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Abstract We consider a problem of allocating infinitely divisible commodities
among a group of agents. More specifically, there are several commodities to be
allocated and agents have continuous, strictly convex, and separable preferences. We
establish that a rule satisfies strategy-proofness, unanimity, weak symmetry, and non-
bossiness if and only if it is the uniform rule. This result extends to the class of
continuous, strictly convex, and multidimensional single-peaked preferences.

1 Introduction

We consider a problem of allocating several infinitely divisible commodities among
a group of agents. We assume that each agent has a continuous, strictly convex, and
“separable” preference. A preference is separable if the preference over consumption
of each commodity is not affected by the consumption levels of the other commodi-
ties. To study this allocation problem, we conduct an axiomatic analysis of (allocation)
“rules”. A rule is a function which assigns a feasible allocation for each preference
profile.

Preferences are usually private information. Agents may strategically misrepresent
their preferences to obtain assignments they prefer. As a result, the assigned alloca-
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tions may not be socially desirable with respect to the agents’ true preferences. Thus,
it is important for a rule to give agents the incentive to represent their preferences
truthfully. The property is called strategy-proofness.' Our goal is to identify the class
of strategy-proof rules which yield socially desirable allocations.

In the one-commodity case, it is well-known that the rule called the “uniform rule”
is strategy-proof. For this rule, agents are allowed to choose their consumption sub-
ject to a common upper or lower bound, and the common bound is chosen so as to
attain feasibility. In this article, we characterize a multiple-commodity version of the
uniform rule by strategy-proofness and the following axioms.

The first axiom is unanimity: if the sum of the peak amounts of each commodity is
equal to the supply of the commodity, then each agent’s assignment should be equal
to his own peak vector. Indeed, there is no conflict on how to allocate the commodities
in such a case, and agents unanimously would agree that all of them are allocated their
peak amounts respectively. Unanimity is weaker than Pareto efficiency. This weaker
efficiency axiom is used here, because strategy-proofness and Pareto-efficiency with
a mild fairness axiom are incompatible in the multiple-commodity case.”> This is an
important difference between the one- and multiple-commodity models.

The second axiom is weak symmetry: two agents with the same preferences should
receive assignments between which they are indifferent. If two agents have the same
preference but one of them obtains a better assignment, then this agent is deemed to
be favored. The axiom of weak symmetry excludes such unfair treatments.

The third axiom is nonbossiness: the change of an agent’s preference does not alter
allocations unless it alters his own assignment. Satterthwaite and Sonnenschein (1981)
motivated nonbossiness as an axiom of simplicity. Since then, nonbossiness has been
employed by many authors and accepted at face value.’

We offer an interpretation of nonbossiness in the spirit of “consistency”. A typi-
cal application of consistency assumes that an agent is departed with his assignment.
Such a departure leaves the amounts to be allocated to the remaining agents unchanged.
Consistency requires the same allocation be given to the remaining agents.

The assumption of nonbossiness can be interpreted as not a departure of an agent,
but a replacement of the agent with a new agent and the new agent is given the same
assignment. Such a replacement again leaves the amounts to be allocated to all other
agents unchanged. Nonbossiness requires the same allocation be given to all other
agents. Hence, nonbossiness is in the spirit of consistency and can be called replace-
ment consistency.4

We establish that on the class of continuous, strictly convex, and separable prefer-
ences, a rule satisfies strategy-proofness, unanimity, weak symmetry, and nonbossiness

1 Strategy-proofness requires that, in the normal form game induced by the rule, it is a weakly dominant
strategy for each agent to reveal his true preference.

2 See Proposition 1 in Sect. 2.

3 For example, Barbera and Jackson (1995), Serizawa (1996), Barbera etal. (1997), Fleurbaey and Maniquet
(1997), Papai (2000), Schummer (2000), Miyagawa (2001), Svensson and Larsson (2002), Ehlers and Klaus
(2003), Bogomolnaia et al. (2005), Hatfield (2009), etc.

4 See Thomson (1990, 2004) for comprehensive reviews of the literature on consistency.
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if and only if it is the uniform rule. This result extends to the class of continuous, strictly
convex, and “multidimensional single-peaked” preferences.’

Sprumont (1991) gave the first axiomatic characterization of the uniform rule, which
was introduced in a general (dis)equilibrium model with fixed prices (Bénassy 1982).
In the one-commodity case, he showed that the uniform rule is the only rule satisfying
strategy-proofness, Pareto-efficiency, and anonymity.® He also showed that anonym-
ity can be replaced by no-envy.” Ching (1994) strengthened both characterizations by
weakening anonymity or no-envy to weak symmetry.

It is desirable to analyze the uniform rule in the multiple-commodity case so that
it can be applied to Bénassy (1982) general equilibrium model with fixed prices.
Consider an economy with money and several (nonmonetary) commodities in which
money consumption is not bounded. Agents have preferences which are continuous,
strictly convex, separable, and linear with respect to money. If prices are exogenously
fixed as in Bénassy (1982), then preferences only on consumption of commodities are
induced, and they are continuous, strictly convex, and separable. Our result can be
applied to this class of economies.’

Also, consider a situation where agents contribute several types of input to joint
production process. The total amount of each input is fixed, and the contribution of
each type of input is rewarded proportionally. An agent receives a quantity of output
equal to the sum of the rewards to his contributions. If agents’ preferences are continu-
ous, strictly convex, separable, and linear with respect to money, then preferences only
on contribution of inputs are continuous, strictly convex, and separable. Our result can
be also applied to the problem of how agents contribute each type of input.

Moulin (1980) characterized the class of strategy-proof voting schemes in one-
dimensional public alternative model where agents have single-peaked preferences:
a rule satisfies strategy-proofness and unanimity if and only if it is a so-called “gen-
eralized median voter scheme”. Border and Jordan (1983) established that when the
space of public alternatives is multidimensional and each agent has continuous, strictly
convex, separable, and star-shaped'” preferences, a rule is strategy-proof and unani-
mous if and only if it can be decomposed into a product of one-dimensional rules, each

5 A preference is multidimensional single-peaked if there is an ideal consumption point p = (p1, ..., pm),
called the peak, and for any two distinct consumption bundles x = (x1,...,xy) and y = (y1, ..., Ym)>
whenever xy is between y, and py for each dimension £ = 1, ..., m, x is strictly preferred to y. The

domain of continuous, strictly convex, and separable preferences is a subclass of the multidimensional
single-peaked domain.

6 Anonymity requires that if two agent’s preferences are switched, then their assignments should be switched
too.
7 No-envy requires that no agent should prefer anyone else’s assignment to his own.

8 The one-commodity allotment problem has been analyzed from a wide variety of viewpoints. See, for
example, Thomson (1994a,b, 1995, 1997), Otten et al. (1996), Barbera et al. (1997), Ching and Serizawa
(1998), Massé and Neme (2001, 2007), and Serizawa (2006).

9 Example 1 in Sect. 2 describes the application of the model to Bénassy’s (1982) model in more detail.

10 A preference is star-shaped if there is an ideal consumption point p such that for any bundle x differing
from p, and any real numbera € (0, 1), a- p+ (1 —a) - x is strictly preferred to x and p is strictly preferred
toa - p+ (1 —a) - x. Note that, in our model, if a preference is continuous and strictly convex, then it is
star-shaped.
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of which is a generalized median voter scheme. As Border and Jordan (1983) gener-
alized Moulin’s (1980) result to a multidimensional model, we generalize the results
of Sprumont (1991) and Ching (1994) to a model with multiple private commodities.

Amords (2002) analyzes the same model as ours. Assuming that there are only two
agents, he shows that a rule defined on the class of multidimensional single-peaked
preferences satisfies strategy-proofness, same-sideness,'! and no-envy (alternatively,
symmetry'?) if and only if it is the uniform rule.!? In the two-agent case, since the
assignment of one agent determines that of the other agent, nonbossiness automatically
holds, and one agent’s consumption can be treated as if it were a public alternative.
Accordingly, the model of Amorés (2002) can be treated as a special case of Border
and Jordan’s (1983) model, and his result can be derived from theirs,!# although his
proof differs from theirs. On the other hand, when there are more than two agents,
Border and Jordan’s result cannot be applied.

It is worthwhile to emphasize the difficulty of characterizing strategy-proof rules
in models with several private goods and agents as in ours. In private good models
with more than two agents, the assignment of one agent leaves freedom for other
agents’ consumptions. When there is only one private good, this freedom is relatively
limited. On the other hand, when there are multiple private goods and agents as in
our model, such freedom is much wider, and this fact makes characterizing strategy-
proof rules more difficult. Since unanimity is much weaker than Pareto-efficiency, the
characterization becomes even more difficult.

This paper is organized as follows. Section 2 explains the model and the main
results. Section 3 is devoted to the proof of the results in Sect. 2. Section 4 provides
concluding remarks.

2 The model and the results

2.1 Model setting

Let M = {1, ..., m} be aset of infinitely divisible commodities. For each commodity
£ € M,thereisanamount W, € R, tobeallocated. Let W = (W, ..., W,) e RY .
Let N = {1, ...,n} be a set of agents. Assume that 2 < n < oo. For eachi € N,

agent i’s consumption set is X = {xi c RT_ | foreach?¢ € M, 0 < xé < Wy}, and

W Same-sideness requires that for each commodity, if the sum of the peak amounts of the commodity
is greater (smaller) than, or equal to, the supply of the commodity, then each agent’s assignment of the
commodity should be smaller (greater) than, or equal to, his own peak amount of the commodity. It is a
necessary condition for Pareto-efficiency.

12 Symmetry requires that two agents with the same preference should receive the same assignment.

13 Sasaki (2003) also showed that the uniform rule is the most efficient rule among all strategy-proof rules
in the two-agent and multiple-commodity model.

14 Since same-sideness implies unanimity, Border and Jordan’s (1983) result implies that a rule satisfies
strategy-proofness and same-sideness if and only if it can be decomposed into a product of one-dimensional
rules, each of which is a generalized median voter scheme. No-envy (alternatively, symmetry) implies that
the one-dimensional rule for each commodity is the uniform rule.
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agent i’s (consumption) bundle is a vector x! = (xé)geM € X.Foreach ¢ € M, let
Xe = [0, Wg] and X,e = H(’#Z[O’ Wg/].

Each agenti € N has a complete and transitive preference relation R’ on X. Let P!
be the strict preference relation associated with R, and I' the indifference relation.
Given a preference R’ and a bundle x € X, the upper contour set of R’ at x is the
set UC(R',x) = {y € X | y R" x}, and the lower contour set of R’ at x is the set
LC(R',x) = {y € X | x R y}. The preference R’ is continuous if for each x € X,
UC(R', x)and LC(R', x) are closed. It is strictly convex if for each x € X, each pair
{y,z} C UC(R',x), and each a € (0, 1), y # z implies ay + (1 — a)z P’ x. We
assume that preferences are continuous and strictly convex.'> Given a preference R,
let p(R') = {x € X | foreach y € X, x R’ y} be the set of preferred consumptions
according to R'. Since R’ is continuous and strictly convex, p(R') is a singleton.
We call p(Ri) the peak of R! and write (pg(Ri))geM = p(Ri). We also define two
additional properties of preferences.

Definition 1 A preference relation R on X is separable if for each ¢ € M, each
pair xé, )?é € Xy, and each pair xig, )21[ e X_y, (xé, x’;() R ()?é, x’;() if and only if
(xi, %) R (£}, %" ).

Definition 2 A preference relation R’ on X is multidimensional single-peaked if
p(R") is a singleton, and for each pair x', ¥/ € X such that x’ # %/, whenever for
each £ € M, either pg(R') > xé > )22 or pe(R") < xé < fé, we have x! P! 31,

Let R denote the class of continuous, strictly convex, and separable preference
relations on X. Any such relation is multidimensional single-peaked. Thus, the class
of continuous, strictly convex, and separable preference relations is a subclass of
continuous, strictly convex, and multidimensional single-peaked preference relations.

