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Abstract I develop sufficient conditions for transitivity and acyclicity of social pref-
erences, continuing the investigation of restricted domains begun by Black (J Polit
Econ 56:23-34, 1948; The theory of committees and elections. Cambridge University
Press, Cambridge, 1958), Arrow (Social choice and individual values. Wiley, New
York, 1951), and Sen (Econometrica 34:491-499, 1966; Rev Econ Stud 36:381-393,
1969). The approach, which excludes certain triples of rankings over triples of alter-
natives, contributes to the literature in three ways. First, I generalize majority rule to
classes of social preference relations defined by their decisiveness properties. Second,
I consider not only transitivity of weak and strict social preference, but I provide con-
ditions for acyclic strict preference as well. Third, the well-known conditions of value
restriction, single peakedness, and order restriction are shown to satisfy corresponding
exclusion conditions, so transitivity results on these domains follow from the more
general analysis; in particular, the results are applied to weakly single-peaked pref-
erence profiles, and a result on acyclicity due to Austen-Smith and Banks (Positive
political theory I. University of Michigan Press, Ann Arbor, 1999) is obtained as a spe-
cial case. In contrast to the latter authors, the approach fixes a single preference profile
and does not rely on the properties of social preferences as individual preferences are
varied.
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1 Introduction

The possibility of majority cycles, demonstrated in Condorcet’s paradox, is well-
known, as are the positive results on transitivity of majority preferences when
restrictions are imposed on individual preferences. Perhaps the most familiar restric-
tion under which transitivity is achieved is single-peakedness, investigated by Black
(1948, 1958) and Arrow (1951), which demands that among any three alternatives,
there is one (or more) that is not bottom-ranked (among the three) for any individual.
Sen (1966, 1969) showed that the exclusion from being bottom-ranked is arbitrary: the
desirable transitivity properties of majority voting persist if there is some alternative
among the three and some rank (first, second, or third) such that the alternative does
not attain that rank (by itself, or tied with another alternative). In fact, relying on the
consistency properties of majority rule, Sen allows individuals to be indifferent among
all three alternatives and imposes the above condition only on the other, “concerned”
individuals. A profile satisfying Sen’s exclusion condition is said to be value-restricted.
In later work, Rothstein (1990, 1991) investigated the condition of order restriction,
which also delivers desirable transitivity properties of majority rule.! This restriction
imposes an ordering of individuals such that given any pair of alternatives, the set of
individuals with a given preference between the two alternatives is “connected” with
respect to the ordering. Order restriction is logically unrelated to single-peakedness
but implies value-restriction, delivering transitivity of majority preferences.

To clarify the content of the above transitivity results, it is important to distinguish
between two transitivity properties and two versions of majority rule. Sen (1969)
showed that value restriction implies transitivity of strict majority preferences when
the number of concerned voters is unrestricted, and Sen (1966) deduced the stronger
conclusion that weak majority preferences are transitive when the number of concerned
voters is odd. Regarding the definition of majority rule, Arrow, Sen, and Rothstein
define one alternative to be strictly (resp. weakly) majority preferred to another if
strictly (resp. weakly) more individuals strictly (resp. weakly) prefer the first alternative
to the second. A different definition, that used by Black, requires a majority of all
individuals to strictly prefer the first alternative to the second in the above definition.
I refer to the latter as simple majority rule and to the former as relative majority rule.
The above work did not consider the implications of these preference restrictions for
more general aggregation rules, nor did it consider preference restrictions that are more
permissive yet still sufficient to ensure transitivity or the weaker rationality condition
of acyclic strict social preference.

I extend the analysis to social preferences arising from three classes of aggregation
rules: simple rules (which are generated by the rule’s decisive groups), the larger class
of relatively simple rules (which require the assent of a decisive group for a strict
social preference), and resolute rules (which require the assent of a decisive group
for a weak social preference). The relatively simple rules generalize relative majority
rule and the “voting rules” of Austen-Smith and Banks (1999), but they need not be
neutral with respect to permutations of alternatives in the preferences of individuals;

1 See also Gans and Smart (1996) for analysis of a single-crossing condition that is equivalent to order
restriction.
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and the simple rules generalize simple majority rule and specialize the overlap condi-
tion of Schwartz (1986). Prototypical examples of resolute rules are relative or simple
majority rule with an odd number of individuals, but resoluteness does not imply neu-
trality. I provide preference exclusion conditions under which these classes of rules
deliver desirable transitivity properties, including transitivity of weak and strict social
preference. All of the exclusion conditions are requirements that there do not exist
triples of individuals and alternatives such that the individuals’ preferences over the
alternatives take a form similar to the classical Condorcet paradox. Regarding transi-
tivity of strict social preferences, a comparable result is Schwartz’s (1986) Theorem
4.1.2, which uses a stronger “Condorcet freedom” exclusion condition but applies to
social preferences that generalize the simple rules. Of note, I also provide conditions
sufficient for acyclicity of simple social preferences, a contribution of special interest
because acyclicity is a key condition for ensuring the existence of socially maximal
elements: it is weaker than transitivity of strict (and therefore weak) social preference
but sufficient for existence of maximal elements in any given finite set of alternatives;
and it is necessary for existence of maximal elements in all finite sets.

I'then apply the above social rationality results to more familiar preference domains,
in some cases showing that known results can be derived from the more general analy-
sis, and in other cases extending known results to wider classes of social preferences
under weaker preference restrictions. For example, value-restricted preferences satisty
the strongest preference exclusion considered in this paper, and as a corollary we con-
clude that if all individuals are concerned over triples of alternatives, then weak social
preferences generated by resolute rules are transitive. A weakening of value restric-
tion is sufficient for transitivity of strict social preferences generated by a simple
rule. Results for single peakedness and order restriction follow immediately, includ-
ing conditions for transitivity of weak social preferences generated by resolute rules.
Interestingly, we obtain a result due to Austen-Smith and Banks (1999), showing that
social preferences generated by a simple rule are acyclic when individual preferences
are weakly single-peaked, as a corollary of our general analysis of acyclicity.

Work by Sen and Pattanaik (1969) is related but different in focus.? Those authors
extend the earlier analysis of value restriction from majority rule to the more gen-
eral class of neutral and monotonic rules; they consider the preference restrictions
of “limited agreement” and “extremal restriction,” which are logically unrelated to
value restriction; and they provide necessary conditions for acyclicity of majority
preferences when the number of voters is variable.

Although the above discussion is couched in terms of aggregation rules, an advan-
tage of the analysis of this paper is that it is based exclusively on single-profile
properties of social preferences and is therefore domain-free; at the end of the paper,
I show that the results extend in the expected way to aggregation rules defined on a
domain of possible individual preferences. Section 2 sets up the single-profile frame-
work and defines classes of social preference of interest. Section 3 establishes the
main results of the paper on value restriction conditions for rationality. Section 4
applies these results to value-restricted, single-peaked, weakly single-peaked, and

2 See also Inada (1964, 1969), for different sets of conditions that are necessary and/or sufficient for
transitivity of majority preferences.
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order-restricted environments. Finally, Sect. 5 extends the analysis to aggregation
rules when individual preferences are allowed to vary, and Sect. 6 concludes.

2 Formal preliminaries

Let N be a finite set of individual decision makers, and let be X a set of alternatives
from which a collective choice must be made. Let P; be the strict preference relation
on X of individual i, and let R; be i’s weak preference relation. Assume that P; is
asymmetric and negatively transitive, that R; is complete and transitive, and that the
relations are dual: forall x, y € X, x P;y if and only if not y R; x, or equivalently, xR; y
if and only if not y P;x. As usual, /; denotes the indifference relation of individual i,
so that x/;y if and only if neither x P;y nor y P;x, or equivalently xR;y and yR;x.
To denote the groups strictly and weakly preferring one alternative to another and
indifferent between two alternatives, respectively, write

P(x,y)={i € N | xPy}
R(x,y)={i € N |xR;y}
I(x,y)=1{i € N|xly},

and note that P(x, y) € R(x, y). In Sects. 2—4, a single profile of individual prefer-
ences is fixed and denoted 7 = (P, ..., P,), with weak preferences determined via
duality.

