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Abstract

We study strategy-proof rules for choosing between two alternatives. We consider
the full preference domain which allows for indifference. In this framework, for
strategy-proof rules, ontoness does not imply efficiency. We weaken the requirement
of efficiency to ontoness and characterize the class of strategy-proof rules. We argue
that the notion of efficiency is not desirable always. Further, we provide a simple
description of the class of onto, anonymous and strategy-proof rules in this frame-
work. The key feature of our characterization results brings out the role played by
indifferent agents.

1 Introduction

In this paper, we study social choice problems where a finite set of individuals/agents
have to choose one between two alternatives. Let a and b be two alternatives. We
assume that individuals can report one among the following three preferences over
these two alternatives: (1) a is strictly preferred to b, (2) b is strictly preferred to a and
(3) a is indifferent to b. Based on individuals’ reported preferences, a Social Choice
Function (or simply a rule) selects an alternative. Choosing between two alternatives
has many important applications - such as, two candidate elections, up-down votes
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on legislation, choosing one out of two locations for locating a public facility, yes-
no decisions about building a new public facility or any situation with a status-quo
alternative and a new alternative.

Throughout this paper we consider non-constant rules i.e. onfo rules. Ontoness
implies efficiency (or unanimity) for strategy-proof rules defined over a suitably rich
domain of strict preferences'. However, ontoness does not imply efficiency if pref-
erence domain includes indifference (see Examples in Sect. 3)2. We do not impose
efficiency criteria on rules and characterize the class of onto and strategy-proof rules
in this framework. Further, we provide a simple description of the class of anonymous,
onto and strategy-proof rules.

A natural objection could be why one might compromise efficiency. In election, it is
quite often that a significant proportion of voters express their opinion as indifference.
For instance, abstaining from voting can be interpreted as indifference’. Our objective
in this paper is to examine the role played by the agents who are indifferent among
the two alternatives. In this scenario, if we only look at efficient and strategy-proof
voting rules, the outcome is simply based on voters who do not express their opinion
as indifference. We believe that this is not desirable in particular when the number of
indifferent voters is very large. However if we relax the requirement of efficiency, the
outcome depends on both the voters who are indifferent and who are not. Of course,
the class of efficient and strategy-proof rules is contained in the class of onto and
strategy-proof rules.

In this paper, we introduce two classes of rules, one contained in the other. The
larger one, named Generalized Voting by Committee (GVC) contains all onto and
strategy-proof rules in our setting. In rough words, any GVC rule first considers the
coalition of agents who are indifferent. If they are not winning, then the rule looks at
the set of remaining agents (agents with strict preference) and selects the outcome for
which there is a winning coalition. The technical details are purposefully not presented
in this section in order to improve readability. The smaller class, named quota rule with
indifference default contains those GVC rules which are also anonymous. Roughly,
these are those GVC rules which cares about only the size of the coalitions and not the
members of the coalitions. Further, we study a solidarity property in this framework.
We consider the following solidarity property: “Welfare dominance under preference
replacement (WDPR)”, which says that when the preferences of one agent change,
the other agents all weakly gain or all weakly lose. We characterize the class of rules
satisfying WDPR among the class of quota rules.

Larsson and Svensson (2006) characterizes the class of efficient and strategy-proof
rules in this framework. These rules are known as voting by extended committees (see
Sect. 3 for details). These rules are contained in the class of GVC rules - in fact,
efficient GVC rules are voting by extended committees rules. A point of difference
between Larsson and Svensson (2006) and this work is the presentation of the class

1 For instance, see Dogan and Sanver (2007) for three or more alternatives with strict preferences. For two
alternatives with strict preferences, see Theorem 1 of Barbera et al. (1991) and Corollary 3 of Ju (2003) for
the case of single object.

2 If we restrict our attention to strong group strategy-proof rules, then ontoness implies efficiency [see
Barbera et al. (2012), Manjunath (2012) and Harless (2015)].

3 See Section 3 in Nufiez and Sanver (2017) for the case of two alternatives.
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of rules. Here our objective is to examine the role played by the indifferent agents.
The winning coalitions in any voting by extended committees consists of agents with
strict preferences. In such description, the role of the indifferent agent is not obvious.
That is why, our presentation centers around agents with indifferences. It is worth
mentioning at this point that our results in Theorems 1 and 2 can also be obtained
as corollaries of Ju (2003) (see Conclusions for a detailed explanation). In our paper,
however, apart from other results not included in Ju (2003), we propose alternative
proofs and definitions of the characterized rules which we believe are useful for the
literature.

This paper is organized as follows. Section 2 describes the basic notation and
definitions. Section 3 discusses the relationship between ontoness and unanimity (or
efficiency) and provides some rules which are onto and strategy-proof but not efficient.
The main results are presented in Sect. 4. Proofs are relegated to the Appendix. We
conclude the paper in Sect. 5.

2 Basic notation and definitions

Let A = {a, b} denote the set of two alternatives and N = {1, ..., n}, n > 2, a finite
set of agents/individuals. Each individual in N has a preference relation over A: she
either prefers a, prefers b, or is indifferent between them. Let R be the set of these
three preference relations. Foreachi € N, let R; € R denote individual i’s preference
relation. If a is at least as good as b according to individual i, we write aR;b. If she
prefers a to b, we write a P;b and if she is indifferent between the two, al;b. Let P be
the set of two strict preference relations defined over A.

A preference profile is a list R = (Ry, ..., R;) € R" of individuals preferences.
For any coalition S € N and any profile R € R, Rs denotes the restriction of the
profile R to the coalition S i.e. Rs = (R;)ies. A profile R’ € R" is defined to be a
i—deviation from another profile R € R" if Ry\(i} = Rjy\ (3}

For each R € R" , let N,(R) be the set of individuals who prefer a to b at R.
Similarly, let Np(R) be the set of individuals who prefer b to a, and let N4 (R) be the
set of individuals who are indifferent between a and b at R. Finally, let ¢ be the set of
permutations of N. For each R € R" and each o € ¢,let 0(R) = (Ry(i))ien-

Definition 1 A SCF f is a mapping from R" to A i.e. f : R" — A.
A SCF is sometimes called a voting rule (or simply a rule).

Definition2 A SCF f is onto if for every alternative x € A there exists a profile
R € R" such that f(R) = x.

Note that, as |A| = 2, if f is not onto, then it must be a constant rule i.e. a rule that
selects the same alternative at each profile.
We list some well-known properties of SCFs below.

Definition3 A SCF f satisfies unanimity, if for all profile R € R", f(R) = a
whenever N, (R) # () and Np(R) = 0, and f(R) = b whenever N,(R) = ) and
Np(R) # 0.
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If x € Ais at least as good as A\{x} by all individuals and at least one individual
prefers x, then by unanimity, the SCF must select x. Unanimity is also known as
efficiency in this model.

The next property imposes a weaker requirement than unanimity. If all individuals
prefer x € A, then the SCF must select x.

Definition 4 A SCF f satisfies weak unanimity, if for all profile R € R", f(R) = a
whenever N,(R) = N, and f(R) = b whenever Ny(R) = N.

Anonymity requires that the names of the agents should not matter. In particular,
when the identities of the agents are shuffled, the rule must select the same alternative.

Definition5 A SCF f is anonymous if for any R € R" and for any o € ¢, we have

F(R) = f(a(R)).

Definition 6 A SCF f is strategy-proof if, for any i € N, for any R € R" and for any
i—deviation R’ € R" of R, we have f(R)R; f(R').

A SCF is strategy-proof if no individual can obtain a preferred alternative by mis-
representing her preferences for any announcement of the preferences of the other
individuals. Strategy-proofness ensures that for every agent truth-telling is a weakly
dominant strategy in the direct revelation game induced by the SCF.

Next we introduce a weaker notion of strategy-proofness as follows.

Definition 7 A SCF f is weakly strategy-proof if, for any i € N, for any R € R" and
for any i —deviation R’ € R" of R such that R; € P andal/b, wehave f(R)R; f(R').

Next we show that in our model, strategy-proofness and weak strategy-proofness are
equivalent.

Lemma 1 Let f : R" —> A be a SCF. f is strategy-proof if and only if f is weakly
strategy-proof.

The proof of Lemma 1 is in the Appendix. Weak strategy-proofness can be seen
as participation property of a SCF for the case of two alternatives [for instance, see
Section 3 in Nuifiez and Sanver (2017)]4. Therefore, with two alternatives, participation
property and strategy-proofness are logically equivalent.

3 Unanimity versus weak unanimity

It is important to mention that unanimity implies weak unanimity and weak unanimity
implies ontoness. However, ontoness does not imply weak unanimity and weak una-
nimity does not imply unanimity. If we restrict our attention to strategy-proof SCFs,
then ontoness implies weak unanimity. In the following, we show this.

Proposition 1 Ler f : R" — A be a strategy-proof SCFE. If f is onto, then it satisfies
weak unanimity.

