
Abstract. The paper examines income distributions of a finite population
consisting of households which may differ with respect to needs. Since ob-
served incomes are not directly comparable, income distributions have to be
adjusted. Incomes are transformed to equivalent incomes interpreted as living
standards and measured for a reference type, and the latter are supplemented
by weights depending on needs. A general class of social welfare orderings
(being based on adjusted rank-ordered income distributions) is characterized
by a set of properties. Severe limitations for the form of the adjustment
process are implied. The consequences for the measurement of inequality and
poverty are demonstrated, and corresponding orderings are derived.

1 Introduction1

The objective of the paper is to investigate the possibilities of measuring social
welfare, inequality, and poverty for a heterogeneous population, i.e., when
households may have different incomes and may differ in size, composition,
and/or needs. These attributes determine the type of a household. In other
words, households may also have different types. The latter represent the
respective needs. The main difference between the evaluation of an income
distribution for a homogeneous and a heterogeneous population is the
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dimensionality of the problem: When households may differ in type, we face a
two-dimensional problem. A heterogeneous income distribution consists of a
distribution of household income and of the corresponding household type.
Then the incomes of different household types are no longer (directly) com-
parable, since they do not reflect the type and living standard attained. Any
evaluation in terms of welfare, inequality, or poverty has to take into account
income and type simultaneously.

The common practice2 is to adjust a heterogeneous income distribution by
transforming it to a homogeneous distribution for a hypothetical population.
In the first step incomes are transformed into equivalent incomes for a ref-
erence type, and according to the type of households certain weights are
attached to equivalent incomes. Usually single adults are chosen as the ref-
erence type. In this case a household’s income is adjusted by a type-specific
(relative) equivalence scale in order to define the corresponding equivalent
income. The latter corresponds to the income a single adult requires to be as
well off as the household under consideration. Furthermore the number of
persons belonging to the household is used as a weight. Obviously the
resulting income distribution (and hypothetical population) is homogeneous.
In the second step the usual measures are employed, and the differing weights
are included in the analysis.

The present paper examines the possibilities and limitations of this two-
step process for the measurement of social welfare. Instead of using equiva-
lence scales and the number of persons as weights, a general adjustment
process is considered. Income and type is transformed by an equivalent in-
come function and a weighting function, respectively. The former transforms
income into equivalent income according to the respective household type.
Equivalent income represents the living standard attained. The latter assigns a
type-specific weight. It is assumed that both functions are given a priori and
reflect a social decision maker’s preferences and norms. Furthermore, a
general form of social welfare orderings will be investigated. They are rank-
dependent, i.e. depend on the rank of equivalent income and respect the
weights attached.

Then the usual properties of social welfare orderings are introduced and
appropriately generalized. Their implications are derived. It turns out that the
equivalent income function must be affine and that the form of weights is
restricted. It means in particular that one has to employ (relative) equivalence
scales, if one confines oneself to strictly positive (equivalent) incomes. The
weights have to be proportional to the respective scales. If incomes may be
arbitrary, all weights have to be the same and absolute equivalence scales
have to be used (incomes are translated by an amount depending on the
respective type). Thus severe restrictions on the choice of the equivalent in-
come function and weights are implied in this framework. The limitations

2 See e.g., Buhmann et al.(1988), Coulter et al. (1992), and Burkhauser et al. (1996).
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also hold for ‘symmetric’ welfare orderings, which do not depend on the rank
of incomes, since they form a subset of rank-dependent orderings.

These results are applied to derive ethical inequality and poverty order-
ings/measures. Based on a given social welfare ordering the welfare loss due
to inequality can be determined. This Atkinson-Kolm-Sen measure of
inequality can be defined in the extended framework, too. By definition it
reflects the inequality of the distribution of living standards. If additional
invariance properties are imposed, one obtains a characterization of gener-
alized Atkinson, Kolm-Pollak and linear measures (and orderings) for het-
erogeneous populations. In particular an appropriate generalization of the
Gini coefficient is presented as an example. The generalized poverty orderings
considered are based on a procedure first proposed by Clark et al. (1981).
Here a censored (heterogeneous) income distribution is derived such that
equivalent incomes of non-poor households are replaced by the poverty line.
Then the representative poverty gap measured for this distribution defines the
corresponding poverty ordering – given a social welfare ordering. In this way
a class of rank-dependent poverty orderings can be characterized for heter-
ogeneous populations.

The paper extends the literature in various ways. It does not add anything
to the investigation of partial orderings for heterogeneous populations
(Atkinson and Bourguignon 1987; Ebert 1999, 2000a). However, it general-
izes and supplements work on social welfare orderings: Ebert (1995) and
Ebert (1997a) derive partially symmetric social welfare functions for a het-
erogeneous population. In these papers the equivalent income function is
characterized implicitly: One obtains relative or absolute equivalence scales.
Below the equivalent income function and weights are assumed to be chosen
by a decision maker from the beginning. Then only specific functional forms
are compatible with further properties of the welfare ordering. Similarly,
Ebert (1997b) investigates the relationship between a given set of weights and
equivalence scales. Below the decision weights (or coefficients) used in a social
welfare function are determined by the framework and depend on the rank of
incomes.

Of course, there is a connection to the literature on rank-dependent ex-
pected utility functions (see e.g. Quiggin 1982; Segal 1989; Wakker 1989; for
axiomatizations and related problems). Furthermore the work on rank-
dependent social evaluation functions for homogeneous populations is ex-
tended (Mehran 1976; Donaldson and Weymark 1980; Weymark 1981; Yaari
1987, 1988; Ebert 1988). Put the other way around, if it is assumed that all
households have the same type (the reference type) and are given the same
weight, the results of this paper collapse to the corresponding ones for
homogeneous populations. Above that, the representation of linear rank-
dependent inequality measures for a heterogeneous population supplements
recent work on this type of measure for a homogeneous population (cf. Ben-
Porath and Gilboa 1994; Weymark 1994; Ben-Porath et al. 1997).

At first sight it seems that there might be a connection to the measurement
of multidimensional inequality examined by Kolm (1977), Maasoumi (1986),
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and Tsui (1995, 1999). But this is not the case. These authors suppose that all
variables considered are continuous. In this paper the variable ‘household
type’ is a discrete one.

Summing up, the paper investigates the limitations for and the normative
foundations of rank-dependent orderings and indicators for the measurement
of social welfare, inequality, and poverty. It derives the restrictions which
have to be imposed on the adjustment process, which is employed to make
incomes of different household types comparable. It extends the literature on
social indicators for homogeneous populations and relates its findings to the
work on rank-dependent expected utility functions.

The organization of the paper is as follows. Section 2 considers rank-
dependent orderings for homogeneous populations. Furthermore the impli-
cations of the principle of population are investigated, when the population is
replicated. Section 3 introduces the framework and the notation for a het-
erogeneous population. The adjustment process of the income distribution
leads to a distribution for a hypothetical homogeneous population. Given this
background in Sect. 4 the redistribution of income is examined. Then the
main result of the paper is derived. It describes the implications of the
properties imposed on social welfare orderings: The possibilities and limita-
tions are presented. Section 5 applies the result to the measurement of
inequality and poverty. Section 6 concludes.

2 Income distribution for a homogeneous population

2.1 Framework and notation

We consider a population consisting of a number of individuals which form n
groups. It is assumed that all individuals are the same with respect to type and
needs. They may, however, differ with respect to the group, they belong, to
and to their income. All individuals belonging to a group always possess
identical incomes. The groups are numbered arbitrarily, but the numbering
will be kept unchanged during the analysis. Group i i 2 N :¼ 1; . . . ; nf gð Þ is
described by its weight wi > 0 and each member’s income Yi. The weight
reflects the number of individuals belonging to that group and can be a
strictly positive real number. Thus, the population comprises

Pn
i¼1 wi iden-

tical individuals which form n groups. For ease of exposition we shall
sometimes speak of wi as if it were an integer, but nothing material will
depend on this convenience. Incomes have to be feasible, i.e., Yi 2 X, where
the set of feasible incomes, X, is given by R or Rþþ.

This model is an extension of the simple one used for welfare measure-
ment: Whenever wi ¼ 1 for all i 2 N we get a homogeneous population
having n individuals. Otherwise wi can be interpreted as weight attributed to
individual i. In the following sections a group corresponds to a household. wi

reflects its type; Yi will be equal to its equivalent income. A homogeneous
income distribution is given by a vector Y;wð Þ, where Y ¼ Y1; . . . ; Ynð Þ 2 Xn
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and w ¼ w1; . . . ;wnð Þ 2 Rn
þþ denote an income profile and the weight profile,

respectively (see Ebert and Moyes (2002) for an investigation of symmetric
social welfare functions in this framework).

Below further notation is required. For every income profile Y there is a
permutation p Yð Þ ¼ p �;Yð Þ of N such that incomes are ordered decreasingly:
Yp i;Yð Þ � Yp iþ1;Yð Þ for i ¼ 1; . . . ; n� 1. The corresponding vector is denoted by
Y# :¼ Y 1½ �; . . . ; Y n½ �

� �
and the corresponding weight profile by w# ¼ w# Yð Þ :¼

w 1½ � Yð Þ; . . . ;w n½ � Yð Þ
� �

:¼ wp 1;Yð Þ; . . . ;wp n;Yð Þ
� �

.
Here the argument Y is dropped whenever there is no ambiguity. If all

incomes Yi; i 2 N , differ, the permutation p Yð Þ is unique. Otherwise there are
several permutations implying the same vector Y#. It turns out that it does not
matter which permutation is chosen. The results derived later on are inde-
pendent of this choice. p Yð Þ is called the characteristic permutation of Y. Y i½ �
is the income of an individual belonging to the group with rank i.

Two income profiles Y and Y0 possessing the same characteristic permu-
tation are called comonotonic if they are ordered in a similar way and satisfy
the conditions ðYi � YjÞðY 0i � Y 0j Þ > 0 or ðYi � Yj iff Y 0i � Y 0j Þ for all i; j 2 N
and w#ðYÞ ¼ w# Y

0ð Þ.
An income profile Y is sometimes modified: Let Y�ja be the income vector

which is identical with Y in all components i 6¼ j; i 2 N , and in which the j-th
component is equal to a. More precisely, Y�ja :¼ Y0, where Y 0i ¼ Yi for all
i 6¼ j and Y 0j ¼ a.

Finally we introduce the abbreviation w Að Þ :¼
P

i2A wi for any nonempty
subset A � N and w ;ð Þ :¼ 0. w Nð Þ denotes the total number of individuals or
the population size. Often weights have to be normalized. We define
D wð Þ :¼ w Að Þ w Nð Þ A � Nj=f g � 0; 1½ �, a set containing all possible shares
wðAÞ=w Nð Þ of the population, if groups are combined to a subpopulation A.
Though weights are always strictly positive, it is assumed that D wð Þ also
contains 0 (the share of a void subpopulation). The reason for this extension
will be clarified in the next section (see Footnote 3 there).

