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Abstract We provide in this paper two properties that are both necessary and
sufficient to characterize the domain of single-peaked preference profiles. This char-
acterization allows for a definition of single-peaked preference profiles without using
an ad hoc underlying order of the alternatives and also sheds light on the structure
of single-peaked profiles. Considering the larger domain of value-restricted prefer-
ence profiles (Sen, Econometrica 34:491-499, 1966) we also provide necessary and
sufficient conditions for a preference profile to be single-caved or group-separable.
Our results show that for single-peaked, single-caved and group-separable profiles
it is sufficient to restrict to profiles containing of either three individuals and three
alternatives or two individuals and four alternatives.

1 Introduction

The notion of single-peaked preferences introduced by Black (1948, 1958) and
Arrow (1951) is by now a key assumption in many economic models, ranging from
Hotelling-Downs political competition models to most local public goods models.
Agents in a given economy have single-peaked preferences if there exists a linear order
of the set of alternatives such that any agent’s preference relation along this ordering is
either always strictly decreasing, always strictly increasing, or first strictly increasing
and then strictly decreasing.! In many models this guarantees for instance the existence

1 Preferences that are not strictly decreasing when deviating from the peak (but still decreasing) are
called in the literature “single-plateaued” preferences.
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of an equilibrium, the existence of a Condorcet winner, or the existence of incentive-
compatible mechanisms. More recently, Spector (2000) and DeMarzo et al. (2003)
showed that repeated interactions may lead to unidimensional opinions, thereby
providing additional rational for the use of single-peaked preferences.

While in many models the existence of such an underlying linear order is without
loss of generality, there is no a priori reason to confine the use of single-peakedness to
those models in which this underlying linear order has a straightforward interpretation.
After all, single-peakedness is a much more valuable property than the existence of
an (interpretable) underlying order of the alternatives. Yet, in order to extend the use
of single-peakedness to general models in which there is no obvious a priori ordering
of the alternatives we need to know under which conditions a preference profile is
single-peaked.” We provide in this paper an answer to this question by identifying a
pair of properties that are both necessary and sufficient for a preference profile to be
single-peaked.

Beyond being an invitation to enjoy the properties offered by single-peakedness
to environments different from the usual ones, our characterization result also sheds
light on the structure of single-peaked preferences. A quick historical review of the
literature can help to assess our contribution. When Arrow (1951) formalized the con-
cept of single-peaked preferences his main objective was to provide a set of conditions
ensuring the transitivity of the majority decision. Arrow’s definition of single-peaked-
ness involved the set of all alternatives. Inada (1964) then observed that Arrow’s
transitivity result can be obtained by requiring only single-peakedness for any triple
of alternatives. This observation has a simple, yet powerful interpretation: for any
triple of alternatives there is one that is not considered the worst by any individual.
Although Inada already observed that this property does not necessarily imply sin-
gle-peakedness over all alternatives his result still nourishes the temptation to intuit
that single-peakedness for any triple and single-peakedness for all alternatives are two
faces of the same coin.

Failure for a preference profile to be single-peaked mainly comes from the con-
straint imposed by the underlying linear ordering, i.e., alternatives must all fit in
a one-dimensional space.’ Single-peakedness can thus be lost when there are too
many agents with too many different preferences, or when the set of alternatives is
“too large.” Indeed, whenever there are at most two agents and three alternatives any
preference profile is single-peaked. Adding a third agent can create a conflict if the
set of alternatives that are considered worst by at least one agent contains the three
alternatives. Following Sen (1966) and Sen and Pattanaik (1969), we call a profile
such that the set of worst alternatives has always a cardinality no greater than two
worst-restricted. But single-peakedness may also be lost when adding a fourth alter-
native instead of a third agent. This situation, a bit more technical, can be summarized

2 For any individual it is trivial to construct a linear ordering of the alternatives such that the preferences
of this agent are single-peaked with respect to this ordering. The difficulty is to find a linear order that is
common to all individuals.

3 Single-peakedness can be defined on other underlying structures than that of linear orders. The notion of
separability in Border and Jordan (1983) represents an n-dimensional version of single-peakedness, whereas
Demange (1982) studies single-peaked preferences on a tree.
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as follows. There are three alternatives such that the two individuals disagree on the
relative ranking of them. Call the intermediate alternative the “pivot” for this triple.
Then, single-peakedness requires that these agents should disagree on the relative
ranking of a fourth alternative with respect to the pivot. Preference profiles satisfy-
ing this restriction are called «-restricted. Our main result (Theorem 1) states that
these two properties that operate over very simple structures, worst-restriction and
a-restriction, are the set of necessary and sufficient properties of a preference profile
to be single-peaked.*

In addition to the characterization of the single-peaked domain we also provide a
characterization of the domain of group-separable preferences, i.e., preference pro-
files such that the set of alternatives can be split in two sets, with the property that
each individual prefers any alternative in one of the sets to any alternative in the
other set. Such a characterization is mostly motivated by the relation between single-
peaked and group-separable preferences profiles and goes back to the contributions
of Sen (1966) and Sen and Pattanaik (1969).7 Indeed, Sen and Pattanaik observed
that Inada’s condition over triples could be generalized by considering not only the
worst alternatives but also the best or the “intermediate” alternatives. Requiring that
for any triple of alternatives one is not considered as the most preferred by any indi-
vidual (best-restricted profile) is a necessary condition to obtain single-cavedness. If
instead we consider the intermediate alternative, i.e., neither the best nor the worst,
we obtain a necessary condition (medium-restricted profile) for group-separability.
While a characterization of single-caved profiles is easily obtained from our charac-
terization of the single-peaked domain, group-separability is a bit more delicate to
work with, mainly because such profiles do not come along with an intuitive topol-
ogy of the alternatives (as opposed to single-peakedness that assumes that alternatives
can be ordered on a one-dimensional space). Like single-peakedness, group separa-
bility is always obtained as long as there are no more than two individuals and three
alternatives. Clearly, adding a third individual can make the preference profile not
medium-restricted (and hence, not group-separable). But separability can also be lost
when adding a fourth alternative instead of a third individual. Two conditions must
be met for this to happen. First, the sets of worst and best alternatives of each indi-
vidual must have an empty intersection. Second, both individuals’ preferences must
coincide on the relative ranking of the best and worst alternatives of one of the indi-
viduals, and yet hold opposite views with respect to the best and worst alternatives
of the other individual. If such a configuration does not occur then we say that the
profile is B-restricted. Our second result (Theorem 2) states that medium-restriction
and B-restriction are the set of necessary and sufficient properties for a preference
profile to be group-separable.