4 The participation property was introduced in Moulin (1991) to avoid the no-show paradox. The no-show
paradox can be viewed as a way to manipulate social choice rules by abstaining from voting.
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Proof Suppose not. We assume that f(R) = b where aP;b for all i € N. Since
f is onto, there exists R" € R" such that f(R’) = a. Applying strategy-proofness
repeatedly, it follows that

f(R)= f(R1,R5, ..., R})
= f(Ri,R2, R}, ..., R))

:f(Rla“-’Rn)
=a

This contradicts the assumption f(R) = b. A similar argument will lead to a contra-
diction if we assume that f(R) = a where b P;a for all i € N. Therefore f satisfies
weak unanimity. O

We first introduce the class of unanimous and strategy-proof rules known in the
literature as V EC%' which were characterized by Larsson and Svensson (2006). To
introduce the class of unanimous and strategy-proof rules on R”, we need the following
notations and definitions. For each M C N, a committee for alternative a at M, Fy;,
is a set of subsets of M, satisfying the following two properties:

1. Non-emptyness: If M # (J, then Fy; # W and ¥ ¢ Fp. If M = @, then Fpy = 0.
2. Monotonicity: Foreach S € Fyyand T C M,if S C T,then T € Fy,.

A collection of committees for a, F = {Fu}mcn, is a set containing for each
M C N a committee for a at M, F),, satisfying the following properties:
Foreach M C N andeachi e M

L. If S e Fyandi ¢ S, then § € Fap\iy-
2. If SU{i} & Fuy,then S ¢ fM\{i}-

Definition 8 A SCF is voting by extended committees, denoted by V EC%, if there

exists a collection of committees for a (i.e. F) and a tie-breaker ¢t € A such that for
all R e R

t ifNa(R)=N
VEC™ (R)=1a ifNa(R) € Fn\Ny(r)
b otherwise

A natural question arises - if a SCF satisfies ontoness and strategy-proofness, does

it satisfy unanimity? In the following, we provide rules which are strategy-proof and
onto but not unanimous.

Example 1 Consider the following SCF f : R" — A:

_fa ifaRib
f(R)_{b if bPia
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Note that f satisfies strategy-proofness and ontoness (see Sect. 4.1). However, it
does not satisfy unanimity. To see this, consider a preference profile R’ where al{b
and for all j € N\{1}, ijfa. Unanimity implies that f must select b at R". However,
f(R’) = a. Therefore f is not unanimous. m|

Note that the rule in Example 1 is not anonymous. However, there are anonymous,
onto and strategy-proof rules which are not unanimous.

Example 2 Consider the status-quo rule with respect to the status-quo alternative a,
f4:R" — A:

FUR) = { b ifbis preferred by all agents
a otherwise
It is straightforward that f¢ is strategy-proof, anonymous and onto (see Sect. 4.2).
However, f¢ is not unanimous. Consider a preference profile R where al;b for some
i € N and for all j € N\{i}, bP;a. Unanimity implies that f“ must select b at R.
However, f“(R) = a. Therefore f¢ is not unanimous.
The status-quo rule with respect to the status-quo alternative b, is defined as follows:

b __ ) a ifais preferred by all agents
SRy = {b otherwise

It can be seen that f bis strategy-proof, anonymous and onto but not unanimous. 0O

The following class of rules can be found in Chapter 2 of Fishburn (1973).
Example 3 Lets : R — {1,0, —1} such that

1 ifaPb
s(R)=10  ifalb
1 ifbPa

For each R € R", we denote s(R) = Y/, s(R;).
We fix an integer & € (—n,n] N Z and define the SCF f h as follows: For all
R e R"

h _Ja ifs(R)=h
ST (R) = {b otherwise

First, we make following remarks on these rules.

1. If h = 1, we get the simple majority rule i.e. a beats b whenever more individuals
that prefer a to b than prefer b to a and b beats a whenever the converse holds.

2. The case where a wins if the number of individuals that prefer a to b exceeds the
number of individuals that prefer b to a by at least a positive integer r, and b wins
otherwise, is described by h = r.
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3. If h = n, then we get the status-quo rule with respect to status quo alternative

b. Similarly, if h = —(n — 1), then we get the status-quo rule with respect to
status-quo alternative a.
4. If h = —n, then f~"(R) = a for all profiles, a constant rule. That is why we

exclude this case.

In Sect. 4.2, we show that f" is strategy-proof, anonymous and onto. Whether f”
is unanimous or not, that depends on the value of /. In particular, it can be seen that f
is unanimous if # € {0, 1}. However if & > 1 or h < —1, then f” is not unanimous.
To see this, we first assume that # > 1. Let R € R" be a preference profile where
aP;b and al;b for all j € N\i. By unanimity, we should select a at R. However
fh(R) = b, because s(R) = 1 < h. Similarly, if » < —1,at R € R" where bP;a and
aljbforall j € N\i, fh(R) = a, because s(R) = —1 > h - violates unanimity. O

We can think of a rule where the number of individuals who are indifferent between
two alternatives, can determine the outcome. For instance, consider a rule which selects
an alternative x € A if the number of indifferent individuals is at least a positive
integer r € {1, 2, ..., n}. Otherwise if the number is less than r, then based upon
the preferences of strict individuals, the rule selects x or the other alternative A\{x}.
Below, we introduce a class of such rules.

Example 4 We fix apositiveintegerr € {1, 2, ..., n} and define the SCF f” as follows:
Forall R € R"

b if INa(R)| = r
JT(R)={b if [NA(R)| < rand |Np(R)| # 0
a if [INA(R)| < rand |[Ny(R)| =0

We make the following remarks on these rules.

1. If r = 1, then we get the status-quo rule with respect to status quo alternative b.
2. If r = n, then we get the consensus rule with disagreement-default » and
indifference-default » ( Manjunath (2012)).

In Sect. 4.2, we show that f” is strategy-proof, anonymous and onto. However,
whether f” is unanimous or not depends on r. In particular, if » = n, then it is
straightforward to show that f” is unanimous. However, if r < n, f" is not unanimous.
To see this, consider R € R" where aP;b and al;b for all j € N\i. By unanimity,
we should select a at R. However f"(R) = b, because [NgA(R)| =n —1>r. O

4 Results

4.1 Generalized voting by committees

In this section, we characterize onto and strategy-proof rules. For this, we need to
introduce additional notation and definitions.

A commiittee for indifference default d € {a, b}, denoted by 7' 4 _jisasetof subsets
of N, satisfying the following two properties:
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1. Non-emptyness T¢ # ¢ and ¢ ¢ T°.
2. Monotonicity Foreach S € 7¢ and T € N, if S C T, then T € Z¢.

Since d € {a, b}, I denotes a committee for indifference default a. Similarly, a
committee for indifference default b is denoted by Z°.

Let M € N and Z¢ be a committee for indifference default d. A committee for a
at M with respect to 74, denoted by F M.Td> is a set of subsets of M, satisfying the
following two properties:

1. Non-emptiness with respect to T¢: 1f N\M ¢ T¢, then Fpyga #0and@ ¢ Fyy 7a.
If N\M € I¢, then Fy; 74 = 9.
2. Monotonicity Foreach S € Fy; za and T € M, it S C T, then T € Fy; 7a.

A collection of committees for a with respect to Z¢, denoted by F7« =
{Fm za}mcn, is a set containing for each M C N a committee for a with respect to
7% i.e. Fy e, satisfying the following properties:

Foreach M C N andeachi e M

1. If N\M ¢ I¢ and {N\M} U {i} € I, then for all S € M such thati € S,
S e fM,I‘L

2. IfS € Fypza,i ¢ Sand {(N\M} U {i} ¢ 79 then S € Fyp (i), ze.

3. IEN\M ¢ 79, SU{i} ¢ Fy 7o and (N\M}U {i} ¢ 7% then S ¢ Fpp (i), 70

Similarly, a collection of committees for a with respect to 7, Fr, =
{Fy.1pImcn, is a set containing for each M C N a committee for a with respect

to 7l ie. F w 10> satisfying the following properties:
Foreach M € N andeachi e M
1. If N\M ¢ Z0 and {N\M} U {i} € Z?, then for all S € Fy; 73, i € S.
2. 1S € Fyypv.i ¢ Sand (N\M} U (i} ¢ I, then S € Fy\ iy 1.
3.IEN\M ¢ I°, SU{i} ¢ Fpy 70 and (N\M} U {i} ¢ I”, then S ¢ Fyp (i) 120-

Given a committee for indifference default d, Z¢ and a collection of committees for
a with respect to Z¢, we define generalized voting by committees (GVC) as follows.