2.2 Social welfare ordering

Here it is our aim to consider homogeneous income distributions
Y;wð Þ; Y0;wð Þ for a given population where Y;Y0 2 Xn. Therefore the weight
profile w is always the same and reflects the formation and the respective size
of groups. We introduce an ordering ‡V on Xn � wf g, i.e. a complete,
reflexive, and transitive relation, which is to compare the social welfare
inherent in Y;wð Þ and Y0;wð Þ; actually we evaluate social welfare of the in-
come profiles Y and Y0 for given w. ‡V can be interpreted as a preference
relation of a social decision maker. The symmetric part is denoted by �V and
the asymmetric part by �V . The weights have, of course, to be taken into
account.

The relation ‡V should satisfy reasonable properties. We assume that ‡V
is represented by
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n Y;wð Þ ¼ U�1
Xn

i¼1
ai w# Yð Þ
� �

U Y i½ �
� �

 !

; ð1Þ

where

(i) U : X! R is continuous and strictly increasing,
(ii) there is a strictly increasing function f : D wð Þ ! 0; 1½ � with f 0ð Þ ¼ 0 and

f 1ð Þ ¼ 1 such that3

ai w# Yð Þ
� �

¼ f
Xi

j¼1
w j½ � Yð Þ w Nð Þ=

 !

�f
Xi�1

j¼1
w j½ � Yð Þ=w Nð Þ

 !

> 0; and ð2Þ

(iii)
Pn

i¼1
ai w# Yð Þ
� �

¼ 1:

The social welfare ordering ‡V is represented by social welfare functions
defined on rank-ordered income profiles. Furthermore, the coefficients ai de-
pend on the weight of all groups whose income has rank i or a rank less than i.
(Here the function f has also to be defined at 0, since for the group ranked
highest the subpopulation being ranked even higher is void.) They reflect the
position of Y i½ � in the income scale. The form of the social welfare function is
essentially identical with a (general) rank-dependent expected utility (RDEU)
function. But the interpretation of these functions in both frameworks is dif-
ferent. In particular, in our model there is no risk or uncertainty. Formally, the
weights wi replace the probabilities, and the decision weights ai w# Yð Þ

� �
(of the

welfare function n) determine the contribution of the income level Y i½ � having
rank i to social welfare. They are generated by differences of transformed
cumulated (relative) weights. The function f transforms the weights in a (gen-
erally) non-additive way. It corresponds to the decision maker’s evaluation of
the position of income in the income distribution.U can be interpreted as utility
function. Therefore f and U are called transformation and utility function,
respectively. f ;Uð Þ determine the underlying welfare ordering ‡V uniquely.

The representation of ‡V is a specific one: n Y;wð Þ denotes the equally
distributed equivalent income (EDEI) which is defined by n Y;wð Þ
1n �V Y;wð Þ, where 1n is a vector containing n ones. n Y;wð Þ corresponds to
the level of income which, if enjoyed by each individual (group) in society,
yields the same level of social welfare as Y;wð Þ.

Social welfare orderings which are represented by (1) are characterized in
Ebert (2003). They satisfy four properties:

Continuity. The ordering ‡V is continuous in income on Xn � wf g.4

3 If the set of feasible indices is void we define
P0

j¼1 w½j�ðYÞ :¼ 0.
4 The sets fY0 2 XnjðY0;wÞ‡V ðY;wÞg and fY0 2 XnjðY0;wÞ†V ðY;wÞg are closed for
all Y 2 Xn.
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Independence.5 Choose any Y; ~Y;Y0; ~Y
0 2 Xn ,i; j 2 N and a; b; c; d 2 X such

that Y;Y0;Y�ia;Y�ic;Y0�ib;Y0�id and ~Y; ~Y
0
; ~Y
�j

a; ~Y
�j

c; ~Y
0�j

b; ~Y
0�j

d, respec-
tively, are comonotonic.

Then Y�ia;w
� �

†V Y0�ib;w
� �

; ð3Þ

Y�ic;w
� �

‡V Y0�id;w
� �

; and ð4Þ

~Y
�j

a;w
� �

‡V
~Y0�jb;wÞ
�

ð5Þ

imply ~Y
�j

c;w
� �

‡V
~Y
0�j

d;w
� �

: ð6Þ

Neutrality. Suppose that there are Y;Y0 2 Xn, a; b 2 X and k; l 2 N such
that

Y# ¼ a1k; b1n�kð Þ; Y0# ¼ a1l; b1n�lð Þand
Xk

j¼1
w j½ � Yð Þ ¼

Xl

j¼1
w j½ � Y

0ð Þ:

Then Y;wð Þ �V Y0;wÞ:ð

Monotonicity. Suppose that there are Y;Y0 2 Xn, a;b 2 X, and k; l 2 N such
that

Y# ¼ a1k; b1n�kð Þ; Y0# ¼ a1l; b1n�lð Þ and
Xk

j¼1
w j½ � Yð Þ >

Xl

j¼1
w j½ � Y

0ð Þ:

Then Y;wð Þ �V Y0;wð Þ:

CONTINUITY implies that any continuous social welfare function rep-
resenting ‡V reacts to small changes of an income profile itself with a small
change.

INDEPENDENCE considers in (3) and (4) two comonotonic income
profiles. For group i the actual incomes are replaced by a; bð Þ and c; dð Þ,
respectively, in such a way that all profiles are still comonotonic. The sub-
stitution of a and b by c and d causes a preference reversal. The tradeoff
between c and d (i.e. getting income c instead of d) leads to a stronger
improvement than the tradeoff between a and b. This result can be applied to
(5) and to a possibly different group j. Since here the profile containing a is
already not welfare inferior to that containing b, substituting a; bð Þ by c; dð Þ
leads to a further improvement. We (have to) expect (6). Rank separability of
a social welfare function is implied.

5 It is called ‘comonotonic cardinal coordinate independence’ (Com. CCI) by Wakker
(1989).
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NEUTRALITY is concerned with two income profiles in which only two
income levels are involved. The share of the population which has income a
and b, respectively, is the same. Then the composition of the respective
subpopulations does not matter, since the sum of the weights represent
overall size (cf., Yaari’s 1987 Axiom A1).

MONOTONICITY requires that the income profile, in which the share of
the population having the higher income a is greater, is welfare superior.

These four properties, which will be abbreviated by WELFARE, imply
that a social welfare ordering ‡V is given by (1) and (2), and that f ;Uð Þ
satisfies the properties stated. The property INDEPENDENCE is stronger
than the usually used additive separability condition (see e.g. Ebert 1988)
for homogeneous populations. In the presence of the other axioms it im-
plies the separation of the weights wi from the common utility function U.
Since the utility function is the same for all groups, all information
regarding the group is captured in the decision weight attached to each
group. The weight ai depends on the rank of group i’s (average) income Yi.
Groups having the same size, but different income levels may therefore end
up with different decision weights: Lower incomes are in general assigned
higher weights, i.e. they are regarded as ‘more deserving’. But a specific
case is also covered by (1): If f wð Þ ¼ w, the decision weight ai ¼
w i½ � Yð Þ=w Nð Þ depends only on the weight of group i. U is unique up to a
positive affine transformation, i.e. cardinal, as always for a separable
welfare function. The transformation function f is unique. Further inter-
pretation and the proof can be found in Ebert (2003). It contains a gen-
eralization of Ebert (1988) to the case in which incomes may be weighted,
and in which only one population is considered. Furthermore, no homo-
geneity property is required for the result. The proof is essentially based
on Wakker (1989).

2.3 Principle of population

Up to now a population has been considered which has exactly n groups with
fixed composition. In the following we introduce k-fold replications for k � 2.
For each group i having weight wi there are k groups with weight wi in the
replicated population. The k-fold replication of the weight profile w is w kð Þ, i.e.
for instance w 2ð Þ ¼ w1;w1; . . . ;wn;wnð Þ. Analogously an income profile Y can
be replicated to Y kð Þ. A social welfare ordering is then defined on the set6

Xkn � w kð Þ� �
and is denoted by ‡V ;k, where ‡V ;1 :	‡V . Let Nk be equal to

1; . . . ; knf g and Dk to D w kð Þ� �
. It should be obvious that the properties dis-

cussed – if imposed on every ordering ‡V ;k – are not sufficient to make ‡V ;k
and ‡V ;l for k 6¼ l consistent. Consistency can be attained by considering

6 The set of k-fold replicated income distributions forms a proper subset of
Xkn � fwðkÞg.
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replications of income distributions Y;wð Þ 2 Xn � wf g. Therefore we intro-
duce the

Principle of Population. For all k � 2 and Y;wð Þ; Y0;wð Þ 2 Xn � wf g such that
Y;wð Þ �V ;1 Y0;wð Þ we have Y kð Þ;w kð Þ� �

�V ;k Y0 kð Þ;w kð Þ� �
.

If two distributions are equivalent in terms of social welfare for the (ori-
ginal) population of size n, then the equivalence holds as well between the
replicated income distributions in the k-fold replicated population. In other
words, the equivalence of distributions depends on the (two-dimensional)
distributions ( Y;wð Þ and Y kð Þ;w kð Þ� �

are identical, if interpreted as two-
dimensional distributions; i.e., their distribution functions are the same and
therefore independent of the size of the actual population).

Furthermore we postulate that ‡V ;k satisfies WELFARE for every k � 1.
Then the sequence of social welfare orderings ‡V ;k for k � 1 can be char-
acterized by a sequence

nk Y;w kð Þ
� �

¼ U�1k

Xk n

i¼1
ak

i w# Yð Þ
� �

Uk Y i½ �
� �

 !

for Y 2 Xk n;

where Uk : X! R is continuous and strictly increasing, and where there is a
function fk : D w kð Þ� �

! 0; 1½ �, strictly increasing with fk 0ð Þ ¼ 0 and fk 1ð Þ ¼ 1,
such that

ak
i w# Yð Þ
� �

¼ fk

Xi

j¼1
w½j� Yð Þ=w Nkð Þ

 !

� fk

Xi�1

j¼1
w½j� Yð Þ=w Nkð Þ

 !

and
Pk n

i¼1
ak

i w# Yð Þ
� �

¼ 1:

In the following a countable and dense subset of the unit interval will be
important: D :¼ [k�1 D w kð Þ� �

. It contains 0 and all real numbers in 0; 1½ �
which can be generated by means of the weights for any replication of the
population. We obtain

D ¼ w Akð Þ=w Nkð Þ 9 k � 1;Ak � Nkjf g:
Within this framework we investigate the consequences of the Principle of
Population and establish

Proposition 1. Let ‡V ;k, fulfill WELFARE and be characterized by fk;Ukð Þ.

Then the following two statements are equivalent.
(a) The welfare orderings ‡V ;k, k � 1, satisfy the principle of POPULA-

TION.
(b) (i) There is a continuous and strictly increasing function U (unique up to a

positive affine transformation).
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(ii) There is a unique strictly increasing function
f : D! 0; 1½ � such that f 0ð Þ ¼ 0; f 1ð Þ ¼ 1; and f w Akð Þ=ð w Nkð ÞÞ ¼
fk w Akð Þ=w Nkð Þð Þ for every non empty Ak � Nk and k � 1.

