and monetary compensations are
not allowed. This problem occurs frequently in many real-life situations: dormitory
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allocation in the university, work assignment to workers, student assignment to primary
schools, etc.

It is obvious that the indivisibility of objects causes a difficulty in achieving fair-
ness. Suppose that there are two objects to be allocated to two agents with the same
preference relation. If agents strictly prefer one object to another, then each of the
two possible allocations will violate any reasonable notion of fairness. To overcome
this difficulty, we follow the literature and use lotteries to assign the objects. This
assignment problem was introduced by Hylland and Zeckhauser (1979).

Bogomolnaia and Moulin (2001) show that there is no rule satisfying three rea-
sonable requirements for the assignment problem, namely, stochastic dominance
efficiency, equal treatment of equals, and stochastic dominance strategy-proofness.
Stochastic dominance efficiency requires that a rule should choose an allocation
which is not stochastically dominated by another allocation. Equal treatment of equals
requires that if two agents have the same preference relation, then they should end up
with the same assignment. Stochastic dominance strategy-proofness requires that an
agent should not gain by misrepresenting her preference relation. !

Recently, Mennle and Seuken (2017) show that stochastic dominance strategy-
proofness is equivalent to the combination of three axioms, swap monotonicity, upper
invariance, and lower invariance. Swap monotonicity requires that if one agent changes
her preference relation to another adjacent one by swapping two adjacent objects, then
either her assignment remains the same or a higher probability should be assigned to
the object with the higher rank in the revised preference relation. Upper invariance
requires that if one agent changes her preference relation to another adjacent one
by swapping two adjacent objects, then the probabilities of obtaining any object in
the strict upper-contour set of the two objects should not be affected. Finally, lower
invariance requires that if one agent changes her preference relation to another adjacent
one by swapping two adjacent objects, then the probabilities of obtaining any object
in the strict lower-contour set of the two objects should not be affected.

In this paper, we introduce a weakening of stochastic dominance strategy-proofness,
called upper-contour strategy-proofness, which requires that if the upper-contour sets
of some objects are the same in two preference relations, then the sum of probabilities
assigned to the objects in the two upper-contour sets should be the same. First, we
show that upper-contour strategy-proofness is equivalent to the combination of the two
axioms, upper invariance and lower invariance. Next, we investigate an existence of
rules satisfying upper-contour strategy-proofness together with stochastic dominance
efficiency and equal treatment of equals, and show that when the number of agents is
greater than three, the impossibility result still holds even though stochastic dominance
strategy-proofness is weakened to upper-contour strategy-proofness. On the other
hand, if the number of agents is three, we can characterize the random serial dictator
rule by imposing the three axiom. We present our second impossibility result by
deleting upper invariance and strengthening equal treatment of equals to strong equal
treatment of equals, which requires that if two agents have the same preference up to

I Related impossibility results are given in Chang and Chun (2017), Kasajima (2013), Liu and Zeng (2019),
Mennle and Seuken (2017), Nesterov (2017), and Zhou (1990). On the other hand, possibility results can
be found in Bogomolnaia and Heo (2012), Bogomolnaia and Moulin (2002), Hashimoto et al. (2014), Heo
(2014), and Heo and Yilmaz (2015).
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some object starting from the most preferred object, then they should end up with the
same assignment up to that object.

This paper is organized as follows. Section 2 introduces the model and basic axioms.
Section 3 introduces upper-contour strategy-proofness, and investigates its logical
relations with other axioms. Section 4 presents our main results.

2 The model

Let N = {1, ..., n} be a finite set of agents. A typical agent is denoted by i € N. Let
A ={a,b,c,d,os,...,0,} be afinite set of objects. A typical object is denoted by
k € A. We assume that |[N| = |A| = n. Each agent i € N has a complete, transitive,
and antisymmetric binary relation P; over A and a corresponding weak relation R;. Let
P; be the preference relation of agent i and P be the (universal) domain of preference
relations. Let P = (P;);en be a preference profile and PV be the (universal) domain
of preference profiles. Also, for each i € N, let P_; = (P;)jen\(i)- Since we do
not vary either N or A, we write an assignment problem (simply, a problem) as a list
P € PN, To simplify our notation, for each i € N, we write P;: abcd instead of
aPibPiCPid.

For each P; € P and eacha € A, let rank(P;, a) be the rank of object a in P; and
rm(P;),m =1, ..., n,bethe m-thranked object according to P;. Also,let U (P;, a) =
{k € AlkR;a} be the upper contour set of a in P; and L(P;,a) = {k € AlaR;k} be
the lower contour set of a in P;. Let Ij(P,-, a) = {k € AlkP;a} be the strict upper
contour set of a in P; and I:(Pi, a) = {k € AlaP;k} be the strict lower contour set of
ain Pi.

Let A(A) be the set of lotteries, or probability distributions over A. For all A €
A(A), 1, denotes the probability assigned to object a. A (probabilistic) allocation is
a bi-stochastic matrix L = [L;i];en kea, amely a non-negative square matrix whose
elements in each row and each column sum to unity. Let £ be the set of all bi-stochastic
matrices.

For each P; € P and each A, ) € A(A), A stochastically dominates )" according
to P;, denoted by )»Rfd)»/, if 22:1 APy = 22:1 )‘/rz(P,-) foreacht =1,...,n. If
strict inequality holds for some ¢, then we write APiSdA’ . Similarly, for each P € PV,
an allocation L stochastically dominates another allocation L', denoted by Lpsiy,
if foreachi € N, LindL; and for some i € N, LiPl.SdLj. An allocation L satisfies
stochastic dominance efficiency (simply, sd-efficiency) if it is not stochastically dom-
inated by any other allocation. For each P € PV, let E*¢(P) be the set of sd-efficient
allocations for P.