Definition 9 A SCF is a GVC, denoted by f}I-dd , if there exist a committee for indif-
I

ference default d, Z¢ where d € A and a collection of committees for a with respect
to Z%, Fya, such that for all R € R";

) d if Na(R) € I¢
f%zd (R)y=1{a if Ny(R) € Fy\n,(r).z¢ and Na(R) ¢ T°
b  otherwise

A generalized voting by committees (GVC) rule is described by two sets. The first
one is a nonempty set of subsets of N satisfying a monotonicity condition and we say
it as a committee for indifference defaultd € {a, b}. The second one is a set containing
foreach M C N, acommittee for the alternative a at M. Moreover, the second set, not
only depends on the first set, but also satisfies further properties. For any preference
profile, if the set of agents who are indifferent between two alternatives, belongs to the
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On strategy-proof social choice between two alternatives 589

committee for indifference default d, then the rule selects d at that profile. Otherwise,
consider the committee for a at the set of agents with strict preferences over a and b -
if the set of agents who prefers a to b, belongs the that committee, then the outcome
is a or if it does not belong the that committee, then the outcome is b.

Now we state the main result of the paper.

Theorem1 Let f : R" —> A be a SCF. Then, f is onto and strategy-proof if and
only if f isa GVC.

The proof of Theorem 1 is in the Appendix. However, we make several remarks on
Theorem 1 in the following:

1. Larsson and Svensson (2006) characterizes unanimous (or efficient) and strategy-
proof rules in this framework. In particular, they show that the only unanimous
and strategy-proof rules are V EC%' (see Sect. 3). We consider the much weaker
requirement of ontoness and characterize strategy-proof rules in this framework.
The class of V EC?' rules belongs to the the class of GVC rules. In particular, a
GVC rule, f%; is unanimous if and only if 7¢ = {N}.

2. Itcanbe seen that the rule in Example 1isaGVCrule whereZ¢ = {S C N : 1 € S}
and Fz« = {Fy ze}mcy is as described below:

[ScM:1eS8} ifleM
fM’Ia:
7 if 1¢M

3. Using Lemma 1, it follows that Theorem 1 would still hold if we replace strategy-
proofness with weak strategy-proofness.

4.2 Quota rules

Theorem 1 provides a characterization of onto and strategy-proof rules in our model.
However, we must confess that GVC rules are not simple to describe. The rules that
are anonymous, can be described in much simpler way. First we define the following
class of rules.

Definition 10 A SCF is a quota rule with indifference default a, denoted by ff -
if there exists a vector of natural numbers of length k, x = (x1, x2, ..., xx) € {1} x
{1,2} x...x{1,2,...,k},wherek € {1,2,...,n}and xj+1 — 1 <x; < x;41 forall
ie{l,2,...,k— 1} suchthat forall R € R"

a if[NA(R)| >k
a if[Na(R)| <k

xRy = and |N,(R) U Np(R)| =n — k + 1 forsomel € {1,2, ...k}
and [N, (R)| > x;

b  otherwise

@ Springer



590 A. Lahiri, A. Pramanik

Next we define another class of rules as follows.

Definition 11 A SCF is a quota rule with indifference default 5, denoted by flf Y if
there exists a vector of natural numbers of length k, y = (y1, y2, ..., ) € {n —k +
I} x{n—k+1,n—k+2}x...x{n—k+1,n—k+2,...,n},wherek € {1,2,...,n}
and yi+1 — 1 <y; < yjyr foralli € {1,2,...,k — 1} such that for all R € R"

b ifINA(R)| = k

a ifINA(R)| <k
f;’y(R) = and|N4(R) U Np(R)| =n —k + Iforsomel € {1,2,...,k}
and|Na(R)| = yi

b otherwise

A quotarule with indifference default a is described simply by a vector of integers of
lengthk, k € {1,2,...,n},x = (x1,x2,...,x¢) € {1} x{1,2} x ... x{1,2,...,k},
where x;41 — 1 < x; < xj41 foralli € {1,2,...,k — 1}. Note that x; is the ith
component of the vector x, where i € {1,2, ..., k}. The rule works as follows. For
any preference profile, if the number of agents who are indifferent between the two
alternatives, is at least k, then the rule selects the indifference default a at that profile.
Suppose that the number is less than &, i.e. the number of agents with strict preferences
belongs to {n —k+ 1, ..., n}. In particular, we assume that the number of agents with
strict preferences is n — k + [ where [ € {1, 2, ..., k}. Then the outcome is a if the
number of agents who prefers a to b is at least x; and the outcome is b if the number
is less than x;. Here, k is the quota for indifference default a i.e. whenever the number
of indifferent agents is at least k, the outcome is a. Also, x; is the quota for a when the
number of strict agentsisn —k+1,1 € {1,2, ..., k}i.e when n — k 4 [ is the number
of strict agents, the outcome is a if the number of agents who prefers a to b is at least
x; and the outcome is b if the number is less than x;. Quota rule for @ with indifference
default b can also be described in similar fashion. Theorem 2 characterizes the class of
anonymous, onto and strategy-proof rules in terms of quota rules in this framework.

Theorem2 Let f : R" —> A be a SCF. Then, f is anonymous, onto and strategy-
proof if and only if it is either a quota rule with indifference default a or a quota rule
with indifference default b.

The proof of Theorem 2 is in the Appendix. In the following, we make several
remarks on Theorem 2:

1. An anonymous, onto and strategy-proof rule can be described simply by a vector
of natural numbers of length k, where k € {1,2,...,n}. In particular, a quota
rule with indifference default a, f,f ¥ is described by a vector of natural numbers
of length k, x = (x1,x2,...,x%) € {1} x {1,2} x ... x {1,2,...,k}, where
ke{l,2,...,n}and xj41 — 1 <x; <xj4 foralli € {1,2,...,k — 1}. For any
R € R", 5% works as follows.
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On strategy-proof social choice between two alternatives 591

e If the number of individuals who are indifferent between two alternatives at
R, is atleast k, i.e. N4 (R)| > k, then the rule selects the indifference default
ai.e. ff *(R) = a. Here, k is the quota for indifference default a.

e If INs(R)| < k, then note that |[N,(R) U Np(R)| = n — k + [ for some
I €{1,2,...,k}and we consider x; which represents the quota for alternative
a. If the number of individuals who vote for a is atleast x;, i.e. |[No(R)| > x;,
then £ (R) = a; otherwise £X*(R) = b.

A quota rule with indifference default b, can be described in a similar way as well.

2. Note that £X* is unanimous if and only if k = n. Similarly, f: "’ is unanimous if
and only if k = n.

3. Rules in Example 2: The status-quo rule with respect to the status-quo alternative
a, f% is a quota rule with indifference default a, f,f * where x is a vector of
natural numbers of length 1 i.e. kK = 1 and x = (x1) = (1). The status-quo rule
with respect to the status-quo alternative b, f” is a quota rule with indifference
default b, flf Y where y is a vector of natural numbers of length 1 i.e. k = 1 and
y=0u)=m).

4. Rules in Example 3: If & > 0, the f" is a quota rule with indifference default b,
f}f’y where y is a vector of natural numbers of lengthn —h+1lie. k =n—h+1
andy= (i, .-, Vp—h+) =M, h+1,h+1,h+2,h+2,h+3,...).

Ifh <0, the f his a quota rule with indifference default a, f,f’x, where x is a
vector of natural numbers of lengthn+hie .k =n+handx = (x1, ..., Xpqp) =
(1,1,2,2,3,3,...).

5. The rule in Example 4: It can be seen that the rule /" in Example 4 is a quota rule
with indifference default b, f}f *Y where y is a vector of natural numbers of length
rie.k=randy=,...,yy)=m—r+1,n—r+2,...,n).

6. Using Lemma 1, it follows that Theorem 1 would still hold if we replace strategy-
proofness with weak strategy-proofness.

4.3 Solidarity and quota rules

Among the class of anonymous, onto and strategy-proof rules, those that satisfy solidar-
ity property, are studied in this section. We consider the following solidarity property:
“welfare dominance under preference replacement”, which says that when the prefer-
ences of one agent change, the other agents all weakly gain or all weakly lose.

Definition 12 A SCF f satisfies welfare dominance under preference replacement
(WDPR) if for any R € R", for any i € N and for any le € R, either (i) for
each j € N\{i}, we have f(R)ij(le, R_;) or (ii) for each j € N\{i}, we have
F(RI, R-)R; f(R).

Harless (2015) characterizes the class of WDPR rules. Among the class of WDPR
rules, the rules that satisfy anonymity, ontoness and strategy-proofness, are discussed
in this section. Before presenting the main results of this section, we state the following
lemma.
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Lemma2 Let f : R" —> A satisfy WDPR. Then, for all R, R' € R" such that
Na(R), Nb(R), Na(R'), Np(R') # 0, we have f(R) = f(R").

Proof The proof can be found in Lemma 1 of Harless (2015). Hence, it is omitted. O

According to Lemma 2, if arule satisfies WDPR, then, it selects the same alternative
in each disagreement profile.

Now we are ready to state our results. The following proposition characterizes the
class of rules satisfying WDPR among the class of quota rules with indifference default
a.

Proposition2 Let n > 3 and f[fx : R" —> A be a quota rule with indifference
default a. Then, f(f ¥ satisfies WDPR if and only if x is a vector of natural numbers

of length n, where x = (x1,...,x,) € {(1,1,...,1),(1,2,...,n)} or x is a vector
of natural numbers of length k, k € {1,2,...,n — 1}, where x = (x1,...,X;) =
(1,1,...,1).