The paper is organized as follows. Notation and the main definitions are provided
in Sect. 2. We present the characterization of the single-peaked and group-separable
domains in Sect. 3 and 4, respectively. We conclude in Sect. 5. The main proofs are
relegated to the Appendix.

4 Note that the a-restriction is not related to the a-property in choice theory.

5 See also Dummett and Farquharson (1961) and Pattanaik (1970) for other accounts on the matter.
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2 Preliminaries

Let X be a finite set of alternatives. We use the symbols C and C to denote strict
and weak inclusion, respectively. For any two sets A C B, we denote by Ap the
complementary set of A over the set B, i.e., Ap = {xeB:x¢ AL.LIf B= X we
simply write A. The cardinality of a set A is denoted |A|.

Let N be a finite set of agents. A preference profile P = (P;);cny describes the
preference relations of agents, where each agent i € N is endowed with a connected,
transitive, asymmetric preference relation P; over X. The relation P; is connected if
for any two distinct alternatives x and x’, we have either x P;x” or x” P;x. It is transitive
if for any x, x” and x” such that x P;x" and x’ P;x”" we have x P;x”. It is asymmetric if
for any pair of alternatives x and x’, if x P;x" then (not x' P;x).

For any two alternatives x and x’, the relation x P;x’ means that agent i prefers alter-
native x to x’. Given two non-empty sets A and B and a preference relation P; we use
the shorthand A P; B to denote that for any x € A and any x” € B, x P;x’. For any pref-
erence relation P; we denote by F,- the reverse relation, i.e., for any x, x’ € X, x’ Fix
if and only if x Pix’. Let P = (P})ien.

For any set A C X, let w(A, P;) be the least preferred alternative in A according
to the preference relation P;, i.e., w(A, P;) = {x € A : foreachx’ # x, x'P;x}
and let W(A, P) = Ujen{w(A, P;)}. Similarly, let b(A, P;) be the most preferred
alternative in A according to the preference relation P;, i.e., b(A, P;)) = {x € A :

for each x’ # x, xP;x'} and B(A, P) = Ujen{b(A, P;)}.° Finally, if A contains 3
alternatives, let m(A, P;) denote the alternative in A which is neither b(A, P;) nor
w(A, P;). Let M(A, P) = Upen{m(A, P;)}.

Definition 1 A profile P is worst-restricted (resp. best-restricted, medium-restricted)
for a triple of alternatives, x,x’,x” € X, if |W({x,x’,x"}, P)|] < 2 (resp.
|B({x,x",x"}, P)| < 2,IM({x,x',x"}, P)| < 2). A profile P is worst-restricted
(resp. best-restricted, medium-restricted) if it is worst-restricted (resp. best-restricted,
medium-restricted) for any triple of alternatives in X.

Value-restricted preferences (where for any triple “value” can be either “worst”,
“best” or “medium” and for different triples it can take different meanings) were
introduced by Sen (1966). In words, a preference profile over a triple of alternatives
is a value-restricted profile if there is an alternative that is never the most preferred
(resp. least preferred or “medium”-preferred) for any individual. The fact that prefer-
ence profiles over any triple of alternatives satisfy at least one value-restriction allows
the method of majority decision to be a social welfare function satisfying Arrow’s
conditions (and in particular, being transitive). Notice that imposing all the triples
of alternatives to respect the same restriction, we obviously obtain profiles satisfy-
ing value-restriction. Let Z2Worst, ggbest and gpmedium denote the set of preference
profiles that are worst-restricted, best-restricted and medium-restricted, respectively.

6 Notice that given our assumptions, the worst and the best alternative for each individual exist and are
unique.
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Table 1 Admissible

orientations (example) Ly: a b ¢ d
Ly: b a c d
L3: c a b d
Ly: d a b .
L52 d c b 4
Le¢: d c u b
L7: d b u .
Lg: c b a d

3 Single-peaked preference profiles

Forany A C X, let Z4 denote the set of all (strict) linear orders over A, i.e., the set of
connected, transitive, and asymmetric binary relations. We denote by L 4 (when clear,
we use L) a generic element of Z4.7 For any two alternatives x and x’, the relation
xLx’ means that in the ordering L alternative x ranks before alternative x’. We say
that two alternatives x and x’ are consecutive in L if x Lx" (resp. x’ Lx) and there does
not exist another alternative x” such that x Lx” Lx’ (resp. x’Lx" Lx). The fact that k
alternatives are consecutive in L for k > 3 is defined similarly.

Given a preference relation P; and a set A € X, a linear order L over A is an
admissible orientation of A with respect to P; if for any triple of alternatives of
A,b(A, P;), x’ and x” such that either b(A, P;)Lx'Lx" or x"Lx'Lb(A, P;), we have
x'Pix".

Consider an individual i with the following preference relation over alternatives
a, b, c,and d: a P;b P;c P;d. This preference relation admits eight different admissible
orientations. Table 1 depicts all admissible orientations for individual i for these four
alternatives, where, for instance, the admissible orientation L3 is cL3zaL3bL3d.

We denote by XX( P;) the set of all admissible orientations of A with respect to P;.
Additionally, Z§ (P) = Nien L (P;). Clearly, for each individual i € N, Z§(P;) #
) —e.g., Pi € Z5(P;). However, it is not always possible to guarantee the existence
of an ordering L over X such that L € ,,2”;;(P).8

Definition 2 A preference profile P is single-peaked if L5 (P) # .

The set of single-peaked preference profiles is denoted by 5P, Observe that if
a profile P ¢ 27°P, then for any ordering L over X there exists three consecu-
tive alternatives in L, say x, x’ and x” such that xLx'Lx” and an i € N such that
w({x, x’, x"}, ;) = x'.