ðiiiÞ nk

�
Y;wðkÞ

�
¼ U�1

�Xk n

i¼1

�

f
�Xi

j¼1
w½j�ðYÞ=wðNkÞ

	

� f
�Xi�1

j¼1
w½j�ðYÞ=wðNkÞ

	


UðY½i�Þ
	

represents ‡V ;k for all Y 2 Xk n and k � 1.

The proposition demonstrates the implications of the principle of population.
The property requires that the social welfare orderings ‡V ;k are compatible
with one another. They are completely defined by the transformation function
f and the common utility function U. The restriction of f to D w kð Þ� �

deter-
mines the decision weights. Moreover there exists a relationship between the
decision weights ak

i Yð Þ for different populations:

ak
i w# Yð Þ
� �

¼
Xi l

j¼ j�1ð Þlþ1
ak l

j w# Y lð Þ
� �� �

for l > 1 ð7Þ

It demonstrates that the orderings ‡V ;k and ‡V ;kl are compatible with one
another; but they do not allow us to compare distributions for different
population sizes.

At this stage it is not possible to prove that the transformation function f
is continuous7. On the contrary, it may be discontinuous almost everywhere
in D, as the following example8 demonstrates:

Example 1. f is defined on the set D which is countable. Therefore it is
possible to number the elements of D such that D ¼ wi i ¼ 0; 1; 2; 3; . . .jf g,
where w0 :¼ 0. We choose a sequence of rational numbers pi :¼ 2�i for i � 1.

Then
P1

i¼1
pi ¼

P1

i¼0
2�i � 1 ¼ 1

1�1=2� 1 ¼ 1.

Now define f 0ð Þ :¼ 0 and f wð Þ :¼
P

wiOw
2�i for w > 0. f satisfies f 0ð Þ ¼ 0

and f 1ð Þ ¼ 1. Furthermore it is discontinuous at every w 2 D; w 6¼ 0, since
there is a jump at w: We define f� wð Þ :¼ sup

~w<w
f ~wð Þ and fþ wð Þ :¼ inf

w
~w
f ~wð Þ

and obtain that

f wð Þ ¼ fþ wð Þ ¼ f� wð Þ þ pi if w ¼ wi: j

7 f is defined on the discrete set D. Consider any converging sequence wi 2 D with
w ¼ limwi 2 D. Then f is continuous in w if and only if f ðwÞ ¼ lim f ðwiÞ.
8 The construction is similar to that used in example 18 of Gelbaum and Olmsted
(1964), p. 28.
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This result is not really surprising, since CONTINUITY refers to continuity
with respect to income and says nothing about the weights attached to the
groups. Therefore one cannot expect that f is the restriction of a continuous
function on 0; 1½ � to D. The only information one can extract is that f is strictly
increasing and (a restriction of) an almost everywhere continuous function.

3 Income distribution for a heterogeneous population

Now we consider a heterogeneous population, which consists of n � 2
households. The numbering is arbitrary, but it is kept fixed. Households may
differ in size, composition, and/or needs, which are reflected by a corre-
sponding type. It is assumed that there are nH � 2 different types. Without
loss of generality types are characterized by a whole number9

m 2 H :¼ f1; � � � ; nHg. Here m can be interpreted as the number of persons
belonging to the respective household; i.e. household types are numbered by
increasing needs. It is supposed that nH 
 n and that for each m 2 H at least
one household having type m belongs to the population. The set of feasible
incomes X is given by R or Rþþ. Each household i 2 N ; can be described or
characterized by its total income Xi 2 X and its type mi 2 H . A heterogeneous
income profile is denoted by X ¼ X1; . . . ;Xnð Þ 2 Xn, a type profile by
m ¼ m1; . . . ;mnð Þ. X;mð Þ represents the corresponding heterogeneous income
distribution. In order to distinguish between a heterogeneous and homoge-
neous income profile, now the symbol X is used instead of Y employed in
Sect. 2. (Xi denotes household i’s aggregate income, whereas Yi represents the
income of each individual belonging to group i.)

For an evaluation of a heterogeneous income distribution it is necessary to
take into account the income and the type of households. In practice X;mð Þ is
adjusted: Incomes are equivalized and types are translated into appropriate
weights. We will proceed in the same way. Such a procedure allows us to take
into consideration differences in size or needs and to compare the situation of
households having different types. Comparisons of social welfare will be
based on the adjusted income distribution. Furthermore, equivalent incomes
reflect the situation of households by means of income measured for one
household type – the reference type. Therefore the adjusted income distri-
bution can be interpreted as a distribution of a hypothetical homogeneous
population.

In order to compare living standards we introduce an equivalent income
function. It is supposed that there is a reference household type r 2 H . The
basic idea is to measure the living standard of a type m household by the
equivalent income of a type r household. The reference type r could be e.g., a

9 It is possible to introduce a functional relationship g(m) describing the needs or
composition of a household having type m. Then the model becomes more
complicated, but the extension does not contribute anything essential to the analysis.
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single person, but in principle any type10 can be chosen. An equivalent income
function E is given by a vector of functions11 E1; . . . ;EnHð Þ such that

Em : X! X for m ¼ 1; . . . ; nH :

Em Xð Þ is equal to the income a household having the reference type r needs in
order to be as well off as a type m household possessing income X. Em Xð Þ is
called equivalent income. E allows us to compare living standards. We define:
household i is weakly better off than household j, if and only if
Emi Xið Þ � Emj Xj

� �
. Thus the living standard is measured by the respective

equivalent income. Here it is implicitly assumed that there is no information
about the distribution of income within households and, as a consequence,
that all members belonging to a household attain the same standard of living.
This assumption could be changed or weakened, if more detailed data were
available. Then more elaborated models of household behaviour could be
used (cf. e.g. Bourguignon 1989 or Chiappori 1992).

Equivalent income functions have to satisfy some conditions:

E(i) Em Xð Þ is continuous on X for each m 2 H .
E(ii) Er Xð Þ ¼ X for X 2 X.
E(iii) Em Xð Þ is strictly increasing in X 2 X for each m 2 H .
E(iv) Em Xð Þ is decreasing in m 2 H for all X 2 X.
E(v) ImðEm �ð ÞÞ ¼ X for m 2 H , where Im Em �ð Þð Þ denotes the image of Em Xð Þ.

E(i) is a regularity condition. The income of a type r household has not to be
transformed, since r is the reference type (E(ii)). E(iii) implies that the living
standard (or the equivalent income) is strictly increasing in household income
X. Condition E(iv) reflects the fact that needs are increasing in m (for all
incomes) and requires that the ranking of equivalent incomes as a function of
type does not depend on the level of household income. E(v) can be justified
by its consequences: It implies that for any level of equivalent income X � and
any type m there is a feasible income X such that X � ¼ Em Xð Þ. Since this is
true, arbitrary living standards (of any type) can always be compared. In
particular it allows us to choose any type as reference type (which is impor-
tant as there are no a priori grounds for choosing a particular type). For-
mally, E(iii) and E(v) imply that an equivalent income function is invertible.

In this framework relative and absolute equivalence scales are represented
by an equivalent income function having the form

Em Xð Þ ¼ X=am and Em Xð Þ ¼ X � bm;

respectively, for m ¼ 1; . . . ; nH , where 0 < am < amþ1; bm < bmþ1 for
m ¼ 1; . . . ; nH � 1 and ar ¼ 1; br ¼ 0. But, of course, the definition of E is

10 As a referee suggests, the reference type could also be fictive and be introduced
artificially by the social decision maker according to her preferences.
11 See Ebert (2000b) for a discussion of equivalizing procedures/equivalent income
functions.
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more general. E transforms a heterogeneous income distribution X;mð Þ into a
vector of equivalent income

X� ¼ X �1 ; . . . ;X �n
� �

:¼ E X;mð Þ :¼ ðEm1
ðX1Þ; . . . ;EmnðXnÞÞ:

X� reflects the distribution of equivalent income and therefore the distribution
of living standard for a hypothetical population of type r households. Thus the
differing needs of different types have been taken into account in the derivation
of X�, but X� itself does no longer provide any information about types.
ThereforeX� has to be supplemented by additional information. In practice it is
assumed that the type of a household is described by an appropriate weight.
Thus we introduce a weighting function w : H ! Rþþ, which assigns a weight
w mð Þ to each type m 2 H . For instance w mð Þ could be equal to the number of
persons in a typem household or to the number of equivalent persons or to any
other weight depending on the size, the composition, and the needs of a typem
household. Of course, in general there will be a relationship between the choice
of an equivalent income function E and a weighting function w mð Þ. But they
might also be chosen separately or independently. Anyway they have to con-
form with and reflect the decision maker’s value judgements.

Summing up, a heterogeneous income distribution X;mð Þ will be trans-
formed to an adjusted (weighted) homogeneous distribution (of equivalent
income) X�;w�ð Þ :¼ E X;mð Þ;w mð Þð Þ, where w� ¼ w�1; . . . ;w�n

� �
:¼ w mð Þ ¼

w m1ð Þ; . . . ;w mnð Þð Þ. Household i then corresponds to group i in the homoge-
neous framework. Each member of the group receives the equivalent income,
i.e., Yi ¼ X �i :¼ E Xi;mið Þ. The group’s weight wi is given by the household’s
weight w mið Þ.

Now suppose that the social decision maker possesses a social welfare
ordering ‡V defined on Xn � w mð Þf g, i.e., on the set of adjusted homoge-
neous distributions of equivalent income for a given population of house-
holds. As above the population is kept fixed. It is represented by the type
profile m. Then it is obvious how to derive a social welfare ordering ‡W for
heterogeneous income distributions. We define

X;mð Þ‡W X0;mð Þ :, E X;mð Þ;w mð Þð Þ‡V E X0;mð Þ;w mð Þð Þ ð8Þ
for X;mð Þ; X0;mð Þ 2 Xn � mf g: Its symmetric part is denoted by �W , its
asymmetric one by �W . The ordering ‡W depends on the choice of the
reference type r, on the equivalent income function E, the weighting function
w mð Þ, and, of course, on the ordering ‡V . Such an ordering ‡V has been
examined in Sect. 2.

4 Social welfare for a heterogeneous population

In this section we now investigate a heterogeneous population and suppose
that a social welfare ordering ‡W is given; it is based on an ordering ‡V
satisfying WELFARE, a reference type r, an equivalent income function E,
and a weighting function w(m). ‡W is represented by n X;mð Þ, where n X;mð Þ
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represents the living standard (level of equivalent income) which, if enjoyed
by each household in society, yields the same level of social welfare as
X�;w�ð Þ:

n X;mð Þ1n;w
�ð Þ �V X�;w�ð Þ:

Since in general needs differ, the corresponding household incomes depend on
types. Set nmi :¼ E�1mi

n X;mð Þð Þ, where E�1m �ð Þ is the inverse of Emð�Þ, which is
defined on X. Then we obtain

nm1 ; . . . ; nmnð Þ;mð Þ �W X;mð Þ;
i.e., the heterogeneous income distribution nm1 ; . . . ; nmnð Þ;mð Þ leads to the
same living standard for all households and yields the same level of social
welfare as X;mð Þ.