The proof of Proposition 2 is in the Appendix. Next we characterize the class of
rules satisfying WDPR among the class of quota rules with indifference default b.

Proposition3 Let n > 3 and fbk’y : R" —> A be a quota rule with indifference

default b. Then, fbk Y satisfies WDPR if and only if y is a vector of natural numbers
of length n, where y = (y1,...,yq) € {(1,1,...,1),(1,2,...,n)} or y is a vector
of natural numbers of length k, k € {1,2,...,n — 1}, where y = (y1,..., ) =
m—k+1,n—k+2,...,n).

The proof of Proposition 2 is in the Appendix. In the following, we make remarks
on Propositions 2 and 3.

1. If n = 2, then quota rules with indifference default a and quota rules with indif-
ference default b, satisfy WDPR. For n > 2, this is not true.

2. For unanimous rules, WDPR implies strategy-proofness and anonymity [see The-
orem 2(b) in Harless (2015)]. However, for onto rules, WDPR does not imply
strategy-proofness and anonymity [see Theorem 2(a) in Harless (2015)]. By Propo-
sitions 2 and 3, the combination of anonymity, ontoness and strategy-proofness
does not imply WDPR for n > 2. In particular, Proposition 2 and 3 together char-
acterize the class of rules satisfying WDPR among the class of anonymous, onto
and strategy-proof rules.

5 Conclusion

We study social choice problems where a finite set of individuals have to choose
one between two alternatives. We consider the full preference domain which allows
for indifference. We weaken the requirement of efficiency to ontoness and analyse
strategy-proof rules in this framework. Firstly, we characterize the class of onto and

5 A profile R € R™ is called disagreement profile if N, (R) 5 @ and Ny (R) # 9.

@ Springer



On strategy-proof social choice between two alternatives 593

strategy-proof rules. Further, we provide a simple description of the class of anony-
mous, onto and strategy-proof rules in this framework. It is important to mention
that such characterizations can be obtained from Theorem 1 and Corollary 2 in Ju
(2003). In particular, in Ju (2003), if one assumes that the set of indivisible objects
contain only one item and the set of alternatives is all possible subsets of that set of
indivisible object, then it boils down to our model. Ju (2003) characterizes the class
of rules satisfying strategy-proofness and null-independence by describing the class
of rules through profile of power structures. Null-independence is trivially satisfied
in our setting. But, the main difference between Ju (2003) and this work lies in the
description of the rules. The profile of power structure is a tuple of coalitions for every
object (for one coalition, the object is good and for the other, it is bad), satisfying
a monotonicity condition. Ju (2003) does not describe the profile of power structure
in terms of those agents for whom an object is a null which is what we do in this
paper. Note that agents for whom an object is a null in Ju (2003) would correspond to
indifferent agents in our framework and the main focus of this paper has been to point
out the roles played by the agents who are indifferent. Moreover, the description of
the rules in this paper are easier than Ju (2003) (in particular, quota rules). At the same
time, analysis with respect to solidarity properties is absent in Ju (2003), whereas our
Propositions 2 and 3 together characterize the class of rules satisfying WDPR among
the class of anonymous, onto and strategy-proof rules. Also note that from Lemma 1,
we have equivalence between participation property (as introduced in Moulin (1991))
and strategy-proofness. Such a result is not attainable in Ju (2003).

Appendix
1 The Proof of Lemma 1

Proof Note that if f is strategy-proof then it is weakly strategy-proof. So suppose
that f is weakly strategy-proof, but to the contrary f is not strategy-proof. Then there
exist an agent i € N and a profile R € R" and an i —deviation R’ € R of R such that
R;i, R; € Pand f(R')P; f(R). So it follows that R; # R. Without loss of generality,
assume that a P;b and bP/a. So it follows that f(R) = b and f(R') = a. Now
consider the profile R* € R" such that Ry, ;; = Rjy\;; = Rwv\(i}> and alb. Now
weak strategy-proofness for the deviation from R to R* implies that f(R*) = b. On
the other hand weak strategy-proofness for the deviation from R’ to R* implies that
f(R*) = a, which contradicts the fact that f(R*) = b and concludes the proof. O

2 The Proof of Theorem 1

Proof If part. Let f%dd be a GV C rule. Let Z¢ be the committee for indifference
pa

default d € {a, b} and F7u, the collection of committees for a with respect to 79, We
show that f’ %dd is onto and strategy-proof.
T
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To prove that f}I-dl is onto, we show that there exist R’, R” € R" such that
I{
fE (R) = aand f£ (R") = b. Let R and R" be such that Ny(R') = N and

A A
Np(R") = N respectively. Note that N4 (R") = Np(R') = ¥, N,(R') € FN\Ngy (R, T
and N4 (R') ¢ Z¢. Therefore, f%dd(R’) = a. Again, since Ns(R") = N,(R") = 0,

A
d
Na(R") & F\, (k74 and No(R") ¢ T, we have f£ (R") = b.
Next we show that f%dd satisfies strategy-proofness. We consider R € R" and
A
R € R.
First we assume that f%dd (R) = a.If aR;b, then i can not manipulate at R via le.
T
If b P;a then we show that f%dd (le, Rn\(iy) = a. The following two cases arise : (i)
A
al!b and (ii) a P/b.

(i) Suppose al/b.Letd = a.If No(R) € 7% then Nao (R, Ry\(iy) € Z¢. Therefore,
f;; (R, Ry\(i)) = a. If Na(R) ¢ Z¢ then ijE;(R) = a implies that N,(R) €
FN\Na(R),7¢- Now we consider the set N (R}, Ry\(i)). If No(R!, Ry\(iy) € Z¢, then
f]%; (R, Rv\(i)) = a. If Na(R], Ry\(i)) ¢ I, then the property 2 of Fz« would
lmply that Na(Rl/, RN\{,}) (S ‘}—N\NA(R;,RN\“)),I“' Therefore, f%;i—a (Rl/’ RN\{I}) =a.

. b

Let d = b. Since f%zb (R) = a, Na(R) ¢ 7" and Ny,(R) € fN\NA<R)’Ib. Now
we consider the set No(R!, Ry\(i)). If Na(R!, Ry\(i)) € 7", then by property 1
of F7», i € N4(R) which is not possible. Therefore, N (le, Rnv\(iy) ¢ 7%, Since
N4(R) € ./TN\NA(R)’Ib and Ny (R}, Rn\(i}) = Na(R), by the property 2 of Fr» we

, b
have N4 (R;, Ry\(i}) € ]:N\NA(RI{’RN\(”)’Ib. Therefore, f;zb (le, Ry\(iy) = a.

(ii) Suppose a P/b. Let d = a. Note that No(R], Ry\(i}) = Na(R).If No(R) €
79, then f]%; (R, Ry\(iy) = a. If Na(R) ¢ I¢ then f%;(R) = q implies that
N4(R) € Fn\n,(r),7¢- By monotonicity property of Fy\n,(r),ze> Na (R}, Rn\(i}) €
FN\NA(R),Z¢- Since Na(R], Ry\(iy) = Na(R), f%za (R, Rn\(i)) = a.

. b
Let d = b. Since f%zb (R) =a, Na(R) ¢ 7 and Ny,(R) € ]:N\NA(R),I"' Also,
since No(R!, Rn\(i}) = Na(R), Na(R], Rn\(i}) ¢ 7". By monotonicity property of
b
fN\NA(R),Ib’ Na(Rl{, RN\{,}) S fN\NA(R),Ih' Therefore, f'%l'[’ (Rl/, RN\{z}) =da.
Now we assume that f]%dd (R) = b. If bR;a, then i can not manipulate. If a P;b
Z

then we show that f]%; (R;/' , Ryv\(iy) = b. The following two cases arise : (i) a Ii/b and
(ii) bP/a.

(1) Suppose ali’b. Let d = a. Since f]%; (R) = b, NoA(R) ¢ 7% and N4(R) ¢
FN\Nu(R),z¢- Now we consider the set No(R], Ry\(i)). If Na(R!, Ry\;iy) € I°,
then by property 1 of F7za, No(R) € Fy\n,(R), 7« Which is not possible. Therefore,
NA(RZ{, RN\{,'}) ¢ 7¢. Since Na(R) ¢ fN\NA(R),I“ and NA(RZ{, RN\{,'}) ¢ Iu, prop-
erty 3 of Fza would imply that N, (R, Ry\(i)) ¢ FN\NA(R. Ry\i)).Ze- Therefore,

sz.; (R}, Rn\(iy) = b.
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Letd = b.If Ns(R) € Z?, then (by monotonicity property of ZP) Ny (R, Rn\(i)) €

7" Therefore, f%bh (R}, Ry\(iy) = b. If No(R) ¢ Z?, then f%bh (R) = b implies that
T A

Na(R) & Fn\n,(r),z0- Now we consider the set Na(R}, Ry\iip)-If Na(R], Rn\(i)) €
7, then fj%; (R], Rx\(i)) = b.IE No (R}, Ry\piy) & TP, then property 3 of Fr would
imply that N, (R, Ry\(i}) ¢ ]:N\NA(R},RN\{,-)),Z“' Therefore, sz_-; (R, Rn\(iy) = b.