A rule is a function which associates with each problem an allocation in £. A
generic rule is denoted by ¢. For each P € PV, let ¢ (P) be the probability of agent
i receiving object k, and ¢; (P) = (¢ix(P))rea be the assignment to agent i by rule
0.

We introduce requirements imposed on rules. Sd-efficiency requires that a rule
should choose an sd-efficient allocation.

sd-efficiency For each P € PV, ¢(P) € E*¢(P).
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Stochastic dominance strategy-proofness (simply, sd-strategy-proofness) requires that
an agent should not gain by misrepresenting her preference relation.

sd-strategy-proofness For each P € PN each i € N, and each Pl./ e P,
9i(P;, P_) R} @i (P!, P_)).

Next are fairness requirements. Equal treatment of equals requires that if two agents
have the same preference relation, then they should end up with the same assignment.
Strong equal treatment of equals requires that if two agents have the same preference
relation up to some object a starting from the most preferred object, then they should
end up with the same assignment up to the object a.

Equal treatment of equals For each P € PN and each i, Jj € N,if P, = Pj, then
@i(P) = ¢;j(P).

Strong equal treatment of equals Foreach P € PV eachi, j € N, andeacha € A,
ifU(P;,a) = U(Pj,a) and foreachk € U(P;, a), rank(P;, k) = rank(P;, k), then
foreachk € U(P;, a), ¢ix(P) = @i (P).

Nesterov (2017) shows that strong equal treatment of equals implies equal treatment
of equals. He also shows that the converse does not hold in general.

3 Upper-contour strategy-proofness

Sd-strategy-proofness requires that an agent cannot gain by misrepresenting her prefer-
ence relation. Itis a very demanding requirement since we have to consider all possible
manipulations of preference relations and its consequences in terms of stochastic
dominance. In this paper, we introduce upper-contour stratgy-proofness (simply, uc-
strategy-proofness), which is a significant weakening of sd-strategy-proofness and
investigate its implications in the context of assignment problems. It requires that for
some agent i, and two preference relations P; and P/, and two objects a and b, if the
upper-contour set of object @ in P; and the upper-contour set of object b in P/ are the
same, then the sum of probabilities assigned to the objects in two upper-contour sets
should be the same.

uc-strategy-proofness For each P € PV, each i € N, each P! e P,
and each a, b € A, if U(P;,a) = U(P/,b), then Dy yy(p, o) $ik(Pis P—i) =
2 keu (P! by Pik (P}, Pi).

Suppose that there are agent i € N, preference relations P; and P/, and objects a and
bsuchthat U(P;,a) =U (Pi’, b). In many situations, an agent might pay an attention
on the probability that she receives an object better than or indifferent to a benchmark
object (in this case, a in P; and b in P/). If the sum of probabilities assigned to the
objects in U (P!, b) is greater than the sum of probabilities assigned to the objects
in U(P;, a), then she has an incentive to report P/ instead of P;. Uc-strategy-proof
prevents such a manipulation by an agent. As we discuss in the following, uc-strategy-
proof is much weaker than sd-strategy-proofness.

2 Note that it is possible to have a = b.
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Example 1 Uc-strategy-proofness does not imply sd-strategy-proofness. Let N =
{1,2,3} and A = {a,b,c}. Let Pl: abc, P?: acb, P}: bac, P}: bca, Py: cab,
and Pf’: cba. We assume that the assignment to agent 1 is given as follows and the
assignments to any other agents are fixed regardless of their preference relations.

1 111 ) 111

(Pl(Pl,Pz,P3)=<Z,§,Z>7 (01(P1,P2,P3)=(Z,Z,5>,
5 111 A 111

¢1(P]$P29P3)=<§711Z>7 (pl(P1$P21P3)=<§7ZsZ>7

(PSPP)—lll (P6PP)—101
oy, £2, 13) = 4,4,2,% 1> 2, 3) = > %)

It is not difficult to show that this rule satisfies uc-strategy-proofness. However, if the
true preference relation of agent 1 is P®, then she has an incentive to misrepresent her
preference relation as PIS, so that this rule does not satisfy sd-strategy-proofness.

Next, in Table 1, we calculate how many comparisons we need to verify the state-
ments of sd-strategy-proofness and uc-strategy-proofness. When the number of agents
is 3, sd-strategy-proofness asks to check 10 probability pairs, but uc-strategy-proofness
2 pairs. In Example 1, when the true preference relation of agent 1 is Pll, sd-strategy-
proofness asks agent 1 to compare the other five preference relations, P2, P13, P]4 ,
P15, and P®, and compare ten pairs of probabilities.> On the other hand, uc-strategy-
proofness asks agent 1 to compare only two preference relations, P12 and P13, and
compare two pairs of probabilities.* In general, if the number of agents is n (n > 3),
then sd-strategy-proofness asks to compare (n! — 1)(n — 1) pairs, but uc-strategy-
proofness {Zz;f k!(n —k)!} — (n — 1) pairs. Therefore, the number of pairs needed
to check for sd-strategy-proofness is at least n times greater than the number of pairs
needed to check for uc-strategy-proofness.’

Mennle and Seuken (2017) show that strategy-proofness can be decomposed into
three axioms, swap monotonicity, upper invariance, and lower invariance. For each
pair P;, P/ € P, P/ is adjacent to P; if P/ is obtained from P; by swapping two
consecutively ranked objects without affecting any other objects. Swap monotonicity
requires that if one agent changes her preference relation to another adjacent one, then
either the assignment to the agent remains the same or a higher probability should be
assigned to the object with the higher rank in the revised preference relation. Upper
invariance, introduced by Hashimoto et al. (2014), requires that if one agent changes
her preference relation to another adjacent one, then the probabilities of obtaining any

3 Agent 1 has to compare @14 (P}, Py, P3) with ¢14(P2, P2, P3), ¢14(P}. P2, P3). ¢14(P}}. P2, P3).
<p1a(P15, Py, P3), and (pla(Pf, P>, P3). Also, she has to compare (pla(Pll, Py, P3) + (p”,(Pll, P>, P3)
with @14(P{. P2, P3) + @1p(PP. Pa, P3), ¢1a(P}. P, P3) + @15(P}. Py, P3). @14(P}. P2, P3) +
@15(PL, Py, P3), 91a(P}, Po, P3) +@15(P}, Py, P3), and ¢14 (PP, P2, P3) + @15(PY, Py, P3).