In addition, let P and R be, respectively, strict and weak social preference relations
on X such that P is asymmetric, R is complete, and the two relations are dual. We
can interpret P as a “dominance relation,” so that x Py indicates that society would
choose x over y, perhaps as the result of a binary vote between the two alternatives.
Then we can write I for the corresponding social indifference relation, so that x/y
if and only if neither x Py nor y Px, or equivalently x Ry and yRx. Note that this
concept of social indifference does not distinguish between indifference and non-
comparability. Moreover, P is negatively transitive if and only if R is transitive, and
negative transitivity of P implies transitivity. It is well known that R is transitive if
and only if P and [ are both transitive. Thus, because social indifference incorporates
non-comparability, transitivity of weak social preference is a demanding condition.?

Some familiar examples of strict social preferences are as follows, with weak social
preferences determined from the definitions below via duality.

Simple majority

xPgsyy ifandonlyif |P(x,y)| > n/2.

3 For example, it precludes Pareto social preferences, defined subsequently. It is customary to define Pareto
indifference by x/y if and only if /(x, y) = N, and this relation is actually transitive. But when non-
comparable pairs are added to this relation, it may become intransitive.
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Relative majority
xPryy ifandonlyif |[P(x,y)| > |P(y,x)|.
Simple Pareto
xPgpy ifandonlyif P(x,y)=N.
Relative Pareto
xPrpy ifandonlyif R(x,y)=N and P(x,y) #0.

Given preference profile = and social preference P, we say G C N is decisive for
Pifforallx,y € X,G € P(x, y) implies x Py, and G is blocking if forall x, y € X,
G C R(x,y) implies xRy. Let D(P) denote the collection of decisive groups, and
let B(P) denote the collection of blocking groups. Note that these collections are
monotonic, in the sense that if a group is decisive (resp. blocking), then so is any
superset of that group. We say that relative to , the social preference P is...

e simple if for all x, y € X, x Py implies P(x, y) € D(P) N B(P),
e resolute if for all distinct x, y € X, x Ry implies R(x, y) € D(P),
e relatively simple if for all x, y € X, x Py implies R(x, y) € D(P).

Clearly, if P is simple or resolute, then it is relatively simple. For examples, the simple
majority preference Py is always simple, as is the simple Pareto preference Psp. The
relative majority preference Pgyy is relatively simple but need not be simple: suppose
there are three alternatives, a, b, ¢, and two individuals with preferences a P1bP\c
and c Pyal,b, and note that a Pryb and P (a, b) C P(a, c), but cRgpa. The relative
Pareto preference is relatively simple, but the same example shows that the relative
Pareto preference need not be simple. Both simple and relative majority preferences are
resolute when 7 is odd, but they are not generally when # is even, as demonstrated by
the latter example: there, cRgyb and cRry b, and R(c, b) € P(c, a), butaRgyc and
aRpgpc. More generally, the simple rules of Austen-Smith and Banks (1999), which
include quota rules and but also non-anonymous rules (such as weighted majority rule),
always generate simple social preferences. And the voting rules of those authors, which
can be sensitive to individual indifferences, always generate relatively simple social
preferences.*

The definition of simple social preference demands that the group P (x, y) of indi-
viduals with a strict preference for x over y be not only decisive but blocking as
well. This requirement is used in Lemma 3, below, and is not implied by the lone
requirement that P (x, y) € D(P). This is demonstrated by the next example.

4 See the a-rules of Ferejohn and Grether (1974) or counting rules of Austen-Smith and Banks (1999).
Note that simple rules and voting rules satisfy Arrow’s independence of irrelevant alternatives, and aggre-
gation rules that violate ITA (such as Borda) will not in general generate simple or relatively simple social
preferences.
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98 J. Duggan

Example 1 Assumen = 3and X = {a, b, c}, letindividual preferences be as follows,

2 3

a bc b
bc a ¢
a

and let strict social preferences be P = P3. Here, the minimal decisive groups are
{1, 2}, vacuously so, and {3}. Note that cR;b and cRyb, yet bPc, so {1, 2} is not
blocking.

The above example also shows that decisive groups need not be blocking, i.e., we
may have D SZ B. Nevertheless, the next lemma shows that if P is simple and a weak
social preference holds, then the group of individuals with that weak preference is
blocking.

Lemma 1 If P is simple and x Ry for some x,y € X, then R(x, y) € B(P).

Proof Assume P is simple and xRy, and suppose toward a contradiction that
R(x,y) ¢ B(P). Then there exist a, b € X such that R(x, y) € R(a, b) but bPa.
Since P is simple, it follows that P (b, a) € D(P). But P(b,a) € P(y, x), and thus
y Px, a contradiction. O

It is sometimes useful to consider social preferences satisfying neutrality and
monotonicity conditions. In the single-profile framework, I combine these condi-
tions and say P is neutral-monotonic relative to x if for all x, y,a,b € X such
that x Py, P(x,y) € P(a,b), and R(x,y) € R(a,b), we have aPb. Social prefer-
ences generated by neutral and monotonic aggregation procedures (the voting rules
of Austen-Smith and Banks (1999)) are neutral-monotonic. The next lemma implies
that they are, therefore, relatively simple as well.

Lemma 2 1. If P is simple, then it is neutral-monotonic.
2. If P is neutral-monotonic, then it is relatively simple.

Proof (1) Assume P is simple, and consider x, y, a, b € X suchthatx Py, P(x,y) C
P(a, b),and R(x, y) C R(a, b).Since P is simple, x Py implies that P (x, y) € D(P),
which implies that P(a, b) € D(P), and therefore a Pb. (2) Assume P is neutral-
monotonic, and consider distinct x, y € X such that x Py and a,b € X such that
R(x,y) € P(a,b); then since P(x,y) € R(x,y) € P(a,b) C R(a, b), neutrality-
monotonicity implies a Pb, and therefore R(x, y) € D(P), as required.

The converse direction does not generally hold in either part of Lemma 2: for part
1, relative majority preferences are neutral-monotonic when »n is even, but we have
seen that Pgys need not be simple in this case; for part 2, note that in Example 10,
below, the social preference is relatively simple, and we have a Pb, P(a, b) C P(c, b),
and R(a,b) € R(c,b), but not cPb, so P is not neutral-monotonic. In fact, in that
example, social preferences are resolute, so the converse of part 2 of the lemma does
not generally hold even for resolute social preferences.
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Preference exclusions for social rationality 99

The next lemma establishes connections between decisive groups in the presence
of certain social preferences among alternatives. It plays a key role in the analysis of
social rationality in the next section.

Lemma3 Forallx,y,z,w € X,

if P is simple, x Py, and zRw, then P(x,y) N R(z, w) # ¢,

if P is simple, x Py and zPw, then P(x,y) N P(z, w) # @,

if P is resolute, xRy, and zRw, then R(x, y) N R(z, w) # 0,

if P is relatively simple, x Py, and zRw, then R(x, y) N R(z, w) # 0.

-

Proof Consider any x, y,z,w € X. (1) Assume P is simple, x Py, and zRw, and
suppose P(x,y) N R(z, w) = @. Then P(x,y) € D(P) and P(x,y) € P(w,2),
which implies w Pz, a contradiction. (2) Assume P is simple, x Py, z Pw, and suppose
P(x,y) N P(z,w) = @. Then P(x,y) € B(P) and P(x,y) € R(w,z), which
implies w Rz, a contradiction. (3) Assume P is resolute, x Ry, and z Rw, and suppose
R(x,y) N R(z,w) = @. Thus, R(x,y) # N,sox # y. Then R(x,y) € D(P) and
R(x,y) € P(w, z), which implies w Pz, a contradiction. (4) Assume P is relatively
simple, x Py, and zRw, and suppose R(x, y) N R(z, w) # . Then R(x, y) € D(P)
and R(x,y) € P(w, z), which implies w Pz, a contradiction. O

3 Social rationality

We seek general restrictions on individual preferences that are sufficient for anumber of
transitivity properties of social preferences. We first explore conditions under which
the strongest rationality condition—transitivity of weak social preference—can be
achieved. We say m = (Py, ..., Py) satisfies exclusion condition NT if for all distinct
X1, X2, x3 € X, there do not exist i, j, k € N such that

(1) x1R;x2R;x3,
(2) x2Rjx3Pjx1, and
(3) x3Prx1Rixs.