A feasible allocation is a list x = (x);ey € X" such that >,y x' = W. Note
that free disposal is not assumed. Let Z be the set of feasible allocations.

A preference profile is a list R = (RY,...,R") € R". An allocation rule, or
simply a rule, is a function f : R" — Z. Let R™" be a list of preferences for all
agents except for agent i, that is, R™" = (R’)jen\(;}- We often write the profile

(R', ..., R=L R, R . R") as (R', R7%). Let fi(R) = (f{(R), ..., f,(R))
be the bundle assigned to agent i by f when the preference profile is R.

Example 1 describes the application of the model to Bénassy’s (1982) general
equilibrium model with fixed prices.

Example 1 Consider an economy with money and m commodities in which money
consumption is not bounded. Let R’ be the agent i’s continuous, strictly convex, and
separable preference defined on R% x R, where the last coordinate denotes agent
i’s money consumption ¢'. Assume that preferences are linear in money consump-
tion, that is, for each preference R , there is a function U’ on Rﬁ such that for each
(x', 1) € R x R, and each (&', ") € R" x R,

(x",t") R ()e",f") if and only if U’ (x") iUl (x) s

15 If R is continuous and strictly convex, then for each x € X, the set UC(R', x) is strictly convex. The
converse is not true.
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Also, assume that prices p € R}, of m commodities are exogenously fixed as in

Bénassy (1982). For each preference Rion R% x R, the preference R on X is induced
as follows: for each pair x, X € X,

x R' % if and only if (x, #') R (&, 1),

where t! = p- (Wi —x), ' = p- (W' — %), and W' is agent i’s endowment vector.
Then, the induced preferences on X are continuous, strictly convex, and separable.

2.2 Axioms for rules

We introduce the axioms for rules. Let f denotes a general rule in this section. The first
axiom we introduce is strategy-proofness, an incentive property: by misrepresenting
his preferences, no agent should obtain an assignment that he prefers.

Strategy-proofness: For each R € R", eachi € N, and each R’ € R, fi(R) R’
FI(R R,

The next three axioms are related to efficiency. The first efficiency axiom is Pareto-
efficiency. An allocation x € Z is Pareto-efficient for R if there is no y € Z such
that, for eachi € N, y* R’ x', and for some j € N, y/ P/ x/. Foreach R € R", let
P (R) be the set of Pareto-efficient allocations for R.

Pareto-efficiency: For each R € R", f(R) € P(R).

The second efficiency axiom is same-sideness: for each commodity, if the sum of
the peak amounts of the commodity is greater than, or equal to, the supply of the
commodity, then each agent’s assignment of the commodity should be smaller than,
or equal to, his own peak amount of the commodity, and conversely.

Same-sideness: For each R € R" and each £ € M,
(i) if >y pe(R") = Wy, then foreachi € N, f{(R) < p¢(R"), and
(i) if > ;cy Pe(RY) < Wy, then foreachi € N, f/(R) > pe(R').
In the one-commodity case, same-sideness is equivalent to Pareto-efficiency.'® In

the multiple-commodity case, Pareto-efficiency implies same-sideness, but the con-
verse is not true. Example 2 illustrates this fact.

Example 2 Let N = {1,2} and M = {1, 2}. Let f be the rule defined as follows.!’
For each R € R2, eachi € {1,2},and each ¢ € {1, 2},

RY)-W, .
o | B ) i > 0
¢ % otherwise.

Then, f is same-sided. Let R € R? be such that for each ¢ € {I,2}, p/(R)) =
pe(R?) = Wy, and there is a bundle y! € Z such that y> = W — y! and for each

16 gee Sprumont (1991).
17 This rule is called Proportional Rule.
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ief{l,2),y" P! (2, 2) Then, f'(R) = f>(R) = (2, 2) However, f(R) is
Pareto-dominated by y, contradicting Pareto-efficiency.

The third efficiency axiom is unanimity: if the sum of the peak amounts of each
commodity is equal to the supply of the commodity, then each agent’s assignment
should be equal to his own peak vector.

Unanimity: For each R € R", if foreach £ € M, ZieN p@(Ri) = Wy, then for each
i €N, fi(R)=p(R).

Obviously, same-sideness implies unanimity. It is the weakest of our three axioms
related to efficiency.

Our next four axioms have to do with fairness. The first fairness axiom is no-envy:
no agent should prefer anyone else’s assignment to his own. The second fairness axiom
is anonymity: if two agents’ preferences are switched, then their assignments should
be switched too.

No-envy (Foley 1967): For each R € R" and each i, j € N, f/(R) R’ f/(R).

Anonymity: For each R € R", eachi, j € N, and each R, R/ € R, if R = R/ and
R/ = R, then fi(R', R/, R™""J) = f/(R).

The third fairness axiom is symmetry: two agents with the same preferences should
receive equal assignments.

Symmetry: For each R € R" and each i, j € N, if R' = R/, then f'(R) = f/(R).

Note that anonymity implies symmetry. The fourth fairness axiom is weak symme-
try: two agents with the same preferences should receive assignments between which
they are indifferent.

Weak symmetry: For each R € R" and each i, j € N,if R® = R/, then f!(R) I
F1(R).

Either no-envy or symmetry implies weak symmetry. Weak symmetry is the weakest
of our four axioms concerning fairness. In the one-commodity case, for any rule satis-
fying Pareto-efficiency, weak symmetry is equivalent to symmetry.'® However, in the
multiple-commodity case, same-sideness and weak symmetry do not imply symmetry.

Next is an axiom introduced by Satterthwaite and Sonnenschein (1981), known
as nonbossiness: when an agent’s preferences change, if his assignment remains the
same, then the chosen allocation should remain the same.

Nonbossiness: For each R € R", eachi € N, and each R € R, if fi (Ii"', R~ =
FU(R), then f(R', R™) = f(R).

A usual interpretation of R’ to R’ in nonbossiness is a preference change of agent
i. Alternatively, we can interpret it as agent R’ being replaced by agent R'. The
hypothesis f I(RI,R7T) = fY(R) can then be regarded as the new agent R receiving
agent R'’s original assignment. This leaves the amounts to be allocated to all other
agents j # i unchanged (W — f"(li’i, R =W-— fi (R', R™")). Now we can apply
the idea of consistency, which is to give the same allocation to all other agents, i.e.

18 See Ching (1994).
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F7I(R', R™) = f~I(R). This conclusion is the same as the one obtained from non-
bossiness, so nonbossiness is in the spirit of consistency and can be specifically called
replacement consistency.

By feasibility, the following holds.

Remark 1 1If there are only two agents, then any rule is nonbossy.

2.3 Uniform rule

Now, we introduce the uniform rule, a rule that is central to our paper. Under this
rule, for each commodity, agents are allowed to choose their consumption subject to
a common upper or lower bound, and the common bound is chosen so as to attain
feasibility.

Uniform rule, U: For each R € R",each{ € M, andeachi € N,

min{pe(R), he(R)} if 3 ey pe(R)) = We

Up(R) = [max{p@(Ri),M(R)} if 2 en pe(R)) < Wy,

where A;(R) solves ZjeN Uej(R) = W,.
Example 3 illustrates the definition.

Example 3 Let N = {1,2,3,4}, M = {1, 2}, and (W;, W») = (10, 20). Let R € R*
be such that p(R') = (3, 5), p(R?) = p(R?®) = (2,2), and p(R*) = (5, 6). Then,
DieN p1(RY) > Wy and DN p2(RY) < Wh. We calculate A1 (R) = 3 and A2(R) =
4.5. Then, UN(R) = (3, 5), U%(R) = U3(R) = (2,4.5), and U*(R) = (3, 6).

2.4 Main results

In this section, we state our main results. First, as we mentioned in Introduction, we
explain that strategy-proofness and Pareto-efficiency with a mild fairness axiom are
incompatible in the multiple-commodity case.

It is known that in a pure exchange economy, when agents have selfish, monotonic,
continuous, strictly convex, homothetic, and smooth preferences, there is no strategy-
proof, Pareto-efficient and weakly symmetric rule (Serizawa 2002). Since the class of
selfish, monotonic, continuous, strictly convex, homothetic, and smooth preferences is
a subclass of continuous, strictly convex, and separable preferences, this impossibility
result can be applied to our model to obtain the same conclusion.'® Thus, we have the
following impossibility result.

Proposition 1 There is no strategy-proof, Pareto-efficient, and weakly symmetric rule
on the domain of continuous, strictly convex, and separable preferences.

19 See Anno and Sasaki (2009) for detailed discussion.
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Because of this impossibility result, if strategy-proofness and weak symmetry are
to be kept, Pareto-efficiency needs to be weakened. We weaken it to unanimity and
obtain the following characterization of the uniform rule.

Theorem 1 A rule defined on the domain of continuous, strictly convex, and separable
preferences satisfies strategy-proofness, unanimity, weak symmetry, and nonbossiness
if and only if it is the uniform rule.

The proof of Theorem 1 is in Sect. 3.

Remark 2 The only if part of Theorem 1 fails if we drop any of the first three axioms.
The proportional rule?? satisfies unanimity, (weak) symmetry, and nonbossiness, but
not strategy-proofness. The queuing rules®! satisfy strategy-proofuness, unanimity, and
nonbossiness, but not (weak) symmetry. The equal distribution rule? satisfies strat-
egy-proofness, (weak) symmetry, and nonbossiness, but not unanimity. However, it is
an open question whether nonbossiness is dispensable or not.

We briefly explain the difficulties to show the indispensability of nonbossiness.
Example 4 illustrates a strategy-proof, unanimous, and bossy rule.

20 Proportional rule, Pro: For each R € R" ,each £ € M, and eachi € N,

PeRD Wy o J
Proby(R) = { Zjen pe(RD) if 2jen Pe(R)) >0
W

o otherwise.

21 Queuing rule, O™, associated with the permutation = on N: For each R € R" and each ¢ € M,

0T V(R) = pe(RTD)
07 (R) = min { p(R7®), W, - 07V (R}

7(3)

07 (R) = min [ pR7®), W, - 07V (R) - 07 P (B}

n—1 .
o7 "Ry = w = > 07V ).
Jj=1

22 Equal distribution rule, E: For each R € R", each ¢ € M, and eachi € N,

' W,
E}(R) = —£.
n
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Example 4 Let N

= {1,2,3} and M = {1, 2}. Let g be a rule such that for each
R eR3andeachf € M,

g/ (R) = pu(R)
R) = {min{pg(R2), W —gl(R)} if W P1(0,0),

W, — g} (R) — g}(R) if (0,0) R' W
3,00 | We—gH(R) — gZ(R) it W P! (0,0),
gZ(R)— . 3 1 . 1

min {p¢(R®), W, — g} (R)} if (0,0) R' W

Note that, since agent 1 is a dictator under the rule g, this rule is not weakly sym-
metric.”> The important feature of this rule is that the assignments of agent 2 and 3
depend on the agent 1’s preferences, that is, the assignment of an agent is determined
by the preferences of someone else. By constructing this kind of rules, we can find
many bossy rules that are strategy-proof and unanimous. Thus, it might be possible to
construct a bossy rule satisfying the first three properties in Theorem 1. At the same
time, however, since we need to take into account the requirement of weak symmetry
in addition to strategy-proofness and unanimity, it is too complicated to construct such
arule.

Our result extends to the domain of continuous, strictly convex, and multidimen-
sional single-peaked preferences. The following is a corollary of Theorem 1.

Corollary 1 A rule defined on the domain of continuous, strictly convex, and multi-
dimensional single-peaked preferences satisfies strategy-proofness, unanimity, weak
symmetry, and nonbossiness if and only if it is the uniform rule.