It is well known that if a profile P € PSP then P is worst-restricted. Yet, as
Inada (1964) showed through an example, the converse is not true. The existence of

7 Note also that any preference relation P; is, in our context, also a linear order. However, to add clarity
we will not use the terminology “linear ordering” to define a preference relation.
8 Our definition of single-peakedness clearly corresponds to our aim of characterizing classical preference

domains. There is also the notion of single-peaked choice, that can be explored in the works of Moulin
(1984) or Bossert and Peters (2006).
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an admissible orientation for any triple does not guarantee the existence of an admis-
sible orientation for set X. Inada’s example includes a set of four alternatives and a
set of four individuals. Our characterization of single-peakedness is based on Inada’s
example, but considering only four alternatives and two individuals. Indeed, two of the
preferences in Inada’s example are redundant as a source of non-single-peakedness.
The other two do not hold the following property:

Definition 3 A preference profile P is «-restricted if there do not exist two agents,
i, j € N, and four alternatives x, x’, x”, x”” such that

(i) They are opposite in a triple: x P;x' P;x"”, x"" P;x’ Pjx. In this case alternative x’
is called the pivot.
(i) They coincide in ranking: x” Pix’, x” P;x’.

If a profile is not «-restricted then there are two individuals i, j € N and four alterna-
tives who “agree” to set alternatives x and x”” as the end points of a common admissible
orientation. The “disagreement” arises however with alternatives x” and x”. Let 9%
denote the set of preference profiles that are «c-restricted.

Notice that in Definition 3 the case x' P;x”, x’P;x” does not have to be excluded
explicitly. If for either i or j the alternative x” is the least preferred (among x, x’, x”
and x”), then it is easy to find an admissible orientation (e.g., simply by putting x”
either the first or the last of the orientation). If, on the contrary, the alternative x” is not
the least preferred by any of the two individuals, then there does not exist an admissible
orientation for individuals i and j. However, a quicker way consists of observing that
we are back to conditions (i) and (ii) by permuting x” and x” (i.e., alternative x” is
now the pivot). Hence, we do not need to explicitly rule out the case x’ P;x”, x"Pjx".

As the following examples show, it is easy to check that if a preference profile fails
to satisfy either worst-restriction or ¢-restriction, then it cannot be single-peaked.

Example 1 Consider three individuals, i, j, k and [/ and four alternatives, a, b, ¢ and
d. The following table depicts these indivuals preferences over these four alternatives.

P; Py

[
&wa:p
SEESEES N

a
b
c
d

o SR

An easy way to check for failure of worst-restriction is to see whether there are three
distinct alternatives with the same “preference level,” i.e., all these alternatives are the
k-th preferred, for some k > 3. This is obviously not the case for the fourth preferred
alternatives. Considering the third preferred alternative, we notice that there are three
individuals, j, k, and /, whose third preferred alternative is d, b, and a, respectively.
It suffices now to check that for j, k and [ the alternatives {a, b}, {a, d}, and {d, b}
lie above d, b, and a in their preferences, respectively. Since this is the case in this
example, we can conclude that the profile does not satisfy worst-restriction.

On the contrary, note that we cannot find any pair of individuals and four alter-
natives such that the profile fails to satisfy «-restriction. More precisely, notice that
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we can find two individuals, i and [/, and three alternatives a, b, and d that satisfy
condition (i) of the definition «-restriction, where the pivot is b. However, the fourth
alternative c, is not preferred to alternative b by both individuals. That is, these two
individuals and four alternatives do not comply with condition (ii) of Definition 3.

Example 2 Consider fourindividuals, i, j, k, and [ and four alternatives, a, b, ¢, and d.
The following table depicts these individuals’ preferences over these four alternatives.

P P P P

a a a a
b b d ¢
c d b b
d ¢ c d

The above profile clearly satisfies worst-restriction, yet it does not satisfy
a-restriction. A quick way to check failure of a-restriction consists of identifying
a possible “pivot” by looking at an alternative that is the k-th preferred by two indi-
viduals (k > 3). This is the case for instance with individuals k and / and alternative b
(which would be the “pivot”). Alternatives d and c are ranked differently with respect
to b by individuals k and [. That is, for individuals k£ and / the preference relation
over b, ¢, and d are opposite. To complete our checking we must ensure that there is a
fourth alternative that is preferred by both individuals to the pivot. This is the case for
alternative a, so we can conclude that the above profile fails to satisfy «-restiction.

The main result of this section shows that in fact worst-restriction and «-restriction
are also sufficient to characterize single-peakedness.’

Theorem 1 925F = gpworst 0 g,

The proof of Theorem 1 consists of showing that for any profile P € Z2Vost 0 g2
we can construct a linear order L such that L € Z§(P). To this end, we consider
the collection of sets {W (X, P), W(W(X, P), P),...}. Since P € 22V the cardi-
nality of all these sets is at most 2. We then construct a linear order L such that the
alternatives in W (X, P) are located at the extreme ends of L, and then completing L
with the alternatives in W (X, P). Since the arguments used in the the construction
of L slightly differ whether the sets in {W (X, P), W(W (X, P), P), ...} contain one
or two alternatives, we first consider the sets containing two alternatives and then
complete L by incorporating the singleton sets.

Observe that if A C X and £} (P) = §, then 5 (P) = #. Similarly, if for any
coalition § C N we have Njcs.Z5 (P;) = @, then Z{(P) = ). Theorem 1 shows that
some basic converse statement also holds. More precisely, if £ (P) = ¢ then there
exist minimal sets A, S of alternatives and individuals (with minimal dimensions, 3
and 3, or 4 and 2) such that N;c5.Z (P;) = 9.

Another preference domain, similar to single-peakedness, is the class of single-
caved preference profiles.!?

9 Notice that Examples 1 and 2 clearly show that worst-restriction and «-restriction are independent
properties.

10° Some authors call such preferences single dipped, e.g., Klaus et al. (1997).
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Definition 4 A preference profile P is single-caved if P is single-peaked, i.c.,

LE(P) # 0.

Let 225€ be the set of single-caved profiles. The set 225C can also be characterized
directly as the set of preference profiles that are best-restricted and -restricted, where
this latter property is the «-restriction in which we invert individuals’ preferences. That
is, a profile P is a-restricted if there do not exist two individuals i, j € N and four
alternatives, x, x’, x”, and x”” such that (a) x P;x' P;x", x"" Pjx’ Pjx, and (b) x’ P;x"
and x'P;x". Let 2% denote the set of preference profiles that are @-restricted. We
then obtain the following characterization of the domain of single-caved preference
profiles.

