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Abstract In this paper I consider choice correspondences defined on a novel domain:
the decisions are assumed to be taken not by individuals, but by committees, whose
membership is observable and variable. In particular, for the case of two alternatives I
provide a full characterization of committee choice structures that may be rationalized
with two common decision rules: unanimity with a default and weighted majority.

1 Introduction

Ever sinceHouthakker (1950) it has been known that a simple consistency condition on
choices (the Strong Axiom of Revealed Preference, SARP) is necessary and sufficient
for being able to explain individual choices with rational preference maximization.
Of course, this approach has long been a basis for the formal decision theory used
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by political scientists, as well as economists. That observations of group decisions
themselves may be used to uncover both individual preferences and group decision
rules is, however, frequently ignored. Even less studied is the potential for exploiting
group membership data for such purposes.

In this paper I apply the methodology of revealed preference to data consisting of
choices made by a number of committees with overlapping membership. This allows
me to define empirical consequences of two group-decision rules. In the first of these,
one of the alternatives is marked as the default, which can only be overcome by a unan-
imous vote of all the group members. The other rule is the weighted majority (with
individual group member weights unknown to the observer). I provide a complete
characterization of each of these rules on my conjectured data set, by formulating the
necessary and sufficient conditions for these rules to be consistent with the outcomes
observed. I then expand the choice set facing the committees to more than two alterna-
tives and extend the characterization of the weightedmajority rule to this environment,
while reinterpreting it as a more general scoring rule.

It has been long established that data on choices of a single committee from varying
subsets of alternatives does not provide much in terms of testable implications of
common group decision rules. Thus, McGarvey (1953) has demonstrated that, unless
something is known about committee membership, any choice structure is consistent
with the group members deciding by simple majority, while voting sincerely and
independently from each other, based on some unobserved individual preferences (this
result was later extended by Deb in 1976 to a large class of voting rules). Hence, the
usual approach of varying the set of alternatives,while keeping committeemembership
constant is fruitless: given such a data set, many voting procedures within a committee
simply have no testable implications.1 However, as I try to show in this paper, if a
data set of decisions taken by committees with variable, but overlapping, membership
are available, the same voting procedures would impose a definite structure on such
observations.

Group, rather than individual, decisions may be all one can go by in a variety of
settings, such as legislatures,monetary policy committees in central banks, shareholder
meetings, or courts.Wemayknowmoreor less aboutwhat happens inside the doors and
inside the minds of the various individuals forming a committee, the actions of which
we observe. Crucially, evenwhenwe know the formal decision rules a committeemust
act by, the true votes of committee members may be unknown, either because these are
kept secret for policy reasons2 or because they are not actually recorded3, or because
in many cases individual members might be free to manipulate the formal record
without impacting the actual decision. What we do usually know, though, is who was

1 These results apply when nothing is known about the group composition.When the size of the committee
is known, there exist restrictions implied by various group choice rules on the minimal choice cycle length,
which have been studied since Nakamura (1979).
2 Whether voting records of central bank decision-makers should be public has been a subject of substantial
controversy and research in recent years and the international practice has varied (see, for instance, Sibert
2003, or Gersbach and Hahn 2008).
3 Thus, in a legislature no formal vote may be taken on an issue since the parliamentary leaders know that
it would fail anyway.
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participating and what decision they collectively took. As outside observers, we may
want to have some questions answered from the observed data. Were all members
of a group treated equally, or did some of them possess greater weight? Were the
various alternatives treated symmetrically, or were some of them privileged (as, for
instance, a status quo could be in comparison with a reform proposal)? Did the group
members vote strategically or sincerely? Did they take into account preferences of
and/or information possessed by their fellow committee members? If only committee
decisions are made public, with votes and deliberations remaining secret, could we
still test theories about the functioning of the committee?

Committees with overlapping membership having to repeatedly decide over the
same issue are not so rare in practice. Think, for instance, of the route that a bill or
a nomination must pass to obtain approval by a legislative chamber, where it would
have to be considered by one or many committees and subcommittees, all before
coming up to the floor for the final vote. Similarly, in a number of Latin American
countries, where a judicial decision does not always constitute legal precedent, courts
have to repeatedly decide on constitutionality of the same law, as applied to different
plaintiffs (such cases are known as amparo in Mexico4 and tutela in Colombia). In
the particular case of Colombia, the nine-member Constitutional Court has adopted a
peculiar system of case designation, in which tutela decisions are randomly assigned
to overlapping three-member panels of justices, with every member potentially having
to participate in a ruling on the issue (in certain cases the entire court may also decide
en banc,withmembers of themultiple previous panels joining in a single decision).5 A
dataset of court decisions emerging from this institution would be remarkably similar
to the one proposed in this paper.