Proof of Corollary 1 Let R be the class of continuous, strictly convex, and mul-
tidimensional single-peaked preferences. Let f be a rule on R/}, satistying the four

axioms. Let R € R%,. Let R € R" be such that for each i € N, (i) p(R") = p(R'),
and (i) UC(R, fi(R)) C UC(R!, f(R)) and UC(R!, fi (R)NLC(R'. f'(R)) =

{f1(R)}.>* Then, by strategy-proofness, f' (R] -y = fI(R). By nonbossiness,
FRY R™Y = f(R). Repeating this argument for i = 2, ..., n, we have f(R) =
f(R) By Theorem 1, f(R) = U(R) Since the uniform rule is peak-only, U (R) =
U(R). Hence, f(R) = U(R). O

In the two-agent case, by Remark 1, any rule is nonbossy. As we mentioned above,
unanimity is weaker than same-sideness, and weak symmetry is weaker than either no-
envy or symmetry. Thus, we obtain Amords’ (2002) result as a corollary of Theorem 1.

23 Note that the rule g is Pareto-efficient. Thus, Example 4 also illustrates a strategy-proof and Pareto-
efficient rule other than the queuing rules. By constructing this kind of bossy rules, we can find many
strategy-proof and Pareto-efficient rules other than the queuing rules.

24 The condition (ii) means that R is a strict Maskin monotonic transformation of R’ at fi (R) (Maskin
1999). See Fact A in Appendix A for the existence of such transformations.
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Corollary 2 (Amordés 2002) Assume that there are two agents. A rule defined on the
domain of multidimensional single-peaked preferences satisfies strategy-proofness,
same-sideness, and no-envy (alternatively, symmetry) if and only if it is the uniform
rule.

Remark 3 Although the uniform rule is Pareto-efficient in the one-commodity case,
it is not in the multiple-commodity case as illustrated in Example 5 below.

Remark 4 In many models with private goods, group strategy-proofness follows from
strategy-proofness and nonbossiness> (Barbera and Jackson (1995) for pure exchange
economies; Serizawa (1996) for public goods economies). Furthermore, the uniform
rule is group strategy-proof in the one-commodity case. Under the domain condi-
tion called “indirect sequential inclusion”, strategy-proofness coincides with group
strategy-proofness in the two-agent case (Barbera et al. 2010).2°

However, as Example 5 below illustrates, the uniform rule is not group strategy-
proof in the multiple-commodity case. Thus, we cannot replace nonbossiness with
group strategy-proofness in Theorem 1. Example 5 also illustrates that group strategy-
proofness does not follow from strategy-proofness and nonbossiness in the multiple-
commodity case. In the one-commodity case, the domain of single-peaked preferences
satisfies indirect sequential inclusion. On the other hand, in the multiple-commodity
case, the preference domain studied in this paper does not satisfy this domain con-
dition.?” Thus, we cannot apply their results to our model. This is an interesting
difference between the one- and multiple-commodity model.

Example 5 Let N = {1,2}, M = {1, 2}, and R € R? be such that p(R') = (0, 0)
p(RD), (232 PV (0,0 g (O, 202) P2 (00, ) Then, Uy —
(%, %) and U%(R) = (%, %) Let R € R? be such that p(R!) = (%,0)
and p(R?) = (0, 222). Then, U'(R) = (31, %) and U2(R) = (%L, 2%2). Thus,
foreachi € N,U {(R) P! U'(R). Thatis, the uniform rule is not group strategy-proof.
Also, since U (R) Pareto-dominates U (R), the uniform rule is not Pareto-efficient.

3 Proof of theorem

In this section, we prove Theorem 1. Itis easy to check that the uniform rule is strategy-
proof, unanimous, and weakly symmetric. Furthermore, we can easily verify that the
single-commodity uniform rule is nonbossy. Since the multiple-commodity uniform
rule applies the single-commodity uniform rule commodity by commodity, it is also
nonbossy. Thus, the if part of Theorem 1 holds.

25 Group strategy-proofness: For each R € R", there do not exist N c Nand RN € RV uch that for
eachi € I\Al, fi(léN, R*N) Pi ‘fi(R), where |A| denotes the cardinality of set A.

26 More precisely, they study the public alternative model with more than two agents. In our model, two-
agent case can be regarded as a public good model as mentioned in Introduction. Thus, we can apply their

arguments to our model for the two-agent case. The similar results are also founded in Le Breton and
Zaporozhets (2009).

27 See Appendix B for an example illustrating the violation of indirect sequential inclusion of our preference
domain.
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We turn to the only if part. That is, we pick a rule f satisfying the four axioms,
and prove that f is the uniform rule. We present an informal sketch of the proof in
Sect. 3.1, and discuss the key points and difficulties of the proof in Sect. 3.2. As in
the proof of Corollary 1, we repeatedly use strict Maskin monotonic transformations
in the proof of Theorem 2. See also Fact A in Appendix A for the existence of such
transformations.

3.1 Sketch of proof of only if part

The proof consists of five Steps.

Step I: 'We show that strategy-proofness, unanimity and nonbossiness imply same-
sideness in Lemma 1.

Next, let £ € M, and let x_; be a feasible allocation except for commodity .
We concentrate on the restricted domain of preference profiles such that, except for
commodity ¢, each agent i’s peak amount is equal to the fixed assignment x’_ ;- Given
teMxyeZyg={G,, . ...x")eX )" | >enx, =W} andi € N,
let Ri(x_¢) = {R" e R| p_e(R") =x',} and RN (x_¢) = [[;cy R’ (x—¢). Then,
RN (x—¢) denotes the restricted domain. For simplicity, given £ € M, R € R", and
i € N,wewrite p_¢(R") = (py(R")) 2.

Note that each preference profile R in RN (x_¢) is unanimous, i.e., DieN P—t (R =
Zie N xt ¢ = W_¢. Thus, it follows from same-sideness (Lemma 1) that on RN (x_¢),
the allocation chosen by the rule always coincides with the allocation x except for
commodity ¢, that is, for each R € 7_2N(x,e), f—¢(R) = p_¢(R) = x_y. Since the
allocation except for commodity £ is fixed on R (x_,) in this way, we can regard the
restriction of £ to RY (x_;) as if it were a single-commodity rule for commodity £.

Step II:  We show that the single-commodity rule for commodity £ on the restricted
domain R" (x_;) derived in Step I (the restriction of f to R" (x_;)) satisfies
several standard properties.

Lemma 2 establishes two properties, “own peak-onlyness” and “peak-onlyness”.
Own peak-onlyness says that if an agent’s preferences change but his peak amounts
remain the same, then his assignment should remain the same. Peak-onlyness says
that if all agents’ preferences change but the peak profiles remain the same, then the
chosen allocation should remain the same. Peak-onlyness implies own peak-onlyness.
These properties are defined as follows.

Own peak-onlyness: For each R € R", eachi € N, and each R € R, if p(ﬁi) =
p(R) , then f'(R) = f!(R', R™").

Peak-onlyness: Foreach R € R" andeach R € R",ifforeachi € N, p(R') = p(R"),
then f(R) = f(R).

Lemma 3 establishes two properties, “own uncompromisingness” and “group
uncompromisingness”. Own uncompromisingness says that for each commodity ¢ and
each agent, if his peak amount of ¢ is smaller (greater) than his assignment of ¢ and his
new peak amount of £ is also smaller (greater) than, or equal to, his initial assignment
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of £, then his assignment of £ should not change. Group uncompromisingness says
that for each commodity ¢ and each group of agents, if for each agent in the group,
the same assumption holds, then the chosen allocation of ¢ should not change. These
properties are defined as follows.

Own uncompromisingness: For each £ € M, each R € R", eachi € N, and each
R e R,

if pe (R) < fi(R) and py (1%1') < fi(R), then, f! (1%1', R*i) = fi(R),
if pe (R') > f£1(R) and py (1%!’) > fi(R), then, f! (1%1', R—i) = fi(R).

Group uncompromisingness: For each £ € M, each R € R", each N C N, and each
RV ¢ RINI,

if for each i € N, p¢(R) < f{(R) and p (ﬁf) < fi(R), then, f; (ﬁN,R—N) —
Je(R), R ' X ' . A

if for each i € N, p¢(R") > f/(R) and p¢(R") = f}(R), then, fe(RN,R™V) =
Sfe(R).

Step III:  We focus on the cases where some agents are almost indifferent to all com-
modities except for one commodity, say £. We refer to the preferences of
such agents as “d-indifferent to all commodities except for commodity £,”
where d is a small positive number. They are defined as follows.

Definition 3 Given ¢ € M,andd € (0, %), a preference relation R on X with peak
p(R") is d-indifferent to all commodities except for commodity ¢ if for each y; € X,
and each y_, € X_;, we have

if pe(R') < ye < We —d, then (ye, y—¢) P' (ye +d, p—e(R), (a)
ifd < yo < pe(R"), then (ye, y—¢) P' (ye —d. p—¢(R")). (b)

For sufficiently small d > 0, the indifference surfaces of such a preference at each
consumption bundle are located within the distance d from the consumption bundle
in the coordinate of commodity €. That is, the indifference surfaces of the prefer-
ence at each consumption bundle are almost parallel to the hyperplane with normal
e = (0, ...,0,1,0,..., 0), where 1 appears in the £th coordinate. Figure 1 illustrates
a preference that is d-indifferent to all commodities except for commodity £.

Given{ e M, xé € Xg,xie € X_y,and d € (0, %), let Rv(xé,xie,d) C R be
the set of all preferences with peak p(Ri ) = (x(’;, xt ,Z) that are d -indifferent to all
commodities except for commodity £.

Lemma 4 establishes that for a strategy-proof and same-sided rule, if an agent is
almost indifferent to all commodities except for commodity £, and if his preference is
changed, but he is still almost indifferent to all commodities except for commodity £,
then his assignment of commodity £ changes little (Fig. 2). Lemma 5 establishes that
for a weakly symmetric and same-sided rule, if two agents have the same preference
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commodity ¢’

ng

commodity /¢

0 ye—d Yo e get+d We—d W,

Fig. 1 Illustration of a preference R that is d-indifferent to all commodities except for commodity £

and they are almost indifferent to all commodities except for commodity €, then their
assignments of commodity £ differ little (Fig. 3). Lemma 6 is the statement implied by
Lemmas 4 and 5 for the case where several agents have the same preference and they
are almost indifferent to all commodities except for one.

Step IV:  We establish that the single-commodity rule for commodity ¢ derived in
Step I coincides with the single-commodity uniform rule on the restricted
domain RN (x_¢) (Lemma 7), that is, for each R € RN (x_y), fe(R) =
U¢(R). Lemmas 2 to 6 presented in Steps II and III are used to prove
Lemma 7.

To present the basic idea of the proof of Lemma 7, we assume that there are only
three agents and two commodities, say £ and ¢’. Fix R € RN (x_¢). We also assume
(pg (RY, Pe (Rz), De (R3)) = (0, 0, 0). Invoking uncompromisingness (Lemma 3), we
extend the result obtained under this special assumption to more general peak profiles
for commodity ¢. Under these assumptions, the uniform rule prescribes equal divi-
sion for commodity ¢, that is, Uy (R) = (%, %, %) Thus, we show that f;(R) =

3032 3
By contradiction, suppose f¢(R) # (% % %) Then, by feasibility, there is an

agent, say agent 1, whose assignment of commodity £ is greater than equal division.