4.1 Principle of progressive transfers

Leaving aside the principle of population for a moment, we want to examine
the redistribution of income. It should be clear that it is not possible to
redistribute equivalent income. Thus we have to consider household income
and the ordering ‡W , since it is defined on income vectors, whereas ‡V is
defined on vectors of equivalent income (whenever we examine a heteroge-
neous population). We introduce

Definition. X;mð Þ is obtained from X0;mð Þ by a progressive transfer, if a small
amount of income is redistributed from a richer to a poorer household – mea-
sured by equivalent income – without changing the ranking of equivalent income,
i.e., if there are i; j 2 N and e > 0 such that Xh ¼ X 0h for h 6¼ i; h 6¼ j; Xi ¼
X 0i � e; Xj ¼ X 0j þ e; EmiðXiÞ � EmiðXjÞ, and p X�ð Þ ¼ p X0�ð Þ.

Obviously the household type is not directly relevant, when income is
redistributed among households: A(n order-preserving) progressive transfer is
based on a comparison of equivalent income. It diminishes the difference
between the equivalent incomes of household i and j, i.e., between the
respective living standards. But household income is redistributed. Using the
definition we formulate the

Principle of progressive transfers. Whenever X;mð Þ is derived from X0;mð Þ by a
progressive transfer, X;mð Þ is weakly preferred to X0;mð Þ: X;mð Þ‡W X0;mð Þ.

Given the representation of ‡W we expect some implications of this
property for the transformation function f and/or utility function U. For a
homogeneous population, in which wi ¼ 1 for i ¼ 1; . . . ; n, one can prove that
the decision weights ai are nondecreasing in rank i (f is convex) and that the
utility function U has to be concave (see Proposition 6 in Ebert 1988 when
homotheticity or translatability is imposed). Moreover, it is well known that
there is a connection between the principle of progressive transfers for social
welfare orderings and (strong) risk aversion within the rank-dependent
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expected utility model. Risk aversion implies convexity of f and concavity of
U (see Cohen 1995 for a survey and also Chateauneuf and Cohen 1994).
Therefore we expect similar results in our framework. But neither property is
necessary in our model as can be demonstrated by examples.

Thus the principle of progressive transfers seems to be weaker in the
heterogeneous framework than it is in the homogeneous one. There are two
reasons for this outcome. First, since the weights attached to types can be
different in general, the domain of the transformation function does not
consist of equidistant numbers. It is therefore not always possible to impose a
condition on the values of the transformation function at neighbouring points
of the domain by means of a progressive transfer. Then only monotonicity,
but neither concavity of the utility function nor convexity of the transfor-
mation function is implied. Second, the equivalent income function E makes
the model more complicated, but yields further degrees of freedom allowing
the utility function to be convex.

These outcomes are driven by the choice of a finite and fixed population
(characterized by m). When also replications are admitted, the picture
changes as the next subsection shows.

4.2 Main result

In the following we will impose the principle of progressive transfers and the
principle of population simultaneously. (It is obvious how to define the prin-
ciple of progressive transfers for a replicated population.) For every welfare
ordering ‡V ;k; k � 1, we define the corresponding welfare ordering ‡W ;k by

X;m kð Þ
� �

‡W ;k X0;m
kð Þ

� �
:,

E X;m kð Þ
� �

;w m kð Þ
� �� �

‡V ;k E X0;m kð Þ
� �

;w m kð Þ
� �� �

for X;X0 2 Xkn where m kð Þ denotes the k-fold replication of m.
Now we establish

Theorem 2. Assume that the welfare orderings ‡V ;k, k � 1, satisfy WELFARE
and POPULATION and are represented by f ;Uð Þ, where f is unique and U is
cardinal. The welfare orderings ‡W ;k, k � 1, are derived from ‡V ;k by means of
the equivalent income function E, a reference type r, and a weighting function
w mð Þ.

Then the following statements are equivalent:
(a) ‡W ;k satisfies TRANSFER for k � 1.
(b) (i) f is continuous on D \ 0; 1½ Þ and convex12 on D.

12 f is called convex on D if and only if f ðkwþ ð1� kÞ�wÞ 
 kf ðwÞ þ ð1� kÞf ð�wÞ for all
w; �w; kwþ ð1� kÞ�w 2 D; k 2 ½0; 1� (cf. Footnote 17 in Donaldson and Weymark 1980).
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(ii) U Xð Þ ¼ U Er Xð Þð Þ and U Em Xð Þð Þ are concave in X 2 X for
m ¼ 1; . . . ; nH ; m 6¼ r.

(iii) For X ¼ Rþþ : Em Xð Þ ¼ w rð Þ
w mð ÞX and w mð Þ < w mþ 1ð Þ for

m ¼ 1; . . . ; nH � 1; for X ¼ R : the weights are identical
w mð Þ ¼ w rð Þ; m ¼ 1; . . . ; nHð Þ and Em Xð Þ ¼ X � bm for m ¼ 1; . . . ; nH

where bm < bmþ1 for m ¼ 1; . . . ; nH � 1 and br ¼ 0:

The combination of the principles of progressive transfers and of popula-
tion yields the properties expected: The transformation function f wð Þ has to
be convex, and the utility functions U Xð Þ and U Em Xð Þð Þ have to be con-
cave. It is interesting to note that these results do not require any explicit
differentiability assumption as e.g., employed in Chew et al. (1987) for the
RDEU model. Convexity of the transformation function implies that –
given an income distribution – the importance attributed to lower incomes
is greater than the importance attributed to higher incomes. Similarly, the
concavity of the utility function guarantees that a given increase in income
is more appreciated for lower incomes.

Furthermore the functions Em Xð Þ have to be proportional and trans-
lating functions, respectively, depending on the domain X. If incomes are
restricted to be strictly positive, one has to apply relative equivalence scales
being proportional to the corresponding weights; i.e., equivalence scales
and weights can not be chosen independently. If arbitrary incomes are
feasible, weights have to be equal. The respective functions Em Xð Þ only
translate incomes. In the situation considered there is not much room left
for choosing an equivalent income function. Em �ð Þ must be affine, a priori.
But linearity guarantees that the utility functions U Em Xð Þð Þ possess the
same degree of concavity (since it is not changed by an affine transfor-
mation).

Theorem 2 presents the main result of this paper. It characterizes the
social welfare orderings possessing a small set of properties necessary for
the measurement of inequality and poverty. At the same time it demon-
strates that there are severe limitations to the choice of weights and
equivalent income functions in this framework. The same restrictions are
implied in Ebert and Moyes (2003) in which (generalized) Lorenz domi-
nance is investigated for heterogeneous populations.

At this point the reader is reminded that the class of welfare orderings
defined on rank-ordered income profiles also contains the class of order-
ings in which the rank of income does not play a role. In other words the
result of Theorem 2 is more general than it looks like at first sight. Choose
the transformation function f wð Þ ¼ w for w 2 D. Then we obtain

ai w# X
�ð Þ

� �
¼ w i½ � Xð �Þ=w Nð Þ for i ¼ 1; . . . ; n:

The weights are no longer ‘distorted’ by f. Depending on the domain the
social welfare ordering ‡W characterized in Theorem 2 is represented by
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n X;mð Þ ¼ U�1
Xn

i¼1

w mið Þ
R w mkð Þ

U
Xi

w mið Þ

� 	 !

if X ¼ Rþþ and w rð Þ ¼ 1

and by

n X;mð Þ ¼ U�1
1

n

Xn

i¼1
U Xi þ bmið Þ

 !

if X ¼ R with br ¼ 0:

In the first case the decision weights are equal to the respective relative
equivalence scales, which are appropriately normalized, in the second one all
weights are equal. The form of these welfare functions is well known (see
Ebert 1997a, 1997b, 1999). Obviously this kind of weighting is related to the
generalization of the principle of progressive transfers (TRANSFER).

So far no properties like homotheticity or translatability13 have been used.
Thus we have to conclude that for the ethical assessment of heterogeneous
income distributions we always have to employ relative or absolute equiva-
lence scales and the specific weights discussed above. There is no escape from
this insight, whenever the assumptions discussed above are made. In this
sense Theorem 2 provides an impossibility result. If one wants to use social
welfare orderings whose representation is different from that characterized in
Theorem 2, one has to dispense with at least one of the properties imposed.

5 Measurement of inequality and poverty

5.1 Inequality

Social welfare orderings can be employed to define corresponding (ethical)
inequality orderings. The basic idea14 dates back to Atkinson (1970), Kolm
(1969), and Sen (1973): they propose to determine and to use the welfare loss
due to inequality. For a homogeneous population it is measured by the dif-
ference between average income and the equally distributed equivalent in-
come (EDEI) of an income distribution, where, of course, the EDEI depends
on the welfare ordering. Accordingly this idea has to be translated to our
framework.

Suppose for the rest of this section that assumption WELFARE is
satisfied. From the beginning we consider heterogeneous income distribu-
tions. However, since household incomes are not directly comparable, the
evaluation of welfare has to be based on equivalent incomes. For an income
distribution X;m kð Þ� �

2 Xkn � m kð Þg
�

we define

13 A function W is homothetic if W ðkXÞ ¼ kW ðXÞ and translatable if
W ðXþ j1Þ ¼ W ðXÞ þ j for X 2 Xn; k > 0; j 2 R and kX 2 Xn, Xþ j1 2 Xn.
14 The general relation between welfare and inequality is examined in Ebert (1987).
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L X;m kð Þ
� �

:¼ l X�;w m kð Þ
� �� �

� nk X�;w m kð Þ
� �� �

;

where

l X�;w m kð Þ
� �� �

¼
Xkn

i¼1

w m kð Þ
i

� �

w Nkð Þ
X �i

denotes the weighted average (equivalent) income and nk the EDEI of
X�;w�ð Þ:

L reflects the (representative) welfare loss per type r household (measured
in equivalent income) due to the inequality of equivalent incomes, which
represent the living standard attained by households. The different sizes and
needs of households are taken into account by the (implicitly used) equivalent
income function and the respective weights.

We introduce for X;m kð Þ� �
; X0;m kð Þ
� �

2 Xkn � m kð Þ� �
inequality order-

ings by

X;m kð Þ
� �

‡a
I ;k X0;m

kð Þ
� �

: , L X;m kð Þ
� �


 L X0;m
kð Þ

� �
; if X ¼ R;

and

X;m kð Þ
� �

‡r
I ;k X0;m

kð Þ
� �

: , L X;m kð Þ
� �

=l X�;w m kð Þ
� �� �


 L X0;m
kð Þ

� �
=l X0�;w m kð Þ

� �� �
; if X ¼ Rþþ:

The definition of these measures is reasonable as the following proposition
demonstrates.