Note that the individuals 7, j, k described by (1)—(3) must be distinct. Resoluteness is
needed for the desired result, as the majority weak preference may be intransitive if the
number of individuals is even, even when exclusion condition NT is satisfied. In fact,
individual preferences in the following simple example satisfy all of the preference
restrictions that I introduce in the sequel; they do not, however, satisfy the extremal
restriction condition of Sen and Pattanaik (1969).

Example 2 Assume there are just two individuals, three alternatives, and preferences
are a P1b Pic and c P,a P>b, then we have a Pspy b yet bRspycRsya.

The next proposition establishes that given simple and resolute social preferences,
exclusion condition NT, is sufficient for transitive weak social preference.

Proposition 1 Assume that w satisfies exclusion condition NT. If P is simple and
resolute, then it is negatively transitive.

@ Springer



100 J. Duggan

Proof Consider any x, y, z € X such that x Ry Rz, and suppose toward a contradiction
that z Px; in particular, the alternatives are distinct. Let G| = R(x, y), G2 = R(y, 2),
and G3 = P(z,x). By Lemma 3, since P is simple and resolute, there exist i €
G1NGa, j € GoNG3,and k € G N G3. In particular, we have xR; yR;z, yRjz Pjx,
and z Pyx Ry y. Butletting x; = x,x2 = y,and x3 = z, this violates exclusion condition
NT. We conclude that R is transitive. O

Example 2 shows that resoluteness cannot be dropped from the preceding result,
even when social preferences are simple. To show that the assumption of simple social
preferences cannot be dropped, the next example offers a version of majority rule
with neutral tie breaking and demonstrates a preference profile that satisfies exclusion
condition NT yet for which social weak preferences are intransitive.

Example 3 Assume n = 3 and X = {a, b, c}, and define P as a variation of simple
majority rule with neutral tie breaking. Specifically, define

xPy < xPspyy orboth xRyy and x P3y hold

for all x, y € X. This definition entails resolute and neutral-monotonic, but not neces-
sarily simple, social preferences. Now consider the following profile of preferences.

1 2 3
ab ac bc
c b a

Because no individual has a unique top-ranked alternative, (3) is automatically fal-
sified, so this profile satisfies exclusion condition NT, but aRbRcPa, violating
transitivity of weak preference.

Note that exclusion condition NT precludes more than just the Condorcet rank-
ings, in which preferences of individuals i, j, k over x1, xo, x3 are strict. The next
example demonstrates that some individual preferences exhibiting indifference must
be excluded in order to obtain the transitivity result, even when social preferences are
simple.

Example 4 Assume n = 3, X = {a, b, c}, with preferences below.

1 2 3
abc bc ¢
a ab

Here, exclusion condition NT is violated with x; = a, xp = b, x3 = candi = 1,
j = 2,and k = 3, and we have aRgsybRspyc but c Psya, violating transitivity of
simple majority weak preference.

To obtain the weaker condition of transitive strict social preference, we say m =
(P1, ..., Py) satisfies exclusion condition T if for all distinct x1, x», x3 € X, there do
not exist i, j, k € N such that
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Preference exclusions for social rationality 101

4) x1PixaPixs,
(5) x2Pjx3Rjx1, and
(6) x3Rkx1Prxs.

Note that the individuals 7, j, k described by (4)—(6) must be distinct. Furthermore,
(4)—(6) implies (1)—(3), so exclusion condition NT implies exclusion condition T.
Specifically, suppose that for distinct alternatives xi, x2, x3, there exist individuals
i, J, k satisfying (4)—(6). Set

Rewriting and rearranging (4)—(6), we then have

(5) x| PyxyRjx},

(6) x)Ry»x5Pyx}, and
25835 M

(4) x}Ppxi Pux},

implying (1)—(3) and verifying the claim. Moreover, Sen’s (1966) value restriction
and the limited agreement condition of Sen and Pattanaik (1969) both imply exclu-
sion condition T. Finally, Schwartz’s (1986) Condorcet freedom essentially implies
exclusion condition T, the logical gap being that his exclusion condition adds a fourth
condition that involves three arbitrary individuals who may be distinct from i, j, k.

Transitivity of strict social preferences does not always hold under exclusion condi-
tion T; in fact, the following example shows that when social preferences are resolute
(but not simple) and exclusion condition T is satisfied, strict social preferences may
actually be cyclic.

Example 5 Assume n =7 and X = {a, b, c}, with preferences below.

123 4 5 6 17
a a a ¢ ¢ bc bc
b b b ab ab a a
c ¢ ¢

To see that this profile satisfies exclusion condition T, note that the only possible way
of fulfilling (4)—(6) is setting x; = a, x = b, and x3 = c. Then because b is not
uniquely bottom ranked by any individual, (6) does not hold. Furthermore, because
n = 7is odd, Pgryy is resolute. But we have a Prysb Pryc Prya, violating acyclicity
of strict relative majority preference.

The next proposition drops the assumption of resoluteness, and it establishes that
under this modification, exclusion condition T indeed implies transitivity of strict
preference. The result differs from Theorem 4.1.2 of Schwartz (1986) as follows:
his Condorcet freedom condition adds a fourth property to the profiles excluded, and
his transitivity result accordingly adds a strong Pareto condition; in other ways his
condition is more restrictive than exclusion condition T, allowing him to weaken the

@ Springer



102 J. Duggan

assumption of simple social preferences somewhat to an overlap condition that relaxes
part 1 of Lemma 3.

Proposition 2 Assume m satisfies exclusion condition T. If P is simple, then it is
transitive.

Proof Considerany x, y, z € X suchthatx Py Pz, and suppose toward a contradiction
that zRx. Let G; = P(x,y), Go = P(y, 2), and G3 = R(z, x). By Lemma 3, since
P is simple, there existi € G1 N Gy, j € G> N Gz and k € G| N G3. In particular,
we have x P;y P;z, yPjzRjx, and zRyx Pyy. But letting x; = x, xp = y, and x3 = g,
this violates exclusion condition T. We conclude that P is transitive. O

Note that Example 4 shows that exclusion condition T is not sufficient for transitivity
of weak social preference, even when social preferences are simple and resolute.
The condition precludes some preference profiles in which individuals are indifferent
between alternatives. The next example demonstrates that some such restrictions,
beyond elimination of the Condorcet rankings, is needed to obtain the transitivity
result.

Example 6 Assume n = 3, X = {a, b, c}, with preferences below.

1 2 3
a b ac
b ac b
c

Here, exclusion condition T is violated in light of restrictions on individual preferences
exhibiting indifferences, and we have a Psysb Psysc but c Rgyra, violating transitivity
of strict social preference.

A strengthening of the above two preference exclusions can be used to obtain
the above transitivity results under weaker background conditions. We say 7 =
(Py, ..., P, satisfies exclusion condition T* if for all distinct x1, x2, x3 € X, there
do not exist 7, j, k € N such that

(4*) x1R;x2R;x3,
(5%) x2R;jx3Rx1, and
(6*) x3Rpx1Rixz.

Note that the individuals i, j, k described by (4*)—(6™) must be distinct. Furthermore,
the above condition implies that there is no individual who is indifferent over any
triple of alternatives, for in that case we could set i = j = k equal to that individual
and {x1, x2, x3} equal to that triple to fulfill (4*)—(6*).

The next result drops the assumption that P is simple from Proposition 1 and shows
that under resoluteness alone, exclusion condition T* is sufficient for transitivity of
weak social preference.