(ii) Suppose bP/a. Note that No(R], Ry\;ijj) = Na(R). Let d = a. Since
f]%; (R) = b, Na(R) ¢ I and Ny(R) ¢ Fn\n,(R).ze- Since Nao(R!, Ry\(iy) =
Na(R), we have No(R], Ry\ii)) ¢ Z¢ and Ny(R) ¢ fN\NA(R;,RN\(,-;),Ifh Note

that Na(le, Rwiy) ¢ FN\NA(R(,RN\“))’IH, otherwise by monotonicity property of
fN\NA(R,{vRN\(i)),IH’ Na(R) (S] fN\NA(RI{9RN\(i})vIa which is not possible. Therefore,

fgI:; (R}, Rn\iy) = b.
Letd = b.If N4(R) € I?,then N4 (R}, Ry\yi)) € I”. Therefore, f;”b (R], Ry\(iy) =
A
b. So, we consider that N4 (R) ¢ Z?. since ;”b (R) = b, Na(R) ¢ F\n,(r).7- Note
: ,

that since N4 (R!, Ry\(i}) = Na(R), we have N, (R], Ry\(i)) ¢ ]-'N\NA(R;,RNW}),IH,
otherwisebymonotonicityproperty OfFN\NA(RI{,RN\(,'}),I"’ Na(R) € fN\NA(R,{,RN\{i)),I“

which is not possible. Therefore, f%bb (le, Rn\(iy) = b.
A

Only if part. Let f be an onto and strategy-proof SCF. Let R € R" denotes the
preference profile where all agents are indifferent between a and b. We show that if
f (R) = a, then there exists a committee for indifference default a, Z¢ and a collection
of committees for a with respect to Z¢, F7a, such that for all R € R";

f(R) = f£,(R).

Similarly, if f (R) = b, then there exists a committee for indifference default b, Z°
and a collection of committees for a with respect to Z' b Frb,such thatforall R € R";

FR) = [F, (R).

In the following, we consider these two cases.
Case 1: f(R) = a.Foreach M C N, let g?{’ be the restriction of f to {R € R" :

al;b iffi ¢ M]}. In other words, let g}” :{R € R" : alibiffi ¢ M} — Abea
function defined as g}/I(R) = f(R)forall R € {R € R" : al;biffi ¢ M}. First we
show the following claim.

Claim 1 For each M C N, either g}’l is a constant rule that picks a or g?{l is onto.

Proof If M = @, then it is trivial that gi‘/ is a constant rule that picks a. Therefore, for

contradiction, we assume that there exists = M’ C N such that g}’l "is a constant
rule that picks b. W.o.l.g. let M’ = {1,2,...,k}, k < n. Let R’ be such that aIb if
ie{k+1,....,n}andaP/bifi € {1,...,k}. Since g}’f is a constant rule that picks
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b, f(R") = b. Applying strategy-proofness, we have

f(RI, Ry, ....,R) = f(Ri,....Rk—1. Rk, Rj |, ..., R})
= f(Ri,.... Rkeo. Rk—1, Ri, Ry, ... R))

= f(Ri,.... R, Rjyy. ... R)
= f(R)
=b

This contradicts f(R) = a. O
Let Z9(f) = {S C N : ng\S
following fact.

is constant rule that picks a }. Next we show the

Fact1 Z9(f) is a committee for indifference default a.

Proof We show that 7¢( f) satisfies following two properties.

1. Non-emptiness Since N € Z%(f), Z°(f) # @. Since f is onto and strategy-proof,
g?] is onto. Therefore, ¥ ¢ Z9(f).
2. Monotonicity Let S € Z%(f) , T € N and S C T. We show that T € Z9(f).
. N\S . N\T
Since g is a constant rule that picks a, g ¥
Therefore, T € Z¢(f).

is a constant rule that picks a.

m}

The following claim is a direct implication of Theorem 1 of Barbera et al. (1991).
Hence, we omit the proof.

Claim2 Foreach M C N, if g’}” is onto, then it is a voting by committee for a at M.
For each M C N such that gj‘{’ is onto, Claim 2 implies that gj‘{’ is a voting by

M
committee for a at M. Let ]-'ff be the committee for a at M associated with g?-” .
Now, for each M C N, we define the set Fy 7a( £ as follows. If g?” is onto, then

M
8 . . . .
Fumzacf) = fo CIf g}” is not onto i.e. g}” is a constant rule that picks a, then

fM’Ia(f) == @.
First we show the following fact.

Fact2 Foreach M C N, Fy 7a(y) is a committee for @ at M with respect to Z¢(f).
Proof We show that for each M C N, Fy 7a(y) satisfies following two properties.
1. Non-emptiness with respect to Z¢(f): If N\M ¢ Z%(f), then g}” is onto. There-

M M M
fore, Fap za(r) = Ff,lf . Since ff,lf #Pand ¥ ¢ Fi , we have Fy zap) # 0
and ¥ ¢ Fpr 7acs). This follows from Claim 2 and Barbera et al. (1991). If
N\M € Z%(f), then gl}’l is a constant rule that picks a. Therefore, Fys 7a(p) =9
by definition.
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2. Monotonicity W.o.1.0.g. we assume that Fys 7a(r)y # 9. Therefore Fy za(r) =

M M
]—"f,[f . Since .Ff,[f satisfies monotonicity (from Claim 2 and Barbera et al. (1991)),

we have that for each § € fM,Ia(f) andT C M,if SCT,thenT € fM’Ia(f).

]

Next we show that F7a(ry = {Fuy,7a(r)mcn satisfies the properties of a collection
of committees for a with respect to Z¢(f).

Fact3 Fza(p) = {Fum ze(r)} mcn satisfies the properties of a collection of committees
for a with respect to Z(f).

Proof We show that foreach M € N and eachi € M:

1. If N\M ¢ Z9(f) and {N\M} U {i} € Z%(f), then for all § € M such that
iedS Se fM’_’[a(f). Suppose not. There exist M € N and S € M such that
N\M ¢ Z°(f), (N\M} U {i} € Z%(f) and i € S ¢ Fp 7e(r)- Let R € R" be
a preference profile such that al;b for all k € {N\M}, aPib for all k € S and
bPya for all k € M\S. Note that gj‘{l(R) = b. Therefore f(R) = b. Since f is
strategy-proof, f(R!, Ry\(i}) = b where R = alb. This contradicts with the
fact that {N\M} U {i} € Z°(f).

2. If S e fM’Ia(f),l' ¢ S and {N\M} U {l} ¢ Ia(f), then § € fM\{i},I“(f)- Let
R € R'™ be a preference profile such that alyb for all k € {N\M} U {i}, aPrb
for all k € S and bPa for all k € M\{S U i}. Let R" = (R}, Ry\(i)) where
R = bP/a. Since S € Fyy 7a(s)s gjc”(R’) = a. Therefore f(R’) = a. Then by
strategy-proofness, f(R) = a, i.e g?f\l (R) = a. Since {(N\M} Ui ¢ Z9(f),
Se fM\i,I"(f)-

3. I N\M ¢ Z9(f), SU (i} ¢ Fumze(r) and {(N\M} U {i} ¢ Z9(f), then S ¢
Fu\iiy,ze¢r)- Let R € R" be be a preference profile such that alyb for all k €
N\M,aPybforallk € SUi andbPraforallk € M\{SUi}.LetR = (le, Rn\iiy)
where R! = bla.Since SUi ¢ fM’_’[a(f),g?»/[(R) = b. Therefore f(R) = b. Then
by strategy-proofness, f(R') = b, i.e giy\l (R") = b. Since {N\M} Ui ¢ Z°(f),
S & Fmnize(s)-

We complete this case by showing that for all R € R";

_ 2
FR) =h7 " (R).

N\Na(R)

Consider any profile R. By Claim 1, g 7 is either a constant rule that

picks a or it is an onto rule. Let g}v\NA(R) be a constant rule that picks a. There-
fore, gy\NA(R)(R) = a implies that f(R) = a. Which, in turn, implies that

. 74
Na(R) € T9(f); ie.; hf;a{;) (R) = a.
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N\Na(R)

Now we assume that g f is an onto rule. Therefore, N4s(R) ¢ Z%(f). By
N\N4(R)
Claim 2, gy\NA(R) is a voting by committee for a at N\N4(R). Let fo\NA(R) be the

committee for a at N\ N4 (R) associated with gjcv\NA (R), Therefore, gy\NA(R) (R)=a
G V\Wa® NNAR) VWA

ifNI\ITG,(I;) € Fy\n,r and g PWWARIR) = b if No(R) ¢ Fi\nacry- Since
g) M (R) = f(R) and

N\N4 (R)

f
fN\NA(R),I“(f)_ = N\NA(R)’ we are done.