Degan and Merlo (2009) have explored empirical implications of sincere (versus
strategic) voting. In fact, if the formal decision rule is known, this work may be
reinterpreted precisely as the test of voter sincerity: if I know how the votes are
counted, violations of the conditions established here could only be interpreted as
indications that the scores do not directly reflect rational individual preference. Thus,
to the extent one maintains the assumption that voters are rational, sincere voting
would be falsified in this case. Other closely related work includes that of Kalandrakis
(2010) on rationalizing voting decisions in a spatial setting and that byApesteguia et al.
(2014), who characterize observable outcomes of sincere and strategic application of
various agenda rules employed in legislatures. In contrast with those papers, however,
I do not assume observability of individual votes or preferences, but try to infer votes
from observing the group choice data. Finally, it should be noted that the idea that
committee membership variationmay be used as a source of “revealed voting”, as well
as Example 3, the CARP, and a version of Proposition 3 in this paper, were previously
presented in my earlier note (Gomberg 2011). With those exceptions, all formulations
and results of this paper, however, postdate that note.

4 See, for instance, Vargas (1996) for a discussion of the role—and lack of precedential authority—of the
writ of amparo in Mexican legal system.
5 The details of the case assignment are described in Articles 49 and 50 of the Reglamento Interno (Internal
Rules) of the Colombian Constitutional Court (1992). The author thanks Juan Bertomeu for drawing his
attention to this arrangement.
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The rest of this paper is organized as follows. In Sect. 2 I introduce the basic
ideas, while characterizing choices that could be generated by a common voting rule
(unanimity with default) in a binary choice setting. In Sect. 3 I introduce the weighted
majority rule and provide a characterization of restrictions they impose on committee
choices. In Sect. 4 I extend the analysis to the case of three or more alternatives, while
reinterpreting the weighted majority as scoring, and Sect. 5 concludes.

2 Unanimity with a default

In order to fix the ideas, I shall start by proposing a simple characterization of choice
patterns that may be generated by a fixed choice rule in a setting with just two alterna-
tives. The rule I characterize is, in fact, quite common: unanimity with a default (this
could, for instance, be a rule used in a criminal jury trial: unless all members of the jury
vote to convict the defendant is declared innocent). Suppose we observe a collection of
decisions of different committees with varying membership on the same binary issue
and believe that all of these committees used this rule. Would we be able to test this
theory using this data, without observing individual votes and without knowing, what
the default choice is? In other words, are there restrictions on the committee choices
such that if these are violated, the theory is conclusively falsified?

In order to answer this question, it shall be useful to define the notion of a committee
choice structure. Let X = {a, b} be the set of alternatives that committees face (it could
be the Guilty versus Innocent, if the committee is a jury, or approve versus reject, if we
are dealing with congressional committees considering nominations, etc.). Let a finite
set N = {1, 2, . . . n} denote the general pool of agents, from which the committees
are drawn and let E ⊂2N\ {∅} be the set of committees, that are observed and let the
function C : E → X denote the committee choice.6 The committee choice structure
is defined as a pair (E,C (.))—a record of observed committee choices. I shall view
it as a data set, which may be used by an observer to deduce the preference profiles
and the preference aggregation rules the committee uses.

I shall assume that each individual i ∈ N has a well-defined complete preference
relation over X , �i (its asymmetric part being denoted as �i ). One can define the
committee choice rule to be unanimity with default y ∈ X if C (S) = y unless for
x �= y we have x �i y for all i ∈ S (in general, individuals’ true preferences might
not be directly observable, but in a binary choice environment under the unanimity
with a default rule it is a weakly dominant strategy for all players to simply declare
their true preference, irrespective of who else is in the committee).

Suppose that we observe that the committee choice structure satisfies the following
two properties:

U1 (expansion): for any S, T ∈ E such that (S ∪ T ) ∈ E and C (S) = C (T ) =
x ∈ X it must be that C (S ∪ T ) = x .

6 The reason I am only considering choice functions, rather than choice correspondences in this section—
an assumption that will be relaxed later—is that the unanimity rule, as here defined, always produces a
unique choice.
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U2 (no more than one reversal): for any S, T, Q ∈ E such that S ⊂ T ⊂ Q and
C (S) �= C (T ) then C (Q) = C (T ).

It is pretty straightforward to see that the two properties here defined are necessary
consequences of the unanimity decision-making with default. Indeed, if two commit-
tees both came to the same decision, then either it is the default (in which case at
least one member of the joint committee must be in favor of sticking to it), or it isn’t
(in which case the joint committee must be unanimous in its desire to overturn the
default). In both cases, the joint committee must agree with the decision of its subcom-
mittees, satisfying expansion. Furthermore, if a larger committee disagrees with the
smaller one, it must be the case that one of its members— and none of the members
of the subcommittee—must be in favor of sticking to the default. Once the default is
thus imposed, further inclusion of additional members can no longer affect committee
choice.