Proposition 3 Assume 7 satisfies exclusion condition T*. If P is resolute, then it is
negatively transitive.
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Proof Consider any x, y, z € X such that x Ry Rz, and suppose toward a contradiction
that zPx. Let Gi = R(x, y), G2 = R(y, 2), and G3 = R(z, x). By Lemma 3, since
P is resolute and thus relatively simple, there existi € G; N G2, j € G, N G3 and
k € G1 N G3. In particular, we have xR; yR;z, yRjzRjx, and zRyx Ry y. But letting
X| = x,x2 =y, and x3 = z, this violates exclusion condition T*. We conclude that R
is transitive. O

We have noted that exclusion condition T* implies that no individual is indifferent
over any triple of alternatives, i.e., all individuals are “concerned over triples.” A
weaker preference exclusion would rule out (4*)—(6*) only if none of the individuals
i, j, k are indifferent over all three alternatives. This weaker condition is not sufficient
for transitivity of weak social preference, however, as the next example shows.

Example 7 Assume n = 3 and X = {a, b, c}, with preferences below.

1 2 3
ac abc b
b c

a

To see that exclusion condition NT is satisfied, it suffices to check the case in which
i = 3,sothat x; = b, xp = ¢, and x3 = a. But then there does not exist an
individual k£ whose preferences satisfy (3), fulfilling the condition. Nevertheless, we
have a Rryb Rryrc Prya, violating transitivity of weak relative majority preference.

The next proposition establishes that, given relatively simple social preferences,
exclusion condition T* implies transitivity of strict preference.

Proposition 4 Assume 7 satisfies exclusion condition T*. If P is relatively simple,
then it is transitive.

Proof Considerany x, y, z € X suchthatx Py Pz, and suppose toward a contradiction
that zRx. Let G| = R(x,y), G2 = R(y, z), and G3 = R(z, x). By Lemma 3, since
P is relatively simple, there existi € G1 N Gy, j € Go NGz andk € G; N G3.In
particular, we have xR; yR;z, yR;jzRx, and zRyx R y. But letting x; = x, xp =y,
and x3 = z, this violates exclusion condition T*. We conclude that P is transitive. O

To extend the analysis to provide sufficient conditions for the fundamental condition
of acyclicity of strict social preference, we say 7 = (P, ..., P,) satisfies exclusion
condition A if for all natural numbers m > 3 and all distinct xq, ..., x; € X, we have
the following:

e if m = 3, then there do not exist i, j, k € N such that
(i) x1 Pixa Pixs,
(il) x2Pjx3P;jx1, and
(iil) x3 Pxxy Prxz,
e if m > 4, then there exists £ € {1, ..., m} such that there do not exist i, j, k € N
such that

@ Springer



104 J. Duggan

(Av) x¢Pixeq1 Pixeqo,
(V) xe+1Pjxe+2Rjxp, and
(Vi) xet2Rexe Prxet1,
where addition to subscripts is understood to be modulo m.

Note that (i)—(iii) rule out the possibility that the preferences of three individuals over
three alternatives form a Condorcet profile, as in the well-known Condorcet paradox.
Conditions (iv)—(vi) are equivalent to conditions (4)—(6) in exclusion condition T.
Essentially, whenm > 4, we require that at least one consecutive triple {x¢, x¢41, X¢42}
satisfy the sufficient condition for transitivity of strict social preference.

The next result establishes that when social preferences are simple, exclusion con-
dition A is sufficient for acyclicity of strict social preference.

Proposition 5 Assume m satisfies exclusion condition A. If P is simple, then it is
acyclic.

Proof Assuming P is simple and & = (Py, ..., P,) satisfies exclusion condition A,
suppose toward a contradiction that P is not acyclic. Then there exist m > 3 and
X1, ..., Xy such that x; Pxa P - - - x,, Px;. Furthermore, by selecting a smallest such
cycle, we can assume without loss of generality that the m alternatives are distinct. In
case m = 3, by Lemma 3, since P is simple, there exist i, j, k € N such that (i)—(iii)
hold, contradicting exclusion condition A.

In case m > 4, note that by choice of a smallest cycle, it follows that for all
£ e {l,...,m}, we have xy Px¢+1 Px¢12 Rxy. Indeed, if this were not the case, then
we would have x; Pxy2, but then we could remove x¢41 to create a smaller cycle.
Now consider any £ € {1, ..., m}. By Lemma 3, since P is simple, there exist i, j, k
such that i € P(x¢, x¢4+1) N P(xp41, Xe+2), j € P(xp41, Xe+2) N R(xe42, x1), and
k € R(xg42,x¢) N P(xg, xg+1). Then (iv)—(vi) hold, and since £ was arbitrary, this
contradicts exclusion condition A. O

To see that exclusion condition A is not sufficient for transitivity of strict social
preference, even when social preferences are simple and resolute, consider Exam-
ple 6. There, preferences satisfy exclusion condition A, but the strict simple majority
preference is intransitive. Example 5 shows that the acyclicity result does not hold
when the assumption of simple social preferences is replaced by resoluteness.

4 Special cases

This section draws out implications of the analysis of preference exclusions for the
familiar preference restrictions of value restriction, single peakedness, and order
restriction. In addition, we specialize to the weak single-peaked preferences of Austen-
Smith and Banks (1999) and show that their result for acyclic social preferences follows
from the more general results above; in particular, if a preference profile is weakly
single-peaked, then it satisfies exclusion condition A. As corollaries, we obtain suf-
ficient conditions for transitive social preferences that are in some cases known for
majority rule or the simple rules and voting rules of Austen-Smith and Banks (1999).
The contribution of this section is to extend known results to the single-profile frame-
work and to more general classes of simple and relatively simple social preferences.
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4.1 Value restriction

Whereas the preference restrictions introduced in the previous section exclude triples
of orderings over triples of alternatives, we now consider restrictions that limit the
ranks of alternatives in each triple. The value in the finite set ¥ € X of alternative
x € Y for individual i is

Vi) = (P Ny I+ 1, IR () N Y,

where Plfl(x) ={y € X | xP;y} and Rf] (x) = {y € X | xR;y} are the lower
sections of P; and R;, respectively. In words, it is the “rank” of x in i’s ordering
restricted to the set Y.5 Technically, to account for individual indifferences, the value
is a set of ranks: we give x a least rank equal to the number of alternatives in Y strictly
worse than it (plus one for x); and we give it a greatest rank equal to the number of
alternatives in Y it is weakly preferred to; and the set consists of all ranks in this range.
For concreteness, let Y = {a, b, ¢, d}, and let individual i’s preferences be given by
the ranking below.

a
bc
d

Then VY (a) = {4} and V" (d) = {1} are singleton, whereas V' (b) = VY (c) =
{2, 3}, reflecting the fact that indifference between b and ¢ could be resolved in either
direction. Note that if x R; yR;z, then we immediately have 3 € ViY x),2 € Vi(y),
and 1 € V;(2).

An individual i is concerned over a subset Y C X if there exist x, y € Y such that
x P;y, i.e., the individual is not entirely indifferent across the set Y. Let N¥ denote the
set of individuals concerned over Y. The profile & satisfies concern over triples if for
every Y C X with |Y| = 3, we have NY = N.

The preference profile 7t is value-restricted if for every subset Y C X with |Y| = 3,
there exists x € Y and r € {1,2, 3} such that foralli € N¥, we haver ¢ V¥ (x). Note
that the latter exclusion only applies to individuals who are concerned over a given
triple, so the condition of value restriction does not preclude the possibility that some
individual is indifferent over three alternatives. The profile & is weakly value-restricted
if for all Y C X with |Y| = 3, either

(i) there exist x € ¥ and r € {1, 2, 3} such that foralli € NY, we have r ¢ ViY(x),
or
(ii) for every x € Y, there exists » € {1, 2,3} such that for all i € NY, we have

{r} # V¥ (x).

Thus, a profile can be weakly value-restricted but not value-restricted, as long as it is
the case that when the latter restriction is not satisfied for some Y, it is the case that for

5 Depending on terminology, one might think of this as the inverse of rank; it is roughly the number of
alternatives below x in i’s ordering, plus one.
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every alternative x € Y, there is some rank r € {1, 2, 3} such that x does not uniquely
attain value r for any concerned individuals.

To see that the value restriction conditions are not equivalent, consider the following
example.