4 Agent 1 has to compare g1, (P, Py, P3) with @14 (PZ, P2, P3) and ¢14(P[, P>, P3)+¢15(P[. P>, P3)
with ‘/’la(P13s P, P3) + wlb(Pf’, P, P3).

5 n—1 _ _ _ (n!=D@n—=1) (==  _
Since Zk:l kl(n —k)! < (n—1)(n — 1)!, we have {22;11 pEprST— > TED=DI=0=T) =

nl—1 (n—1!-1

-Di—1 =" zn.

D=1 =
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Table 1 The numbers of probability pairs needed to check for sd-strategy-proofness and uc-strategy-
proofness

Number of agents sd-strategy-proofness uc-strategy-proofness
10 2
4 69 13
476 68
n>3 n!'—1Dn-—-1) {Zz;llk!(n—k)!}—(n—l)

object in the strict upper-contour set of the two objects should not be affected. Finally,
lower invariance requires that if one agent changes her preference relation to another
adjacent one, then the probabilities of obtaining any object in the strict lower-contour
set of the two objects should not be affected.

Swap monotonicity For each P € PN eachi € N, each Pl.’ € P, and each a,
b € A, if P/ is adjacent to P;, a P;b, and b P/a, then either ¢; (P/, P_;) = ¢; (P;, P_;)
or ¢;ip(P/, P—;) > @ip(P;, P—;).

Upper invariance Foreach P € PN eachi € N, each P[.’ € P,andeacha,be A,
if P/ is adjacent to P;, aP;b, and bP/a, then ¢;x (P!, P_;) = ¢;;(P;, P—;) for each
ke U(P;,a).
Lower invariance Foreach P € PV, eachi € N, each Pi’ € P,andeacha, b € A,
if P! is adjacent to P;, aP;b, and bP/a, then ¢ix (P!, P_;) = @ix(P;, P—;) for each
ke L(P;,b).

Here, we show that uc-strategy-proofness is equivalent to the combination of two
axioms, upper invariance and lower invariance. Therefore, uc-strategy-proofness
requires that if one agent changes her preference relation to another adjacent one,

then the probabilities of obtaining any object either in the strict lower-contour set or
in the strict lower-contour set of the two objects should not be affected.

Proposition 1 A rule satisfies uc-strategy-proofness if and only if it satisfies upper
invariance and lower invariance.

Proof (=) First, we show that uc-strategy-proofness implies upper invariance. Let ¢
be a rule satisfying uc-strategy-proofness. Suppose that there exist P € PV, i € N,
P/ € P, and a, b € A such that P/ is adjacent to P;, aP;b, and bP/a. Note that

for each k € 0( Pi,a), UPi, k) = U (Pi’,k). By uc-strategy-proofness, for each
keU(P;,a)=U(Pb),

Yo P P)= Y (P, P),

LeU(Pi.k) LeU (P k)

which implies that ,
@ik (P, P_i) = gix (P}, P_;),

the desired conclusion.
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Next, we show that uc-strategy-proofness implies lower invariance. Suppose that
there exist P € PN, i € N, P,.’ € P, and a, b € A such that Pl.’ is adjacent to

P;, aP;b, and bP!a. Note that U(P;,b) = U(P/,a) and for each k € L(P;, b),
U(P;, k) = U(PI-/, k). By uc-strategy-proofness, for each k € L(P;, b),

Yo wiPLPy= Y g (P P),

LeU (P; k) LeU (P k)
which implies that for each k € L(P;, b) = I:(Pl.’, a),
gik(P;, P—j) = g (P}, P_;),

the desired conclusion.

(<) Now we show that upper invariance and lower invariance together imply uc-
strategy-proofness. Let ¢ be a rule satisfying upper invariance and lower invariance.
Suppose that there exist P € PN ieN, Pl.’ € P,anda, b € Asuchthat U(P;,a) =
U(P/, b). We need to show that

Y e Py= Y gu(P,P). ey

CeU(P;,a) teU(P].b)

Let P € P be such that for each k € U(P;,a) = U(P/,b), rank(P/ k) =
rank(P;, k) and for each k € L(P;, a) = L(P/, b), rank(P/', k) = rank(P/, k). By
swapping two adjacent objects in U (P/, b) finite times, we can construct a sequence of
preference relations {Pl.o, Pl.l, Pl.z, Pl.h} such that Pl.o =P/, Pl.h = P/, and for each
nelo,.. h—1}, Pl.h/ and Pl.hurl are adjacent and for each k € f,(Pi, a) = i(Pl.’, b),
rank(Pih/, k) = Iz(Pl.h/H , k). By applying lower invariance consecutively along the
path between P/ and P!, agent i has the same probability of obtaining any object in
A\ U(P;, a). Therefore,

1- Z gie (P, P_i) =1— Z pie (P, P_i),

€eU(P!,b) €eU(P!\a)

or equivalently,

Z gie (P}, P—;) = Z e (P, P-i). @)

€€U(P!,b) €eU(P! )

Similarly, by swapping two adjacent objects in i,(Pi/ ', a) finite times, we can con-
struct a sequence of preference relations {Pio, Pl.l, Piz, s Pih} such that Pl.O = Pl./ "
Pih = P; and foreach i’ € {0, ..., h — 1}, Pih/ and Pl.h/Jrl are adjacent and for each
k e U(P!, a), rank(Pih/, k) = rank(Pih,+l , k). By applying upper invariance con-
secutively along the path between P/ and P;, agent i has the same probability of
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obtaining any object in U(P/’, a). Therefore,

> wuw(PPL)= ) gulPi, Pop). 3

LeU (P! ,a) LeU(P;,a)

By substituting (3) into (2), we obtain the desired conclusion. O

4 Main results

Bogomolnaia and Moulin (2001) show that when the number of agents is greater
than three, there is no rule satisfying sd-efficiency, equal treatment of equals, and sd-
strategy-proofness together. In this section, we show that the incompatibility result still
holds even though sd-strategy-proofness is weakened to uc-strategy-proofness. Note
that sd-strategy-proofness is equivalent to the combination of three axioms, swap
monotonicity, upper invariance, and lower invariance, whereas uc-strategy-proofness
is equivalent to the combination of two axioms, upper invariance and lower invariance.
Our result implies that swap monotonicity is redundant in the impossibility result.