Corollary 1 275C = gbest 0 @

Proof That 225C€ C g7best 0 3;;& is obvious. To show that £2best 0 g% c. 25C con-
sider a profile P € @f“ N 2% Tt is easy to see that P € 2t implies P € Z2WVOrst
and P € 2% implies P € 22%. So, P € 7P and thus P € 975, O

4 Group-separable preference profiles

Given a preference relation P; and a set A C X, a non-empty set E C A is a separa-
tion of A with respect to P; if either EP; A or Ag P; E. We denote by .#4 (P;) the
set of all separations of A with respect to P;. Additionally, Z4(P) = Nijen LA (F;).
Clearly, for each individual i € N, %4 (P;) # (. For instance, {b(A, P;)} € LA(P;)
and {w(A, P;)} € ZA(P;). However, it is not always possible to guarantee, for any
A C X, the existence of a separation E such that E € .74 (P).

Definition 5 A preference profile P is group-separableifforany A C X, 4 (P) £ 0.

The set of group-separable preference profiles is denoted by 2265 It is easy to see
that if a profile is group-separable, then it is also medium-restricted (each group of three
alternatives is separable). In a first analysis by Inada (1964), the author announces that
these two ideas are equivalent. However, as Inada points out (1969), this is not the
case. The existence of a separation for any triple does not guarantee the existence of
a separation for set X. We present here another source of non-group-separability that
considers a group of four alternatives and only two individuals.

Definition 6 A preference profile P is B-restricted if there do not exist i, j € N and
four alternatives x, x’, x” and x”” such that

xPix'Pix"Pix" and x'Pjx" PjxPjx". )

Let 2P be the set of preference profiles that are f-restricted. The conditions
depicted in Eq. 1 can be re-stated as follows. First, individuals i and j’s respective best
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and worst alternatives must differ, i.e., {w(A, P;), b(A, P)}N{w(A, P;),b(A, Pj)} =
# where A = {x, x’, x”, x""}. Second, the preference of both individuals must coin-
cide with respect to the best and worst alternatives of one of them and differ with
respect of the best and worst alternatives of the other. That is, b(A, P;) Piw(A, P;)
and w(A, P;)Pjb(A, P;). The combination of these two requirements gives Eq. 1.

Example 3 Consider four individuals, i, j, k, and [ and four alternatives, a, b, ¢, and
d. The following table depicts these indivuals preferences over these four alternatives.

P Pi P P

a d b a
b ¢ d b
c b a c
d a c d

Routine examination shows that the above profile is medium-restricted. Notice
however that the preferences P; and Py fail to satisfy the requirement of
B-resriction.

On the contrary, the profile depicted in Example 1 satisfies S-restriction (with indi-
viduals i, j, and ! with alternatives a, ¢, and d) but fails to satisfy medium-restriction. 11

It is not difficult to see that any group-separable profile must be B-restricted. With
the previous analysis, any group-separable profile must be both medium-restricted and
B-restricted. We conclude our results by showing that this pair of properties constitutes
a characterization of group-separable profiles.

Theorem 2 0S5 = ggmedium A g8

The proof of Theorem 2 consists first of showing that if a profile P € Z7medium n
2P then P restricted to the set B(X, P)UW (X, P) is group-separable.'? Given a sep-
aration set £ and its complementary F, it may be that for some individual i the set E
(or F)is not connected, i.e., there exist x, x’ € E and x” ¢ E suchthatx P;x” P;x". The
second and main step of the proof consists of showing that EU{x"} € .Zguruir (P).
Continuing this way with all other alternatives we eventually obtain a separation of X
for the profile P, provided P € Z7medium 0 g8,

5 Conclusion

Our results first show that single-peakedness (or single-cavedness or group separabil-
ity) can be lost just because of the existence of two individuals and four alternatives,
or three individuals and three alternatives. What is perhaps more surprising is that
we are able to endow the reverse statement with a precise meaning: if a profile is

50 Examples 1 and 3 show that medium-restriction and S-restriction are independent properties.

12 Wwe start by observing thatif P € 268 then any profile P such that 13,- € {P;, P;}isalso group-separable.
It follows that for any pair of individuals i, j € N, we can assume without loss of generality that
b(X, P)Pjw(X, F;).
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314 M. A. Ballester, G. Haeringer

not single-peaked (single-caved or group-separable, respectively) then there must be
a violation of that property for a set of three preferences over three alternatives or a
set of two preferences over four alternatives.

Absent an exact characterization of either single-peaked or group-separable
preferences, these preference domains usually (if not only) appear in models in which
they can be considered as “natural” assumptions like for instance Hotelling or Down-
sian types of models. It is our contention that the characterizations we offer can open
the way to the use of those domains in other contexts. As far as we know, Bartholdi
and Trick (1986) is the only paper that identifies single-peakedness without using an
a priori linear order of the alternatives to be ranked. Their approach differs from ours,
however, since they do not provide a set of properties that characterize single-peaked-
ness, as we do. Instead, they provide an algorithm to find admissible orientations and
show that given a preference profile single-peakedness can be stated in polynomial
time.!3

The identification of which sets of preferences allow this kind of representation con-
stitutes one of the main problems of, among other fields, the design of strategy-proof
social choice functions.'* Inspired by classical results (e.g., Moulin 1980), a huge
amount of literature has discussed two of its main features. First, the generalization
of the notion of single-peakedness to non-linear structures, in the search of strategy-
proof social choice functions. Second, the deep analysis of voting by committees (see
Barbera et al. (1991)) show that single-peakedness is the seed of non-manipulability
in several domains. In a recent paper, Nehring and Puppe (2006) show the relevance
of this approach.
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Appendix

In order to prove Theorem 1 we introduce the following definition. Given an ordering
L over aset A, two consecutive alternatives x, x’ € A such that x Lx’ and an alternative
x" ¢ A, we say that we augment the ordering L with the relation x Lx" Lx’ to mean
that now L is an ordering over A U {x”’} such that for any alternative x such that x Lx
(resp. x'Lx) we have xLx" (resp. x” Lx). Augmenting a linear by incorporating two
alternatives is defined similarly.

13 1o proceed they transform the problem of finding a linear ordering into a matrix problem and apply
an algorithm originally proposed by Booth and Lueker (1976) —see also Knoblauch (2010). Trick (1989)
proposes an algorithm to check single-peakedness on a tree.