A less immediate observation is that, if the set E is sufficiently rich (i.e., if it is
closed under unions), the above two properties completely characterize the committee
choice structures over it that can be rationalized with this group decision rule. In this
case, by rationalizability I mean existence of an actual preference profile�= {

�i
}
i∈N

and a default alternative x ∈ X such that application of the unanimity with a default
would produce choices identical to those observed in the data. In fact, the following
simple proposition can be easily proved:

Proposition 1 Let E be closed under unions.7 Then a committee choice structure over
E is rationalizable by unanimity with default if and only if it satisfies U1 and U2.

Proof The “only if” part I have demonstrated above, so it remains to show that for
every such committee choice structure I can find a profile of individual preferences
that would generate the original choice structure. I shall do this by construction. If
C (S) = x ∈ X for every S ∈ E , then we can obtain rationalization trivially.8 Indeed,
taking, without loss of generality x = a we may define a �i b for all i ∈ N , which
will immediately generate the original choice. Hence, the interesting case is when
there exist Q,W ∈ E such that C (Q) �= C (W ) . Since E is closed under unions
we may, without loss of generality take C (Q ∪ W ) = C (Q) = a �= b = C (W ).
For each i ∈ S such that C (S) = b, I shall define b �i a. I shall define a �i b
for all the remaining i . Clearly, �i is an asymmetric binary relation on X = {a, b},
which can be completed to an anti-symmetric relation by assuming reflexivity. I will
now show that it, indeed, generates the original committee choice structure, i.e. that
b = C (S) if and only b �i a for all i ∈ S, and C (S) = a otherwise. Clearly, if
b = C (S) , b �i a follows by construction for all i ∈ S. Suppose b �i a for all i ∈ S,
but C (S) = a. From the construction of �i we know that for each i ∈ S there exists
Si ∈ E such that C (Si ) = b and i ∈ Si . Since E is closed under unions, by U1 we
know that since C (Q ∪ W ) = C (S) = a, we must have C (Q ∪ W ∪ S) = a. Since
S ⊂ (S ∪ W ) ⊂ (Q ∪ W ∪ S) it follows by U2 that C (S ∪ W ) = a. But by U1 we
have C ((∪i∈S Si ) ∪ W ) = b, and W ⊂ (S ∪ W ) ⊂ ((∪i∈S Si ) ∪ W ) so that, by U2,
C (S ∪ W ) = b-contradiction. �	

7 That is, if S, T ∈ E , then S ∪ T ∈ E .
8 This of course, covers the case when E has a single element.
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Though simple, this proposition provides us with a characterization, that allows
us to test a hypothesis that the groups were making their choices using a common
voting rule—and, in fact, it allows us to determine from data what the default is even
if we do not know it.9 Of course, this assumes that each voter was taking a decision
without regard to the presence or votes of the other committeemembers: an assumption
plausible if we are dealing with preference aggregation in a legislature (in which case
sincerely voting one’s preferencewould be aweakly dominant strategy), but less likely
if we are dealing with information aggregation in a jury setting, where strategic voting
might be important.10 Hence, the condition developed here could be used as a test of
voting sincerity—and, consequently, of preference versus information aggregation.

The assumption that E is closed under unions appears restrictive, as it would fail
in many realistic circumstances. Thus most tutela decisions in Colombia are adopted
by 3-member court panels. Likewise, in many experimental papers analyzing group
decision-making report data on decisions by fixed-size overlapping committees.11

Clearly, the fixed committee size would preclude E being closed under unions. For-
tunately, this assumption can be easily relaxed. Even if a particular committee T is
never observed in the data, if it can be decomposed into a union of elements of either
A or B, expansion would allow us to impute its decision. I shall define its closure
E∗ = {

S ∈ 2N\ {∅} : S = ∪i Si , Si ∈ E}
.

For every choice structure (E,C (.)) one may now define an x−extension(E∗,C∗
x (.)

)

C∗
x (S)=

{
x, if S = ∪i Si for some {Si }i=1...m ⊂ E such that C

(
S j

) = b for some j
y �= x, otherwise

We can now formulate the following simple corollary to the previous proposition.

Corollary 1 A committee choice structure over E is rationalizable by unanimity with
default x if and only if

(E∗,C∗
x (.)

)
satisfies U1 and U2.

Proof Note that, as long as U1 holds, C (S) = C∗
x (S) for any S ∈ E . Hence, since(E∗,C∗

x (.)
)
is rationalizable by Proposition 1, so is (E,C (.)). The necessity of U1

and U2 is likewise straightforward. Indeed, suppose C∗
x (S) = x for some S ∈ E∗

By construction there exists ∅ �= S′ ⊂ S such that C
(
S′) = x . Hence, for any

rationalizing preference profile � there must exist j ∈ S′ ⊂ S such that x � j y,
which would imply, under the unanimity with default x that any coalition T ∈ E
containing j must have C (S) = x , which, by construction, implies C∗

x (T ) = b for
every T ⊃ S, from which U2 on C∗

x follows. As for the U1, it remains to show
that for any C∗

x (S) = C∗
x (T ) = y �= x implies C∗

x (S ∪ T ) = y. But, of course, if
C∗
x (S ∪ T ) = x then, by the same logic there must exist j ∈ S ∪ T such that x � j y.