Example 8 Assume n = 3 and X = {a, b, c}, with preferences below.

1 2 3
¢ bc ab
ab a c

Here, all individuals are concerned over X, and VIX (a) = VIX b) = {1, 2}, V1X (c) =
3}, Vi(a) = {1}, V;X(b) = V5X(0) = (2,3} V(@) = V{¥(b) = {2,3}, and
V3X (c¢) = {1}. In particular, each alternative attains each value, so this profile is not
value-restricted. Nevertheless, we have Vl.X (a) # {3} for all individuals 7, Vl.X b) #
{3} for all i, and ViX (c) # {2} for all i, and therefore the profile is weakly value-
restricted. Note also thata Rgysb Rspsc yet ¢ Psyra, violating transitivity of weak simple
majority preference.

The preceding example shows that weak value restriction is not sufficient for tran-
sitivity of weak social preference, even when concern over triples is satisfied and
social preferences are simple and resolute. Moreover, the following example shows
that simple majority rule with n odd can generate intransitive weak social preferences
if indifference over triples is not ruled out, even if individual preferences satisfy value
restriction.

Example 9 Assume n = 3 and X = {a, b, c}, with preferences below.

2

abc

Qo =
QoW

This preference profile is value-restricted, because 1 ¢ VI.X (c) for concerned individ-
uals i = 1, 3, and we have aRgsy b Rsyc yet c Psyra, violating transitivity of simple
majority weak social preference.

The next proposition establishes that value restriction and concern over triples
imply the strongest preference exclusion introduced above, i.e., exclusion condition
T*, precluding the latter two examples.

Proposition 6 [f  is value-restricted and satisfies concern over triples, then it satis-
fies exclusion condition T*.

Proof Consider any distinct x1, x2, x3 € X, and suppose toward a contradiction that
(4*)—(6*) hold for some i, j, k. Setting ¥ = {x1, x2, x3}, concern over triples implies
that {i, j, k} € N, and we furthermore have V¥ (x;) U ij(xl) UVY(x) ={1,2,3},
VY () UVY () UV (x2) = (1,2, 3}, and VY (x3) U V) (x3) U VY (x3) = {1, 2.3},
contradicting value restriction. O
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The immediate corollary of Propositions 3 and 6 is an analogue of Sen’s (1966)
Theorem 1; whereas he assumes that the number of “concerned” individuals is odd
for each triple, we impose concern over triples to capture non-majoritarian social
preferences.

Corollary 1 Assume 7 is value-restricted and satisfies concern over triples. If P is
resolute, then it is negatively transitive.

Example 8 shows that weak value restriction is not sufficient for exclusion condi-
tion NT or, for that matter, transitivity of weak social preference, even when social
preferences are simple and resolute and concern over triples is satisfied. Dropping
concern over triples, Example 9 shows that value restriction is not by itself sufficient
for exclusion condition NT or, for that matter, transitivity of weak social preferences,
even when social preferences are simple and resolute.

Next, we investigate the possibility of transitive strict social preference. In short,
weak value restriction implies exclusion condition T.

Proposition 7 If 7w is weakly value-restricted, then it satisfies exclusion condition T.

Proof Consider any distinct x1, x2, x3 € X, and suppose toward a contradiction that
(4)-(6) hold for some i, j, k. Setting Y = {x1, x2, x3}, note that {i, j, k} < NY,and we
have V" (x) U ij(xl) UVY () =1{1,2,3}, V¥ (x)U ij(xz) UV (x) ={1,2,3},
and V' (x3) U ij (x3) U V¥ (x3) = {1,2,3}. Moreover, we have V! (x2) = {2},
V/.Y (x2) = {3}, and V}¥ (x2) = {1}, contradicting weak value restriction. o

As a corollary of Propositions 2 and 7, it follows that when social preferences
are simple, weak value restriction immediately delivers transitivity of strict social
preference; concern over triples is unneeded.

Corollary 2 Assume 1w is weakly value-restricted. If P is simple, then it is transitive.

The assumption that social preferences are simple in Corollary 2 cannot be weak-
ened to the assumption that they are merely relatively simple, even when social
preferences are resolute and concern over triples is satisfied, as demonstrated in Exam-
ple 5. There, individual preferences are weakly value-restricted and satisfy concern
over triples, the number of individuals is odd, yet the relative majority strict prefer-
ence Pgy is intransitive, in fact cyclic. Indeed, to verify that weak value restriction is
satisfied, note that VX (a) # {2} for all i, VX (b) # {1} forall i, and VX (c) # {2} for
all i.

Of course, Proposition 6 establishes that value restriction and concern over triples
together imply exclusion condition T*, so by strengthening the assumption on indi-
vidual preferences and invoking Proposition 4, we obtain a corollary on transitivity of
P when social preferences are relatively simple.

Corollary 3 Assume 7 is value-restricted and satisfies concern over triples. If P is
relatively simple, then it is transitive.
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Nevertheless, Corollary 3 invites speculation that under value restriction and the
stronger assumption of resoluteness, transitivity of P may hold even without the
assumption of concern over triples. In fact, Sen’s (1969) Theorem 8 (and proof thereof)
establishes that Corollary 3 extends to relative majority rule when individual prefer-
ences are value-restricted, even when concern over triples is violated and the number
of individuals is even. Sen’s result exploits special consistency properties of relative
majority rule, however, and it does not hold for all relatively simple social prefer-
ences. Indeed, the next example modifies Example 3 by using non-neutral tie breaking
to show that the transitivity properties of resolute social preferences can be quite poor,
even when individual preferences are value-restricted, if concern over triples is not
satisfied.

Example 10 Assume n = 3 and X = {a, b, c}, and define P as a variation of simple
majority rule with non-neutral tie-breaking. Specifically, define i (a, b) = 1,i(a, c) =
2,and i (b, c) = 3, and specify

x Pgpry orin case (x, y) € {(a, b), (a, c), (b, )},

*Py & both x Rsyry and x Pi(x.)y hold

for all x, y € X. This entails resolute, but not necessarily simple, social preferences.
Now consider the following profile of preferences.

2

abc

S =
Qo S|Ww

This profile is value-restricted, as in Example 9, but a Pb Pc Pa, violating acyclicity.

Because Example 5 uses a profile that violates value restriction, and because Exam-
ple 10 uses a social preference relation that is non-neutral, there is the possibility that
Corollary 3 may yet carry over to neutral-monotonic social preferences when indi-
vidual preferences are value-restricted, even when concern over triples fails. The next
result establishes that this is so, generalizing Theorem 8 of Sen (1969) and providing
a single-profile version of Sen and Pattanaik’s (1969) Theorem 1. I use the fact that
if P is neutral-monotonic, then it is relatively simple, and the result is then deduced
from Corollary 3 by considering each triple of alternatives separately, deleting any
individuals who are indifferent over the triple, and applying the earlier proposition.

Proposition 8 Assume m is value-restricted. If P is neutral-monotonic, then it is
transitive.

Proof Consider any three alternatives a, b, ¢ € X suchthataPbPc,letZ = {a, b, c},
and define the restricted profile 7|z = (P1lz, ..., Pulz), which is value-restricted.
Then the restricted social preference P|z is neutral-monotonic relative to |z, and
by Lemma 2, it is therefore relatively simple with respect to 7 |z. With aP|zbP|zc,
Corollary 3 implies a P|zc if 7|z satisfies concern over triples, i.e., no individual is
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indifferent over Z, and thus a Pc. SupposethatJ = {i € N | al;bl;c}is nonempty, and
letnw’ = (P)ic ~\J be the profile of preferences of individuals who are not indifferent
over Z.

I claim that P|z is relatively simple with respect to 7r’. To see this, consider any
x,y € Z such that x P|zy. Letting R'(x, y) = {i € N\J | xR;y}, it suffices to show
that R'(x, y) belongs to the collection D’(P) of decisive groups given 7’ and P|z.
To this end, consider any w, z € Z, let P/(w, z) = {i € N\J | wP;z}, and assume
R'(x,y) € P'(w, 7). Note that

P(x,y) SR (x,y) € P'(w,2) = P(w, 2)
and
R(x,y)=R'(x,y)UJ C P'(w,z2) UJ C R(w, 2),

and since P is neutral-monotonic, x Py implies wPz. Thus, R'(x, y) € D'(P), as
claimed.