For each agent i, let R be a preference that is almost indifferent to all commodities
except for commodity ¢, but whose peak is the same as p(Ri ) Then, since the peak
profile remains the same, the new preference profile R = (R!, R?, R?) still belongs to
the restricted domain RN ()C_g). Thus, by peak-onlyness (Lemma 2), f (R) = f(R).
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commodity ¢

ng -
Rt _ :
R :
p(RY);
o AL commodity ¢
0 p(RY) W

Fig. 2 Illustration of agent i’s assignments in Lemma 4 for the case of excess supply. By same-
sideness, pg(R') < fi (R",R7") and p¢(R") < fi (R", R™"). Strategy-proofiess implies that
SR RTYRf1(RE,R™T) and f1(RI, R-)R f1(R, RT)

commodity ¢

W[/

i g R R = R
. JI(RH, RH)

p(R?). ‘

¢
fi(]_?i,j7 R—i,j)
commodity ¢
0

Wi
Fig. 3 Illustration of assignments in Lemma 5 for the case of excess supply. By same-sideness, py (Iéo) <

fH(RM, R7) and pg(léo)ffzj (R, R™""J). Symmetryimplies that f' (R"J, R=01)[O f7 (R, R=H7)
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Further, let R° be a preference that is also almost indifferent to all commodities
except for commodity £. We replace the preference of each agent with this new pref-
erence, inductively.

First, we replace agent 1’s preference by R' = RC. Then, since R' and R! both
exhibit almost indifference to all commodities except for commodity ¢, Lemma 4
implies that agent 1’s assignment of commodity ¢ changes little, and so is still greater
than equal division. Thus, by feasibility, there is another agent, say agent 2, whose
assignment of commodity £ is less than equal division.

Next, we replace agent 2’s preference by R = R". By a similar argument, Lemma 4
implies that agent 2’s assignment of commodity ¢ is still less than equal division. Since
agents 1 and 2 have the same preference R”, and are almost indifferent to all commod-
ities except for commodity £, Lemma 5 implies that their assignments of commodity £
differ little, and so are both less than equal division. Thus, by feasibility, the assignment
of agent 3 of commodity £ is greater than equal division.

Finally, we replace agent 3’s preference by R> = RY. By a similar argument,
Lemma 4 implies that agent 3’s assignment of commodity £ is still greater than equal
division. Since agents 1, 2 and 3 all have the same preference RO, and are also almost
indifferent to all commodities except for commodity ¢, Lemma 5 implies that their
assignments of commodity ¢ differ little, and so are all greater than equal division.

This is a contradiction to feasibility. Therefore, fy(R) = (% % %)

Step V:  We complete the proof of Theorem 1 by extending the result of Step IV to
the entire domain.

First, let R be a preference profile from the entire domain and let £ € M. For each
agent i, let R’ be a strict Maskin monotonic transformation of R’ at f?(R) such that
pe(R') = pe(R') and p_¢ (R') = f—¢(R) (Fig. 4).

Next, we replace agent 1’s preference with his new preference R'. Then, by strat-
egy-proofness, his new assignment remains the same. Further, by nonbossiness, all
the other agents’ assignments also remain the same. Repeating this argument for the
remaining agents, the chosen allocation under the new preference profile is the same
as for the initial allocation. Since the new preference profile belongs to the restricted
domain RY (f_¢(R)) in Step 1, it follows from Step IV that the chosen allocation
coincides with the allocation under the uniform rule. Therefore, the initial allocation
for commodity ¢ also coincides with the allocation under the uniform rule.

3.2 Technical discussion

We refer the literature that established similar results, and discuss the key points and
difficulties of our proofs.

3.2.1 Decomposability
The basic structure of our proof is similar to that of Border and Jordan (1983). Indeed,
we show that any rule satisfying our axioms can be decomposed into a product of

one-dimensional rules, each of which is the single-commodity uniform rule. In the
literature on strategy-proofness, following Border and Jordan (1983), authors such as
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commodity ¢

W

commodity ¢

0 Wy

Fig. 4 Tllustration of a strict Maskin monotonic transformation R of R at f(R)

Barbera et al. (1993, 1998), and Le Breton and Sen (1999), etc. also proved decompos-
ability results for strategy-proof social choice functions for public alternative models.
However, their decomposability results cannot be applied to our private-commodity
model.

The multidimensional single-peaked conditions of the two models differ in the fol-
lowing way. Multidimensional single-peakedness of preferences plays an important
role in establishing their decomposability results for public alternative models. To
apply the decomposability results for public alternative models to our model, we need
to assume that each agent has multidimensional single-peaked preferences defined
over the entire feasible set Z = {(x!,...,x") € X" | >,y x' = W}, not only over
agent’s consumption set X. However, in our private-commodity model, we assume that
each agent has multidimensional single-peakedness for preferences defined only over
X .28 In our private-commodity model, agents are only interested in their own assign-
ments, that is, each agent is indifferent to the coordinates representing the assignments
of other agents.

3.2.2 Uniqueness of single-commodity uniform rule

Step IV is the most important and difficult part in our proof. It says thatforeach £ € M,
and each allocation x_, except for commodity ¢, the single-commodity allocation rule

28 Note that only in the case of two agents, the multidimensional single-peakedness of preferences only
over X implies the one of preferences over Z. Thus, the results of public alternative models can be applied
to only this case.
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derived for commodity ¢ in Step I coincides with the single-commodity uniform rule
on the restricted domain RY (x_¢) (Lemma 7). In the one-commodity case, Sprumont
(1991) and Ching (1994) already established the similar uniqueness results of the
uniform rule. We borrow some of their proof techniques in proving Lemmas 2 and 3.
However, we need to develop our own in other parts for several reasons.

One reason is that, as Example 6 below illustrates, weak symmetry of the sin-
gle-commodity rule derived in Step I does not follow from weak symmetry of the
multiple-commodity rule. Otherwise, we could directly apply their results to obtain
Lemma 7.

The weak symmetry of the single-commodity rule derived in Step I is defined as
follows. Hereafter, we call it /D weak symmetry. Let £ € M and x_y € Z_4. Let f
be a rule on the entire domain R” such that for each R € RN (x—¢), f=e(R) = x_y¢.
Then, the ¢-th coordinate f; of the multi-commodity rule f is the derived single-com-
modity rule. Next, for each i € N and each Ri € Ri(x_p), let R (Ri) be a preference
relation on [0, We] such that for each pair xb, yb € [0, Wel, x) R(R') y! if and only
if (xz, . ) R! (y(, b ) Then, fy is ID weakly symmetric if for each R € RN(x ¢)
andeach i, j € N, if R(R') = R(R), then f{(R) I(R') f/(R).*

To apply the results of Sprumont (1991) and Ching (1994), we need to assume /D
weak symmetry defined as above. However, it does not follow from weak symmetry of
the multiple-commodity rule, as illustrated in Example 6 below.

Example 6 Let N = (1,2} and M = {¢,¢'}. Let f be the rule on R? defined as
follows: for each R € R?, if R! = R%, f'(R) = f*(R) = (W‘ %), otherwise
fYUR) = p(R"), and f*(R) = (W1, W2) — p(R'). Note that f satisfies weak sym-
metry of the multiple-commodity rule. Let x_y = (x!',,x2,) = (% W”) Let
R € RN (x_¢) be such that R(R') = R(R?), and p¢(R') = M = p¢(R?). Then,
since pyr (Rl) . We/ # W" = py (R ) we have R! # R?. Thus, by the definition

of £, f}(R) = ( )and fZ(R) = Wy — p¢(R"). Therefore, £ (R) P(R?) f7(R).
Accordingly, the derived single- commodlty rule f; violates 1D weak symmetry.

This fact forces us to employ preference profiles outside RY (x_¢) even in character-
izing the single-commodity rules defined on R (x_). Notice that while employing
such preference profiles, we cannot apply peak-onlyness and uncompromisingness
introduced in Step II.

Another reason is that we cannot depend on symmetry to obtain Lemma 7. As we
discussed in Sect. 2, in the one-commodity case, same-sideness and weak symmetry
imply symmetry. Symmetry is key to Ching’s (1994) proof of his uniqueness result.
However, in the multiple-commodity case, same-sideness and weak symmetry do not
imply symmetry.

The above facts make characterizing the uniform rule in our model more difficult.
We need to develop new proof techniques to overcome those difficulties. In our proof,
weak symmetry of the multiple-commodity rule plays a role in the form of Lemma 5,
which says that, even if a preference profile is outside RN (x_¢), whenever two agents

29 Let P (Ri ) denote the strict relation associated with R(Ri ), and [ (Ri) the indifference relation.
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have the same preference and they are almost indifferent to all commodities except
for commodity ¢, their assignments of commodity £ are almost equal. That is, owing
to Lemma 5, we can obtain an implication approximating “symmetry with respect
to commodity ¢ ”. Furthermore, Lemma 4 limits the responsiveness of the agent’s
assignment to a change of his preference. As we explained in Sect. 3.1, we repeatedly
use these observations in our proof.

3.2.3 Nonbossiness

In models with private goods, nonbossiness is often added to strategy-proofness for
tractability. We also assume nonbossiness in our characterization. It is worthwhile to
discuss this requirement.

In many models with private goods, group strategy-proofness follows from strat-
egy-proofness and nonbossiness. However, as we discussed in Remark 4, group strat-
egy-proofness does not follow from strategy-proofness and nonbossiness in our model.

Under the domain condition called “strict monotonic closedness”,>? strategy-proof-
ness, nonbossiness, and weak symmetry imply no-envy (Fleurbaey and Maniquet
1997). However, our domain does not satisfy strict monotonic closedness.>' Thus, we
cannot apply this result. Interestingly, in contrast to the multiple-commodity model,
the domain of single-peaked preferences of the one-commodity model satisfies strict
monotonic closedness. This is one of several critical differences between the one- and
multiple-commodity models.

3.3 Formal proof of only if part

Step I: In Lemma 1 below, we show same-sidedness.
Lemma 1 Ifa rule is strategy-proof, unanimous, and nonbossy, then it is same-sided.

Proof Let f be arule satisfying the hypotheses. Let R € R" and £ € M. Assume that
D ohen Pt (Rh) < W;. (The same argument applies to the opposite case.) By contradic-
tion, suppose that there is i € N such that fZ(R) < pe¢ (Ri). Since ZhEN De (Rh) <

30 Strict monotonic closedness: For each R7, R € R, and eacha, b € X witha P! b, thereis R' € R
such that, for eachc € X \ {a, b}, (i) a Ric=aPic (i)bR ¢c=b P'c and(ii)a P' borb Pia

31 Example illustrating the violation of strict monotonic closedness. Let M = {1, 2}. Let R’ RieR
and a, b € X be such that p(R') = (W1, 0), p(R') = (0, W2),a = (0,0), b = (W1, Wa), (0, 22) I' b,
and( W2) [" a. Then, a P b. By contradiction, suppose that there is R € R that satisfies the con-
ditions (i), (ii), and (iii) of strict monotonic closedness. Then p( ) € SUC(R’ ) n SUC(Rl s b) = B,
where SUC (R', a) is the strict upper contour set of R’ at a.

To see this, suppose on the contrary that p(R’) ¢ B. Then (A) p(R') ¢ SUC(I%i, a) or (B) p(R") ¢
SUC(R!, b). Consider the case (A). Case (B) is similar. Then a R p( _') Thus, by (i), a pi p(Ri). How-
ever, since p(R?) is the peak of R, this 1sac0ntrad1ct10n Thus, p( e SUC(R’ a)NSUC(R!, b) = B.

Since b ¢ B, p(R’) P! b. Then, there is z' € X such thatz! I’ b,zl = ZT and pz(léi) < zé < W,
which is a contradiction.

Hence, R violates strict monotonic closedness.
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W, thereis j € N\{i}such that fL,j(R) > p¢(R7). Without loss of generality, leti = 1

and j = 2. Foreachk € N\{l, 2}, let R¥ € R be such that p(R¥) = f¥(R). Then, by

strategy-proofness, f> (1%3, R73) = f3(R). By nonbossiness, f(Ié3, R’3) = f(R).

Repeating this argument for k = 4, ..., n, we obtain f (Rl*z, ﬁ_1'2) = f(R).
There are two cases.

Case1 p,(R") — fL(R) > f2(R) — pe(R?).