9 It follows from the proof of the proposition above that, except in the trivial case where the choice is the
same for all committees, the choice of the default is uniquely implied by the data.
10 See, for instance, Feddersen and Pesendorfer (1996).
11 For a recent survey of such studies see, for instance, Kugler et al. (2012). The committee overlap
typically arises there from rematching committee members in order to avoid repeated interaction effects
between experimental subjects.
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Without loss of generality let j ∈ S = ∪i Si , Si ∈ E from which it follows that j
belongs to some Sk ∈ E , implying that C (Sk) = C∗

x (S) = x-contradiction. �	
Example 1 Consider N = {1, 2, 3, 4}. Suppose the following choices are observed:
C ({1, 2}) = C ({2, 3}) = C ({3, 4}) = b; C ({1, 3}) = C (1, 4) = a. Though we do
not observe choices of these committees, for any extensionU1 impliesC∗

b ({1, 3, 4}) =
a and C∗

b ({1, 2, 3, 4}) = b, which will, of course, imply violation of U2. Hence, this
choice may not be rationalized by unanimity with default b.

3 (Weighted) majority

In this section, as above, I will still consider the binary choice space, X = {a, b}.
Suppose now that we conjecture that, instead of the unanimity with a default, the
group is using some sort of a majority rule, in which each agent votes for his or her
favorite alternative.

Consider, first, the simple majority rule. Under this rule, each agent submits a vote
vi : X → {0, 1}. Note that this formulation allows for an abstention, which may be
implemented by submitting the same vote for both alternatives. As in the previous
section, I shall assume that the votes do not depend on who else is in the committee.

Given a vote from each of its members a committee S chooses an alternative that
gets the highest score

Cm (S) = argmax
x∈X

∑

i∈S
vi (x)

where
∑

i∈Svi (x) is called the score received by an alternative x ∈ X in voting by
committee S. Such a choice structure is said to be generated by a simple majority
rule. Note, that, since there could be voting ties, in this section I shall allow the
choices to be multivalued, so that, in general, Cm (S) would be a (non-empty-valued)
correspondence. It may be noted (following Myerson 1995), that one could allow
agents to submit votes that are distinct from reporting their preference orderings,
whatever these may be. All the simple majority rule requires agents to do, is to report
a ranking of alternatives in X by means of their votes vi ∈ R

2. Though this is not
necessary, it may be convenient to view the votes as representing some underlying
preference relations, so that vi (x) ≥ vi (y) if and only if x �i y.

If a committee choice structure (E,C (.)), whereC : E ⇒ X is a non-empty-valued
correspondence, is such that for any S ∈ E

C (S) = Cm (S)

for some vote profile v = {vi (.)}i∈N consistent with a preference profile�= {
�i

}
i∈N

I shall say that � rationalizes (E,C (.)) via a simple majority rule.
It is clear that not every such committee choice structure would be rationalizable

with simple majority. Crucially, the notion of majority vote studied here implies that
each individual’s votes are independent of the committee composition: this may be
interpreted as an implication of sincerity. Hence, if we ever observe that for two
disjoint committees S ∩ T = ∅ we have C (S) = C (T ) it must, indeed, follow that
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C (S ∪ T ) = C (S). This property, introduced, for instance, in characterizations of
scoring rules by Smith (1973) and Young (1975) is usually known as the reinforcement
axiomand, at least in the single-valued choice case, is, clearly, implied by the expansion
condition of the previous section. Clearly, reinforcementmust be a necessary condition
for the rationalizability here desired. But the simple majority has an even stronger
implication for the actual scores that committees assign to alternatives: the score
difference between the alternatives must be added up if two disjoint committees are
joined.

In fact, if simple majority is the rule used, the difference w between the scores
assigned to a and to b by the committee S

w (S) =
∑

i∈S
vi (a) −

∑

i∈S
vi (b)

will define a (signed) measure on the finite measurable space
(
N , 2N

)
, as long as one

naturally sets w (∅) = 0, since w (S ∪ T ) = w (S)+w (T )−w (S ∪ T ) for any two
committees S, T ∈ 2N .

However, we do not observe the actual scores or their differences, but only choices,
which correspond to the sign of w. Defining

_
E = E ∪ ∅ it may be convenient to

summarize our observations with a function f : _
E → {−1, 0, 1} defined by the

f (S) =
⎧
⎨

⎩

−1, if C (S) = {b}
0, if C (S) = {a, b} or S = ∅

1, if C (S) = {a}

This function f is, of course, non-additive. If, however, we can, consistently with
it, assign individual vote differences w j = w ({ j})to each individual in such a way
that

sign (w (S)) = sign

⎛

⎝
∑

j∈S
w j

⎞

⎠ = f (S)

we shall obtain a simple-majority-based theory that would explain how the observed
choice structure arose!