Proposition 3. Assume that ‡V ;k; k � 1, satisfy WELFARE and
POPULATION.

The welfare orderings ‡W ;k; k � 1, satisfy TRANSFER if and only if
L X;m kð Þ� �

is nonnegative for all X;m kð Þ� �
2 Xkn � m kð Þ� �

and weakly decreases
for every progressive transfer, k � 1.

Thus the welfare loss is well defined and possesses the basic properties
expected: it is always nonnegative and is weakly diminished by a rank-pre-
serving progressive transfer of income from a richer to a poorer household.

In general one is interested in relative or absolute inequality measures.
They are defined by

I kX;mð Þ ¼ I X;mð Þ for k > 0; X 2 Xn; kX 2 Xn

and

I Xþ j1n;mð Þ ¼ I X;mð Þ for all j 2 R; X 2 Xn; Xþ j1n 2 Xn;

respectively. They can be generated in this framework, if the welfare orderings
possess further properties. We define for the social welfare ordering ‡V .
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Scale invariance. For all Y;Y0 2 Rn: Y;wð Þ �V Y0;wð Þ implies
kY;wð Þ �V kY0;wð Þ for all k 2 X ¼ Rþþ.

Translation invariance. For all Y;Y0 2 Xn: Y;wð Þ �V Y0;wð Þ implies Yþð
j1n;wÞ �V Y0 þ j1n;wð Þ for all j 2 R if Yþ j1n 2 Xn and Y0 þ j1n 2 Xn.

The properties consider specific modifications of income distributions
being equivalent. For SCALE invariance the equivalence is preserved if all
incomes are changed in the same proportion (they are multiplied by the same
factor). TRANSLATION invariance requires that the simultaneous addition
of the same amount j to all incomes does not affect the equivalence in terms
of social welfare.

Since we are now primarily interested in application, we will concentrate
on deriving inequality measures and will not spell out the corresponding
properties of the inequality orderings explicitly. We are able to establish

Proposition 4. Assume that ‡V ;k; k � 1, satisfy WELFARE and POPULA-
TION and that the orderings ‡W ;k; k � 1, satisfy TRANSFER.

(a) ‡V 	‡V ;1, defined on Rn
þþ � w mð Þf g, satisfies SCALE invariance if and

only if there is e 
 1 such that ‡r
I ;k is represented by

I e
r X;m kð Þ
� �

¼
1�

Pkn

i¼1
ai w# X

�ð Þ
� � X �

i½ �
l X�;w�ð Þ

� �e
� 	1=e

for e 
 1, e 6=0

1�
Qkn

i¼1

X �i½ �
l X�;w�ð Þ

� �ai w# X�ð Þð Þ
for e = 0

8
>>><

>>>:

for all X;m kð Þ� �
2 Rkn

þþ � m kð Þ� �
and k � 1.

Then I e
r is a relative inequality measure, since X � ¼ Em Xð Þ ¼ w rð Þ

w mð ÞX .

(b) ‡V 	‡V ;1, defined on Rn
þþ � w mð Þf g, satisfies TRANSLATION

invariance if and only if there is c 
 0 such that ‡a
I ;k is represented by

Ic
a X;m kð Þ
� �

¼
l ðX�;w�Þ � 1

c ln
Pkn

i¼1
ai w# X

�ð Þ
� �

ec X �½i�

� 	

for c<0

l X�;w�ð Þ �
Pkn

i¼1
ai w# X

�ð Þ
� �

X �½i� for c= 0

8
>><

>>:

for all X;m kð Þ� �
2 Rkn

þþ � m kð Þ� �
and k � 1.

Then Ic
a is an absolute inequality measure, since X � ¼ Em Xð Þ ¼ X � bm.

(c) ‡V 	‡V ;1, defined on Rn
þþ � w mð Þf g, satisfies SCALE and TRANS-

LATION invariance if and only if ‡r
I ;k is represented by

Il
r X;m kð Þ
� �

¼ 1�
Xn

i¼1
ai w# X

�ð Þ
� �

X �i½ �=l X�;w�ð Þ

for all X;m kð Þ� �
2 Rkn

þþ � m kð Þ� �
and k � 1:

Then Il
r is a relative inequality measure, since X � ¼ Em Xð Þ ¼ w rð Þ

w mð ÞX :
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In summary, we obtain rank-dependent relative and absolute inequality
measures, a generalization of Atkinson-, Kolm-Pollak, and linear measures to
the heterogeneous framework.15 In addition to assumption WELFARE two
factors determine this outcome: The invariance property imposed on the
ordering ‡V is, of course, necessary. But the form of the equivalent income
function is important, as well. The property TRANSFER implies that the
latter is linear. Furthermore, it has to fit to the domain. Therefore for SCALE
invariance (part (a) and (c)) the equivalent income function is proportional.
Furthermore, the (relative) equivalence scales have to be proportional to the
respective weights. Similarly, for TRANSLATION invariance incomes have
to be changed by an absolute equivalence scale. All weights have to be the
same in this case (cf. Theorem 2).

In the framework considered an analogue to the Gini coefficient can be
derived, too (see also Pyatt 1985). We present

Example 2. For a homogeneous population with identical individuals (if
wi 	 1 for i ¼ 1; . . . ; n) the Gini coefficient is given16 by

G Y; 1nð Þ ¼ 1�
Xn

i¼1

2i� 1

n2

Y i½ �
l Y; 1nð Þ:

It is well known (and can be seen directly) that G Y; 1nð Þ is based on the linear
rank-dependent social welfare function

V Y; 1nð Þ ¼
Xn

i¼1

2i� 1

n2
Y i½ � ¼

Xn

i¼1

i2 � i� 1ð Þ2

n2
Y i½ �

(see Donaldson and Weymark 1980). It can be generalized to a homogeneous
population of (not necessarily) identical groups by characterizing a general
rank-dependent welfare function by the utility function U Yð Þ ¼ Y and the
transformation function f wð Þ ¼ w2 (cf. Ebert 2003). Then we obtain

V Y;wð Þ¼
Xn

i¼1

Pi�1

j¼1
w j½ �þw i½ �

 !2

�
Pi�1

j¼1
w j½ �

 !2

w Nð Þ2
Y i½ � ¼

Xn

i¼1

w i½ � 2
Pi

j¼1
w j½ ��w i½ �

 !

w Nð Þ2
Y i½ �

and the corresponding Gini coefficient

G X;mð Þ ¼ 1�
Xn

i¼1

w i½ � 2
Pi

j¼1
w j½ � � w i½ �

 !

w Nð Þ2
X �i½ �

l X�;w�ð Þ

15 Proposition 4 can be interpreted as a generalization of results derived in Ebert
(1988) for homogeneous populations and in Ebert (1995,1997a) for heterogeneous
populations.
16 We confine ourselves to k ¼ 1.

434 U. Ebert



for a heterogeneous population. As the ordinary Gini index, G X;mð Þ is equal
to the area enclosed between the Lorenz curve defined for X�;w�ð Þ (see Ebert
1999) and the egalitarian line, multiplied by 2. j

5.2 Poverty

There are several approaches of deriving poverty measures from a social
welfare function or ordering (see e.g. Chakravarty 1990). We employ a
procedure first proposed by Clark, Hemming, and Ulph (1981) and gener-
alized by Chakravarty (1983). Since household incomes cannot be compared
directly, and the living standard attained is the relevant variable, poverty is
(also) measured in terms of equivalent income – like inequality above. Let
Z� > 0 denote the living standard which separates poor households from
nonpoor. Z� is chosen exogenously and is interpreted as poverty line for the
reference type.

It allows us to define a censored income profile in which all equivalent
incomes above the poverty line are replaced by Z�. More precisely, for every
X;m kð Þ� �

2 Xkn � m kð Þ� �
we define

the income profile Xp :¼ X p
1 ; . . . ;X

p
kn

� �
by X p

i :¼
Xi if X�i 
 Z�

E�1
mðkÞi

Z�ð Þ if X �i > Z�

(

:

Then we obtain the censored heterogeneous income distribution Xp;m kð Þ� �

leading to the censored distribution of equivalent income

Xp� ¼ min X �1 ; Z
�� �
; . . . ;min X �kn; Z

�� �� �
:

Given the welfare orderings ‡W ;k; k � 1, we introduce the poverty measure

P X;m kð Þ; Z�
� �

:¼
Z� � nk Xp�;w m kð Þ� �� �

Z�

for every X;m kð Þ� �
2 Xkn � m kð Þ� �

and k � 1. It measures the ratio between
the (representative) poverty gap per type r household, Z� � nk, and the pov-
erty line Z�. The corresponding poverty orderings ‡P ;k; k � 1, are defined by

X;m kð Þ
� �

‡P ;k X0;m
kð Þ

� �
: , P X;m kð Þ; Z�

� �

 P X0;m

kð Þ
; Z�

� �

for all X;m kð Þ� �
;
�
X0;m kð Þ� 2 Xkn � m kð Þ� �

. Both concepts are distribution-
sensitive, as Sen (1976) postulates; we get an analogue to Proposition 3:

Corollary 5. Assume that ‡V ;k; k � 1, satisfy WELFARE and POPULA-
TION.

The poverty orderings ‡P ;k; k � 1, satisfy TRANSFER if and only if
P X;m kð Þ; Z�
� �

is nonnegative for all X;m kð Þ� �
2 Xkn � m kð Þ� �

and weakly
decreases for every progressive transfer among the poor, k � 1.
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Obviously, a poverty measure is well-defined, and a progressive transfer
weakly diminishes poverty. In practice often relative poverty measures
P kX;m; k Z�ð Þ ¼ P X;m; Z�ð Þð for k > 0 and X ¼ RþþÞ are in use: They do not
change, if all incomes and the poverty line are changed in the same propor-
tion17. These orderings are characterized by

Proposition 6. Assume that ‡V ;k; k � 1, satisfy WELFARE and POPULA-
TION, that the orderings ‡W ;k; k � 1, satisfy TRANSFER, and that
X ¼ Rþþ:

‡V ;k; k � 1, satisfies SCALE invariance if and only if there is e 
 1 such
that ‡P ;k is represented by

P e X;m kð Þ; Z�
� �

¼
1�

Pkn

i¼1
ai w# X

p�ð Þ
� � X p�

i½ �
Z�

� 	e� 	1=e

for e 
 1; e 6¼ 0

1�
Qkn

i¼1

X p�
i½ �

Z�

� 	ai w# Xp�ð Þð Þ
for e ¼ 0

8
>>><

>>>:

for all X;m kð Þ� �
2 Xkn � m kð Þ� �

and k � 1.
Then P e is a relative poverty measure, since X � ¼ Em Xð Þ ¼ w rð Þ

w mð ÞX :
These measures are a generalization of the poverty indices derived by

Clark et al. (1981).
There is a connection between the poverty measures P e and the relative

inequality measures I e
r described in Proposition 4:

P e X;m kð Þ; Z�
� �

¼ 1� l Xp�;w�ð Þ 1� I e
r Xp�;m kð Þ
� �� �

=Z�:

In other words, the measure P e is related to the inequality among the poor
measured by the inequality index I e

r , which in turn is evaluated for the
respective censored income distribution. This proves again that these mea-
sures are distribution-sensitive.