Let (R'.R?) € R? be such that (i) pe(R') = f/(R) + f}(R) — pe(R?)
and pe(R?) = pe(R?), (ii) for each i € {1,2}, p_¢(R') = f',(R), and (iii)
for each i € {1,2} , UC(R', fi(R)) € UC(R', fi(R)) and UC(R', f/(R)) N
LC(R, f/(R)) = {f"(R)}, that is, R' is a strict Maskin monotonic transforma-
tion of R’ at f!(R). Then, by strategy-proofness, f! (Rz, ﬁ—z) = f! (Rl'z, ﬁ—ll)_
By nonbossiness, f(Rz, Ié’z) = f(Rl’z, 1@4,2). Since f(R]’z, 1@4,2) = f(R),
we have f (R2, Ié_2) = f(R). Similarly, by strategy-proofness and nonbossiness,
f(R) = f(R). However, by feasibility, for each ¢’ € M, Y, y pe(R*) =
D keN ka,(R) = Wy . This contradicts unanimity.

Case2 pe(R') — f/(R) < f}(R) — pe(R).

Similarly to Case 1, we derive a contradiction to unanimity by using prefer-
ences (RI,RZ) € R? such that (i) pg(Rl) = pg( ) and pg(RQ) = fez(R)
pe(RY) + f1(R), (i) for each i € {1,2}, p_¢(R") = f,(R), and (iii) for each i €
(1,2}, UC(R!, fi(R)) c UC(R!, f/(R)) and UC(R', f/(R)) N LC (R, f'(R))
{f'(R)}. m

Step II:  First, we show peak-onlyness on the restricted domain RN (x_g).

Lemma 2 Let f be a strategy-proof, unanimous, and nonbossy rule. Then, for each
L e M, eachx_y € Z_p, each R € RN (x,g), and each R € RN (x,g) such that for

eachi € N, p(Iéi) = p(R"), we have f(lé) = f(R).

Proof Let€ € M, x_y € Z_y, R € RN (x_y), and R e 7_2N(x_g). Assume that for
eachi € N, p(R") = p(R'). First, we show f'(R) = f!(R', R* 1. By same-side-
ness (Lemma 1) and p(Rl) = p(ﬁ ) we have fle(R) = x! ) fl (Rl R~ )
Assume that >,y pe (Ri) < W;. (The same argument applies to the opposite case.)
We first show f}/(R) > f}(R', R™"). By contradiction, suppose that fll(R) <
£} (ﬁl, R™"). Then, by same-sideness (Lemma 1), py (1%1) = pe(RY) < £} (B <
(R, R71). Thus f1(R) P! f1(R', R™"), contradicting strategy-proofness. Thus,
le (R) > f) (Rl, R’l). Similarly, we can show le R) < f! (1%1, R’l). Hence,
FYR) = f1(R", R™"). By nonbossiness, f(R) = f(R', R™"). Repeating this argu-
mentfork:2,...,n,wegetf(1§)=f(R). O

Next, we show uncompromisingness on the restricted domain R™ (x_y).
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Lemma 3 Let f be a strategy-proof, unanimous, and nonbossy rule. Then, for each
L e M, and each x_y € Z_y, we have

(i) Own uncompromisingness:
foreach R € RN (x [) eachi € N, and each R' € R! (x e)

if e(R') < f{(R) and pe(R') < f{(R), then, f'(R'. R™) = f'(R),
ifpg(R’) > fe(R) andpg( ’) > f[(R), then, f' (R’, _’) = fi(R),

(ii) Group uncompromisingness: A
for each R € RN ()C_g), each N € N, and each RN ¢ Hieﬁ R! (x_g),
if foreachi € N, pg(Ri) < f,é’ (R) and pg(ki) < f,é’ (R), then, f(I%N, R_N) =
f(R),
ifforeachi € N pg(Ri) > fé (R) and pg(léi) > fé (R) then, f(IéAA’, R‘N) =
/(R).

Proof Letl e M,x_y € Z_y,and R € RN ()C_[).

Proof of (i) Let i € N and R e R ()C_g). Assume that pg(Ri) < fg (R) and
De (ﬁi) < f{(R). (The same argument applies to the opposite case.) We show
fi (12” R_i) = fi (R).Bysame-sideness (Lemmal),fiz (12” R_i) = fig (R).Also,
by same-sideness (Lemma 1) and py (Ri) < fli (R), for each j € N\ {i}, we have
pe(R7) < £/ (R). Since py(R) < f{(R). by feasibility, p¢(R") + 3 .; pe(R7) <
ZjeN fej (R) = W;. Thus, by same-sideness (Lemma 1), fé (Ié’ R_i) > pe (Ié’)
By contradiction, suppose that f(i (Iéi, R_i) #* fé (R) There are two cases.

Case 1: f{(R', R™") > fi(R).

Then, pg(ﬁi) < fl(R) < f} (ﬁi, R™").Thus, f'(R) pi fi(ﬁi, R™"), contradict-
ing strategy-proofness.
Case 2: f{ (R, R™") < f{(R).

Let R' € R be such that p(R) = p(R) and f/(R',R™") P! fi(R).
Then, by peak-onlyness (Lemma 2), fi (Ri, R_i) = fi (R) Thus, fi (Iél R_i) P!
fi (Ri, R~ ) contradicting strategy-proofness. O

Proof of (ii) Let N € N and RV ¢ ek Ri (x—¢). Assume that for each i € N,
Pe (Ri) < fei (R) and pg (I%’) < fei (R) (The same argument applies to the opposite
case.) Without loss of generality, let N = {1,...,n}.

By own uncompromisingness (Lemma 3-i), f! (Iél, R_l) = f! (R) By nonbos-
siness, f (R1 - ) =f (R) Repeating this argument for k = 2, ..., 7, we have

f(RN R—N) f(R). O
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Step III: Lemma 4 says that for a strategy-proof and same-sided rule, and for each
commodity, when an agent’s preference changes, if both his initial and
his new preferences are d-indifferent to all commodities except for that
commodity, then his assignments of the commodity differ by at most d.

Lemma 4 Let f be a strategy-proof and same-sided rule. Let £ € M, d € (O, %)
ie€N xieXy,i,i,eX R eRV(xl,5,d),R eRY (x5, d), and
R~ € R""L. Then,

fR,R) —d < f{(R, R™) < fi(R', R7") +d. 4))
Proof Assume that pg(R') + 2 jen\ii) Pt (R7) < W. (The same argument applies

to the opposite case.) Then, by same-sideness and p, (Ri) = xé = p¢ (Ri), xé <
FH(RY, R7) and x! < f(R", R™"). The proof is in two steps. ]

Step 1. fi(R', R7") < f}(R'", R7) +d.
Proof There are two cases.
Case1-1: f/(R",R7") > W, —d.
In this case, f/ (R", R™') +d > W, > f} (Ei, R7).
Case1-2: f/(R',R™") < Wy —d.
By contradiction, suppose that
fE(RLRT) = fH(RY, R™) +d. )

Since R € RV (xi, %" ,, d), by (a) of Definition 3, we have

SRR B(FH (R R) 4 d. poo(R)).

By (2),
(iR RT) +d. po(R)) R F1(RE R,
This implies
fi(éi’Rfi) p fi(léi’Rfi)’
contradicting strategy-proofness. O

Step 2. fi(R',R™") —d < f}(R', R7Y).
Proof There are two cases.

Case2-1: f/(R',R™") <d.
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In this case, f/ (R', R™") —d <0 < f}(R', R77).
Case 2-2: f/(R',R7") > d.

By contradiction, suppose that
fi(R, R —d > f/(R",R"). A3)

Since R' € RV (x, X" ,, d), by (a) of Definition 3, we have

PR RT) P FLRY RT) +d, pe(RY)).

By (3),
(iR RT) +d po(R)) R F(RE R,
This implies
fi(R?i’ R—i) pi fi(éi’R—i)’
contradicting strategy-proofness. O

Lemma 5 says that for a weakly symmetric and same-sided rule, and for each com-
modity, when two agents have the same preference, if the preference is d-indifferent to
all commodities except for that commodity, then their assignments of the commodity
differ by at most d.

Lemma 5 Let f be a weakly symmetric and same-sided rule. Let £ € M, d € (0, %),

xp € Xy, x_p € X_y, RO € RV(Xg,x_g,d), i,j € N, Rl = RO = Iéj, and
R~ € R"2. Then,

FHRY,R™M) —d < ff (R, R7) < fLH(R™, R™M) +d. )
Proof Assume that p¢(R) + pe(R7) + X geny i jy Pe(RF) < We. (The same argu-

ment applies to the opposite case.) Then, by same-sideness, x, < f;(R"/, R="/) and
xg < f,éj (Ié"*-", R_i’j). The proof is in two steps.

Step 1. f] (R, R™) < fi(R", R7"1) +d.
Proof There are two cases.
Case 1-1: f!(R",R™") > W, —d.
In this case, f(i (ﬁi*j, R_i’-/) +d> W, > flj (ﬁi*-/, R_i*j).

Case 1-2: f/(R",R™") < W, —d.
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By contradiction, suppose that
FHR RE) = £ (R, R) + d.
Since R/ € RV (x¢, x—¢, d), by (a) of Definition 3, we have
£ (R RT) BT (R, R) 1 d. po(RY))
By (5),
(7R R7) 4 d. poo(R)) BT f (R, R).
This implies
FI(RM R7) BT fI (R R,
contradicting weak symmetry.
Step 2. fI(RM,R™) —d < f/ (R, R77).
Proof There are two cases.
Case 2-1: f!(R", R™") <d.
In this case, f} (R"/, R™") —d <0 < fej (RMI, R71).

Case 2-2: fl(R"/,R7") >d.

By contradiction, suppose that
FIRY RT) —d = (R, R7),

Since R' € RV (X(, X_y¢, d), by (a) of Definition 3, we have

IR R P (R R +d. po(RY)).

By (6),
(f@j(lé’?f,R""f) +d, p_g(lé")) R' f1(R™, R7M).
This implies
fj(léi’j,R_i’j) ﬁi fi(léi’j,R_i’j),
contradicting weak symmetry.

@ Springer

(&)

(6)



A characterization of the uniform rule with several commodities and agents 895

The next lemma follows from Lemmas 4 and 5.

Lemma 6 Let f be a strategy-proof, weakly symmetric, and same-sided rule. Let

NCNieN\NandK =N\ (NU{i}). Let £ € M, d € (0, 3£), x} € Xy,
X, %, e Xy R eRY(xl, %", d), R e RV (x},%",,d), and RX € RIK|. For

each j € N let R/ = R'. Then,
FIRE RN Ry —d < fI(RE. RN R') < fI(RE, RV R +d. and (1)
7§i)

< fI(RK. RN Ry +2-4. 8)

for each j € N, f;(RK,ﬁN,ﬁi)—2~d<fzj(RK,I%AA/

Proof Since R € RY (xi, i ,,d), R € RY (x], % ,,d), and (RX, RV) € R,
Lemma 4 implies (7). Next, we show (8). Let j € N. Since R/ = R, R/ €
RrRY (xé, )Eie, d), and (RK, R’N\{j}) € R" 2 Lemma 5 implies that

FIRE RV Ry —d < £ (RX, RN R') < f(RE, RN, R} + d.
Now, (8) follows from (7). m]

Step IV:  We show that f; coincides with the single-commodity uniform rule on the
restricted domain RY (x_g).

Lemma 7 Let f be a strategy-proof, unanimous, weakly symmetric, and nonbossy
rule. Then, for each £ € M, each x_y € Z_y, each R € RN (x,g), and eachi € N,

fY(R) = U'(R).