On the other hand, if n = 3, then the random serial dictator rule satisfies sd-
efficiency, equal treatment of equals, and uc-strategy-proofness. This rule is defined
as follows: (1) assign an equal probability to each ordering of agents, (2) for each
ordering, each agent chooses her most preferred object among the available ones when
her turn comes, and (3) take an average of all allocations. Moreover, Bogomolnaia
and Moulin (2001) show that for n = 3, this rule is characterized by the combination
of the three axioms. Here, we show that the characterization can be obtained even if
sd-strategy-proofness is weakened to uc-strategy-proofness.

In the proof, we use the following fact established in Bogomolnaia and Moulin
(2001)

Fact1 (Bogomolnaia and Moulin 2001) Let N = {1, ..., n} be such that » > 3 and
P € PN.Foreachi € Nandeacha,b € A, ifbPia anda P;b foreach j # i, then sd-
efficiency implies that ¢;,(P) = 0. Also, foreach I C N andeacha, b € A, if bP;a
for eachi € I and aP;b for each j ¢ I, then sd-efficiency implies that ¢;,(P) = 0
for each i € I and/or ¢;,(P) = O foreach j ¢ I.

Theorem 1 Ifn > 4, then there is no rule satisfying sd-efficiency, equal treatment of
equals, and uc-strategy-proofness together.

Proof Suppose by way of contradiction that there is a rule ¢ satisfying sd-efficiency,
equal treatment of equals, and uc-strategy-proofness. We obtain a contradiction after
considering assignments to problems by the rule ¢. We first consider the case when
n=4.Let N ={1,2,3,4} and A = {a, b, ¢, d}. Also, by Proposition 1, uc-strategy-
proofness can be decomposed into upper invariance and lower invariance.
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Profile 1 P! Foreachi € N, P;: abcd. By equal treatment of equals,

p(Ph =

FNTENN NNV -
FNEINTNNSN
TSN NN V-
FNTSTN NS

Profile2 P2.Fori = 1,2, 3, P;:abcd and Ps: bacd. By lower invariance, <p4C(P2) =
@4c(Ph = 71; and @40(P?) = @aq(PY) = 4—1‘, and by Fact 1 applied to a and b,
@4q(P?) = 0, which together imply that @4, (P?) = % Finally, by equal treatment of
equals,

p(P?) =

O LIl = = —
DO —ON —ON| —N | —
ENESENNTENNEN
ENENNENNTENNEN

Profile 3 P3. Fori = 1, 2, P;: abed, and for i = 3, 4, P;: bacd. By lower
invariance, p3-(P3) = @3.(P?) = % and @34(P3) = p34(P?) = %, and by equal
treatment of equals, pac(P3) = @aq(P3) = %. Also, by equal treatment of equals,
@1(P3) = @re(P?) = % and @14 (P3) = pog(P3) = %. By Fact 1 applied to a and b,
016(P?) = 925 (P?) = ¢034(P?) = ¢44(P?) = 0. Therefore, ¢14(P?) = ¢2,(P?) =
935 (P?) = g4p(P3) = 1. Altogether,

p(PY) =

S O RI—I=
== O O

Bl s —ds —
Bl s —

Profile 4 P* Fori = 1, 2, 3, P;: abcd, and Py: bcad. By lower invariance,
<p4d(P4) = <p4d(P2) = :1; and by upper invariance, <p4b(P4) = (p4b(P2) =1 By Fact
1 applied to a and b, @4,(P*) = 0, which together imply that @4.(P*) = JT. By equal
treatment of equals,

p(PhH =

O L] =] —
S N NN
INTENNENNTN S
EINENSENNENSEN

Profile 5 P3.Fori = 1, 2, P;: abed, P3: bacd, and Py: bead. By lower invariance,
03 (P?) = @3.(P*) = JT and 34(P>) = @34(P*) = ‘l‘. Also, by upper invariance,
@ap(PY) = @up(P3) = % and by lower invariance, 04a(Pd) = @4q(P3) = }1. By
Fact 1 applied to @ and ¢, @4,(P>) = 0, which implies that @4.(P°) = }1. By equal
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treatment of equals, 1.(P?) = ¢1a(PY) = ¢2.(P>) = ¢oq(P’) = %- By Fact 1
applied to @ and b, <p1b(P5) = (pzb(PS) = <p3a(P5) = 0. Altogether,

p(P°) =

S O I—I=
== O O
ENIENTNNEN NN
ENIENNENNIENNEN

Profile 6 P®.Fori = 1,2, P;:abcd, andfori = 3, 4, P;: bcad. By upper invariance,
03 (P®) = @3(PY) = % and by lower invariance, p3q(P®) = @3q(P>) = }1. By
equal treatment of equals, 9041,(P6) = (pgb(Pﬁ) = % and g04d(P6) = gpgd(Pé) = le
Therefore, @15, (P®) = @2, (P®) = 0 and ¢14(P®) = oq(P®) = ?1L' By Fact 1 applied
to a and ¢, p34(P®) = @4a(P%) = 0. Altogether,