Example 3. If e ¼ 1 the class of poverty measures characterized contains
those measures which are based on linear social welfare functions (and
orderings). Using the Gini social welfare ordering we obtain in particular

P G X;m;Z�ð Þ¼ 1�
Xn

i¼1

w i½ � 2
Pi

j¼1
w j½ � �w i½ �

 !

w Nð Þ2
X P�

i½ �
Z�

for X;mð Þ 2Rn
þþ� mf g:

j

The analysis of this section demonstrates that most inequality orderings and
some poverty orderings well-known for homogeneous populations can be
extended to take into account differences in needs.

17 Similarly it is possible to define absolute poverty measures and to derive an
analogue to Proposition 6.
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6 Conclusion

The paper has determined the possibilities and limitations of defining a
social welfare ordering for a heterogeneous population, when a two-step
procedure is applied: At first the income distribution is adjusted; i.e.,
incomes are equivalized and weights reflecting needs are attached. Then,
secondly, the adjusted income distribution of equivalent income is inter-
preted as an income distribution of a hypothetical homogeneous popula-
tion, and a usual welfare ordering is applied. Therefore, we introduced the
concept of an equivalent income function, which permits a lot of different
ways of computing equivalent income (see Ebert 2000b). Furthermore,
weights were determined by a (general) weighting function. Only one
population was considered in this framework. Finally, the basic properties
postulated for social welfare orderings were few: An ordering has to be
continuous and increasing in income, has to satisfy an independence con-
dition, and is defined on rank-ordered income vectors. Additionally the
principles of population and of progressive transfers have been imposed.
They guarantee that welfare depends only on the distribution (in the sta-
tistical sense) and that a redistribution of income from richer to poorer
households weakly increases welfare. These principles seem to be necessary
for the measurement of social welfare.

It turned out that severe restrictions on the adjustment process are im-
plied, depending on the domain chosen. If incomes have to be strictly po-
sitive, one has to employ relative equivalence scales a priori. Then one can
choose either the set of weights for the different household types (the
weighting function) or the equivalence scales, since weights and equivalence
scales have to be proportional. The factor of proportionality does not play a
role. If arbitrary incomes are feasible, all weights have to be the same (and
independent of household type). Again the magnitude of the common weight
has no implications. Moreover absolute equivalence scales have to be em-
ployed: incomes have to be translated by an amount depending on house-
hold type. Thus in both cases not much room is left for the adjustment
process, although a priori any sensible adjustment process (i.e. equivalent
income function and weighting function) is permitted. The implications of
the properties imposed are strong. It must be stressed that these limitations
hold generally, not only for orderings defined on rank-ordered vectors, since
welfare orderings for which the ranking of incomes does not play a role are
specific forms of the former ones.

The welfare orderings derived were applied to the measurement of
inequality and poverty. Then we obtained generalizations of Atkinson,
Kolm-Pollak, and linear inequality measures and of the corresponding
classes of poverty measures, respectively, to heterogeneous populations,
if the invariance properties SCALE and TRANSLATION are imposed
separately or jointly. Proceeding in this way allows us to reveal the value
judgements underlying these indicators.
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Appendix

Proof of Proposition 1

Consider k ¼ 1:

Y;wð Þ �V ;1 n1 Y;wð Þ 1n;wð Þ:
The principle of POPULATION and the definition of the EDEI imply

Y kð Þ;w kð Þ
� �

�V ;k n1 Y;wð Þ1k n;w
kð Þ

� �
�V ;k nk Y kð Þ;w kð Þ

� �
1k n;w

kð Þ
� �

:

Thus

n1 Y;wð Þ ¼ U�11

Xn

i¼1
a1i w# Yð Þ
� �

U1 Y i½ �
� �

 !

¼ U�1k

Xn

i¼1

Xik

j¼ i�1ð Þkþ1
ak

j w# YðkÞ
� �� �

2

4

3

5Uk Y k
i½ �

� �
0

@

1

A ¼ nk Y kð Þ;w kð Þ
� �

:

Applying Theorem 2 of Aczel (1966), p. 290, we obtain

a1i w# Yð Þ
� �

¼
Xik

j¼ i�1ð Þkþ1
ak

j w Yð Þð Þ

and Uk Yð Þ ¼ c U1 Yð Þ þ d, where c > 0 because of monotonicity of U1 and Uk.
We have

a11 w# Yð Þ
� �

¼f1 w 1½ � Yð Þ=w Nð Þ
� �

�f1 0ð Þ¼f1 w 1½ � Yð Þ=w Nð Þ
� �

¼
Xk

j¼1
ak

j w# YðkÞ
� �� �

¼fk kw 1½ � Yð ðkÞÞ= kw Nð Þð Þ
� �

�fk 0ð Þ¼fk w 1½ � YðkÞ
� �

=w Nð Þ
� �

:

Therefore by induction f1 wð Þ ¼ fk wð Þ for w 2 D wð Þ, and, analogously,
fk wð Þ ¼ fkl wð Þ for w 2 D w kð Þ� �

, w 6¼ 0 and k; l > 1.
Thus the function f : [

k�1
Dk ! 0; 1½ �, defined by f wð Þ :¼ fk wð Þ for w 2 D

and k � 1, is well-defined. It is strictly increasing and f 0ð Þ ¼ 0; f 1ð Þ ¼ 1 by
construction.

The converse is obvious. j

Proof of Theorem 2

‘‘(a) ) ðbÞ’’:
Outline of the proof: The basic idea is to construct appropriate progressive

transfers for the population Nk and to consider their implications when k
tends to infinity. Step 1 presents a condition implied by the principle of
progressive transfers, which is used later on repeatedly. Step 2 proves conti-
nuity of f. Step 3 derives a technical result; it considers a sequence of ratios of
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two decision weights and shows that a well-defined limit exists. Employing
this result step 4 proves the concavity of U and U Em �ð Þð Þ and Step 5 the
linearity of Em. In Step 6 the implications of the domain X for the equivalent
income functions are derived. Step 7 proves convexity of f.

Step 1. Progressive transfer

We consider an arbitrary X̂k;m kð Þ� �
2 Xkn � m kð Þ� �

with X̂ k�
i½ � > X̂ k�

j½ � for
i < j and k � 1. Transferring the amount e > 0 (e appropriate) from the
household with rank i to the household having rank j we obtain Xk 2 Xkn.
Since progressive transfers are rank-preserving, we get18:

ak
h w# Xk�� �� �

¼ ak
h w# X̂k�� �� �

¼ : ak
h for 1 
 h 
 kn;

furthermore by the principle of progressive transfers and after rearrangement

ak
j U X k�

j½ �

� �
� U X̂ k�

j½ �

� �h i
� ak

i U X̂ k�
i½ �

� �
� U X k�

i½ �

� �h i
ðA1Þ

Step 2. f is continuous on D \ 0; 1½ Þ
Proof. Suppose that f is discontinuous at w 2 D \ 0; 1ð Þ. Then there is a jump
of f at w:

(i) f wð Þ < inf
w<~w
~w2D

f ~wð Þ or (ii) sup
~w<w
~w2D

f ~wð Þ < f wð Þ

We consider (i) and construct a sequence of progressive transfers ‘at the jump
of f ’ which will lead to a contradiction.

Define k0 ¼ min
w2Dk

k and k lð Þ :¼ 2lk0. We know that w 2 Dk lð Þ for all l � 1

and start by setting l ¼ 1. There exists A � Nk lð Þ such that w ¼ w Að Þ=w Nk lð Þ
� �

.
Then we define i lð Þ :¼ Aj j þ 1 < k lð Þn and choose j lð Þ such that
i lð Þ < j lð Þ 
 k lð Þn.

Now we want to construct a distribution X̂k lð Þ 2 Xk lð Þn such that the
households belonging to A are the i lð Þ � 1 richest and to perform a pro-
gressive transfer19 from the household with rank i lð Þ to that with rank j lð Þ.
Therefore we choose any �X � and d > 0, define X̂k lð Þ s.t.

X̂ k lð Þ�
h½ � :¼

�X � þ d for h ¼ 1; . . . ; i lð Þ
�X � þ d=2 for i lð Þ < h < j lð Þ
�X � for j lð Þ 
 h 
 k lð Þn

(

ðA2Þ

and require that p h; X̂k lð Þ�� �
h ¼ 1; . . . ; i lð Þ � 1j

� �
¼ A.

Next we perform the progressive transfer of an amount e; 0 < e < d=2.
Then (A1) is satisfied for k ¼ k lð Þ; i ¼ i lð Þ; j ¼ j lð Þ. Furthermore

18 There is a slight abuse of notation because w#ðXk�Þ also depends on mðkÞ.
19Although at this point in the argument l ¼ 1, the transfer is defined for an arbitrary l
as the general formulation is needed for the subsequent steps in the induction process.
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ak lð Þ
i lð Þ ¼ f wþ w i lð Þ½ �=w Nk lð Þ

� �� �
� f wð Þ � inf

w<~w
~w2D

f ~wð Þ � f wð Þ > 0 ðA3Þ

Now we duplicate the population. In order to utilize (A2) and (A3), we relabel
the populations by letting the old population be indexed l� 1 and the new
one by l. We construct a transfer analogous to the one above by defining

i lð Þ :¼ 2i l� 1ð Þ � 1. Equation (7) yields ak l�1ð Þ
j l�1ð Þ ¼ ak lð Þ

2j l�1ð Þ�1 þ ak lð Þ
2j l�1ð Þ; i.e.,

at least one decision weight of the RHS of this equation does not exceed
ak l�1ð Þ

j l�1ð Þ=2. Define

j lð Þ :¼
2j l� 1ð Þ � 1 if ak lð Þ

2j lð Þ�1 
 ak l�1ð Þ
j l�1ð Þ=2

2j l� 1ð Þ otherwise

(

Using the same d; �X �, and e we define X̂k lð Þ as in (A2) and perform an anal-
ogous transfer. Then again (A1) and (A3) are fulfilled.

When l tends to infinity, the terms in brackets in (A1) do not change and
are strictly positive. On the other hand ak lð Þ

j lð Þ goes to zero. Since (A3) is sat-
isfied, the RHS of (A1) is always strictly positive. We get a contradiction.

The same construction is also possible for w ¼ 0, but impossible for w ¼ 1,
since there is no j lð Þ > i lð Þ ¼ k lð Þn. The proof for (ii) runs along similar lines.