Since 7’ is value-restricted and satisfies concern over triples, Corollary 3 implies
that P|z is transitive. With a P|zb P|zc, this implies a P|zc, or equivalently, a Pc, as
required. O

The above result is an analogue of Sen and Pattanaik’s (1969) Theorem 1 on tran-
sitivity of strict social preferences generated by neutral, monotonic rules. I do not,
however, attempt to generalize their Theorem 2 (limited agreement is sufficient for
transitivity of strict social preference) or their Theorem 4 (extremal restriction is suffi-
cient for transitivity of weak social preference). Those authors show that if the number
of voters is allowed to vary, with the voters’ preferences belonging to acommon admis-
sible set, then a necessary condition for strict relative majority preferences to always
be acyclic is that for every profile of admissible voter preferences and every triple of
alternatives, the profile satisfies either value restriction, limited agreement, or extremal
restriction over that triple. The sufficient condition for acyclic social preference in
Proposition 5 does not imply their necessary condition, an apparent inconsistency
that is resolved upon noting that relative majority social preferences are not generally
simple.

4.2 Single-peakedness

Next, we explore the familiar condition of single-peakedness, which imposes natural
restrictions on individual preferences when triples of alternatives can be ordered along
a single dimension. Using the definition of Inada (1964), the preference profile  is
single-peaked if for all distinct a, b, c € X, there is a linear order < of {a, b, ¢}
such that for alli € N and all x, y,z € {a, b, c}, if xR;y and either x < y < z or
z <y < x, then yP;z. This definition refers to a linear order that depends on the
triple of alternatives, but sometimes a narrower definition that fixes a linear order of
X independently of the triple is used in the literature. In the one-dimensional spatial
model, X € R is convex and each P; has utility representation u;: X — R, and
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under these conditions, it is straightforward to show that the profile (Py, ..., P,) is
single-peaked with respect to the usual greater than relation if and only if foralli € N,
u; is strictly quasi-concave.’

As a matter of interest, it is straightforward to show that the definition with a fixed
linear order is strictly narrower than the classical definition. Assume X = {a, b, ¢, d}
and n = 2, and consider the following preference profile.

1 2
a a
b d
c c
d b

This profile is single-peaked with respect to the definition here: given a subset of
three alternatives, if @ belongs to the set, we use a linear order with a in the middle;
and otherwise, use a linear order with ¢ in the middle. This profile is not, however,
single-peaked with respect to any linear ordering of X fixed independently of the
triple.’

As is well-known, single-peakedness implies value-restriction and concern over
triples, a fact that is recorded next. The proof follows immediately by noting that
under single-peakedness, the middle alternative according to < attains a value of one
for no individuals.

Proposition 9 [f 7 is single-peaked, then it satisfies value restriction and satisfies
concern over triples.

A direct implication of Corollary 1 and Proposition 9 is that when individual pref-
erences are single-peaked, resoluteness is sufficient for transitivity of weak social
preference. The following corollary is a single-profile generalization of Arrow’s (1951)
Theorem 4 on the method of majority decision to the class of resolute social prefer-
ences.

Corollary 4 Assume 7 is single-peaked. If P is resolute, then it is negatively transitive.

That resoluteness is needed for Corollary 4, even if P is simple, can be seen from
Example 2, in which individual preferences are single-peaked with respect to the
ordering b < a < c, but the simple majority weak preference is intransitive.

Replacing the assumption of resoluteness in Corollary 4 with the weaker assumption
that social preferences are relatively simple, we obtain the conclusion that strict social
preferences are transitive. The next result follows immediately from Corollary 3 and

6 The definition of single-peakedness in the spatial model sometimes also requires existence of an ideal
point, which maximizes u;. When preferences are single-peaked and X is convex, an ideal point must be
unique, but in general the definition used here allows for two ideal points. For example, if X = {a, b, c}
and al; b P;c for each individual, then 7 is single-peaked.

7 For such a linear ordering <, because d and b are worst for individuals 1 and 2, respectively, these
alternatives must be at the extremes of <. Then up to reversals, the linear ordering mustbe b < a < ¢ <d
ord < a < ¢ < b. The first case is precluded by individual 2, and the second is precluded by individual 1.
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Proposition 9. It is the single-profile generalization of Theorem 4.1 of Austen-Smith
and Banks (1999), which considers social preferences generated by a voting rule.

Corollary 5 Assume m is single-peaked. If P is relatively simple, then it is transitive.

Again, Example 2 shows that the assumption that social preferences are relatively
simple, or even simple, is not sufficient for the stronger conclusion of transitivity of
weak social preference.

4.3 Weak single-peakedness

The preceding analysis shows that single peakedness is sufficient for transitivity of
social preferences for quite general social preferences, but a more fundamental ratio-
nality condition is acyclicity of strict social preference. Austen-Smith and Banks
(1999) define a relaxation of single peakedness that has a natural interpretation in
one-dimensional spatial models and yet is sufficient for acyclicity. Let < be a weak
linear order of the set X of alternatives. We say m = (Py, ..., P,) is weakly single-
peaked with respect to < if for each i € N, there exists X; € X such that

(1) forall y € X\{x;}, we have x; R; y;
(2) forally,z € X,x; <y < zimplies yR;z;
(3) forall y,z € X,y < z < X; implies zR; y.

Clearly, assuming X € Risconvex and each P; has utility representation u; : x — R
with maximizer X;, the profile (P, ..., P,) is weakly single-peaked with respect to
the usual less than relation if and only if for alli € N, u; is quasi-concave.

The next proposition establishes that weak single-peakedness implies exclusion
condition A, which is a key sufficient condition for acyclicity of social preferences.

Proposition 10 If 7 is weakly single-peaked, then it satisfies exclusion condition A.

Proof Letm = (P, ..., P,) be weakly single-peaked with respect to <. Consider
any m > 3 and any distinct x1,...,x,; € X.In case m = 3, suppose toward a
contradiction that there exist i, j, k € N such that xy P;x; P;x3, x2 Pjx3P;x1, and
x3 Prx1 Prxa. Assume without loss of generality that x; < x < x3. By weak single-
peakedness, x| Pyxp implies that X; < x2, but similarly x3 Pyx, implies that x, < X,
a contradiction.

Incasem > 4,Iclaimthat thereexists £ € {1, ..., m} such that one of the following
holds (addition is modulo m):

(@) xp < Xg41 < Xp42,
(b) xg42 < xp41 < x¢,
(©) xp < Xg42 < Xp415
(d) xe41 < xXp42 < Xy

Note that (a) and (b) are symmetric, as are (c) and (d). To prove the claim, suppose
otherwise, and without loss of generality assume x; < xp. Then it must be that
X3 < X| < X2, and similarly x3 < x; < x2 < x4, and so on. Finally, we have either
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Xm—1 <+ <X3 <X] <X2<Xg4 <+ <Xp.
or
X <o < X3 <X <X <Xg4 <"' " <Xpy—1

Setting £ = m — 1, we then obtain either (c) or (d), respectively, because £ + 2 =
m + 1 = 1 (mod m). This contradiction establishes the claim. Thus, we may select £
such that one of (a)—(d) hold.

To verify exclusion condition A, suppose toward a contradiction that there exist
i, j,k € N such that x; Pix¢1+1Pixey2, Xe41Pjxe42R;x¢, and xg o Rpxe Prxeyq. In
case (a) holds, by weak single-peakedness, x¢42 Prx¢+1 implies xpy1 < X, but
similarly x¢ Prx¢41 implies Xy < x¢41, a contradiction. A contradiction is derived
analogously in case (b) holds. In case (c) holds, by weak single-peakedness, x¢ P x¢42
implies X; < xgyp, but similarly x;41 P;x¢4o implies x;42 < X;, a contradiction.
A contradiction is derived analogously in case (d) holds. We conclude that for the
selected ¢, in each possible case (a)—(d), there do not exist i, j, k whose preferences
over {xg, xX¢+1, X¢42} are given by (iv)—(vi) in the definition of exclusion condition A,
as required. O

It follows from Propositions 5 and 10 that for simple social preferences, weak single
peakedness is sufficient for acyclicity. This observation is stated in the next corollary,
which extends Theorem 4.2 of Austen-Smith and Banks (1999) to the single-profile
framework.