9(P%) =

S O RI—=I—=
== O O
ESENSTENNTN S
ENENSENNENSEN

Profile 7, P7. For i = 1, 2, 3, P;: abed, and Pa: beda. By upper invariance,
oap(PT) = @ap(PY) = 5 and gsc(P7) = ¢4c(P*) = . By Fact 1 applied to a

and b, @4,(P") = 0, which implies that g4, (P”) = }. By equal treatment of equals,

o(PT) =

O W= =] —
B —O\ [ —O\ | —\ —
Bl s s —
NN NSNS N

Profile 8, P3. Fori = 1, 2, Pi:abed, P3: bacd, and Py: beda. By lower invariance,
3c(P®) = @3.(P7) = % and p34(P®) = @34(P7) = ‘—1‘. Also, by upper invariance,
0ap(P®) = @4p(P3) = § and g4 (P®) = @4(P%) = 1. By Fact 1 applied to a and d,
@4a(P®) = 0. Therefore, ¢1.(P¥) = ¢14(P®) = ¢2c(P?) = p24(P?) = J. Also, by
Fact 1 applied to a and b, ¢1,(P®) = @2, (P?) = ¢3,(P®) = 0. Altogether,

p(P%) =

S O NI=I—=
== O O
ENENTENNTEN NN
ENENENNENNEN
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Profile 8/, PY. Py: bacd, fori = 2, 3, P;: abcd, and Py: beda. From the same
reasoning as in Profile 8,

o(P¥) =

S == O
= O O Nl—

FNTSN TN NSNS,
TSN SN NSV,

Profile 8", P8 . Fori = 1, 3, P;: abed, Py: bacd, and Py: beda. From the same
reasoning as in Profile 8,

o(P%) =

O NI= O I—=
D= O NI—= O
NS NSNSV -,
B s s [ —

Profile 9 P°. Foreachi € N, P;: bacd. By equal treatment of equals,

p(P%) =

FNTEN N TN NN,
Bl —
TSN SN NV,
FNTSN TSN NSNS,

Profile 10 P!°. Fori = 1, 2, 3, P;: bacd, and P4: bcad. By upper invariance,
(p41,(P10) = (p41,(P9) = 4—11 and by lower invariance, (p4d(P10) = (p4d(P9) = le
By Fact 1 applied to a and ¢, ¢4,(P'%) = 0. Altogether, ¢4.(P10) = % By equal
treatment of equals,

p(P'%) =

O LIl = —
B s s —
B —ON —O\ —N —
IS NSNS

Profile 11 P!!. Fori = 1, 2, 3, P;: bacd, and P4: bcda. By upper invariance,
e (P = @ap(P'9) = 1 and uc(P') = ¢4c(P'%) = 5. By Fact 1 applied to
a and ¢, @4a(P') = 0, which implies that @aq(PH = }‘. By equal treatment of
equals,

p(P!h) =

O W] ==
ENENTNNEN N
D] —ON —ON —N —
ENENNENNTENNEN
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Profile 12 P!2. Fori = 1, 2, 4, P;: bacd and P3: abcd. By lower invariance,
@3c(P'?) = g3.(P%) = 1 and ¢34(P'%) = ¢34(P?) = 1. By Fact 1 applied to a and
b, gogb(Plz) = 0, which implies that <p3a(P12) = % By equal treatment of equals,

p(P?) =

OV — N — N —
W= O W=l —
TSN VNSV
IS NSNS

Profile 13 P13 Fori =1, 2, P;:bacd, P3:abcd, and Ps: becad. By upper invariance,
ap(P13) = g4 (P1?) = 1.

p(PB) =
1
3

Profile 14 P! For i = 1, 2, Pi: bacd, P3: abcd, and Py: beda. By lower
invariance, 2c(P'*) = ¢2c(P¥) = 1 and go(P'%) = ¢p0(P¥) = 1, and
01c(P™) = 91c(P¥) =} and ¢a(P") = ¢1a(P¥) = J. Also, by lower
invariance, ¢3(P') = ¢3.(P'") = § and @3a(P") = ¢34(P'") = . By
Fact 1 applied to a and b, ¢3,(P'#) = 0. Also, by Fact 1 applied to a and d,
(p4a(Pl4) = 0. Therefore, <p3a(P14) = % and (pla(PM) = %. By upper invariance,
0ap(P'*) = @4,(P'3) = L. By equal treatment of equals, ¢1,(P'*) = ¢2,(P1%) = 1.
However, > ;4 @1x(P') = 3y 02c(P') = 3+ 1+ 1+ > 1, acontradiction.

5 1 1 1
310101
o= F 3T
2 L 6 4
0 i .

Now we consider the case when n > 5. Let N = {l,...,n} and A =
{a,b,c,d, o5, ...,0,}. We construct preference profiles P € PN such that for each
i € {1,2,3,4}, the preference ordering on {a, b, ¢, d} is the same as before in the
most preferred 4 positions and for each i € {5, ..., n}, the most preferred object is 0;.
By sd-efficiency, for each i € {5, ..., n}, ¢;0;(P) = 1. By using a similar argument
as before, we have a contradiction. O

Remark 1 We discuss the independence of axioms in Theorem 1. Serial dictator rules
satisfy sd-efficiency, upper invariance and lower invariance, but not equal treatment
of equals. The random serial dictator rule satisfies equal treatment of equals, upper
invariance and lower invariance, but not sd-efficiency. The probabilistic serial rule
satisfies sd-efficiency, equal treatment of equals and upper invariance, but not lower
invariance. However, the existence of a rule satisfying sd-efficiency, equal treatment
of equals, and lower invariance, but not upper invariance, is an open question.
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Remark2 Let A = {a, b, ¢, d} be linearly ordered as a, b, ¢, d. The preference rela-
tions used in the proof of Theorem 1 is abcd, bacd, bcad, and beda. Since all four
preference relations can be represented to satisfy single-peakedness, our impossibility
result holds even if the domain is restricted to be single-peaked.