Case 2: f(R) = b. A similar argument (as in case 1) shows that there exists a

committee for indifference default b, Z? and a collection of committees for a with
respect to 7P, Fr», such that for all R € R";

FR) = fE, (R).

3 The Proof of Theorem 2

We prove this theorem with the help of the following propositions. The first proposition
is a direct implication of adding anonymity on Theorem 1. For this purpose, we
introduce the following definitions. A committee for indifference default d € {a, b},
74, is anonymous, if § € Z¢ implies S’ € Z¢ for any S’ C N such that |§| = |S'|. If
a committee for indifference default d is anonymous, then we refer it as anonymous
committee for indifference default d.

Let M € N and Z¢ be a committee for indifference default d. A committee for a
at M with respect to Z9, Fy 1d» is anonymous, if S € F), 74 implies S € F; 7a
for any S’ € M such that | S| = |S'|. If a committee for a at M with respect to Z¢ is
anonymous, we refer it as anonymous committee for ¢ at M with respect to Z¢.

A collection of anonymous committees for ¢ with respect to Z¢, is a collection
of committees for a with respect to Z¢, satisfying following properties

1. Forany M C N, F), 74 is a anonymous committees for a at M with respect to
7.
2. Forany M,M' C N, S C M and S’ C M’ where |M| = |M’| and |S| = |5|, if
S e fM,Id then S/ S JTM’,I”"
We define generalized voting by anonymous committees (GVAC), as follows.
Definition 13 A SCF is GVAC, denoted by f%dd, if there exists a anonymous com-
Z
mittee for indifference default d, Z¢ where d € A and a collection of anonymous

committees for a with respect to 74, Fra, such that for all R € R";

) d if No(R) € 7%
f%zd (Ry=1{a if No(R) € Fy\n,(r).z¢ and Na(R) ¢ I¢
b otherwise
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This brings us to the following proposition.

Proposition4 Let f : R" —> A be an onto SCFE. If f is anonymous and strategy-
proof, then f is GVAC.

Proof Let f be an onto, anonymous and strategy-proof SCF. Let R € R" denotes the
preference profile where all agents are indifferent between a and b. We show that if
f (I?) = a, then there exists a anonymous committee for indifference default a, 7¢
and a collection of anonymous committees for a with respect to Z¢, Frza, such that for
all R e R™;

fRY = fF,,(R).

Similarly, if f(R) = b, then there exists a anonymous committee for indifference
default b, 7% and a collection of anonymous committees for a with respect to Z?, Frb,
such that for all R € R";

FR) = [F, (R).

In the follov_ving, we consider these two cases.
Case 1: f(R) = a : As f is strategy-proof and onto, we have the following.

Forany M C N,letgj‘{’ :{R e R":al;biffi ¢ M} —> A be a function defined
as g/ (R) = f(R) forall R € {R € R" : alibiffi ¢ M}. Then either g}’ is a
constant rule that picks a or g}” is onto. This follows from Claim 1 in the proof of
Theorem 1.

I(f)={SC N: g?\s is constant rule that picks a} is a committee for indiffer-
ence default a. This follows from Fact 1 in the proof of Theorem 1.

Fra f) = {Fm ze ) }mcn, where

JRe{ReR" :alibiffi ¢ M) . gMisan
SCM: . Iy ! .
with § = N,(R) € M and gy (R)=a onto function
Fmzap) = g isa
] if constant rule

that picks a

is a collection of committees for a with respect to Z¢( f). This follows from Claim
2 and Facts 2 and 3 in the proof of Theorem 1.

Next we are going to show that Z7¢( f) is an anonymous committee for indifference
default a.

Claim 3 Z¢(f) is an anonymous committee for indifference default a.

Proof Consider S, S C N suchthat |S| = |S’|. Suppose S € Z%(f), butto the contrary

S" ¢ 74(f). This implies that g}\/\s is a constant rule that selects a, but g;v\s is onto.
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So there existsa R € {R € R" : al;b iffi ¢ N\S'} such that g]f\-/\s/(R) =b.As|S| =
|S’|, we have [N\S| = |[N\S'|. As No(R) € N\S', there exists T C N\S such that
IN;(R)| = |T| and [(N\S")\N4(R)| = [(N\S) \ T|. So we can define the following
functions; oy : " —> S,02 : Ny(R) —> T and o3z : (N\S)\Ny(R) —> (N\S\T;
which are all one-to-one and onto. Next, we define a permutation 0 : N —> N as
follows.

o1G) ifies
o(i) =4 020) ifi € Ny(R)
o3(i) ifi € (N\S)\Ny(R)

Note that o is a well-defined permutationand o (R) € {R € R" : al;b iffi ¢ N\S}.
This implies that g;(\»[\S(O'(R)) = a;i.e.; f(o0(R)) = a.Butthis contradicts anonymity

of fas g} \'(R) = b implies f(R) = b. This concludes the proof of Claim 3. O

Next we show that F7a(s) is a collection of anonymous committees for a with
respect to Z¢(f).

Claim 4 Fra(py is a collection of anonymous committees for a with respect to Z¢( f).

Proof First we show that for every M C N, F, M, Ta(f) 1S a anonymous committees for
a at M with respect to Z%( f). First note that as f is anonymous, so for any M C N,
it follows that g}’[ is also anonymous. Now for any M C N, consider S, S € M such
that |S| = |S’|. Suppose for contradiction that S € Fys za(y), but 8" ¢ Fay 7a(y).
This implies that there exists a profile R € {R € R" : al;biffi ¢ M} such that
Ny(R) = S and g}/’(R) = a. As |S| = |§'|, we have |[M\S| = |[M\S’|. So we can
define the following functions; o1 : § —> §” and 0, : M\S —> M\S’; which are all
one-to-one and onto. Next, we define a permutation o : N —> N as follows.

i ifie N\M
o(i)=1401G) ifieSs
o2(i) ifi e M\S

Note that o is a well-defined permutation and o (R) € {R € R" : al;biffi ¢ M}
and Ny(R) = §'. Now §" ¢ Fyr 7a(y) implies that g}”(a(R)) = b because g;” is
onto. But this contradicts anonymity of g;” ,as gj!” (R) = a. This shows that for every
M C N, Fy zacr) is a anonymous committee for a at M with respect to Z9(f).
Next, consider any M, M’ € N and S € M and S’ C M’ such that |M| = |M’|
and |S| = |§’|. We are going to show that if S € Fy 7a(y), then S" € Fyp 7a(y). So
suppose for contradiction that S € Fy 7a (), but S ¢ Ty zacr)y- As S € Fyp zacpys
there exists a profile R € {R € R" : al;biffi ¢ M} such that N,(R) = S and
g;‘f(R) =a.As |[M| = |M'| and |S| = |5'|, so it follows that |[M\S| = |M'\S’| and
|N\M| = |N\M’|. So we can define the following functions; o4 : N\M — N\M’,
o5 : S — S and og : M\S —> M’\S’; which are all one-to-one and onto. Next,
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we define a permutation 6* : N —> N as follows.

os(i) ifi € N\M
o*(i) = { os(i) ifies
o6(i) ifi e M\S

Note that o* is a well-defined permutationand 0 *(R) € {R € R" : al;b iff i ¢ M’}
and N,(R) = §'. As g;” is onto, so it follows that g}’[, is also onto. Otherwise
there would be a violation of Claim 3 as [N\M| = |[N\M'|. Then S’ ¢ Fuy 7a(y)
implies that gj‘// (0*(R)) = b;ie.; f(c*(R)) = b. This contradicts anonymity of f
as g}” (R) = a implies that f(R) = a. This concludes the proof of Claim 4. O

We complete this case by showing that for all R € R";

fR) = fED (R).

Fracp)

This follows from the definition of Z¢( f)) and Fz«(r) as shown at the end of case 1 in
the proof of the only if part of Theorem 1.

Case 2: f(R) = b : A similar argument (as in case 1) shows that there exists a
anonymous committee for indifference default b, Z” and a collection of anonymous

committees for a with respect to 7°, Frb,suchthatforall R € R"; f(R) = f %bb (R).
T
O

In the following proposition, we show that any GVAC rule can be described as

either a quota rule with indifference default a or a quota rule with indifference default
b.

Proposition 5 Let f]%dd be a GVAC rule. Then either there exists a quota rule with
Z
indifference default a ( f,f *) such that f}I-dd = ff X or a quota rule with indifference
A
k,y Id o k,y
default b (f,"" ) such that f}-ﬂ =f,".