Fortunately, it turns out that this problem is closely related to well-established
problems in utility theory. In fact, a very similar mathematical problem emerges if
one considers the question of when could a binary relation “at least as likely as” over
a finite states space be represented by a probability measure, which has been posed
and solved by Kraft et al. (1959). The following example, which is, essentially, a
reinterpretation for the present setting of the one they constructed, implies that the
reinforcement alone, though necessary, is not sufficient rationalizability by a simple
majority rule.

Example 2 Suppose N = {1, 2, 3}, f ({1, 2, 3}) = 1 and f ({1, 2}) = f ({1, 3}) =
f ({2, 3}) = −1. The example does not violate reinforcement: there are no disjoint
committees, taking the same decision. However, it is not hard to see that this set
of choices is not consistent with simple majority. Indeed, since every committee of

123



Revealed votes 289

two members is taking the same decision it follows that 2w1 + 2w2 + 2w3 < 0 .
However, the grand coalition’s decision implies that w1 + w2 + w3 > 0 - an obvious
contradiction.

As noted above, expansion is a stronger condition than reinforcement and it, clearly,
fails in the example above, which may tempt one to consider if it could the right
condition for our axiomatization. However, it is too strong, in the sense that simple
majority can easily generate examples that would violate expansion.

Example 3 Suppose N = {1, 2, 3, 4, 5, 6, 7}, f ({1, 2, 3, 4, 5, 6, 7}) = 1 and
f ({1, 2, 3, 4, 5}) = f ({3, 4, 5, 6, 7}) = −1. By taking the union of the last two
coalitions we can easily see that expansion fails here. However, this could be easily
generated by the simple majority rule if agents 1, 2, 6, and 7 consistently vote for a
and the rest vote for b.

Consequently, a different condition, which I shall call strong reinforcement, is
required,which is analogous to the the strongadditivity ofKraft et al. (1959). Following
Fisburn (1986) it can be presented as follows. Consider two collections (of equal
cardinality) of committees S = (

S1, S2, . . . , Sm
)
and T = (

T 1, T 2, . . . , Tm
)
, sucht

that Si , T i ⊂ N for all i .. Note, that an empty set is taken here as a possible committee
and that a committee might be repeated several times within a collection. Denote as
n j (S) the number of committees in the collection S that individual j is included in.We
say that S � T if for each individual j ∈ N n j (S) = n j (T). Thus, in the example 2
above, if we define S = {{1, 2, 3} , {1, 2, 3} ,∅} and T ={{1, 2} , {1, 3} , {2, 3}} we
will have S � T, since each individual is observed exactly twice in each committee
collection. I am now ready to define the following condition of choice structures:

W1. The choice correspondence C satisfies strong reinforcement if for each pair of
committee collections S,T such that S � T if f

(
Si

)
> f

(
T i

)
or f

(
Si

) = f
(
T i

) =
0 for i = 1, 2, . . . ,m − 1 then f (Sm) ≤ f (Tm) .

It is obvious from Example 2 that strong reinforcement would have to hold if
a choice structure is to be explainable with a simple majority vote. There would, of
course, be additional conditions required for a simple majority characterization, which
would arise from the anonymity axiom, intrinsic in the characterization of the simple
majority (May 1952). However, if we allow for the voting weights to vary by agent,
the strong reinforcement turns out to fully characterize the impact of majoritarianism
on the choice structure of this sort!

Formally, the weighted majority voting may be introduced by defining the votes to
be vi : X → {0,Wi }, whereWi > 0 stands for the voting weight of individual i (up to
this point we have forced Wi = 1 for all agents). We shall assume that these weights
are not observable by the outsider, who will now be trying to derive them from data.
The rest of the model and the definitions remain unchanged. In particular, we may
define

Cwm (S) = argmax
x∈X

∑

i∈S
vi (x)

We say that a committee choice structure (E,C (.)), is rationalizable by a weighted
majority rule ifwe can find a preference profile� and a collection of individualweights(
w1,w2, . . . wN

) ∈ R
N+ such that
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C (S) = Cwm (S)

Theorem 1 A committee choice structure (E,C (.)) is rationalizable by a weighted
majority rule if and only if the choice structure satisfies strong reinforcement.

Proof The necessity part is straightforward, since if it were not the case, there
would exist a pair of committee collections S � T such that f (Si ) > f (Ti ) or
f (Si ) = f (Ti ) = 0 for all i = 1, 2, . . . ,m − 1 and f (Sm) > f (Tm) However, as

f (Si ) = sign (w(Si )) = sign
(∑

j∈Si w ({ j})
)
it follows that

∑
j∈Si w j >

∑
j∈Ti w j

or
∑

j∈Si w j = ∑
j∈Ti w j = 0 for i = 1, 2, . . .m − 1 and

∑
j∈Sm w j >

∑
j∈Tm w j ,

which, if we some across the committees in each collection, in turn would imply that∑
j∈N n j (S) w j >

∑
j∈N n j (T) w j - a contradiction.