Now we characterize the random serial dictator rule for n = 3.

Proposition 2 Ifn = 3, then the random serial dictator rule is the only rule satisfying
sd-efficiency, equal treatment of equals, and uc-strategy-proofness.

Proof Let N = {1,2,3}and A = {a, b, c}. Itis obvious that the random serial dictator
rule satisfies sd-efficiency, equal treatment of equals, and uc-strategy-proofness. We
prove the converse statement. Note that if n = 3, then there are 216 preference
profiles which can be classified into six types (Bogomolnaia and Moulin 2001). These
preference profiles are as follows. The bracket in the preference relation indicates that
the proof can be obtained by using similar arguments irrespective of the preference
orderings of the objects in the bracket. For example, in Type 1, P;: a(bc) means that
both Pj: abc and Pj: acb can be handled in a similar way.

Py :a(be) Py :abc
Type 1 (48 profiles) { P, : b(ac) Type 2 (6 profiles) § P : abc
P; : c(ab) P3 : abc
Py :abc Py :ach
Type 3 (18 profiles) { P> : abc Type 4 (36 profiles) { P» : ach
P3 :ach Ps3 : b(ac)
P :abc Py : abc
Type 5 (36 profiles) { P» : abc Type 6 (72 profiles) { P> : ach
P3 : b(ac) Ps3 : b(ac)

Now we consider each type of preference profiles and show that if the rule satisfies
the three axioms, then it should choose the same allocation as the random serial
dictator rule. Once again, by Proposition 1, uc-strategy-proofness can be decomposed
into upper invariance and lower invariance.

Type 1 P!. By sd-efficiency, ¢14(P') = @2,(P') = @3.(P') = 1. Therefore,

—_ O O

1 0
p(PH=(0 1
0 0

Type 2 P2. By equal treatment of equals, for all i € N, ¢ia(P%) = ¢ip(P?) =
¢ic(P?) = . Thatis,

p(P?) =

2] 2| =] =
Q] 2| 0| —
0]t | | =
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Type 3 P3. By upper invariance, ¢34(P3) = ¢3,(P?) = % By Fact 1 applied to b
and c, go3b(P3) = 0. Therefore, <p3c(P3) = % By equal treatment of equals,

p(P) =

Q] | 40| —
[«=XSTEENE
LI DN —N | —

Next, we consider P3/, fori =1, 3, P;: abc and P»: ach. From the same reasoning
- p3
asin P~,

o(PY) =

= O =

G20 = =
O\ BN —

Type 4 P*. By Fact 1 applied to a and b, ¢3,(P*) = 0 and by Fact 1 applied to b
and ¢, g3.(P*) = 0, which together imply that ¢3;,(P*) = 1. By equal treatment of
equals,

(P =

[«)SIERNTES
—_
[e=] STERNTES

Type 5-1 P>~ P3: bac. By lower invariance, <p3C(P5_1) = (pgc(PZ) = % By Fact
1 applied to a and b, (pga(PS’]) = 0. Therefore, g03b(P5’1) = % By equal treatment

of equals,

p(P>h) =

O | —
WIN =N —
QI =02 | =] —

Type 5-2 P72, P3: bca. By Fact 1 applied to a and b, ¢3,(P>~2) = 0. By upper
invariance, p3,(P>72) = @3(P>71) = % which implies that 3. (P57%) = % By
equal treatment of equals,

p(P72) =

[=XSTEENE
LD —ON—
Q=0 =0 —

Type 6-1 P%~'. P5: bac. By lower invariance, ¢3.(P®~') = (p3C(P3/) = é. By
Fact 1 applied to a and b, g03a(P6’1) = 0, which implies that <p3b(P6’1) = %.
By upper invariance, goza(Pé_l) = g02a(P5_1) = % By Fact 1 applied to b and c,
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<p2b(P6’1) = 0, which implies that (pzc(Pé’l) = % Therefore,

p(PS1 =

O ==
N O =
N =D =0 =

Type 6-2 P%2. P;: bca. By upper invariance, 03 (PO72) = @3 (PO 1) = %. By
Fact 1 applied to a and b, ¢3,(P®"2) = 0, which implies that ¢3.(P%~2) = %.
By upper invariance, goza(P6_2) = (pza(PS_z) = % By Fact 1 applied to b and c,
@2 (P®~%) = 0, which implies that (P92 = % Therefore,

p(P%) =

O N—9| —
A O =
QN0 —0| —

m}

Next we investigate the consequence of deleting upper invariance from Theorem 1.
By strengthening equal treatment of equals to strong equal treatment of equals, we still
end up with an impossibility result. A related result is given by Nesterov (2017), who
shows that when the number of agents is at least three, there is no rule satisfying ex-post
efficiency,® upper envy-freeness,” and lower invariance. Our impossibility result uses
a stronger efficiency requirement of sd-efficiency, but a weaker fairness requirement
of strong equal treatment of equals.

Theorem 2 Ifn > 4, then there is no rule satisfying sd-efficiency, strong equal treat-
ment of equals, and lower invariance together.

Proof Suppose by way of contradiction that there is a rule ¢ satisfying sd-efficiency,
strong equal treatment of equals, and lower invariance. We obtain a contradiction after
considering assignments to problems by the rule ¢. We first consider the case n = 4.
Let N ={1,2,3,4}and A = {a, b, c, d}.

Profile1 P! . Fori =1, 2, 3, P;: acbd and P4: adcb. By Fact 1 applied to b and d,
@45 (P') = 0and by Fact 1 applied to c and d, ¢4.(P') = 0. By strong equal treatment
of equals, p1a(P") = @2a(P") = ¢34(P') = @44(P") = §. Then, ¢4, (P') = 3. By

6 Ex-post efficiency requires that an allocation selected by a rule should be represented as a probability
distribution over efficient deterministic allocations. Sd-efficiency implies ex-post efficiency, but the converse
is not true.