14 Although related, the existing literature has mainly focused on the size of the “Condorcet Domain”. See
Fishburn (2002) and the references therein.
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Proof of Theorem 1 That 225F € 22 N 22V is obvious. We now show that 2% N
gvorst ¢ 2SP o this end, let P € 229 N PVt Let X1, ..., Xx be the collection
of sets of alternatives such that X; = W(X, P), and foreach 1 < h < k, X}, =
WU X, P). LetY = {UpX; 1 |Xy| =2} and Z = {UpX, : |X;| = 1}. Since
P e PV Yy UZ = X. To prove that 2% N 2%t € 5P we show that we
can construct an ordering L such that L € f;‘(P) and then we show that L can be
augmented to incorporate alternatives in Z such that L € ., ,(P).

Step 1 Construction of L such that L € £} (P).

Let Y1, ..., Y, be the collection of sets of alternatives such that Y1 = W(Y, P),
and foreach 1 <h <y, ¥, = W((U;j<;Y))y. P)."°

Let Y1 = {ey1, f1}, and let L be the linear ordering over Y7 such that e; Lf;. Clearly,
Le f;,“l (P). We now proceed by induction to show that we can augment L to include
also a relation over all alternatives in Y. To this end, suppose that for some ¢ > 1
we can construct two sets, E; = {eq,...,e;} and F; = {f1,..., f¢} and a linear
order L such that ey L...Le,Lf;L...Lf1, and L € ﬁjh<tY,1(P), where for each
h <t,Y, = {en, fn}. -

Let Y;11 = {x,x’}. We now show that there exists X,X¥ € Y,11 such that
X # X and L can be augmented with the relations e, LXLXLf;. To this end, let
S1 = {x, x’\W({es, x,x'}, P) and Sy = {x, x’ \W({ [, x, x'}, P). We first show
that Sy, S» # @. By construction, there exists / > 1 such that X; = {e¢, f;}. So,
{er, f1} = W(Up< Xy, P) and thus, since x,x’ € Uy Xp, e € W({es, x, x'}, P)
and f; € W{f,x,x'},P). Since P € 2V |\W(e;, x,x'}, P)] < 2 and
IW({ fr, x,x'}, P))| < 2. 8o, S1,5, # @. We claim that there exist x € S and
X € 8 such that X # X. To see this, suppose on the contrary that there does
not exist such a pair of alternatives. The only possibility is then §; = $> and
|Si| = 1. Without loss of generality, suppose x" ¢ S;,S>. So, and thus there
exists i € N such that x’ = w({e;, x, x’}, P;). So, e¢; P;x’ and x P;x’. Given that
{er, fi} = W(Up<1 X, P) it must be x'P; f;. Similarly, since x’ ¢ S, there exists
J € N such that x" = w({x, x', f;}, P;). So, x Pjx" and f; P;x’. Like for individual
i, it can be shown that x'Pje;. Since e¢; Pix" and x'Pje;, i # j. So, (P;, P;j) is not
a-restricted when considering the alternatives e;, x, x, f; (where the pivot is x’), so
P is not a-restricted, a contradiction. Hence, there exists x € S; and X € S, such that
X # X. Without loss of generality, let ¥ = x and ¥ = x’. We now set ¢,11 = x and
fi+1 = x’, and augment the ordering L with the following relations

eLerr1Lfrr1Lfr. (A.D)

We claim that L € fthﬂyh
L X

Uncrp1 Vi (P). So, there exists i € N and three alternatives consecutive in L, say x, x’

and x”, such that xLx'Lx” and w({x, x’, x""}, P;) = x’. Suppose x’ = ej,, where
h<t—1.So0,{x,x',x"} C{ey,...,e}, and thus L ¢ .,Z”thy’ (P), a contradiction

(P). To see this, suppose on the contrary that L ¢

15 Note that the sets Y 1, Y2, ... are ordered as the the sets Xy, i.e., if there are two sets ¥, and Y}/ such
that 1 < h' then there exists two sets X; and X,/ such that X; = ¥}, X, = Yy and 1 < ¢'.
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with the induction hypothesis. Similarly, we have x’ # f; forh <t — 1. So, x’ €
{er, €11, fr+1, ft}. Suppose first that x’ = e;11. So, x’ = w({es, e;+1, fr+1}, P;) and
thus x’ € W({e;, e;+1, fi+1}, P). Hence, e;+1 ¢ S1, a contradiction. So, x” # e;41.
Similarly, it can be shown that x’ = f;4; implies f;+1 ¢ S2, a contradiction. So,
x" € {e, f;}. Without loss of generality, suppose that x’ = ¢;. So, x = ¢,_1 and
x" = e;y1 and thus e; _| Pie; and e; 1| P;e;. Since L € ,Zthyh(P), we have

e;—1Pie P fy. (A2)

Since Y; = {er, fi} = W({(Up<Yn)y, P), there exists j € N such that ¢, =
w((Up<Yn)y, Pj). Since e;, e;1, fr € (Up<tYn)y, er41Pje; and fi Pje;. So, j #1.

Since L € fthyh (P), fiPje; implies e; P;e; 1. So, we have

ftPje,Pie,,1 and €t+]P]’€t. (A3)

So, (P;, Pj) is not a-restricted when considering the alternatives e;_1, e, €;41,
f: (with e; as the pivot). So, P is not «-restricted, a contradiction. Hence L €

th51+|Yh (P).

Step 2 Construction of L such that L € £y, ,,(P).

Let {c(l), e, cgo} be the set of all alternatives (if any) such that for 1 < h <
po, Xn = Zy = {cg’}. (So, notice that X 41 = Y1.) Similarly, for 1 < h < y, let
{c}z, e c}’: "1 be the set of all alternatives (if any) such that there exists ¢ such that

X, = Yy, Xiqj = (]} for 1 < j < pp,and if b < y, X14pyt1 = Yip1. Clearly,

U h<y U i<p; {01]1} = Z. We now show that we can augment the ordering L obtained

in Step 1 by including the elements (c(l), cee, cf'v ).