Step 3. Technical lemma

Lemma. Define ŵ :¼
PnH

h¼1
w hð Þ=w N2ð Þ 2 D2 and k lð Þ :¼ 2l, choose m; ~m 2 H ,

and assume that for all l � 1, Xk lð Þ 2 Xk lð Þn is chosen so that the ranks i lð Þ and
j lð Þ ¼ i lð Þ þ 1 are defined such that

ak lð Þ
i lð Þ ¼ f ŵþ w mð Þ

�
w Nk lð Þ
� �� �

� f ŵð Þ ðA4Þ

ak lð Þ
j lð Þ ¼ f ŵþ w mð Þ þ w ~mð Þð Þ=w Nk lð Þ

� �� �
� f ŵþ w mð Þ=w Nk lð Þ

� �� �
ðA5Þ

Then

lim
l!1

ak lð Þ
i lð Þ =a

k lð Þ
j lð Þ ¼ w mð Þ=w ~mð Þ:

The proof consists of five parts. We suppose throughout this step that ŵ; k lð Þ
have been defined and m; ~m are fixed. Note that 0 < ŵ 
 1=2. The latter
inequality follows because the numerator of ŵ does not exceed w Nð Þ (because
nH 
 n) and because w N2ð Þ ¼ 2w Nð Þ. ŵ will also be employed in later steps.

Part a. Definition of a ‘regular grid’ D mð Þ � D around ŵ for m 2 H

By assumption the population contains at least one household of each

type. We duplicate the population. Then ŵ ¼
PnH

h¼1
w hð Þ=w N2ð Þ 2 D2,

ŵ ¼ w A2ð Þ=w N2ð Þ for A2 � N2 and there is at least one household of each type
in A2 and N2 � A2.
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We define ŵ� mð Þ :¼ ŵ� w mð Þ=w N2ð Þ and

D mð Þ :¼ ŵ� mð Þ þ h
k

w mð Þ
w N2ð Þ

0 
 h 
 2k; h 2 N0; k ¼ 1; 2; . . .j
� 

:

D mð Þ corresponds to a ‘regular grid’ around ŵ. The difference between
w0 2 D mð Þ and w00 2 D mð Þ can be represented as a multiple of
w mð Þ= kw N2ð Þð Þ ¼ w mð Þ=w N2kð Þ for an appropriate k. The regularity will be
helpful in the rest of the proof, where we will confine us to income distri-
butions which ‘fit to D mð Þ’. We define X2kn mð Þ � m 2kð Þ� �

for k � 1, where
X2kn mð Þ contains all distributions X 2 X2kn such that ŵ� mð Þ ¼
Pk nH�1ð Þ

h¼1
w h½ � X

�ð Þ=w N2kð Þ, and where the households with rank i ¼ k nH � 1ð Þþ
1; . . . ; k nH þ 1ð Þ have type m.

We obtain

a2k
i X�ð Þ ¼ f ŵ� mð Þ þ i� k nH � 1ð Þð Þw mð Þ=w N2kð Þð Þ

� f ŵ� mð Þ þ i� 1� k nH � 1ð Þð Þw mð Þ=w N2kð Þð Þ ¼ : a2k
i (A6)

for i ¼ k nH � 1ð Þ þ 1; . . . ; k nH þ 1ð Þ and X 2 X2kn mð Þ.
Thus these weights do not depend on the particular distribution

X 2 X2kn mð Þ.
Part b. a2k

i 
 a2k
iþ1 for a2k

i ; a
2k
iþ1 defined by (A6) and i ¼ k nH � 1ð Þ þ1; . . . ;

k nH þ 1ð Þ � 1 for all k � 1.

This result can be interpreted by saying that f is convex on D mð Þ.
Proof 20. For given i and k we choose an X̂2k 2 X2kn mð Þ with X̂ 2k�

i½ � > X̂ 2k�
iþ1½ � and

appropriate e > 0. Then we construct a progressive transfer of size e from the

household having rank i to the household with rank iþ 1 and get X2k. (A1)

implies

U X 2k�
iþ1½ �

� �
� U X̂ 2k�

iþ1½ �

� �h i
=e

U X̂ 2k�
i½ �

� �
� U X 2k�

i½ �

� �h i
=e
� a2k

i

a2k
iþ1

ðA7Þ

The RHS of (A7) is independent of X̂2k;X2k; e. We have to distinguish two
cases.

(i) There is e > 0 and X̂2k 2 X2kn mð Þ such that the LHS of (A7) is less than or
equal to unity. Then part b follows immediately.

(ii) The LHS of (A7) is always strictly greater than unity. Then U Em �ð Þð Þ is
strictly concave and strictly increasing on X and therefore differentiable
almost everywhere. Its derivative is strictly positive everywhere where it
exists. Choosing X̂2k appropriately and letting e! 0 we obtain

20 I owe the following arguments to a referee.
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dU Em X̂ 2k
p iþ1;X̂�ð Þ

� 	� 	

=dX̂ 2k
p iþ1;X̂�ð Þ

dU Em X̂ 2k
p i;X̂�ð Þ

� 	� 	

=dX̂ 2k
p i;X̂�ð Þ

� a2k
i

a2k
iþ1

;

where households i and iþ 1 are of the same type.
Letting X̂ 2k

p i;X̂�ð Þ tend to X̂ 2k
p iþ1;X̂�ð Þ we get a2k

iþ1 � a2k
i (since U Em �ð Þð Þ is dif-

ferentiable almost everywhere the incomes X̂ 2k
p i;X̂�ð Þ and X̂ 2k

p iþ1;X̂�ð Þ can always

be chosen such that the derivatives exist and are strictly positive. Then the
LHS of the last equation tends to unity.)

Part c. Existence of a limit

Assume that wl :¼ h lð Þ
k lð Þ

w mð Þ
w N2ð Þ with a natural number h lð Þ, 0 < h lð Þ 
 k lð Þ,

wlþ1 < wl for all l, and that wl ! 0 for l!1.

Then lim
l!1

f ŵþwlð Þ�f ŵð Þ
wl ¼ : L ŵ;mð Þ exists and is strictly positive.

Proof. In view of the convexity of f on D mð Þ (part b) we obtain

0 <
f ŵð Þ � f ŵ� mð Þð Þ

ŵ� ŵ� mð Þ 

f ŵþ wlþ1� �

� f ŵð Þ
wlþ1 


f ŵþ wl
� �

� f ŵð Þ
wl

;

i.e., a decreasing sequence bounded from below. This proves part c.

Part d. Convergence of a specific sequence

We define

Bl :¼
f ŵþ w mð Þ þ w ~mð Þð Þ=w Nk lð Þ

� �� �
� f ŵð Þ

w mð Þ þ w ~mð Þð Þ=w Nk lð Þ
� �

We want to show that then lim
l!1

Bl ¼ L ŵ;mð Þ.
Proof. If m ¼ ~m or w mð Þ ¼ w ~mð Þ apply part c directly. Otherwise it is possible
that ŵþ w mð Þ þ w ~mð Þð Þ=w Nk lð Þ

� �
=2D mð Þ. Then there exists a minimal l0 � 1

such that w mð Þ=w Nk l0ð Þ
� �

< w mð Þ þ w ~mð Þð Þ
�

w Nk l0ð Þ
� �


 w mð Þ=w N2ð Þ, i.e.,
ŵþ w mð Þ þ w ~mð Þð Þ=w Nk l0ð Þ

� �
belongs to D mð Þ or is in the closure of D mð Þ.

Wewant to construct two specific sequences in order to approximateBl from
below and above for l � l0. Thus we define wl :¼ w mð Þ þ w ~mð Þð Þ= w Nk lð Þ

� �
,

q s; lð Þ :¼ 2sk lð Þ ¼ k lþ sð Þ, and a positive integer p sð Þ � 1 such that
p sð Þw mð Þ=2s < w mð Þ þ w ~mð Þ 
 p sð Þ þ 1ð Þw mð Þ=2s. Then p sð Þw mð Þ

�
w Nq s;lð Þ
� �

< wl 
 p sð Þ þ 1ð Þw mð Þ=w Nq s;lð Þ
� �

since w Nq s;lð Þ
� �

¼ 2sk lð Þw Nð Þ and

w Nk lð Þ
� �

¼ k lð Þw Nð Þ. Now we consider wl
s :¼ p sð Þw mð Þ=w Nq l;sð Þ

� �

and �wl
s :¼ p sð Þ þ 1ð Þw mð Þ=w Nq l;sð Þ

� �
and Al

s : ¼ f ŵþ wl
s

� �
� f ŵð Þ

� �
=wl

s

and �Al
s :¼ f ŵþ �wl

s

� �
� f ŵð Þ

� �
=�wl

s.

Then by construction ŵþ wl
s; ŵþ �wl

s 2 D mð Þ; wl
s 
 wl

sþ1 
 wl 
 �wl
sþ1 


�wl
s, and lim

s!1
wl

s ¼ wl ¼ lim
s!1

�wl
s.
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Because of monotonicity of f, we obtain

wl
s

wl
Al

s 
 Bl 
 �wl
s

wl
�Al

s: ðA8Þ

Now suppose that s ¼ l. Next we investigate the sequences wl
l; �wl

l; wl and the

corresponding Al
l;

�Al
l; Bl. Since q lþ 1; lþ 1ð Þ ¼ k 2lþ 2ð Þ ¼ 4k 2lð Þ ¼ 4q l; lð Þ

andp sþ 1ð Þ 
 2p sð Þ þ 1wegetwlþ1
lþ1 < wl

l and �wlþ1
lþ1 < �wl

l and thereforebypart c:

lim
l!1

Al
l ¼ lim

l!1
�Al

l ¼ L ŵ;mð Þ. On the other hand lim
l!1

wl
l=wl ¼ lim

l!1
�wl

l=wl ¼ 1.

Thus lim
l!1

Bl ¼ L ŵ;mð Þbecauseof (A8).

Part e. Combining results

Define Al :¼ f ŵþ w mð Þ=w Nk lð Þ
� �� �

� f ŵð Þ
� �

= wðmÞ=w NkðlÞ
� �� �

and Bl

as above and assume that i lð Þ; j lð Þ; k lð Þ are given as described in the Lemma.
Then

ak lð Þ
i lð Þ

ak lð Þ
j lð Þ

¼ Al

w mð Þþw ~mð Þ
w ~mð Þ Bl � w mð Þ

w ~mð ÞA
l
� w mð Þ

w ~mð Þ : ðA9Þ

Part c and part d imply that lim
l!1

Al ¼ lim
l!1

Bl ¼ L ŵ;mð Þ . This proves the
result.

Step 4. For m 2 H : U Em �ð Þð Þ is concave and absolutely continuous. Therefore
its derivative exists a.e. and is strictly positive a.e.