7 Upper envy-freeness requires that if two agents have the same upper contour set for some object, then
they should be assigned with the same probability of receiving the object. Formally, for each P € PN,
eachi, j € N,andeacha € A, if U(P;, a) = U(Pj, a), then ¢;,(P) = ¢4 (P). Itis stronger than strong
equal treatment of equals, but the converse is not true. The random serial dictator rule satisfies strong equal
treatment of equals, but not upper envy-freeness.
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strong equal treatment of equals,

p(Ph =

ENIENNENNIEN NN
O W= ==
QO W= =W —

BIWG|=3=5—

Profile 2 P2. Fori = 1, 2, P;: acbhd, P3: abed, and P4: adcb. By Fact 1 applied
to b and d, ¢4,(P?) = 0 and by Fact 1 applied to ¢ and d, ¢s4.(P?) = 0. By
lower invariance, ¢3q(P%) = ¢3q(P') = % By strong equal treatment of equals,

01a(P?) = ¢2a(P?) = ¢34(P?) = ¢a,(P?) = J. Therefore, p4q(P?) = 3. By Fact
1 applied to b and ¢, ¢3.(P?) = 0, which implies that @3, (P?) = % By strong equal
treatment of equals,

p(P?) =

B s s =
O WINO—N—
O O I—I—

sl

Profile 2’, P2 Pi:abced, fori = 2,3, P;:acbd, and Py: adcb. By the same reasoning
as in Profile 2,

1
2

L2 9
A S T &
CHIREE
oo f

Profile 3 P3.Fori = 1, 2, P;: acbd, P3: bacd, and Py: adcbh. By Fact 1 applied
to b and d, @4,(P3) = 0 and by Fact 1 applied to ¢ and d, @4.(P>) = 0. By lower
invariance, ¢3C(P3) = (p3C(P2) = 0 and g03d(P3) = <p3d(P2) = % By Fact 1
applied to a and b, 3,(P3) = 0, which implies that ¢3,(P3) = 11. By strong equal
treatment of equals, <pla(P2) = (pza(Pz) = <p4a(P2) = % Therefore, (p4d(P2) = %
By strong equal treatment of equals, )

p(P?) =

W= O W=l —
O Sl=RI-R-
S O NI—I—

wn\m_ool—ool_

Profile 4 P* Fori = 1, 2, 3, P;: bacd and Py4: adcb. By Fact 1 applied to b and
d, ¢4,(P*) = 0 and by Fact 1 applied to ¢ and d, @4.(P*) = 0. By strong equal
treatment of equals, ¢15(P*) = ¢2p(P*) = @3,(P*) = % and @1(P*) = @pc(PY) =
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@3c(PH) = % Altogether,

(P =

© LI | =02 —
O LI | = —

Profile 5 P5. Fori = 1, 2, P;: bacd, P3: abcd, and P4: adcb. By Fact 1 applied

to b and d, 4,(P>) = 0 and by Fact 1 applied to ¢ and d, @4.(P°) = 0. By lower

invariance, g03C(P5) = <p3C(P4) = % By strong equal treatment of equals, g01C(P5) =
1

§02C(P5) = 3. Altogether,

9(P%) =

Profile 6 P°. Fori = 1, 2, 3, P;: abcd and Py4: adcb. By Fact 1 applied to b and
d, ¢4,,(P® = 0 and by Fact 1 applied to ¢ and d, @4.(P®) = 0. By strong equal
treatment of equals, (pla(PG) = <p2a(P6) = (p3a(P6) = <p4a(P6) = %, which implies
that @44 (P®) = %. By strong equal treatment of equals,

r1r 1 1
ti1r
G IBEE:
RN

Profile 7 P7.Fori = 1, 2, P;: abcd, P3: bacd, and P4: adcb. By Fact 1 applied
to b and d, ¢4b(P7) = 0, by Fact 1 applied to ¢ and d, <p4C(P7) = 0, and by Fact
1 applied to a and b, ¢3,(P’) = 0. By strong equal treatment of equals, ¢1,(P") =
92a(P7) = @4q(P7) = L. Therefore, g4,(P7) = 3. By lower invariance, p3.(P7) =
93c(P®) = % and g34(P7) = ¢34(P®) = {5, which implies that ¢3,(P7) = . By
strong equal treatment of equals,

s 1 1
A O
ePh=10 % 1 7§
0% 1y
3 00 3
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Profile 7/, P7 Fori = 1,3, Pi:abcd, Py:bacd, and Py: adcb. By the same reasoning
as in Profile 7,

o(PT) =

S Rl

LI000] — 5| o0l —

Profile7”, P”". P: bacd, fori = 2,3, P;:abcd, and Py: adch. By the same reasoning
as in Profile 7,

o(PT") =

W= == O
O Ui~
QO W] ==

W0l —ool —5|—

Profile 5 P3. Fori = 1, 2, P;: bacd, P3: abcd, and Ps: adcb. Now we are ready

to fix other elements of ¢(P>). By lower invariance, v1a(Pd) = (pld(PT) = é and
¢2d(P5) = </)2d(P7N =1 By Fact | appliedtoa and b, <p3b(P5) = 0. By strong equal
treatment of equals, ¢1,(P>) = ¢2,(P) = %. Therefore, ¢14(P%) = ¢2q(P3) = 5;.