Consider first c; and augment L with the relations ech;L fy. We claim that L €

f;‘u{c;}(P). To this end, suppose that L ¢ ,,Sf)’fu{c; }(P). So, there exists an individ-

uval i € N and three consecutive alternatives in L, x, x’ and x” such that xLx'Lx"”
and w({x, x’, x"}, P;) = x'. It is easy to check that x’ € {ey, c}l,, fy}. Suppose first
that x’ = c;. So, c; = w({ey,c;, fy}, Pi). Let t such that X; = {ey, f,}. Hence,
Un<tX; = {ey, fy} Un=1....p, {cg}. By construction, cﬁ Pjc) forall 1 <h < p, and
each individual j € N. So, ¢} = w({ey. ¢}, fy}, P;) implies ¢} = w(Up< X;, P;)
and thus ¢! € W (Up < X;, P). So, cl e X;, a contradiction. Hence, x’ € {ey, i}

y y
Without loss of generality, suppose x’ = e,. So, x = e,_j and x” = c;,. Since

L € Zy(P), ey Piey implies e, P; f,. So, we have
ey_1PieyPify and cPie,. (A4)

Since ey = w(Up< X;, P;), there exists j # i such that e, = w(Up,X;, Pj). So,
fyPjey. Since L € £y (P), we have ey Pjey_1. Since c}l, ¢ X, C;Pjey. So, we have

fyPieyPiey 1 and c)Pey. (A.5)
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So, (P;, Pj)isnota-restricted when considering the alternatives ey_1, ev, ;, fy (with
ey as the pivot). So, P is not a-restricted, a contradiction. Hence, L € .Z Yu{c }(P)

Consider now c . We claim that we can augment L either with the relations
echchnyy or w1th the relations ech Lcnyy To see this, suppose that aug-
menting L with the relations echchzL fy implies L ¢ 2 u{ | 2}(P) and that

augmenting L with the relation ech Lc Lfy also implies L ¢ .Z, 2}(P). If we

Yu{ -1
cannot augment L with the relatlons echchg Lfy then there exist three consecutive
alternatives in L, x, x’ and x” such that xLx'Lx" and W({x x',x"}, P) = {x'}. A
reasoning similar to the previous one shows that x’ E {c} , y} Since by construction,
2Phc for each md1v1dua1 h € N, we have x’ = c . So, there exists i € N such that

ey P; c and cy 2p; c .Since L € f;‘u{ }(P), ey P; cy implies cfoy. So, we have

eyPic,Pify and c;Pcy. (A.6)

Similarly, if we cannot augment L with the relations echch; Lfy then we can
repeat the above reasoning and deduce that there exists j € N such that

fyPjcyPje, and c;Pjc,. (A7)

Clearly, j # i and (P;, P;) is not a-restricted when considering the alternatives

ey, c)l, cf, fy (with c; as the pivot). So, P is not «-restricted, a contradiction. Hence,
L e *u{ 1 2}(P). It suffices now to repeat the same arguments with alternatives
c;, . cf * with the following rule: If L is augmented with the relations ech;

LciLfy (resp. echch;Lfy) then L has to be augmented with the relations

LAL ... Ley Lfy (resp. eyLey' L ... LeyLfy). The same arguments as the ones
developed above show that L € f;‘u (P).For 1 < h < k a similar reason-

h=1,...,py {C}\f}
ing can be used to show that we can augment L with either ehc}l f: "ep41 (but not
enct™ ... chenpr) orwith fryict™ ... c} fi (butnot fyiic) .. .ch"fh). This concludes
the proof. O

In order to prove Theorem 2 we introduce the following notation. For any profile
P € & let I(P) be the set of profiles such that P’ € I(P) if foreachi € N, P/ €

{P;, P;}.

Proof of Theorem 2 That 2205 C 228 n gzmedium 5 ghvious. We now show that
PP N gpmedium . PGS [ o p ¢ PP N gmedium Without loss of generality, we
can consider P’ € I(P) such that for each h € N, b, P,le. With a slight abuse of
notation, let P’ = P.

Step 1 There exist two sets E and F such that B(X, P) U W(X, P) = EU F and
E € SEur(P).
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Table 2 Case 2.1

P! P? P3 p# P} PS
w W W by by by
by by by wy wy w
by by wi W by w]
wi wi by, by wq by

For any individual i € N, let (with some abuse of notation) b; = b(X, P;) and
w; = w(X, P;). Let E = {b1} and F = {w;}. Clearly, E € Ygur(P). Consider
now any 1 < k < n and suppose that E € Ygur(P), where E = U, {by} and
F = Upr{wp}. Consider now individual k£ and the alternatives by and wy. Since

E € S,

WF,_,(P), wehave EPyF.Let E' = E U {b;} and F' = F U {wy}. So,

E'PF’ and thus E' € gy (Pi,). To prove Step 1 by induction, it suffices to show
that E' € .g/yp (P). We distinguish between the following cases:

Case 1.

Case 2.

Case 2.1.

Case 2.2

@ Springer

by € Eand wy € F.So, E' = E and F’ = F and thus we obviously have
E' € yE’UF’(P)-

by ¢ E and w; ¢ F. Suppose that E' ¢ Zgyp(P). So, there exists
i such that £ ¢ gup/(P;). Hence, i # k. Since E € .Ygyur(P;) and
by Pyw; for each h € N, EP;F. So, there exist x’ € E' and y' € F’
such that y’ P;x’. By the induction hypothesis, notice that x’ € E implies
Y = wrand y’ € F implies x” = by. We distinguish between the following
subcases. [Case 2.1. ]

x' = by and y = wg.  So, wiP;by. Since by ¢ E, by # by and thus
by Prby. Similarly, since wy ¢ F, wi # wi and thus wy Pwy. So, we have

b Pirby Prwi Prwy. (A.8)

By construction, and since by #b1 and wy7#b| we have by Py {by, wi} Piw.
Suppose that wy P1bg. So, (Py, Py) is not B-restricted, and thus P ¢ 2B,
a contradiction. Hence, by P;wy and thus

blPlkalkalwl. (A.9)

Since wy P;bg,i # 1. Combining wy P;b; and b; P;w; the six possible
configurations for P; are given in Table 2.