Proof Let W be any collection of subsets of N. We denote Q (V) as the cardinality
of S € W such that S contains the least number of agents among all sets in W; i.e;

QW) = min |S|, where W C 2.
Sew

We prove Proposition 5 with the help of the following lemmas. O

Lemma 3 For the GVAC rule f%;, we have the following.
.1 <0@"=k<n.
2. Fuy 1a satisfies following conditions:

2.1 Forall M C N, if M| < n — k then Fy 7« = 1.
2.2 Forall M, M’ € N such that | M| = |M'| > n—k, Q(Fp.1a) = Q(Fp 1a)
and fM,I“ ;ﬁ # and ]:M’,I” 75 @.
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2.3 Forall M C N such that | M| = n — k + [ wherel € {1,...,k}, we have
Q(IM,I”) € {19 ’l}

2.4 Forall M,M' C N suchthat | M'| = |M|—1>n—k,
O(Fmz0) 2 Q(Fpr,z0) = Q(Fpz0) — 1.

Proof As Z¢ is an anonymous committee for indifference default a, it follows that
N € Z% and ¥ ¢ 7% (Non-emptyness condition of Z¢). This implies that 1 < Q(Z%) =
k <n.

Next we prove statement 2.1. So consider a M C N such that |[M| < n — k. This
implies that [N\M| > k. As Q(Z%) = k, monotonicity and anonymity property of
7% implies that N\M € Z“. Then non-emptyness with respect to Z¢ property of Fza
implies that Fy; 70 = @.

Next we prove statement 2.2. So consider M, M’ C N such that |M| = |M'| > n —k.
This implies that |[N\M| = [N\M'| < k. As Q(Z%) = k, it follows that N\M ¢ I
and N\M' ¢ Z°. So from the non-emptyness with respect to Z¢ property of Fza, it
follows that Fys 7« # @ and Fyyr 7o # @. Also as Fza is anonymous, it follows that
O (Fu.1¢) = Q(Fpyp 1e) from the definition of Q.

Next we prove statement 2.3. So consider M € N such that |M| = n — k + [ where
[ €{l,..., k}. Suppose for contradiction that Q (Fys 7<) > [. So it follows that for all
S € Far.za, 15| > I. Now we consider the situation when/ = 1. Then |[M| =n—k+1
implies that [IN\M| = k — 1. As Q(Z%) = k, it follows, from the definition of Q,
that N\M ¢ Z“. Now consider an i € M and the coalition (N\M) U {i}. Note that
[(N\M) U {i}| = k. As % is an anonymous committee for indifference default a, it
follows that (N\M) U {i} € Z¢. Then as F7a is a collection of committees for a with
respect to Z¢, it follows by using property 1 that {i} € Fjs 7«. This contradicts our
assumption that for all § € Fj 74, |S| > 1. Now suppose that for all M € N such
that [M| =n —k + [ wherel € {1,...,k — 1}, we have Q(Fpy.7) € {1,...,1}, but
there exists a M’ € N such that [M'| =n —k+1+ 1 and Q(Fyy 1a) > [+ 1. So
consider the case where M’ = M U {i}. Now consider a coalition § € M, such that
[S| = O(Fm ze). As Q(Fap.ze) > 1+ 1, it follows that S U {i} ¢ Fyy 7a. Note that
IN\M'| =k —1—1and |[(N\M)U/{i}| =k —1. As Q(I9) = k, it follows that
N\M' ¢ Q(Z*)and (N\M")U{i} ¢ Q(Z%). Thenas Fza is a collection of committees
for a with respect to Z¢, it follows by using property 3 that S ¢ Fyn (i), 7¢ = Fu 1e.
This however contradicts anonymity of Fz« as |S| = Q(Fy,z«). Hence the proof of
statement 2.3 is concluded by induction.

Next, we prove statement 2.4. So consider M, M’ C N such that |[M'| = |M| — 1 >
n — k. In view of statement 2.2, without loss of generality, it can be assumed that
M = M’ U {i}. Now suppose for contradiction that

Case 1 : either Q(Fpy.74) < Q(Fppr.1a),
Case 2:or Q(Fpy.7a) — 1 > Q(Fpp . 10).

In case 1, there exists S € M such that § € Fj 7« and |S] = Q(Fy ze). Now if
S = M, then we have a contradiction to Q(Fy.74) < Q(Fpy 1a) as |[M| > |S'| for
any S’ € M’. So we have S C M. Then it follows that there exists S* C M such that
|S*| = |S| and S* € M’. As Fra is a collection of anonymous committees for a with
respect to Z¢, it follows that S* € F); 7. Note thatas S* € M’, it follows thati ¢ S*.
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Alsoas |[M|—1 > n—k,itfollows that |( N\M) U {i}| < k. As Q(Z%) = k, it follows
that (N\M) U {i} ¢ Z%. Then as F7a is a collection of committees for a with respect
to 74, it follows by using property 2 that S* € Fjs\ (i}, 7« = Fp,zo. This constitutes
a contradiction with the definition of Q as |S*| < Q(Fyy 7a).

In case 2, there exists S € M’ such that |S| = Q(Fyy 1«). Note that if S = M/,
it follows from case 2 that Q(Fy; 7«) > |M'| + 1. This is a contradiction as for all
S C M, we have |S| < |M| = |M’| + 1. Now consider the set S U {i} C M. Note
that [SU{i}| = Q(Fuyr ze) + 1. As Q(Fpy 7¢) > Q(Fpr ze) + 1, from the definition
of Q, it follows that S U {i} ¢ F)y 7a. Also as [M| — 1 > n — k, it follows that
[((N\M) U {i}| < k and |(N\M)| < k—1 < k. As Q(Z%) = k, it follows that
(N\M)U{i} ¢ Z¢ and (N\M) ¢ Z. Then as F7a is a collection of committees for a
with respect to Z¢, it follows by using property 3 that S ¢ Fyp\; = Fumr za. This
constitutes a contradiction with the anonymity property of Fjy 7a as | S | = O(Fum 10).
This completes the proof of statement 2.4 and concludes the proof of Lemma 3. O

Observation 1 Given a GVAC rule fI let k = Q(Z¢) and x; = Q(Fp.7a), Where
IM| = n—k+1[ forany [ € {I, 2 ., k}. Then it follows from Lemma 3 that
gﬁmy_ﬁxmﬁmmReRM

Lemma 4 For the GVAC rule f}I-bb, we have the following.
T

1.1<Q0T"=k<n.
2. Fy v satisfies following conditions:

2.1 Forall M C N, |M| < n — k if and only lffM)Ih =0

22 Forall M, M' C N such that M| = |M'| > n —k, Q(Fy 1v) = Q(Fypp 1)
and Q(Fy 1) # @ and Q(Fpp 1) # 0.

2.3 Forall M C N such that | M| = n —k + [ wherel € {1,...,k}, we have
OQFym)ein—k+1,....n—k+1}

24 Forall M, M' C N such that | M'| =|M — 1| > n —k,
O(Fy 1) = QFppr 1) = Q(Fpy70) — 1.

Proof In view of Lemma 3, we will only show the proof of statement 2.3. So consider
M C N such that |[M| = n —k + 1 wherel € {1,...,k}. First consider the case,
where [ = 1. In this case, we have to show that fM)Ib ={M}.As|M|=n—k+1,
it follows that [IN\M| = k — 1. As Q(Z?) = k, it follows, from the definition of Q,
that N\M ¢ Z¢. Now for every i € M, consider the coalitions (N\M) U {i}. Note
that |(N\M) U {i}| = k. As Z? is an anonymous committee for indifference default
b, it follows that (N\M) U {i} € Z°. Then as Fr« is a collection of committees for
a with respect to Z?, it follows by using property 1 that if S € Fm.ze theni € §.
As this is true for all i € M, it follows that F,, 7» = {M}. Now suppose that for all
M C N such that |[M| =n —k + 1 wherel € {1, ...,k — 1}, we have O(Fy ) €
(n—k+1,...,n—k+1},but there existsa M’ C N such that [ M'| =n—k+1+1
and either Q(Fyp ) > n—k +1+ 1, or Q(Fpp ) < n —k + 1. Note that
O(Fyp 1) > n—k+1+1implies forall § € Fyyr 74, we have |S| > n —k +1+ 1.
Thisis acontradictionas S € M’ and |M'| = n—k-+I+1.Soassume that O (Fy; 76) <
n—k+1.Now consideran M C N suchthat M’ = MU{i}forsomei € N\M.Thenit
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follows that [M| = n—k+1.So Q(Fy; 1) € {n—k+1, ..., n—k+1}. Now consider
aS C Msuchthat [S| =n—k.As Q(Fyp 1) <n—k+1;ie; Q(Fyy ) <n—k,
monotonicity and anonymity property of F, 1» implies that S € F; 7». Note that
i ¢ S.Also |[(N\M')U {i}| = k — 1 < k. Then from the definition of Q, it follows
that (N\M') U {i} ¢ Z”. As Fra is a collection of committees for a with respect to
7P, it follows by using property 2 that S € F, wniy, 70 = Fyr, 70 This contradicts the
fact that Q(Fy; ) € {n —k +1,...,n —k +1} as |S| = n — k. Hence the proof of
statement 2.3 is concluded by induction.