[iroof Let £ € M. By same-sideness (Lemma 1), for each x_y € Z_;, each R €
RN(x_¢), each i € N, and each €' # €, we have fei,(R) = xé, = Ué,(R). Thus
we only show that for each x_;, € Z_g4, each R € RN ()C_g), and eachi € N,
7 (R) = Ui(R). _

Letx_y € Z_yand R e RN (x_g) be such that D ;. pe (Ri) = W;. Then, by the
definition of U, for each i € N, U} (R) = pe(R'). By unanimity, for each i € N,
we have f} (R) = p¢(R"). Thus, for each x_y € Z_y, each R € R" (x_;) such that
DieN pg(Ri) = Wy, and each i € N, we have fei (R) = Ulf (R)

Next, we show that for each x_y € Z_;, each R € RM(x_) such that
DieN p[(Ri) < Wy, and each i € N, we have f; (R) = Ulf (R)

We introduce some notation. Given a preference profile R € R", let n(R) =
(m (R),...,rrn(R)) be a permutation on N such that pe(R”I(R)) > ... >

Pe (R”" (R) ) We simply write 71, . .., 7, when we can omit R as an argument without
confusion. Let Rév (0) be the set of preference profiles R suchthat > ;. pe (R i ) < W
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and for eachi € N, p¢(R') < % Givenk € {1,...,n — 1}, let R} (k) be the set of
preference profiles R such that > ;. pe (Ri ) < Wy and

Wy
] _*
pe(R™) > pat
Wi — pe(R™
pe(R™) > %(1)’
We — Zl':]l De (Rm)
T i
pe(R™) > P —— , and
We — Sk RTi
pg(R”j) < (= 2z pl( ) foreach j e (k+1,...,n}.

n—k

Note that [Jj_gRY (k) = (R € R" | ey pe(R)) < We). For each k €
{0,1,....,n — 1}, let RY (k,0) be the subdomain of R} (k) such that for each
jelk+1,....n} p(R") =0.

For each k € {0, 1, .. n—l}andeachxgeZ 0, let RN (k, x_¢) = RY (k) N
RN (x_¢). Note that for each x_¢ € Z_q, J}Z, RN(k,x ¢) ={R € (x—e) |
2N PE(Ri) < We}.

By induction, we will show that foreach k € {0, 1,...,n — 1},eachx_, € Z_,,
each R e RV (k, X_[), and each i € N, we have fl" (R) = Ué (R) O

RN

Step 1. For each x_y € Z_y, each R € 7_€N(0,x_g), and each i € N, we have

fi (R) = Uy(R).

Proof Letx_y € Z_yand R € RN (O, )C_g). Then, by the definition of the uniform
rule U, foreachi € N, U}(R) = % We show that for eachi € N, f/(R) = Wy

n
Let R € RN (x_¢) be such that for each i € N, pg(R") = 0.1If for each i € N,
fé (Ié) = %, then, by group uncompromisingness (Lemma 3-ii), f(]é) = f(R)

Thus, we only have to show that for eachi € N, f} (ﬁ) = %
By contradiction, suppose that there is j € N such that fej (Ié) > % Without
loss of generality, let j = 1. Denote ¢; = le( A) W , and for each k € N \ {1},

let e = = k+2 Then, (i) foreach k € N \ {1}, ex > O and er < er—1, (ii) for each
kel{23,...,n},

e
ex =
H (n —t)
and (iii) for each k € {2, 3, ..., n},
€k—1 €] €]
— =1 > )
n—k+1 i:ol("_t) n!
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Letd = 5L;.Foreachi € N,letR' € R (0, p—¢(R"),d),andR = (R', ..., R").
Then, by peak-onlyness (Lemma 2), f(R) = f(R).
Letx_y € X_y, Iéo erRY (0, X_y, d), and E(l) = Ro. O

Step I-1. f} (R}, R™") = 2t ¢y = f/(R).

Proof Suppose on the contrary that f; (R}, R™') < % 4 ¢|. Since f(R) = f(R).
we have f}(R) = ™ 4 ¢. Let R' € R be such that p(R') = p(R') and
FYURE RTY) p! fY(R). Then, by peak-onlyness (Lemma 2), fl(Ié], R =
1! (R) Thus, f! (Eé, Ié_l) p! fl (Iél R‘l), contradicting strategy-proofness. O

Given N C N , let IQ(I)\A’ be such that for eachi € N , ﬁé = Ro.
Step 1-2. Foreachk € {1,2,...,n}, . A
(a) if k is even, then there is N C N such that |N| = k and for each
i€ ]\A/ we have fg(lég’, Ié_ﬁ) < % — e, and
(b) ifkisodd, then there is N C N such that |1\7| = k and for eachi € N,
we have fgi (15(1)\7, E‘N) > % + ey.
Proof The proof proceeds by induction on k. Let k € {1,2,...,n}. When k = 1, by
Step 1-1, we have already proven that (b) holds. Assume that k > 2.
Case (a): k is even.
Our induction hypothesis is that there is N C N such that |[N| = k — 1, and for
eachi € N, f;(ﬁév, E_N) > % +er_1.

Suppose that for each j € N \ N, fgj(ﬁé\_’, R7N) > % — 27 Then,

We = Z fzi (1%(})\7, léfN) (by feasibility)
ieN
We W, €k—1
k=1 — te— k-
> ( ) (n+€k 1)+(n +1) (n n—k+1)
=W¢+ (k—2)-ex1
> Wy, (byk>2andeg_; > 0)

which is a contradiction. o R _
Thus, there is j € N\ N suchthat £/ (RY, R™N) < 2t — 4l Tet N = {jJUN

; - n n—k+1"
and R} = Ro.Leti € N. Then,

FIRY, RY) < 1 (RY, R"N) +2-d (by Lemma 6)

<
w _

<M Ul Loy
n n—k+1

W, er_1 el ( el
= — - — + — byd = )
n n—k+1+n! y 2-n!

A

W,
— —e. (byk >2and(9))
n
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Case (b): k is odd.

Our induction hypothesis is that there is N C N such that |N| = k — 1, and for
eachi € N, fé(]?(l)v, R_N) < % —ep—1.

Suppose that for each j € N \ N, fé/ (ﬁév, R’N) < % + nefk‘jr] . Then,

We =" fi(RY,R™) (by feasibility)
ieN
We Wi ek—1
k—1)- | — —er_ —k+1 =4+ 5=
< ( ) (n e 1)+(n +1) (n+n—k+1)
=We—(k—=2)-ex—1
< W, (byk>2ande_;>0)

which is a contradiction. o R -
Thus, there is j € N\ N such that f/ (R, R"N) = Wy %ol 1ot N = (jjUN

. ~ | = n n—k+1°
and R} = Ry. Leti € N. Then,

FIRY RNY > /RN, R"¥)—2-d (by Lemma 6)
W €k—1

“on n—k+1
We ex—1 el ( €l

by d )

= thiTki T wm 2-n!

—-2-d

W,
> 2L 4o (byk > 2and (9))
n

Thus, Step 1-2 holds. O

Step 1-3. We derive a contradiction to conclude that for each i € N, fei (Ié) =W

n
Case 1: n is even.

Then, by Case (a) of Step 1-2, foreach i € N, f] (R(])V) < % — e,,. Thus,

We = Z FL(RY)  (by feasibility)

ieN

(5 )
=n-{— —ey
n

< Wy, (bye, >0)
which is a contradiction.
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Case 2: n is odd.
Then, by Case (b) of Step 1-2, for eachi € N, fzi (156\]) > % + e,. Thus,

= Z fL(RY)  (by feasibility)

ieN

(5 )
zn-|\—+ep
n

> Wi, (bye, >0)

which is a contradiction.
Therefore, for each i € N, we have f; (R) = %

Step 2. Letk € {0, 1, ... 7 —2}. Assume that for eachh € {0, 1, ..., k}, eachx_; €
Z_y, each R € RN(h,)?_g), and each i € N, we have fé (R) = Ué (R)
Then, for each R € ’Rév(k 4+ 1,0) and each i € {my, ..., Tk+1}, we have
fi(R) = pe(R").

Proof Let R € RQ’ (k + 1,0). Without loss of generality, assume that agents are

indexed so that pg(Rl) > .0> pg(Rk+1). LetK ={1,2,...,k+1}. O

Step 2-1. Letx_y € Z_y and R € RN(x ¢) be such thatfor eachl €N, pg(R’) =
pe(RY). Then, for eachi € K, we have fe (R) = pg(R .

Proof Leti € K. By contradiction, suppose that fz( ) # pg( i). By same-sideness
(Lemma 1), f{( A) > pg(Rl).

Let Ri € R be such that pg(~i) = 0and p_ g( ) =
uncompromisingness (Lemma 3-i), f{ (R, R™') = f{(R). Note that for some & €
{0, 1,...,k}, we have (R}, R™) e RN(h,x_g).

By the assumption of Step 2, f{(R), R™') = U}(Ri, R™"). Also, since R €
RN (k + 1, 0), by the definition of the uniform rule U, we have U K( A) = pg( )

pi
Since py(R}) = 0 < pe(R"), by the definition of U, we get Ui (R, R™") < UL(R).
Thus,

p— [( ) Then, by own

fi (R, R™) = Uy (Ry, R™) = Up(R) = pe(Ri) < [ (R) = f; (Ro, R™)-

This is a contradiction.

O

Step 2-2. Foreachi € K, we have fL,i (R) = py (Ri).

Proof Let R € R" be such that for eachi € N, (i) p¢ (Ri) =P (Ri), (ii) p—¢ (Ri) =
fL4(R), and (i) UC(R', f'(R)) < UC(R'. f'(R)) and UC(R', f'(R)) N
LC(R', f'(R)) = (/" (R)).

Then, by strategy-proofness, f 1(R1, R_l) = f 1( ) By nonbossiness,
f(Rl, R_l) = f(R). Repeating this argument for i = 2, ..., n, we have f( ) =
F(R).
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By feasibility, f—¢(R) € Z_y. Since foreachi € N, p_¢(R") = f*,(R), we have
R eRN (f_g (R)) By Step 2-1 and foreachi € N, p; (Ri) =pe (Ri), it follows that
foreachi € K, f/(R) = p¢(R") = p¢(R'). Since f(R) = f(R), foreachi € K,
we have f}(R) = p¢(R'). o

Step 3. Foreachk € {1,2,...,n—2}, eachx_y € Z_y, each R € RN (k, x,e), and
eachi € N, we have f; (R) = Ut’f (R)
Proof The proof proceeds by induction on k. Let k € {1,2,...,n — 2}. Assume that
(A) Foreachh € {0,1,...,k — 1}, each *_y € Z_y, each R € RN (h,)?_g), and
eachi € N, we have fei (E) = Ué(lé).
By Step 1, we have already proven that (A) holds when k = 1. We will prove
that
(B) Foreachx_; € Z_y, each R € RN (k, x_g), and eachi € N, we have fé (R) =
UL(R).
Lletx_.y € Z_yand R € RN (k, x_g). Without loss of generality, we may assume
that agents are indexed so that pg(Rl) > > po(R"). Let K ={1,2,...,k}.
Then, by the definition of the uniform rule U, foreachi € K, U, [’ (R) = py (Ri),

) 5k i
and for each j € N \ K, UKJ (R) = %’km@) = A (R) Note that, since

R € RN (k, x_¢) implies >,y pe(R') < Wi, we have A¢(R) > 0. We show that for
eachi € N, f/(R) = U(R).

Let R=X € RI=KI be such that for each i € N \ K, p¢(R') = 0 and p_(R") =
p—¢(R"). Then, since the uniform rule U is group uncompromising, for eachi € N,
UL(RX,R7K) = UI(R). If foreach i € N, f{(RX, R=K) = U} (RK, R7K), then,
by group uncompromisingness (Lemma 3-ii), f (R) =f (RK LR K ) Thus, we only
have to show foreachi € N, fei (RK, Ié_K) = Ué (RK, ﬁ_K).