Corollary 6 Assume 1 is weakly single-peaked. If P is simple, then it is acyclic.

Example 5 exhibits a preference profile that is weakly single-peaked with respect to
a < b < cand such that the strict relative majority preference is cyclic, despite the fact
that n is odd. Thus, the assumption of simple social preferences in Corollary 6 cannot
be replaced by the assumption of resoluteness. To see that weak single peakedness
is not sufficient for transitive strict social preference, even for simple majority rule,
note that individual preferences in Example 5 are weakly single-peaked with respect
to b < a < c, yet the strict simple majority preference is intransitive.

4.4 Order restriction

The preference restrictions in the previous subsections rely on the ordering of alter-
natives; in the spirit of Rothstein (1990, 1991) and Gans and Smart (1996), we next
explore the implications of a restriction that instead involves the ordering of individ-
uals. We say the preference profile 7 is order restricted if for all distinct a, b, c € X,
there is a bijection ¢ : N — N such that for all x, y € {a, b, c}, either

¢(P(x,y) < o(I(x,y)) <d(P(y,x))

or

¢(P(y,x)) <o (x,y)) < P(P(x,y)),
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where G < H meansi < j foralli € G and all j € H. (Here, use the convention
that the empty set is less than and greater than all groups). In words, for each pair
of alternatives, x and y, the group of individuals with any given preference between
them is “connected” with respect to the ordering induced by ¢.

Analogous to single peakedness, the definition of order restriction used in this
paper weakens the concept defined by the above authors by allowing the ordering of
individuals to depend on the triple of alternatives considered. As a matter of interest,
it is straightforward to show that the definition with a fixed ordering of individuals is
strictly narrower than the one used here. Assume X = {a, b, c,d} and n = 3, and
consider the following preference profile.

(S SUREN RE ST e
QoS AN
QAU oW

This profile is order restricted with respect to the definition here: if the triple of alter-
natives is {a, b, c} or {a, c, d}, then use 1 < 2 < 3; if the triple is {a, b, d}, then use
1 <3 < 2;andifitis {b, ¢, d}, thenuse 2 < 1 < 3. This profile is not, however, order
restricted with respect to any linear ordering of individuals fixed independently of the
triple.®

Order restriction engenders desirable transitivity properties in light of the fact that
it implies value restriction. This result is stated in Theorem 2 of Rothstein (1990).°

Proposition 11 If 7 is order-restricted, then it is value-restricted.

Proof Let m be order-restricted, consider any triple Z = {a, b, ¢} C X, and assume
without loss of generality that ¢ is the identity function, i.e., preferences are order
restricted with respect to the order in which individuals are indexed. Suppose toward
a contradiction that for all x € Z and all r € {l, 2, 3}, there exists i € N Z such
that r € Vl.Z (x). Since individuals who are indifferent among alternatives in Z play
no role in the analysis, assume for simplicity that N = N. Since individual 1 is
concerned over Z, we can assume, by permuting a, b, ¢ if necessary, that a P1b, that
3e Vlz (a),and that 1 € Vlz (b). Then aRcRb. Since a and b attain all values in Z,
by supposition, it cannot be that all individuals have preferences over Z identical to
I’s. Let j be the lowest indexed individual such that Pj|z # P1|z. Then P; must be
characterized by a preference reversal among alternatives in Z that involve c.

We first consider the possible preference reversals between ¢ and a, depending on
the initial position of ¢ relative to b. The first five cases involve ¢ moving up relative
to a. Case 1: ¢cPj_1b and cP;ja. Then ViZ(c) c {2,3}foralli =1,...,j —1,and

8 Note that individual 1 prefers a to ¢, but the others have the opposite preference; individual 2 prefers d
to b, but the others do not; and individual 3 prefers ¢ to b, but the others do not. Thus, no individual can be
middle ranked in a fixed ordering of individuals.

9 Rothstein’s (1990) proof is incomplete, however. He states that if value-restriction is violated, then there
exist three alternatives and three individuals in a specific relationship, but he does not prove the assertion.
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by order restriction, we have cP;a for all i = j, ..., n. Therefore, Vl.Z (c) € {2,3}
foralli = j,...,n, which implies 1 ¢ UieNZ Vl-Z (¢), so ¢ does not attain value 1.
Case 2: clj_1b and cPjaR ;jb. By order restriction, we have cP;b foralli = j, ..., n,
and therefore b does not attain value 3. Case 3: ¢I;_1b, cPja, and bP;a. By order
restriction, a does not attain a value of 2. Case 4: aP;j_jc and bPjclja. By order
restriction, ¢ does not attain value 3. Case 5:a P; _jcand ¢l ja P;b. Since c attains value
1, there exists k > j such that b Pyclya, and by order restriction and the assumption
that all agents are concerned, we can assume cl;a P;b fori = j, ...,k — 1. But then
b does not attain value 2. Case 6: c/;_ja and a Pjc. By order restriction, a does not
attain value 1.

The remaining possibilities concern preferences reversals between c and b. Note,
however, that since 7 is order restricted, so is the profile in which each individual
i’s preference is the inverse of R;. Then a preference reversal between ¢ and b in the
initial profile is analogous to a reversal between ¢ and a in the inverse profile, and the
previous argument can be applied to deduce a contradiction in all possible cases. We
conclude that 7 is value-restricted, as required. O

An immediate implication of Corollary 1 and Proposition 11 is that resoluteness
implies transitivity of weak social preference when individual preferences are order-
restricted and concern over triples is satisfied. The next proposition goes beyond this
simple observation by showing that concern over triples can be dropped if social
preferences are actually simple as well.

Proposition 12 Let P be resolute. Assume that mw is order-restricted and that either
P is simple or w satisfies concern over triples. Then P is negatively transitive.

Proof 1f mr satisfies concern over triples, then the result follows from Corollary 1 and
Proposition 11. Assume that P is simple, as well as resolute, and consider any x, y, z €
X such that x Ry Rz. By Lemma 1, we have {R(x, y), R(y, z)} € B(P), and by order
restriction we can assume R(x, y) = {1, 2, ..., k}forsome k. If R(y,z) = {1, ..., £}
for some ¢, then either R(x, y) N R(y, z) equals R(x, y) oritequals R(y, z). In either
case, R(x, y)NR(y, z) € B(P).Thenforalli € R(x, y)NR(y, z), wehave xR; YR; z,
which implies x R; z, and therefore x Rz.

Otherwise, R(y, z) = {¢, £+1, ..., n} for some £. Now suppose toward a contradic-
tion that z Px. Then because P is simple, we have P(z, x) € D(P). Since P isresolute,
we also have {R(x, y), R(y, 2)} € D(P), and by the above argument (depending on
whether P (z, x) contains individuals 1 or n), we have either R(x, y)NP(z, x) € D(P)
or R(y, z)N P(z, x) € D(P). Inthe latter case, we have y R; z P;x, and therefore y P; x,
foralli € R(y, z) N P(z, x), but this implies y Px, a contradiction; and in the former
case, we have zP;xR;y, and therefore zP;y, for all i € R(x, y) N P(z, x), but this
implies z Py, a contradiction. We conclude that x Rz, as required. O

That resoluteness is needed for Proposition 12, even if P is simple and concern
over triples is satisfied, can be seen from Example 2, where individual preferences
are trivially order restricted but the simple majority weak preference is intransitive.
The following example demonstrates that concern over triples is needed for the result
when P is not simple, even if it is resolute.
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Example 11 Assume n = 3 and X = {a, b, c}, with preferences below.

1 2 3
a c
b abc ab
c

This profile is order-restricted, because 2 ¢ ViX (c) for concerned individuals i =
1, 3, and relative majority rule is resolute since n is odd, but we have a Pgrpb and
bRrycRRpa, violating transitivity of weak preference.