The proof of sufficiency closely follows that of Theorem 4.1 in Fishburn (1970). If
all committees make the same choice, the theorem is trivially true, therefore, I shall
henceforth assume that there exists at least one pair of committees (S, T ) ∈ _

E× _
E

such that f (S) > f (T ) Let K ∈ N be equal to the number of distinct committee
pairs (S, T ) ∈ _

E× _
E such that f (S) > f (T ) and M ∈ Z+ be equal to one half of the

number of committee pairs (S, T ) ∈ _
E× _

E such that S �= T and f (S) = f (T ) = 0
(note that this includes committee pairs of the form (S,∅) and (∅, T )). Clearly,
K + M ≤ 22n < ∞.

For each committee S let the indicator function

1S ( j) =
{
1 if j ∈ S
0 if j /∈ S

For each of the first k = 1, 2, . . . , K committee pairs Sk, T k defined above we may
write

n∑

j=1

w j a
k
j > 0

and for each of the following k = K + 1, K + 2, . . . , K + M committee pairs Sk, T k

we may write
n∑

j=1

w j a
k
j = 0

where akj = (
1Sk ( j) − 1T k ( j)

) ∈ {−1, 0, 1}, and the weights
∑n

j=1w j may
be interpreted as a “reconstruction” of the individual vote difference consistent
with the observed choice structure (note, in particular, that this would imply that∑n

j=1w j1S ( j) = 0 for every S such that f (S) = 0).
Suppose no such weights w = (w1, w2, . . . , wn)may be found. Then by Theorem

4.2 in Fishburn (1970), known as the Theorem of the Alternative, there must exist a
collection of numbers rk, k = 1, 2, . . . ,M + K , such that the first K of these are
non-negative and not all zero so that for every j = 1, 2, . . . , n
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K+M∑

k=1

rka
k
j = 0

In fact, since all akj are rational by construction, all rk may be chosen to be integers. If

for some k > K there is an rk < 0 one may replace akj with −akj to make it positive

(this is possible since if f
(
Sk

) = f
(
T k

)
one may interchange Sk and T k). Consider

now two committee collections S and T such that each committee Sk is repeated rk
times in S and each committee T k is repeated rk times in T. By construction the
cardinality of each committee collection is equal to

∑K+M
k=1 rk and from the preceding

equation it follows that the number of times each individual is included in committees
in each collection is

n j (S) =
K+M∑

k=1

rk1Sk ( j) =
K+M∑

k=1

rk1T k ( j) = n j (T)

and, hence S � T. But by construction we have f
(
Sk

) ≥ f
(
T k

)
for all k =

1, 2, . . . , K + M , with the first K inequalities strict. Hence, the strong reinforcement
of the committee choice structure is violated. �	

Notably the proof of the theorem provides us not only with a way of falsifying the
“weighted majority theory” of the committee decision-making, but also, assuming the
strong reinforcement holds, with a way of calculating individual weights consistent
with choices: except for the abstaining individuals, these would be the solutions w j

to the inequality system used in the proof.12

What if the system turns out not to have a solution? Of course, it is possible that
some other group decision-making rule was used. Alternatively, we may suppose that

12 Indeed, if we consider Example 2 above, we obtain the following system of K = 7 inequalities:

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

w1 + w2 + w3 > 0
w1 > 0
w2 > 0
w3 > 0

−w1 − w2 > 0
−w1 − w3 > 0
−w2 − w3 > 0

which, obviously, has no solution. The dual problem solves with r1 = r2 = r3 = r4 = 3 and
r5 = r6 = r7 = 2.
On the other hand, if the choice of the committee {2, 3} were not observed the corresponding system would
have been (K = 5):
Footnote 12 continued

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

w1 + w2 + w3 > 0
w2 > 0
w3 > 0

−w1 − w2 > 0
−w1 − w3 > 0

which would be solved, for instance, by the weight vector w = (−3, 2, 2).
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some of the agents varied their vote based on committee membership—as could be the
case, for instance, if they voted strategically. An important question that could be asked
is, if we could try to identify the identity of these agents from data. Of course, if all
agents did these, any data would be rationalizable. Hence, perhaps a more meaningful
question could be, what is the smallest (by inclusion) set of agents that would have to
behave strategically for the data to be rationalizable with a weighted majority vote.