It is easy now to notice that for / = 1, 2, 4, 6, the profiles (P1, Py, Pil) ¢
gpmedium (ith the alternatives {bg, w1, wi}, {b1, wi, wi}, {b1, b, wil,
and {by, by, wy}, respectively. If I = 3,5 then the profiles (Py, Pil)
or (P, Pl.l) are not in 2P considering the alternatives (b1, by, wi, wi)
and (by, br, wy, wy), respectively. Hence, for [ = 1,...,6, we have
P ¢ gpmedium 0 2B 4 contradiction. So, E' € Sgup (P).

x' = by and y' # wg. So, y’ € F. Suppose first that i = 1. Since
by ¢ EUF, b, # w; and thus by Pyw;. Since y’ € F,y’ # by, and thus
by P1y’. Finally, since y’ P;b; we then have
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Table 3 Case 2.2

Case 2.3

Case 3

Case 4

Phl* P}?* P/,?*
by by b
by by w1
wi wi by,
y/ y’ y’
by Py’ Pibi Piwy. (A.10)

Since by ¢ E U F, by Pxb. Since E' € .Y (E' U F’, Py), b1 Pr{wy, y'}.
Suppose first that wi Pry’. So, we have by Pyby Pywy Pry’. Tt follows
that (Py, Py) ¢ 2P where Py is given by Eq. A.10. So, P ¢ P,
a contradiction. Thus we have

by Pib1 Py Pywy. (A.11)

Since y’ € F andy’ # wj, there exists anindividual j with 1 < j < ksuch
thateithery’ = b; or y’ = w . Without loss of generality, suppose y’ = w.
Since y' # wy, w1 P;y’. We then have three possibilities (depicted in
Table 3),Using P; and Py given by Egs. A.10 and A.11, it is easy to check
that for [ = 1,2,3 the profiles (P, le., Py) ¢ 2medium_contradiction
with alternatives {by, w1, y'}, {b1, br, y'}, {b1, br, w1}, respectively. So,
P ¢ grmedium o contradiction. Hence, h* # 1, ie., E' € Zpup (P1).
It follows then that by P1by P1y’. By construction E’ € ./ (Py). Since
br # by, we have b Pib| P;y'. By the definition of i, y' P;by. Since
E € Yeur(P;) and EP;F, b P;y'. So, by Py+y’ Py+by. This implies that
(P1, Pps, Py) ¢ 22™editm and thus P ¢ 22™edivm 5 contradiction. So,
E' € YE/UF/(P).

x" # by and y' = wy. This case is the symmetric of Case 2.2, the proof
is therefore omitted.

br ¢ E and w; € F. Suppose E' ¢ Sy (P). So, there exists i such
that E' ¢ Sy (P;). Hence, i # k. Since E € Sgur(P;), EP;F. So,
there exist x’ € E’ and y’ € F’ such that y' P;x’. Since wy € F and since
E € Sgur(P;),x’ = by and y’ € F. We can then repeat the argument
developed in Case 2.2., obtaining then either P ¢ ZZmedium or p ¢ B,
SO, E' e c5ﬂE/UF/(P).

by € E and wy ¢ F. This case is the symmetric of Case 3 using the
same argument as in Case 2.3, the proof is therefore omitted.

We then conclude that Up < {bp} € AU,y iy, up<i (w;, } (P)- By induction, we then
have that B(X, P) € /px,pyuw(x,p)(P). Let Ey = B(X, P) and F; = W(X, P).

Step 2 There exist E* C X such that E* € ./x(P).
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Table 4 Step 2

by by

b e; e; by
e; fj X X
fi x wy fi
wy w;

For each h € N, let e, = w(E1, Py), fn = b(F1, Py), Hy(E1) = {x € E_1 :
xPyep} and Hy(F1) = {x € Fi : fp Ppx}. Suppose Upen (Hp(E1) U Hp(F1)) = 0.
Let E* = X\F; = F. Clearly, E* € ./x(P), and thus we are done. Suppose then
that Upeny Hj (E1) U Hp (F1) # . Without loss of generality suppose that there exists
i € N suchthat H;(E1) # ¢,andletx = b(H;(E1), P;) —the case when H; (F1) # (
is symmetric defining x = w(H; (Fy), P;).

Since E| € YE,ur,(P),x ¢ Fi. We show that E; U {x} € yElUplU{x}(P). To
this end, suppose E1 U {x} ¢ Zg,urup}(P). So, there exists j € N such that
Ey U {x} ¢ ZEurup(Pj). Clearly, Ey U {x} € .Zg,uruix)(P). So, i # j, and
there exists x” € Fi such that x"P;x. Without loss of generality, let x" = f;. Since
x ¢ F1,wehave f; PixP;jw;. Since ¢; € E1 and f; € F; we have

b,-P,-xP,-e,-Pl-fj and el-ijijxijj. (A.12)

Suppose first e = bj. So, bj = e,'ij,'. Since b,' € El and fj € F],b,‘ijj. So,
we have ¢; P;b; P; fj Pjx. We then have (P;, P;) ¢ 2P and thus P ¢ 2P, a contra-
diction. So, ¢; # b; and thus there exists [ € N, [ # i, j such that ¢; = b;. Using a
similar argument it can be shown that we have f; # w;, which implies that there exists
I e N,I" #1, jsuchthat f; = wy. We now show that/ 3 {’. Suppose on the contrary
that [ = [". So, by = ¢; PixP; f; = wy. It follows that (P;, Pj, P;) ¢ gpmedium ap4
thus P ¢ 27medivm where (P;, P;) is the profile given by Eq. A.12, a contradiction.
So,l #1'.

Consider now individuals i, j and / and the alternatives x, e;, w;. Clearly, since
by construction e¢; = b;, m({e;, w;, x}, P;) = x. Since w; € Fi,e; P;w; and thus
using Eq. A.12 we have m({e;, w;, x}, Pi) = e;. Since P € gpmedium e have
m({e;, wy, x}, Pj) # w;. Since w; € Fj, e; Pjwy, and thus since P € gpmedium o
have x Pjwy, for otherwise we would have anm ({e;, wy, x}, P;) = wy,ie., (P;, Pj, P)
would not be medium-restricted. A similar argument with individuals i, j, and I’ and
alternatives by, x, f; yields by P;x. So, we have

bll, P,-xP,-e,- P,'{fj, w[} and {b[/, ei}ijijxijl s (A.13)
where e; Pi{fj, w;} reads as e; P; f; and e; P;jw; but no relation is specified for
fj and wy, and similarly for {by, e;}P; f;. Note that Eq. A.13 implies f; # wy

and ¢; # by. Consider individuals i and j and alternatives e;, f;, x, w;. Since
P e 2P, we have fjPiw;. Similarly, the alternatives e;, f;, x, by and the fact
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that P € 9P yield by Pje;. This yields the profile (P;, P;, P;, Py) depicted in
Table 4. Consider now the individuals i,/ and [’ and the alternatives e;, by, x.
Clearly, m({e;, by, x}, P;) = x. From the definitions of b; and by and the fact
that e; = by, we have m({e;, by, x}, Pr) € {x, e;} and m({e;, by, x}, P;) € {x, by}.
Since P € medium uy(fe; by, x}, Pr) = e; implies m({e;, by, x}, P;) = x. Simi-
larly, m({e;, by, x}, P;) = by implies m({e;, by, x}, Py) = x. Suppose first m({e;,
by, x}, 1) = x. Since by € E, we have e; Pjx Pby Pyw;. Observe now that
m({by, fj,x}, ) =x,m({by, fj,x}, Pj) = f;.Since by € E and f; € F, we have
m({by, fj, x}, P1) =by.So, P ¢ gomedium o contradiction. So, m({e;, by, x}, P)) =
by and thus m({e;, by, x}, Py) = x. Repeating the above reasoning yields again
P ¢ @mediom [ et E) = E1 U {x} and F> = Fy. So, we have E3 € .Z,ur, (P).