By (A) and Step 2, we have already proven that for each i € K, fg (RK, I%‘K) =
P (Ri). Thus, we only show that for eachi € N \ K, fei (RK, Ié_K) =M\ (R)

By contradiction, suppose that there is j € N\ K such that fej (RX, R7K) > 1 (R).
Without loss of generality, assume that j = k + 1. Note that, since for each i € K,
fZ(RK, R_K) = pg(R’), and for each i € {k + 2, ..., n}, fé (RK, R_K) > 0, by
feasibility, £ (RK, R=K) < W, — 35_, pe(RY).

Lete; = ff 7 (RK, R7K) — )¢(R), and foreach h € {2,3,...,n — k}, lete =

n—;){h:/’ll+2' Then, (i) foreachh € {2,3,...,n—k},e;, > 0and e, < ej,_1, (ii) for each

hel2.3,....n—k)

— €l
MN=n—k—10’

and (iii) foreach h € {2, 3, ..., n — k},

en

en—1 o el .
n—k—h+1 T T —k—n - =k
o —k—1)

(10)
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Letd_z( L Foreachi € N\ K, let R € R (0, p _¢(R'),d), and R°K =
(Rk+1, ey ).Then, by peak-onlyness (Lemma 2), f( R~ ) — f(RK, ﬁfk)‘
Letx_y € Z_y, Ro c 'R,(‘)/ (()’ ¢, d)’ and §g+l — RO- O

A

Step 3.1 fk+l(RK Rk+1 R*KU{/{+1}) > )"Z(R) +e = f£k+1(RKy R*K)'

Proof The proof is similar to Step 1-1. By contradiction, suppose not. Since
F(RE,R™K) = f(RK,R7K), we have f; ' (RK,R7K) = A¢(R) + e1. Let
ék+1 c Rb_e such thatp(Iék“)_ (Rk“) and fk+l(RK’ 1§16+1, R_Ku{l_c+l}) 15k+1
FEY(RE, R=K). Then, by peak-onlyness (Lemma 2), fA+1(RK, REF+1 R=KUUk+1})
= fH(RK, RK). Thus, f4+1(RK R16+1, RKUlkt1)) ph+l fk+l(RK, REHT

R~ KUlk+1 }) , contradicting strategy-proofness. |

Given N C N \ K, let 15(1)9 be such that for each i € N, ﬁé = Ro.
Step 3-2. Foreachhe{l,Z,...,n—k},A .
(a) ifhiseven, thenthereis N C N\ K such that |N| = h and for each
i€ ]\A/, we have fgi (RK, 15(1)\7, IéfKUN) < X¢(R) — ey, and
(b) ifhisodd, then there is N C N \ K such that |N| = h and for each
i€ ]\7, we have fei (RK, I?g’, RiKUN) > M(R) + ep.
Proof The proof is similar to Step 1-2, and proceeds by induction on 4. Let h €

{1,2,...,n — k}. When h = 1, by Step 3-1, we have already proven that (b) holds.
Assume that & > 2.
Case (a): h is even.

Our induction hypothesis is that there is N C N\ K such that |[N| = h — 1 and for
eachi € N, fé (RK, Ié(})\’, R_KUN) > Ag (R) +ep—_1.

Suppose that foreach j € N\(KUN), f/ (R_K, RY, E_‘KUN) > M (R)— =57
By (A) and Step 2, foreach i € K, f} (RX, R)', R7KYN) = py(R'). Thus,

Wy = Z fi (RK, Rév, I?iKUN) (by feasibility)

ieN
> D pe(RY) + (h = 1) - (he(R) + enn)
ieK
€h—1
=W+ (h—2)-en1 (by Zm )+ (n—k) - he(R) = Wp)

ieK
> Wy, (byh>2andep—1 > 0)

which is a contradiction. Thus, there is j € N \ (K U 1\_/) such that fej (RK, 1%5\7,

RKONY < 20 (R) — =it
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Let](’z]\_fu{j}andﬁ‘oi = Ry. Let i € N. Then,

FIRERY, RKONY < £/ (RK,RY, R°KYN) 42.d (by Lemma 6)

€h—1
=H®) Tt
€h—1 €l 2!
— 3e(R) — byd = —
B = i T e (y 2-(n—k)!)

< A¢(R) —ep. (by h > 2 and (10))
Case (b): & is odd.

Our induction hypothesis is that there is N € N \ K such that |[N| = & — 1 and for
eachi e N, fi(RK, RN, R-KN) < 34(R) — ej1.

Suppose that foreach j € N\(KUN),ij (RX, Iéév, ﬁ_KUN) < MR+ ;=557
By (A) and Step 2, for each i € K, f} (RX, Ié(’)v, R‘KUA_’) = p¢(R'). Thus,

W, = Z fL(RY, 15§ , RKUN ) (by feasibility)

ieN
<D pe(RI) + (= 1) (Ae(R) — enn)
ieK
ep—1
+n—k—h+1)- ()»((R)‘Fm)
=We—(h=2) et (by D pe(R) + (1 —k) - he(R) = We)

ieK
< Wy, (byh>2andep_1 >0)

which s a contradiction. Thus, thereis j € N\(KUN) such that fej (RK, Ié(’)\_’, Ié_KUN)
> Me(R) + =5

Let N = N U {j}and R} = Ro. Leti € N. Then,

FIRE RN, RKONY = ¢/ (RK RN, RKUN) —2.d  (by Lemma 6)

€} —
2 1B+ 2
€h—1 €] €]
— (R — byd=—
Ay A R oy (y 2-(n—k)!)

> Ae(R) + ep,. (by h > 2 and (10))
Thus, Step 3-2 holds.

Step 3-3. We derive a contradiction to conclude that for each i € N \ K,
FH(RE, RK) = 1e(R).

By (A) and Step 2, foreachi € K, fei (RK, IéO_K) = pg(Ri).
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Case 1: n — k is even.

Then, by Case (a) of Step 3-1, for each i € N \ K, we have f}(RX,R;X) <
A¢(R) — e,—k. Thus,

We =" fi(RX, RyX) (by feasibility)
ieN
< > pe(R) + (0= k) - e (R) — (0 — k) - eni

ieK

=Wy —(n—k)-eni (by D pe(RY) 4+ (= k) - he(R) = Wz)
ieK
< Wy, (byn—k>2ande,—; > 0)
which is a contradiction.
Case 2: n — k is odd.
Then, by Case (b) of Step 3-1, for each i € N \ K, we have fei (RX, RO_K) >
Ae(R) + ep—g. Thus,

=D fL(R¥,R;X) (by feasibility)

ieN
> > pe(R) + (n—k) - e (R) + (n — k) - en i
ieK
=W+ (n—k)-ens (by D pe(R) + =k - he(R) = )
ieK

> W,, (byn—k=>2ande,_; >0)

which is a contradiction. ' .
Therefore, for each i € N \ K, we have f} (RX, R7K) = 14(R). o

Step 4. qu each X_¢ € Z_y, each R € RN (n—1,x_¢), and eachi € N, we have
fi(R) = Uy(R).

Proof Letx_y € Z_yand R € RN (n — 1, x_p). Without loss of generality, we may
assume that pg(Rl) > - >y (R"). Then, by the definition of the uniform rule

U, foreach i € N\ {n}, U/(R) = p¢(R), and U} (R) = Wy — =] pe(RY).
Let R" € R be such that De (1%”) = 0and p_y (1%”) = p_y (R”). By Steps 1 and
3, when k = n — 2, we have already proven that the assumption of Step 2 holds.
Thus Step 2 implies that for each i € N \ {n}, f/(R",R™) = p¢(R'). By fea-
sibility, f}' (Ié” R™™) =W, — Z;:]l pe(R'). Since X, .y pe(RY) < W, we have
We —Z?;ll pe (Ri) > 0. Thus p, (ﬁ”) < fe (ﬁ”, R’”). By own uncompromisingness
(Lemma 3-i), f(R) = f(R", R™"). Thus, for each i € N, we have f{(R) = U!(R).
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In the same way, we can also show that for each x_y € Z_¢, each R € RN (x_p)
such that 3, pe(R') > Wy, and each i € N, we have f}(R) = U}(R).
We have completed the proof of Lemma 7. O

Step V:  We complete the proof of Theorem 1 by extending the result of Step IV.

Let f be a strategy-proof, unanimous, weakly symmetric, and nonbossy rule. We
show that foreach R € R" andeach ¢ € M, fy(R) = Uy(R).LetR € R" and ¢ € M.
Let R € R" be such that for each i € N, (i) pe(R') = p¢(R'), (i) p—¢(R") =
fL,(R), and (iii) UC(R', f((R)) C UC(R', fi(R)) and UC(R', fi(R)) N
LC(Ri, fi(R)) = {f!(R)}. By strategy-proofness, ' (ﬁl, R_l) = fY(R). By non-
bossiness, f(Rl, R_l) = f(R). Repeating this argument for i = 2, ..., n, we have
f(R) = f(R). ]

By feasibility, f—¢(R) € Z_. Since foreachi € N, p_¢(R") = f' ,(R), we have
ReRN (f_g(R)). Thus, Lemma 7 implies f; (R) = U;(R). Since the uniform rule is
peak-only, Uy (R) = Uy¢(R). Thus, f; (R) = Uy(R). Since f(R) = f(R), we obtain
Je(R) = Ue(R).

4 Concluding remarks

We considered the problem of allocating several infinitely divisible commodities
among agents with continuous, strictly convex, and separable preferences. We estab-
lished that on this class of preferences, a rule satisfies strategy-proofness, unanimity,
weak symmetry, and nonbossiness if and only if it is the uniform rule. This result ex-
tends to the class of continuous, strictly convex, and multidimensional single-peaked
preferences. We conclude by commenting on future research.

As we discussed in Remark 2, the only if part of Theorem 1 fails if we drop any
of the first three axioms. However, it is an open question whether the uniqueness
part of Theorem 1 holds without nonbossiness. By applying the proof techniques that
we developed in the previous version of this article,’> Adachi (2010) characterized
the uniform rule by means of strategy-proofness, same-sideness, and no-envy in the
multiple-commodity model with more than two agents. His axioms do not include
nonbossiness. However, since unanimity and weak symmetry are weaker than same-
sideness and no-envy respectively, our result is independent of his, and the question
we raised above remains open.

In the one-commodity case, since the uniform rule is nonbossy, strategy-proof-
ness, same-sideness, and weak symmetry imply nonbossiness (Sprumont 1991; Ching
1994). Moreover, effective pairwise strategy-proofness and unanimity imply nonbos-
siness (Serizawa 2006).33 Therefore, it is also an open question whether these logical
relationships for the one-commodity case extend to the multiple-commodity case.

32 The previous version was published as a Discussion Paper. See Morimoto et al. (2010).

3 Effective pairwise strategy-proofness requires that rules are strategy-proof and that no pair of agents can
increase the welfare of any agent of the pair without decreasing the welfare of the other member of the pair,
and neither member of the pair has an incentive to betray his partner. Serizawa (2006) characterized the
uniform rule by effective pairwise strategy-proofness, unanimity, and weak symmetry.
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As we discussed in Sect. 1, in contrast to the one-commodity model, strategy-proof-
ness is not compatible with Pareto-efficiency under distributional properties such as
weak symmetry in the multiple-commodity model. Thus, we gave up Pareto-efficiency,
and imposed the weaker property of unanimity. Another interesting research direction
is to relax strategy-proofness. One such research is to investigate desirable allocation
rules by employing the property of Maskin monotonicity (for example, see Thomson
2010) instead of strategy-proofness.