4 Scoring and multiple alternatives

In the previous section I have assumed that the (not directly observed) weight vi
was an intrinsic characteristic of individual i . Alternatively, one may take a view that
the weights arise from the manner in which a decision rule “converts” individual
preferences into scores. Thus, for instance, in a simple (unweighted) plurality rule a
score of 1 is assigned to the top choice of an individual and scores zero to all other
alternatives, while under the Borda count the top alternative gets the maximal score n,
the next best alternative gets a score of n − 1, etc. The class of rules, such as plurality
and Borda count, in which individuals are asked to provide each alternative with a
numeric score (reflecting their preferences), the individual scores are added up and the
alternative with the highest aggregate score is chosen is known as scoring. These rules
have long been characterized by social choice theorists (see, for instance, Young 1975
or Myerson 1995) and are frequently used in practice. In this section I shall consider
the problem of which committee choice structures could be rationalized by some
scoring rule. This problem has previously been considered this problem in my earlier
note (Gomberg 2011), though that note provides only a necessary consequence of
decision-making by scoring, rather than a complete characterization of the committee
choice structures rationalizable with scoring.

For the case of two alternatives, X = {a, b}, in fact, the problem is, essentially,
identical to the weighted majority problem I considered in the previous section. How-
ever, this view provides a natural interpretation for the extension to the case of multiple
alternatives, X = {x1, x2 . . . xn}, which I shall consider here.

The scoring rules require agents to report a ranking of alternatives in X by means
of their votes vi : X → R. As before, it is not necessary to assume that these actually
come from an underlying preference, though, for interpretational reasons we shall still
find it convenient to assume that vi (x) ≥ vi (y) if and only if x �i y. In the case
of multiple alternatives, however, strategic voting incentives may arise even when
the group’s task is to aggregate preferences, rather than information. In this sense, the
interpretation of the characterization that follows as providing a test for sincere voting,
becomes most natural.

Similarly to the previous section, if a committee choice structure (E,C (.)), where
C : E ⇒ X is a non-empty-valued correspondence, is such that for any S ∈ E

C (S) = Cscoring (S) = argmax
x∈X

∑

i∈S
vi (x)
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where the votes are consistent with preferences for some rational preference profile
�. I shall say that � rationalizes (E,C (.)) via a scoring rule.

If there are three or more alternatives the problem cannot be reduced to that of an
existence of a single measure on the committee space. Nevertheless, as long as all the
committees are facing the same choice problem (i.e., the budget set B is not varied),
the linear structure of the scoring rules utilized in the previous section allows for a
very similar formulation.

Our basic objective remains the same: to find vote scores for each individual that
would explain the observed committee choices. Notably, once there are at least three
alternatives, we now will have to avoid “scoring cycles”, as the following example
shows.

Example 4 (Gomberg 2011) Consider the alternative set X = {a, b, c} and the four
disjoint committees S1, S2, S3 and T . Let C (S1) = a, C (S2) = b,C (S3) = c,
C (S1 ∪ T ) = b,C (S2 ∪ T ) = c,C (S3 ∪ T ) = a. It is not hard to see that this
implies that in committee T, b would have to gets higher score than c, c higher than
a and a higher than b, which, of course, is an impossible cycle.

As the example above suggests, the scores may be “revealed” through observed
committee choices (the revelation idea first introduced in Gomberg 2011). For the
rest of this section, I shall assume that there is a finite set of alternatives , X =
{x1, x2, . . . xm}. The rest of the model is as before.

• Direct revelation For each S ∈ E a pair of nested binary relations P∗
S ⊂ R∗

S on X
is defined by
(i) let x ∈ C (S) then x R∗

S y for any y ∈ X
(ii) let x ∈ C (S) and y /∈ C (S) for some y ∈ X then x P∗

S y

This constitutes a record of direct preference revelation: if an alternative is chosen,
it implies it received at least as high a score as any other feasible alternative and a
strictly higher score than any feasible alternative not chosen.

Consider the total set of observations we have. If our theory is correct and this
choice is rationalized with scoring, in the actual vote count each observation of x P∗

S y
it must have been obtained from

∑
i∈Svi (x) >

∑
i∈Svi (y) and each x R∗

S y from∑
i∈Svi (x) ≥ ∑

i∈Svi (y). These are, of course, linear inequalities. In fact, the set
of all “revealed scoring” statements must have been generated by a system of linear
inequalities, which would have to hold simultaneously for the rationalization to be
possible.