Proof. We choose �X and e > 0 and will prove that

U Em �X þ eð Þð Þ � U Em �Xð Þð Þ 
 U Em �Xð Þ � U Em �X � eð Þð Þ:ð ðA10Þ
Let m 2 H be given and set k lð Þ :¼ 2l and l :¼ 2 . Then ŵ; ŵþ w mð Þ

�

wðNkðlÞÞ; ŵþ 2w mð Þ
�

wðNkðlÞÞ 2 D mð Þ. We define i 2ð Þ :¼ 2nH þ 1; j 2ð Þ :¼ i 2ð Þ
þ1 and construct X̂k lð Þ 2 Xk lð Þn mð Þ such that X̂ k lð Þ

p i lð Þ;X̂k lð Þ�ð Þ ¼
�X þ eiðlÞ

X̂ k lð Þ
pðjðlÞ;X̂k lð Þ�Þ ¼ �X � e,

PiðlÞ

h¼1
w½h�=wðNkðlÞÞ ¼ ŵþ wðmÞ=w NkðlÞ

� �
, and

PiðlÞ

h¼1
w½h�=

wðNkðlÞÞ ¼ ŵþ 2w ðmÞ=wðNkðlÞÞ.
Now we perform a progressive transfer of an amount e from the house-

hold with rank i lð Þ to the household having rank j lð Þ . Then (A1) is satisfied
for i ¼ i lð Þ; j ¼ j lð Þ; k ¼ k lð Þ, and we get

akðlÞ
iðlÞ

akðlÞ
jðlÞ

¼
f
�
ŵþ wðmÞ=ðNkðlÞÞ

�
� f ðŵÞ

f
�
ŵþ 2wðmÞ=wðNkðlÞÞ

�
� f

�
ŵþ wðmÞ=ðNkðlÞÞ

� ðA11Þ



U
�
Emð�X Þ

�
� U

�
Emð�X � eÞ

�

U
�
Emð�X þ eÞ

�
� U

�
Emð�X Þ

�
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After increasing l! lþ 1 we set i
�
l
�

:¼ 2i l� 1ð Þ � 1; j lð Þ :¼ i lð Þ þ 1
and perform an analogous transfer. If l goes to infinity, the ratio (A11)
converges to 1 (apply Step 3 for m ¼ ~m). This proves (A10), which is equiv-
alent to midpoint-concavity. Continuity and midpoint-concavity imply that
U Em �ð Þð Þ is concave and absolutely continuous and that its derivative exists
a.e. The latter is strictly positive a.e. because of strict monotonicity (cf.
Kuczma 1985, Chapt. 7).

Step 5. Em Xð Þ ¼ w rð Þ
w mð ÞX � bm for m 2 H

Proof. We choose m; ~m 2 H , define k lð Þ :¼ 2l, and consider
ŵ; ŵþ w mð Þ

�
w NkðlÞ
� �

2 D mð Þ, and ŵþ wðmÞ þ w ~mð Þð Þ
�

w NkðlÞ
� �

2 D: We

define i lð Þ :¼ k l� 1ð ÞnH þ 1; j lð Þ :¼ i lð Þ þ 1 for l � 1 . After choosing

X ; ~X with X � :¼ Em Xð Þ > E~m ~X
� �

¼ : ~X � , we construct X̂k lð Þ 2 Xk lð Þn such

that
PiðlÞ

h¼1
w½h�
�

w NkðlÞ
� �

¼ ŵþ w mð Þ
�

wðNkðlÞÞ; w i lð Þ½ � ¼ w mð Þ; w j lð Þ½ � ¼ w ~mð Þ,

and X � ¼ X̂ k lð Þ�
i lð Þ½ � > X̂ k lð Þ�

j lð Þ½ � ¼ ~X �.

Performing a progressive transfer of a small amount e > 0 we obtain (A1)
and by definition

akðlÞ
iðlÞ

akðlÞ
jðlÞ

¼
f ŵþ wðmÞ

�
wðNkðlÞÞ

� �
� f ðŵÞ

f ŵþ ðwðmÞ þ wð~mÞÞ
�

wðNkðlÞÞ
� �

� f ŵþ wðmÞ
�

wðNkðlÞÞ
� �

By Step 3 this ratio converges to wðmÞ=wð~mÞ, when this step is repeated
analogously and l goes to infinity. Thus we obtain from (A1)

w ~mð Þ U E~m ~X þ e
� �� �

�U E~m ~X
� �� �� �

e�w mð Þ U Em Xð Þð Þ�U Em X � eð Þð Þ½ �=e=

and for e! 0 ( since U Em �ð Þð Þ is concave, it is differentiable a.e. with positive
derivative)

w ~mð Þ
d U E~m ~X

� �� �

d ~X
� w mð Þ d U Em Xð Þð Þ

d X
with Em Xð Þ > E~m ~X

� �
:

Now we change ~X such that E~m ~X
� �

tends to Em Xð Þ. Then we get

w ~mð Þ d U X �ð Þ
d X �

E0~m ~X
� �
� w mð Þ d U X �ð Þ

d X �
E0m Xð Þ:

Since U is absolutely continuous and strictly increasing, we obtain
w ~mð ÞE0~m ~X

� �
� w mð ÞE0m Xð Þ and the converse by switching the roles of m and

~m. Therefore w ~mð ÞE0~m ~X
� �
¼ w mð ÞE0m Xð Þ, if E~m ~X

� �
¼ Em Xð Þ. Since Er Xð Þ ¼ X ,

we have E0r Xð Þ ¼ 1 and E0m Xð Þ ¼ w rð Þ=w mð Þ, which proves the claim.

Step 6. Em Xð Þ ¼ w rð Þ
w mð ÞX for m 2 H and w mð Þ < w mþ 1ð Þ for m ¼ 1; . . . ; nH � 1

if X ¼ Rþþ, and Em Xð Þ ¼ X � bm; w mð Þ ¼ w rð Þ for m 2 H and bm <
bmþ1; m ¼ 1; . . . ; nH � 1; br ¼ 0 if X ¼ R.
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Proof. If X ¼ Rþþ, the constants bm have to be equal zero, since Em is one-to-
one. w mð Þ < w mþ 1ð Þ is implied by E(iv).

If X ¼ R, the weights w mð Þ have to be identical to w rð Þ, since otherwise
E ivð Þ is violated (Er Xð Þ and Em Xð Þ would cross for m 6¼ r). bm < bmþ1 is
implied by E ivð Þ and br ¼ 0 by E vð Þ.
Step 7. For every k, i and X 2 Xkn we have

ak
i w# X �ð Þ
� �

w i½ � X
�ð Þ=w Nkð Þ



ak

iþ1 w# X�ð Þ
� �

w iþ1½ � X
�ð Þ=w Nkð Þ

: ðA12Þ

Proof. We construct an appropriate X̂k 2 Xkn and progressive transfer
implying (A1) for j ¼ iþ 1. Dividing both sides by e we obtain

ak
iþ1

d U X�ð Þ
d X �

E0~m X k
p iþ1;X k�ð Þ

� �
� ak

i
d U X �ð Þ

d X �
E0m X k

p i;X k�ð Þ

� �

for e! 0, X k�
iþ1½ � ! X k�

i½ � ¼ : X �, m :¼ m kð Þ
p i;Xk�ð Þ and ~m :¼ m kð Þ

p iþ1;Xk�ð Þ.
Step 5 proves the result. j

This allows us to prove convexity of f also generally: (A12) holds for given X

and i, but simple computations demonstrate that the intervals can be
‘enlarged’ for given X; i.e.

f w2ð Þ � f w1ð Þ
w2 � w1


 f w3ð Þ � f w2ð Þ
w3 � w2


 f w4ð Þ � f w3ð Þ
w4 � w3

for w1 < w2 < w3 < w4 also implies that

f w2ð Þ � f w1ð Þ
w2 � w1


 f w4ð Þ � f w2ð Þ
w4 � w2

and
f w3ð Þ � f w1ð Þ

w3 � w1

 f w4ð Þ � f w3ð Þ

w4 � w3
:

For arbitrary w1;w2;w3 2 D with w1 < w2 < w3 we chose k and X 2 Xkn s.t.
w2 ¼ w½i� X

�ð Þ=wðNkÞ for an appropriate i and define wk to be the minimal
w½j� X

�ð Þ=wðNkÞ � w1 and �wk to be the maximal w½j� X
�ð Þ=wðNkÞ 
 w3. Then

f w1ð Þ 
 f wk
� �

< f w2ð Þ < f �wk
� �


 f w3ð Þ. Letting k tend to infinity we obtain

f w2ð Þ � f w1ð Þ
w2 � w1


 f w3ð Þ � f w2ð Þ
w3 � w2

ðA13Þ

in the limit, since the RHS and LHS of (A13) is approximated.

Proof of Proposition 3

Without loss of generality we consider the case k ¼ 1.
Theorem 2 implies the linearity of the equivalent income function

Emi Xið Þ ¼ w rð Þ
w mið ÞXi or Emi Xið Þ ¼ Xi � bmi . Therefore
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lðX�;w�Þ ¼
Xn

i¼1

wðmiÞ
wðNÞ X �i ¼

wðrÞ
wðNÞ

Pn

i¼1
Xi forX¼Rþþ

1
n

�
Pn

i¼1
Xi�

Pn

i¼1
bmi

	

forX=R

8
>><

>>:

which is unchanged by a progressive transfer (if X ¼ R then w mð Þ ¼ w rð Þ for
m ¼ 1; . . . ; nH and therefore w Nð Þ ¼ n w rð Þ). Because of the concavity of U
and of Jensen’s inequality we obtain

n X�;w�ð Þ ¼ U�1
Xn

i¼1
ai w# X

�ð Þ
� �

U X �i½ �
� �

 !



Xn

i¼1
ai w# X

�ð Þ
� �

X �i½ � ¼
Xn�1

i¼1
f

Pi

j¼1
w j½ � X

�ð Þ

w Nð Þ

0

B
B
B
@

1

C
C
C
A

X �i½ � � X �iþ1½ �

� �
þ X �n½ �



Xn�1

i¼1

Xi

j¼1
w j½ � X

�ð Þ w Nð Þ=

 !

X �i½ � � X �iþ1½ �

� �
þ X �n½ �

¼
Xn

i¼1

w i½ � X
�ð Þ

w Nð Þ X �i½ � ¼ l X�;w�ð Þ;

where the last inequality holds since f wð Þ
w. Thus l X�;w�ð Þ�n X�;w�ð Þ� 0.
On the other hand a progressive transfer weakly increases n X�;w�ð Þ.
The converse is obvious. j

Proof of Proposition 4

(a) SCALE invariance implies that n kX�;w�ð Þ ¼ k n X�;w�ð Þ. Observing the
functional structure we obtain a functional equation, which can be solved.
It implies that U Xð Þ ¼ cX e þ d or U Xð Þ ¼ c logX þ d, where
c 6¼ 0; e 6¼ 0, and d are real constants (see Proposition 2 in Ebert (2003)
for details). Theorem 2 yields that X � ¼ Em Xð Þ ¼ w rð Þ

w mð ÞX . Thus we obtain
the result.

(b) Analogously.
(c) It is a consequence of (a) and (b). j

Proof of Corollary 5

Observe that nk Xp;m kð Þ� �

 max X p�

i i 2 Nkj
n o


 Z� and employ Proposi-
tion 3. j

Proof of Proposition 6

Similar to the proof of Proposition 4. j
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