Suppose now that we have defined E; and F; such that for each 2 < ¢’ < r, we
have either

e Ey=Ey_ 1U{x}withx =b(H;(Ey/_1), P;) forsomei € N where H;(E,_1) =
{(x e Ey_y i xPyw(Ey_y, P)},and Fy = Fy_y.

o Fy=Fy 1U{x}withx = w(H;(Fy_1), P;) forsomei € N where H;(Fy_1) =
{x € Fp_y : b(Fy_y, P))Pyx},and Ey = Ep_ .

and E;, € Sg,uF, (P).

For each h € N, define the sets H,(E;) and Hy(F;) as the sets Hy(E,) and
Hy(Fy), 1 < t. Without loss of generality, suppose that there exists i € N such that
H;(E;) # ¢ and let x = b(H;(E;), P;) —the case when H;(F;) # () is symmet-
ric defining x = w(H;(F;), P;). We show that E; U {x} € “E,uixur, (P). To this,
suppose on the contrary that £; U {x} ¢ .“E,uixur, (P).

So, there exists j € N such that E; U {x} ¢ yE,UF,U{x}(Pj)- Clearly, E; U {x} €
JE,UF,ux} (Pi). So,i # j, and there exists x” € F; such that x’ Pjx. Foreachh € N,
letej = w(E;, Py) and f} = b(F;, P). Without loss of generality, let x" = f}. Since
x ¢ F;, we have fj’ijxijj. Since e/ € E; and f; € F, we have

b,’P,'XP,'é,{P,'f; ande,’.ij;ijijj. (A.14)
It ef = by for some [ # i and f; = wy for some I” # j, it suffices to repeat the
arguments developed after Eq. A.12. Suppose then that there does not exist/ % i such
that ¢! = b;. So, there exists t' < 7 and [ # i such that e! = b(H;(Ey), P;). Since
x ¢ E:,x ¢ Ep. So, ef P;x. By construction, x P;w; and thus we have

ef Pix Prw. (A.15)

Similarly, if there does not exist I’ # j such that f ]’ = wy then there exists ¢’ < ¢ and
[’ # i such that f} = w(Hy (Fy), Py). Since x ¢ F;, x ¢ Fy. So, we have

by Pyx Py f; (A.16)

Combining the profiles depicted in Eqs. A.14, A.15, A.16 yield a profile similar to that
of Table 4. It is readily verified that the same arguments go through, which allows us to
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conclude that E;U{x} € ./, u(xjur, (P). Since the number of alternatives is finite, there
exists T such that E7 € yETUFL(P) and foreach h € N, Hy,(E7) = Hy(Fr) = 0.
It suffices then to define E* = F7 and we have E* € ./x (P). O

References

Arrow K (1951) Social choice and individual values. Wiley, New York

Barbera S, Sonnenschein H, Zhou L (1991) Voting by committees. Econometrica 59(3):595-609

Bartholdi J III, Trick MA (1986) Stable matching with preferences derived from a psychological model.
Oper Res Lett 5(4):165-169

Black D (1948) On the rationale of group decision making. J Political Econ 56:23-34

Black D (1958) The theory of committees and elections. Cambridge University Press, Cambridge

Booth KS, Lueker GS (1976) Testing for the consecutive ones property interval graphs and graph planarity
using P Q-tree algorithms. J Comput Syst Sci 13(3):335-379

Border KC, Jordan JS (1983) Straightforward elections unanimity and phantom voters. Rev Econ Stud
50(1):153-170

Bossert W, Peters H (2006) Single-peaked choice. mimeo

Demange G (1982) Single-peaked orders on a tree. Math Soc Sci 3(4):389-396

DeMarzo PM, Vayanos D, Zwiebel J (2003) Persuasion bias social influence and unidimensional opinions.
Q J Econ 118(3):909-968

Dummett M, Farquharson R (1961) Stability in voting. Econometrica 29:33—43

Fishburn PC (2002) Acyclic sets of linear orders a progress report. Soc Choice Welf 19(2):431-447

Inada K-i (1964) A note on the simple majority decision rule. Econometrica 32:525-531

Inada K-i (1969) The simple majority rule. Econometrica 37:490-506

Klaus B, Peters H, Storcken T (1997) Strategy-proof division of a private good when preferences are
single-dipped. Econ Lett 55(3):339-346

Knoblauch V (2010) Recognizing one-dimensional Euclidean preference profile. J] Math Econ 46:1-5

Moulin H (1980) On strategy-proofness and single peakedness. Public Choice 35:437-455

Moulin H (1984) Generalized condorect-winners for single peaked and single-plateau preferences. Soc
Choice Welf 1(1):127-147

Nehring K, Puppe C (2006) The structure of strategy-proof social choice: general characterization and
possibility results on median spaces. mimeo

Pattanaik PK (1970) Sufficient conditions for the existence of a choice set under majority voting.
Econometrica 38:165-170

Sen A (1966) A possibility theorem on majority decisions. Econometrica 34:491-499

Sen A, Pattanaik PK (1969) Necessary and sufficient conditions for rational choice under majority decision.
J Econ Theory 1(1970):178-202

Spector D (2000) Rational debate and one-dimensional conflict. Q J Econ 115:181-200

Trick MA (1989) Recognizing single-peaked preferences on a tree. Math Soc Sci 17(3):329-334

@ Springer



	A characterization of the single-peaked domain
	Abstract
	1 Introduction
	2 Preliminaries
	3 Single-peaked preference profiles
	4 Group-separable preference profiles
	5 Conclusion
	Acknowledgments
	Appendix
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