Observation 2 Given a GVAC rule f]%bh etk = Q(Z%) and y; = O (Fp 1a), where
T
IM| = n—k+1[forany ! € {1,2,...,k}. Then it follows from Lemma 4 that
FE (R) = fy"(R) forall R e RV.
b

The proof of Proposition concludes by Observations 1 and 2. O

Proof of Theorem 2 In view of Propositions 4 and 5, to prove Theorem 2, it is suffi-
cient to show that the quota rule with indifference default a and the quota rule with
indifference default b are strategy-proof, onto and anonymous. First we show that the
quota rule with indifference default a ( ff ¥ is strategy-proof, anonymous and onto.
The fact that ff ** is onto and anonymous follows directly from the definition of f,f -,
Next, in view of Lemma 1, as ff ¥ is onto, it is sufficient to show that ff ¥ satisfies
weak strategy-proofness. So consider a profile R € R and an i —deviation R’ € RY
of R. We need to show fX*(R)R; £X*(R’) in the following cases.

aP;b and allb : In this case, suppose f,f’x(R) = a. then it follows that
R (RYR; £5% (R'). So suppose that £X*(R) = b. This implies that [N4 (R)| < k.
Also in this case we have |[N,(R)UNp(R)| = n—k+I[,forsomel € {2,3, ..., k}.
Otherwise, |[N,(R) U Np(R)| =n —k + 1 and [N,(R)| > 1 = x1 (due to the fact
that a P;b) would imply that f,f “*(R) = a, which contradict our assumption that
ff’X(R) = b. Also we have |[N,(R)| < x;. Now |[Ny(R) UNp(R)| =n —k +1,
for some / € {2,3,...,k} implies that [Ns(R)| < k — 2. So it follows that
INA(R)| < k—1 < k. Also |[N,(R") U Np(R")| = n — k +1 — 1. Note that
x;— 1 < x;_1 < x;. Also [N,(R")| = |[Ns(R)| — 1. Now |N,(R)| < x; implies
IN,(R")| < x; — 1 < x;_1. This shows that f,f’x(R’) = b and we can conclude
that £ (R)R; fa ™ (R).

bP;a and all./b : In this case, suppose fak’x(R) = b. then it follows that
FEY(RYR; £5(R'). So suppose that £X°(R) = a. Now if [NA(R)| > k — 1,
then it follows that |[N4 (R")| > k. This implies that fak’x(R’) = a. So suppose
that [Ns(R)| < k—1and [N4(R')| < k. In this case we have |N,(R) U Ny(R)| =
n—k+ 1, for some I € {2,3,...,k} Also we have |N,(R)| > x;. Also
IN;(R)YUNR(R) = n—k+1—1. Notethat x;y — 1 < x;_1 < x;. Also
|Na(R")| = |Ng(R)|. Now |Ng(R)| = x; and x;—1 < x; implies |[Ng(R")| > x/—1.
This shows that £5*(R) = a and we can conclude that £X*(R)R; £5 (R").

Combining these cases, it follows that fak ¥ satisfies weak strategy-proofness. Hence
as fak ** is onto and Lemma 1 implies that fak ¥ is strategy-proof. In a similar way, it
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can be shown that f; "’ is anonymous, onto and strategy-proof. This concludes the
proof of Theorem 2. O

4 The Proof of Proposition 2

Proof Only if part. Let fak ** be a quota rule with indifference default @ and it satisfies
WDPR. Therefore, the length of x is either (i) k =nor (ii) k € {1,2,...,n — 1}.

First we assume that k = n. If x, = 1 or n then we are done. We assume for
contradiction that x,, € {2,3,...,n — 1}. Let R be a preference profile such that
Ng(R) = 0 and N,(R) = x,. Since f,f ¥ be a quota rule with indifference default
a, ff’x(R) = a. Let R’ be a preference profile such that N4(R") = @ and N,(R) =
x, — 1. Note that N,(R), Np(R), N,(R"), Ny(R') # @. Therefore, by Lemma 2
¥Ry = £5%(R'). However, since £ be a quota rule with indifference default
a, ff “*(R") = b - a contradiction. Therefore x,, = 1 or n, which in turn imply that
x=xp,...,xp)e{,1,...,1),1,2,...,n)}.

Finally we assume thatk € {1, 2, ..., n—1}. Note thatif we can show x; = x; for
alli € {1,2,...,k—1}, then we are done. If k = 1, we are done trivially. Therefore we
assume that k > 1. We assume for contradiction that there existsi € {1,2, ..., k—1}
such that x; # x;41. Let i’ be he minimum among all i € {1,2, ...,k — 1} such that
X; # xi+1. Note that x;; = 1 and x;,;1 = 2. Let R and R’ be preference profiles such
that |N,(R) U Np(R)| = |N,(R') U Np(R")| =n — k +i’ + 1. Moreover we assume
that |N,(R)| = 2 and |N,(R’)| = 1. Since N,(R), Np(R), Ny(R'), Np(R') # @; by
Lemma2 X" (R) = £5*(R'). However, since £X** be a quota rule with indifference
default a, f5"(R) = a # b = f**(R') - a contradiction. Therefore, x; = x;| for
alli € {1,2, ...,k — 1}, which in turn imply that x = (x1,...,x,) =, 1,...,1).

If part. We first prove the following claim.

Claim5 Let f : R" —> A select the same alternative in each disagreement profile.
Then f satisfies WDPR.

Proof Let R € R",i € N and R, € R.If both R and (R, R_;) are disagreement
profile then f(R) = f(R;], R_;). Suppose this is not the case. Then either (i) for
each j € N\{i}, we have f(R)ij(le, R_;) or (ii) for each j € N\{i}, we have
f(le, R_)R; f(R). In either case WDPR is satisfied. O

Let ff . R" — A be a quota rule with indifference default a. If x is a vector
of natural numbers of length n and x = (x1,...,x,) = (1,1,...,1), then ff’x
selects a in each disagreement profile. If x is a vector of natural numbers of length
nand x = (x1,...,x,) = (1,2,...,n), then ff’x selects b in each disagreement
profile. If x is a vector of natural numbers of length k, k € {1,2,...,n — 1} and
x = (x1,...,xx) = (1,1,...,1), then fcf"x selects a in each disagreement profile.
Therefore, by Claim 5, all these rules satisfy WDPR. O
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5 The Proof of Proposition 3

Proof Only if part. Let fbk "’ be a quota rule with indifference default b and it satisfies
WDPR. Therefore, the length of y is either (i) k =nor (ii) k € {1,2,...,n — 1}.
First we assume that k = n. If Y,, = 1 or n then we are done. We assume for
contradiction that y, € {2,3,...,n — 1}. Let R be a preference profile such that
Ns(R) = @ and N,(R) = y,. Since flf "’ be a quota rule with indifference default

b, f}f’y(R) = a. Let R’ be a preference profile such that N4 (R’) = @ and N,(R') =
yn — 1. Note that N,(R), Np(R), Ny(R'), Np(R') # @. Therefore, by Lemma 2
fbk Y(R) = fbk Y(R"). However, since fbk "’ be a quota rule with indifference default

b, fbk “Y(R") = b - a contradiction. Therefore y, = 1 or n, which in turn imply that
y=01,.-..,ym) {1, 1,...,1),(,2,...,n)}.

Finally we assume thatk € {1, 2, ..., n—1}. Note thatif we can show y; # y;1 for
alli € {1,2,...,k—1},then we are done. If k = 1, we are done trivially. Therefore we
assume that k > 1. We assume for contradiction that there existsi € {1,2, ..., k—1}
such that y; = y; . Let i’ be he minimum among all i € {1,2, ...,k — 1} such that
¥i = Yi+1. Therefore y; = yy11 = n —k +i’. Let R and R’ be preference profiles
such that |N,(R) U Np(R)| = |Ny(R') UNp(R")| = n — k + i’ + 1. Moreover we
assume that |[N,(R)| = n — k + i’ and |[N,(R")| = n — k + i’ — 1. Since N,(R),
Np(R), Na(R'), Np(R') # 0; by Lemma 2 f;(R) = fr”(R'). However, since
f,f’y be a quota rule with indifference default b, f,f’y(R) =a#b= f,f’y(R’) -a
contradiction. Therefore, y; # y; 41 foralli € {1, 2, ...,k — 1}, which in turn imply
thaty = (y1, ..., ) =m—k+1L,n—k+2,...,n).

If part. Let f,f ' R" — A be a quota rule with indifference default b. If y is a

vector of natural numbers of lengthnandy = (y1,...,y,) = (1, 1,..., 1), then flf’y
selects a in each disagreement profile. If y is a vector of natural numbers of length

nandy = (y1,...,y,) = (1,2,...,n), then f}f’y selects b in each disagreement
profile. If y is a vector of natural numbers of length k, k € {1,2,...,n — 1} and

y=0,....) = m—k+1,n—k+2,...,n), then f:‘y selects b in each
disagreement profile. Therefore, by Claim 5, all these rules satisfy WDPR. O
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