It is worthwhile to comment on whether our characterization results of the uni-
form rule hold on smaller domains. For example, the domain of continuous, strictly
convex, and additive symmetric single-peaked preferences is an interesting subclass
of our preference domain.?* In the one-commodity case, Mizobuchi and Serizawa
(2006) show that the uniform rule is a unique rule satisfying strategy-proofness, same-
sideness, and weak symmetry on the symmetric single-peaked domain.*> One might
wonder whether our proof techniques can be applied to obtain the same result as
Mizobuchi and Serizawa (2006) in the multiple-commodity case. However, our proof
techniques cannot be applied on the domain of continuous, strictly convex, and addi-
tive symmetric single-peaked preferences since our proofs employ asymmetric prefer-
ences. Another way to obtain the same result would be to extend the proof techniques
of Mizobuchi and Serizawa (2006) to the multiple-commodity case. In Introduction,
we discussed the difficulty of characterizing strategy-proof rules in the model with
multiple agents and commodities. The same reason makes it difficult to extend the
proof techniques of Mizobuchi and Serizawa (2006) to the multiple-commodity case.
It is still an open question whether our results hold on smaller domains.

Appendix A

In Appendix A, we show the existence of strict Maskin monotonic transformations
used in the proofs of Corollary 1, Case 1 and 2 of Lemma 1, Step 2-2 of Lemma 7,
and Step V in the proof of Theorem 2.

The following fact shows the existence of strict Maskin monotonic transformations.

Fact A LetR' e R, x € X \ {p(R’)} and y € X \ {x} be such that for each £ € M,
ezther pg(R’) > Yo = xgor pg(R’) < y¢ < xy¢. Then, there is R' € R such that
(R 'y =y and R' is a strict Maskin monotonic transformation of R' at x.

Proof of Fact A We can construct such a preference by composing several preferences
with the peak point y (see Fig. 5). We only prove this fact for the two-commodity case.
Let M = {1, 2}. Applying the similar arguments to the two-commodity case, we can
show that such a transformation exists for the more than two-commodity case.

Note that, there is a preference relation Ré on R™ such that (i) Ré is continuous,
strictly convex, and separable, and (ii) Ré is equivalent to Rion X , that is, for each

4 A preference R! is additive symmetric single-peaked if there are symmetric single-peaked functions
{ve : Xp = R}gepm such that for each x, y € X, x R' yifand only if >y 37 ve(xg) = D pcps ve(ve)-

35 More precisely, they establish the characterization result of the uniform rule on a minimally rich domain.
The domain of symmetric single-peaked preferences is a minimally rich domain.
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commodity 2

I

commodity 1

0 &2 ------------------- -'-'-’-w.:.-,; ------------ . W1

Fig. 5 Illustration of constructing a strict Maskin monotonic transformation of R’ at x in Fact A

£,9 € X, % R. §if and only if £ R §. Assume that there is a preference relation
I@é on R™ that is a strict Maskin monotonic transformation of Ré at x with peak y.
Consider the restriction R! of Ié’e to X, thatis, foreach x,y € X, x R y if and only if
£ RY §. Then, R' is a strict Maskin monotonic transformation of R’ at x defined over
X. Thus, we only show the existence of a strict Maskin monotonic transformation R
of R} at x with peak y.

Without loss of generality, assume that for each £ € M, p;(R') < x;. Then, for
each? € M, py(R") < y; < x¢. The proof of Fact A consists of two steps.

Step 1. Construction of Ii’é
Let
X1 = max {xi eR | (xi y2) I x}, X, = max {xé eR | (yl,xé) Ié x},
/
1

X, Emin{x1 eR | (x ,yg) Ié x}, X5 Emin{xé eR| (yl,xé) Ie" x},

zlzfl—xl, 325)_62—)62,
(s2-2)° (n-n)°
X2—=y2 7 X1—=Y1 r 7
3 ——— ifd; >0, 7 ———— ifdy >0,
adl = 2d1<(x1—y1) ! ad2 = Z-dz.(xz—yz 2
0 ifd; =0, 0 ifd, =0.

Leta > max{a“!, a?2}. Note that a > 0. Let RL,, and Rfla be preferences represented
1 2

by the separable and quadratic utility functions u{ and uf with peak y and parameter
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a defined as follows, respectively: for each X € X,
a sy A 2 a 2 a sy a 2 N 2
up(x) =—a- (1 —y)”— @2 —y)% anduy(x) = — (X1 —y)” —a- (x2 —y)°.

Note that, for large a > 0, the preference RL? is almost indifferent to all commodity
except for commodity £. Let BT (y) = {x’ e R" | yy < xjandy, < xé}, and
Ut(x) = UC(RL,I,, x) N UC(RL,Z,, x) N BT(y).

Let x| € (x, y1), X2 € (x5, y2), and let £(1), £(2) € R be such that

u‘f()?(l)) =uf(x),x1(1) > y1, X2(1) = y2,
and u5(£(2)) = u§(x), £1(2) = y1, 22(2) = y».

Finally, let Ré be a continuous, strictly convex, and separable preference on R” such
that p(R}) = y, UC(R}, 2(1)) C SUC(R., x), UC(R}, (1)) N B¥(y) C Ut (x),
and £(1) I} £(2) I} (%1, y2) I} (v1, %2).%¢

Let ﬁé be a continuous, strictly convex, and separable preference on R such that
p(R)) =yand UC(RL, x) = U*(x) UUC(R, 2(1)).

Step 2. Iéé is a strict Maskin monotonic transformation of Ré at x.

Since UC(RB, )?(1)) C SUC(RL, x), for each z € UC(I:’é, x) \ Ut (x), we have
z P! x. Next, we show that UC(R!, x) N LC(R.,x) N B*(y) = {x}. By contra-
diction, suppose that there is z # x such that z € UC(@, x) N BT(y) and 7 €
LC(Ri,x) N BT (y). If for each £ € M, y; < z¢ < xy, then z P! x, which con-
tradicts z € LC(Ré, x). Thus, there is £ € M such that z, > x,;. Without loss of
generality, assume that £ = 1. Let w = (x1 +d,, yz), and for each a € [0, 1), let

“=a-x+ (1 —a)-w.Leta € [0, 1). Then, by a > max{a?!, a2},

uf (z”_’) =—a((xi—y)+1- Ez)c]l)z —a(x — y2)2

= —a()q — y1)2 —2a(l — a)&l (x1 — yl) — a(l — 6—1)2&712 — c_z(xz — y2)2
< —a(x; — )’1)2 —2a(l - ﬁ)czl (x1 = 1)

—a(xa—y)® bya>0,a<1,d >0

2

< —a(x1 — y1)2 — % .2(1 — El)d_l (x1 — yl)

—a (xg — yg)2 bya > aE‘
= uf(x).

36 syc (Ri, y) (SLC (Ri, y)) denotes the strict upper (lower) contour set of R’ at y, that is, SUC(Ri, y) =
fxeX|x P! v}
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Since z € UC(RL, x), u$(z) = uf(x) > u¢(z%). Thus, for each a € [0, 1), ué(z) >
uf{ (zé). Since z € LC(Rﬁ,, x), by Ré z. By strictly convexity of Ré, foreacha € [0, 1?,
z* R z. Let z € X be such that z; = z; and there i_s a € [0, 1) such that 7 = z%.
Then, u{(z) > u{(z) implies z; > z1. Thus, z P} zZ R, z, which is a contradiction. O

Appendix B

As we noted in Remark 4, in the two-agent case, the domain R2 of continuous, strictly
convex, and separable preferences does not satisfy indirect sequential inclusion intro-
duced by Barbera et al. (2010). In Appendix B, we give an example illustrating the
violation of indirect sequential inclusion of our preference domain.

First, we introduce the condition on preference profile, called “sequential inclu-
sion”. Given a preference relation R’ on X, let R(R") be a preference relation on
X such that for each v,z € X,y R(Rl) z if and only if (W — y) R (W — 2),
and P(Rl) and [ (R") be the strict and indifferent preference relation associated with
R(R"), respectively.

Sequential inclusion: A preference profile (R!, R?) in a domain R2 satisfies sequen-
tial inclusion if for each y, z € X, if y P! zand y P(R?) z, then either LC(R',z) C
SLC(R(R?), y) or LC(R(R?),z) C SLC(R', y).

The following is the definition of indirect sequential inclusion defined on a domain
R2.
Indirect sequential inclusion: For each (R L R2) IS 7@2,

(@) (R, R?) satisfies sequential inclusion, or
(b) foreach y,z € X, there is (R!, R?) € R? such that
(b-1): R! and R? are the strict Maskin monotonic transformations of R! and
R? at z and (W — z), respectively.
(b-2): y P' zand y P(R?) z, and
(b-3): either LC(R!,z) € SLC(R(R?), y) or LC(R(R?),z) C SLC(R!, y).

The following example says that our preference domain R? does not satisfy indirect
sequential inclusion.

Example 7 (See Fig. 6) Let N = {1,2}, M = {1,2}, y = W, and z = (0, 0). Let
(R', R?) € R? be such that p(R ) = (0,W2) = p(R 2) My 1" (0, %) P!
(Wi, %2) 1" z,and (2) y 1(R?) (%1,0) P(R?) (%, W,) I(R?) z. We show that the

profile (Rl, R2) violates the requirement (a) and (b) of indirect sequential inclusion.
The proof consists of two steps.

Step 1. The preference profile (R', R?) does not satisfy sequential inclusion.

Note that y P! z and y P(R?) z. Since p(R(R?)) = (W1,0), (W1,0) ¢
SLC(ﬁ(RZ), y). However, (Wy,0) € LC(R', z). Thus, LC(R', z) is not included
in SLC(R(R?), y). Also, since p(R') = (0, W), (0, W) ¢ SLC(R',y). How-
ever, (0, W) € LC(ﬁ(Rz), z). Thus, LC(I% (R?), z) is not included in SLC(R!, y).
Therefore, the preference profile (Rl, RZ) does not satisfy sequential inclusion.
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commodity 2

R! _
WQ p( ) o e/ W = Y

p(R(R?

commodity 1

= (0,0)

1 [/V1

Fig. 6 Tllustration of (Rl s R2) and (ﬁl, 1%2) in Example 7

Step 2. There is no (R', R?) € R? satisfying conditions (b-1), (b-2), and (b-3).

By contradiction, suppose that there is (Ié1 Ié2) € R? satisfying (b-1), (b-2) and
b-3).
( F?rst, we show that the inclusion LC(R!,z) C SLC(ﬁ(ﬁz), y) does not hold.
By (b-1), (b-2), and (W, %2) I' z, there is x! € [0, W»] such that (W, x') I' z
and % < x!'. Note that (b-2) implies x! < W». Let m(x!) = 1 - (W2 + x1).
Then, (Wl,rh(xl)) € LC(I% ) Since p( ) (O W2) and (b-1), pz( ) W,
and so, pz(ﬁ(ﬁz)) = 0. Thus, pl(R(Rz)) < Wi = y; and pa(R (1@ ) =0 <
r?z(xl) < W, = y;. Then, since (Wl,ih(xl)) f’(léz) vy, we have (Wl,m(xl)) ¢
SLC(ﬁ(ﬁz), y). Thus, the inclusion LC(ﬁl, z) C SLC(ﬁ(ﬁz), y) does not hold.

Next, we show that the inclusion LC(I% (ﬁz) ) C SLC(I%1 ) does not hold. By
(b-1), (b-2), and ( Ws) I(Rz) z, there is x? € [0, W] such that (x? Wz) (Rz)
and m < x2 Note that (b-2) implies x> < Wj. Let m(x?) = % . ( + x?%).
Then ( (x?), Wo) € LC(R(R?), z). Since p(R') = (0, W2) and (b-1), p]( ) =
0. Thus, pl(ﬁl) =0 < m(x?) < Wy = y; and p2(R') < Wo = y,. Then,
since (77'1 (xz), Wz) P! y, we have (ﬁz (x2), Wz) ¢ SLC(RI, ) Thus, the inclusion
LC(ﬁ(ﬁz), 7) C SLC(I%‘, y) also does not hold. This is a contradiction to (b-3).
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