By strong equal treatment of equals, ¢3q(P’) = @4q(P?) = %. Altogether,

p(P) = = o(P°) =

O W =R = —
S O NI
O WL —| —
R R oot —o0l—

NSNS

Profile 5/, P Fori = 1,3, P;:bacd, P>:abcd, and Ps: adch. By the same reasoning
as in Profile 5,

o(PY) =

1= R =
O I—= O =
O LI =] = =
1] oot 2] oot —

Profile 8 P%. Pi: abcd, Py: achd, P3: bacd, and Pa: adcb. By Fact 1 applied to
b and d, (p4b(P8) = 0, by Fact 1 applied to ¢ and d, <p4C(P8) = 0, and by Fact 1
applied to a and b, ¢3,(P%) = 0. By strong equal treatment of equals, ¢14(P®) =

(pza(PS) = go4a(P8) = %, which implies that <p4d(P8) = % By lower invariance,

01a(P®) = 01a(P?) = §, 024(P®) = ¢24(P7) = %, and g34(P®) = p3a(P?) = 5.
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Altogether,

p(P?) =

W= O W= —
o -
LN | —ool—ool —

0
Profile 8, p¥. P1:bacd, P>: acbd, P3: abcd, and Py: adch. By the same reasoning
as in Profile 8,

o(P¥) =

LI1300] —00] — | —

0 0
Profile 9 P°. Fori = 1, 3, P;: abed, P>: acbd, and P4: adcb. By Fact 1 applied
to b and d, ¢4,(P°) = 0 and by Fact 1 applied to ¢ and d, @4.(P°) = 0. By lower
invariance, p3q(P%) = @34(P¥) = % and @14(P%) = (pld(PS/) = ﬁ By strong
equal treatment of equals, 14(P?) = ¢24(P°) = ¢34(P°) = @4a(P®) = J. There-
fore, p4q(P°) = % and ¢24(P?) = 5. By Fact 1 applied to b and ¢, ¢2,(P?) = 0.
By strong equal treatment of equals, golb(Pg) = (p3b(P9) = % Altogether,

p(P%) =

NS NN
O WI— O l—
O N—WINN —

sl —=5ll—

Profile 10 P!° Fori =1, 3, P;: bacd, Py: acbd, and P4: adcb. By Fact 1 applied
to b and d, @4, (P'%) = 0 and by Fact 1 applied to ¢ and d, 4.(P'?) = 0. By lower
invariance, p14(P'%) = ¢1a(P®) = §. 934(P'%) = ¢34(P¥) = 1, and 924 (P'0) =
(pzd(PS/) = %, which together imply that 04q(P10) = %.Therefore, @4a(P10) = %.
By strong equal treatment of equals, ¢24(P10) = é—}‘, which implies that ¢, (P'0) =
<p3a(P10) = 21—4. By Fact 1 appliedto b and c, gozb(PlO) = 0. Therefore, gozc(Plo) = %
By strong equal treatment of equals,

p(P') =

RI=RI-RI=R -
O I—= O =
O WA= =l —

12l peii2l ool —

Profile 8 P3. P,: abcd, P>: achd, P3: bacd, and Py: adcb. By lower invariance,
93c(P®) = 930(P%) = ¢ and ¢1(P®) = 91 (P'%) = . Therefore, ¢3,(P®) = $ and
(plb(PS) = 25—4. Also, gozb(Pg) = ﬁ and <p20(P8) = % However, by Fact 1 applied
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to b and ¢, either @25 (P3) = @4p(P®) = 0 or ¢1.(P®) = ¢3.(P¥) = 0. If not, we
can find an allocation which stochastically dominates ¢ (P?). Therefore, we obtain a
contradiction.

1 1 L s 1 1

1 i S S

p(PH = |2 == % 1 3§

) 7 Vi

3 00 3 3 0.0 3
Now we consider the case when n > 5. Let N = {l,...,n} and A =
{a,b,c,d,os, ...,0,}. We construct preference profiles P € PV such that for each
i € {1,2,3,4}, the preference ordering on {a, b, ¢, d} is the same as before in the
most preferred 4 positions and foreach i € {5, ..., n}, the most preferred object is o;.
By sd-efficiency, foreach i € {5, ..., n}, g;0;(P) = 1. By using a similar argument
as before, we have a contradiction. O

Remark 3 Tt is easy to check the independence of axioms in Theorem 2. The random
serial dictator rule satisfies strong equal treatment of equals and lower invariance, but
not sd-efficiency. Serial dictator rules satisfy sd-efficiency and lower invariance, but
not strong equal treatment of equals. The probabilistic serial rule satisfies sd-efficiency
and strong equal treatment of equals, but not lower invariance.

Remark 4 Differently from Theorem 1, the preference relations used in the proof of
Theorem 2 does not satisfy single-peakedness. It remains an open question whether
the impossibility result of Theorem 2 can be carried over to the single-peaked domain.

Remark 5 A weakening of sd-strategy-proofness, sd-adjacent strategy-proofness (Car-
roll 2012; Sato 2013; Cho 2016) requires that if one agent changes her preference
relation to another adjacent one by swapping two adjacent objects, then the prob-
abilities of obtaining any other objects should not be affected and the probability
of obtaining the object with the higher rank in the second preference should be
greater. Similarly, we can formulate an adjacent version of uc-strategy-proofness,
which applies the uc-strategy-proofness only when two preference relations are adja-
cent to each other.

uc-adjacent strategy-proofness For each P € PV, eachi € N, each P/ € P,
and each a, b € A, if P/ is adjacent to P; and U(P;,a) = U(P/,b), then
ZkeU(P,-,a) ir(Pi, P_y) = ZkeU(P;,b) @ik (P!, P_;).

It is easy to show that uc-strategy-proofness implies uc-adjacent strategy-proofness,

which implies upper invariance and lower invariance. Therefore, by Proposition 1,
uc-adjacent strategy-proofness is equivalent to uc-strategy-proofness.

8 As shown in Sato (2013) and Cho (2016), if the domain satisfies connectedness and non-restoration, then
sd-adjacent strategy-proofness is equivalent to sd-strategy-proofness. Since our universal domain satisfies
these two conditions, we can also establish the equivalence between uc-adjacent strategy-proofness and
uc-strategy-proofness.
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