As acorollary of Propositions 8 and 11, we obtain the result that if individual prefer-
ences are order-restricted and social preferences are neutral-monotonic, then the strict
social preference relation is transitive. This is the single-profile version of Theorem
4.6 of Austen-Smith and Banks (1999), which considers social preferences generated
by a neutral and monotonic preference aggregation rule. This result is established for
relative majority rule in Theorems 1 and 2 of Rothstein (1990) and in Corollary 1 of
Gans and Smart (1996). Of course, the result extends to simple social preferences, via
Lemma 2.

Corollary 7 Assume 1 is order-restricted. If P is neutral-monotonic, then it is tran-
sitive.

By Corollary 3 and Proposition 11, the transitivity result also holds for relatively
simple social preferences when no individuals are indifferent over any triples of alter-
natives.

Corollary 8 Assume 7 is order-restricted and satisfies concern over triples. If P is
relatively simple, then it is transitive.

To show that concern over triples cannot be dropped from Corollary 8, we modify
the preference profile in Example 10 for majority rule with non-neutral tie-breaking.

Example 12 Assume n = 3 and X = {a, b, ¢}, and define P as in Example 10, with
preferences below.

abc

S0 Q==
Qo S| W

Here, individual preferences are order-restricted, but we have a Pb Pc and cRa, vio-
lating transitivity of strict social preference.

5 Aggregation procedures

Thus far, the analysis has fixed a profile 7 of individual preferences, and concepts
of decisive and blocking groups and simple, relatively simple, and resolute social

@ Springer



116 J. Duggan

preference have been defined relative to w. The literature often, however, takes as
given an aggregation rule defined on a domain of possible profiles and considers the
social preferences generated by such a rule across possible preference profiles. Then
decisive groups are typically defined across profiles: we would say a group is decisive if
for every profile, if the members of the group strictly prefer one alternative to another,
then the first alternative is strictly socially preferred to the second. In this section,
I extend the earlier concepts to define simple, relatively simple, and resolute social
preference rules in a manner that generalizes majority rule (and variants thereof), and
I apply the single-profile results established above to the standard framework.

Let ® denote a set of states, where each state 6 determines a profile 7 () =
(P1(@), ..., P,(0)) of individual preferences. Let P;(6) denote individual i’s strict
preference relation in state 6, assume P; () is an asymmetric and negatively transitive
relation on X, and let R; (9) be the corresponding weak preference relation. Following
earlier conventions, define

P(x,yl0) ={i e N | xP;(0)y}
R(x,yl0) ={i € N | yPi(0)x}.

A social preference rule (SPR), denoted F, is a mapping 6 ri Pr(6), where Pr(0)
is the strict social preference relation determined by F in state 6. Assume Prg(6) is
asymmetric, and let Ry (0) be the corresponding weak social preference. In addition,
I adopt the following maintained assumption: there exist x, y € X such that for all
G C N, there exists # € © such that P(x, y|0) = G and P(y, x|#) = N\G; sucha
pair {x, y} is a “free pair.”

A group G is decisive for F ifforall@ € ®andallx, y € X,G C P(x, y|0) implies
xPr(0)y, and G is blocking for F if forall§ € ® andall x,y € X, G € R(x, y|0)
implies x Rr(0)y. Let D(F') denote the collection of groups decisive for F, and let
B(F) be the blocking groups. We say F is. . .

e simpleifforall® € ® and all x, y € X, x Pr(6)y implies P (x, y|0) € D(F),

e resolute if forall € ® and all x, y € X, xRp(0)y implies R(x, y|0) € D(F),

e relatively simple if forall @ € ® and all x, y € X, x Pr(0)y implies R(x, y|0) €
D(F).

By definition, if G is decisive for F, then for every state 8, G is decisive for Pr (). It
follows immediately that if F' is resolute, then for every state 6, Pr () is resolute; and
likewise, if F is relatively simple, then Pr(0) is relatively simple. The simple SPRs
coincide with those of Austen-Smith and Banks (1999), while the relatively simple
SPRs include the voting rules of Austen-Smith and Banks (1999) as special cases.

The next lemma establishes that simple SPRs generate simple social preferences,
as the terminology suggests.

Lemma 4 Let F be a simple SPR. Then for all 6, Pr(0) is simple.

Proof Consider any 0 € © and any x, y € X such that x Pr(0)y. It follows immedi-
ately from the definition of simple SPR that P(x, y|0) is decisive for Pr(0). To see
that the group is also blocking for Pr(0), consider any w, z € X with G € R(w, z|9),
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and suppose toward a contradiction that z P (6)w. Since F is simple, it follows that
H = P(z,w|0) € D(F). Furthermore, G N H = @, and letting {a, b} be any free
pair, there is a state 8’ such that G = P(a, b|0’) and N\G = P(b, a|0’). But then
G € D(F) implies a Pr(0)b, and H € D(F) implies b Pr(0)a, contradicting asym-
metry of Pr(0’). We conclude that wRp(0)z, as desired. O

The preceding observations permit the application of the fixed profile results of
Sect. 3 to the current setting. Define the following domain restrictions.

o NT-domain for all 6, 7 (0) satisfies exclusion condition NT,

e T-domain for all 6, (0) satisfies exclusion condition T,

o T*-domain for all 8, 7 (9) satisfies exclusion condition T*,

o A-domain for all 0, 7 (0) satisfies exclusion condition A.

We can now extend the results of Sect. 3 to social preference rules defined on
restricted domains. The corollaries are immediate and stated without proof.

Corollary 9 Assume NT-domain holds. If F is simple and resolute, then for all 6 € ©,
Pr(0) is negatively transitive.

Corollary 10 Assume T-domain holds. If F is simple, then for all 0 € ®, Pr(0) is
transitive.

Corollary 11 Assume T*-domain holds. If F is resolute, then for all 6 € ©, Pr(0)
is negatively transitive.

Corollary 12 Assume T*-domain holds. If F is relatively simple, then for all 6 € ©®,
Pr(0) is transitive.

Corollary 13 Assume A-domain holds. If F is simple, then for all 6 € ©, Pr(0) is
acyclic.

6 Conclusion

This paper provides sufficient conditions for different forms of social rationality,
including acyclicity of strict social preferences, and applies them to familiar domains
including value-restricted, single-peaked, and order-restricted preference profiles.
Advantages of the analysis are that results are stated for general classes of social
preference, containing variants of majority rule and other examples as special cases,
and that it takes as given a single preference profile. It does not rely on properties of
social preferences as individual preferences are varied, and the results can be applied
to social preferences generated by the simple rules and voting rules of Austen-Smith
and Banks (1999). In addition, it is shown that the latter authors’ acyclicity result
for weakly single-peaked preferences stems from a deeper restriction on individual
preferences, i.e., exclusion condition A.

The results on transitivity properties of social preferences and their application to
single-peaked and order-restricted domains have not extracted some extremely useful
implications of the latter two preference restrictions. The analysis has defined single

@ Springer



118 J. Duggan

peakedness in a general fashion, letting the ordering of alternatives depend on the
triple (of alternatives) considered; and likewise, the definition of order restriction lets
the ordering of individuals depend on the triple (of individuals) considered. In many
applications, these preference restrictions are defined with respect to an ordering that
is fixed independently of the triple considered, a strengthening that has useful impli-
cations. First, in the case of single-peaked preferences, such “globally” single-peaked
preference profiles permit a characterization of the maximal elements of majority
rule, i.e., the majority core, in terms of the ideal points of individuals; this is the
well-known median voter theorem of Black (1948). Second, in the case of globally
order-restricted preferences, Rothstein (1991) and Gans and Smart (1996) prove that
the majority preference relation coincides with that of the median voter, providing a
corresponding representative voter theorem. The median voter theorem is generalized
by Austen-Smith and Banks (1999) to simple aggregation rules, and they give a partial
representative voter theorem for monotonic and neutral aggregation rules. Extensions
of these results to general classes of social preference in the single-profile framework
are contained in Duggan (2013), which is otherwise superseded by the current paper.
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