As the cardinality #X = m, consider a vectorw = (
w1, w2 , . . . wn, wn+1, . . . w2n,

. . . wnm
) ∈ Rnm+ wherewkn+ j corresponds to the reconstructed vote that agent k emits

for alternative j . As in the previous section, I shall consider each revealed scoring
statement (taking care to track the committee by which it has been generated). As
the total number of such statements is finite, let K be the number of strict statements
x P∗

S y and M be one half of the rest.
Consider a list of all such revealed scoring pairs If the kth pair is xp P∗

S xr (for the
first K elements of the list) or xp R∗

Sxr (for the rest) then one can define a jk = 1 for
all j = p + ms, where s ∈ S, a jk = −1 for all j = r + ms, where s ∈ S, and
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a jk = 0 otherwise. The corresponding matrix A = (
a jk

)
, which contains the relevant

information about the observed choices, shall be called the scoring matrix.
As in the case of two alternatives, if for each of the first k = 1, 2 . . . , K revealed

preference scoring relations defined above we may write

n∑

j=1

w j a jk > 0

and for each of the following k = K +1, K +2, . . . K +M revealed scoring relations
we may write

n∑

j=1

w j a jk = 0

we would rationalize the observed choice structure.
As in the previous section, the Theorem of the Alternative allows one to restate

the problem of existence of a solution to this system of inequalities as a problem of
existence of a solution to the equation

K+M∑

k=1

rka jk = 0 (*)

where (r1, r2, . . . rK+M ) ∈ Z
K+M with the first K terms non-negative and not all

equal to zero. This, of course, constitutes the proof of the following proposition:

Proposition 2 A committee choice structure (E,C (.)) is rationalizable by a scoring
rule if and only if the equation Ar = 0 (where A is the associated scoring matrix) has
a non-zero integer solution r , with the first K coordinates of r all non-negative.

As in the case of two alternatives, this condition is, in fact, necessary and sufficient
for the existence of rationalization by scoring, though it is harder to get its intuitive
interpretation. A greater feeling for its implication may be obtained if we reformulate
a necessary implication of it in a more familiar “revealed preference” form (as earlier
proposed in Gomberg 2011).

Consider, for instance, the “indirect revealed scoring” implied by the reinforcement
property of the scoring rules (which, as noted above states that if two disjoint com-
mittees make the same choice from a given budget set, so should their union). We can
then define the following .

• Reinforcement13

The binary relations PS ⊂ RS on X are defined by
(i) x P∗y implies x Py, x R∗y implies x Ry,
(ii) For any S, T ∈ 2N\ {∅} such that S ∩ T = ∅, x RS y and x RT y imply that

x RS∪T y

13 Note that the example above shows that a stronger indirect extension could be imposed here. However,
reinforcement is more intuitive, so I stick to it as a necessary implication of rationalizability.
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(iii) For any S, T ∈ 2N\ {∅} such that S ∩ T = ∅, x PS y and x RT y imply that
x PS∪T y

(iv) For any S, T ∈ 2N\ {∅} such that S ⊂ T (T \S �= ∅), x PS y and yRT x imply
that yPT \Sx

(v) For any S, T ∈ 2N\ {∅} such that S ⊂ T (T \S �= ∅), x RS y and yPT x imply
that yPT \Sx

With this in mind we may now define a simple acyclicity condition, motivated by
the example above:

S1 (Committee Axiom of Revealed Preference, CARP)14: For any S ∈ 2N\ {∅}
and any x1, x2, . . . xn ∈ X, x1RSx2, x2RSx3 . . . xn−1RSxn implies � (xn PSx1) .

It is straightforward to see that CARP is, in fact, implied by scoring (its violation
would imply a committee S assigning to an alternative x1 both a higher and a lower
score then to an alternative xn , which is impossible). Hence, we have the following
proposition:

Proposition 3 A committee choice structure (E,C (.)) is rationalizable by a scoring
rule only if the implied RS and PS satisfy CARP for each S ∈ 2N\ {∅}.

5 Conclusions and further research

The objective of this paper is to explore how observations of group actions may used
to test theories about within-group decision procedures. For this purpose, I introduce
the notion of a committee choice structure and establish a necessary and sufficient
condition for such a choice structure to be rationalizable via two common voting
rules: unanimity with a default and scoring, when the committees decide over the
fixed budget set, with a natural interpretation for the case of two alternatives.

A key insight of the paper is that observations of collective decisions by themselves
might be revealing, as long as we may observe variations on group membership. In
particular, when the formal decision-making rule is known, the data-theoretic char-
acterizations developed here may be used to develop tests for voting sincerity based
purely on the outcomes of group decisions. 15 Indeed, a violation of the characterizing
conditions under the observable group decision rule would indicate that individuals
change their votes based on the group composition: as would be the case if they voted
strategically. In a sense, such tests would therefore involve identifying from the data
(groups of) agents that would have to behave strategically for the data to be rational-
izable.

Asmentioned in the introduction, data sets resembling those suggested in this paper
might emerge from a corpus of court decisions, especially those from legal systems

14 The naming suggestion for this axiom, originally introduced in Gomberg (2011), belongs to Norman
Schofield.
15 As noted above, in the binary choice settings of Sects. 2 and 3, if individuals are merely aggregating
preferences they would have no incentives for strategic voting. If, however, they share an underlying prefer-
ence but aggregate information, strategic voting incentives would emerge, as in Feddersen and Pesendorfer
(1996).
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in which prior decisions do not constitute legal precedent. Compiling and analyzing
such data set for insights on the preferences of court members remains to be done.
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