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Abstract. The notion of informational basis in social choice can be broad-
ened so as to cover not only the standard notions related to interpersonal
utility comparisons, but also information about utilities or preferences at
(ir)relevant alternatives, non-utility features of alternatives, personal
responsibility, unconcerned subpopulations, and feasibility constraints. This
paper proposes a unified conceptual framework for all these notions, and
analyzes the kind of information retained in each case. This new framework
yields a deeper understanding of the difficulties and possibilities of social
choice. New welfarism theorems are also obtained.

1 Introduction

The notion of informational basis has been coined by Sen (1970) and d’As-
premont and Gevers (1977), in order to describe the sets of data that are used
in the determination of social preferences over alternatives. Although, in his
work as a whole, Sen has studied the issue of information in social choice from
many different angles, especially in the debate about welfarism, the notion of
informational basis itself has often been conceived in a rather narrow way, that
is, in terms of interpersonal comparisons of utility (or any similar notion of
well-being). Moreover, a large consensus still exists in social choice about the
fact that interpersonally comparable indices of individual well-being are a

I am indebted to W. Bossert, W. Gaertner, F. Gaspart, L. Gevers, N. Gravel, S. Kolm,
M. Le Breton, Ph. Mongin, P. Hammond, K. Suzumura, K. Tadenuma, A. Trannoy
and J. Weymark for many conversations on topics related to this paper. I have
benefited from reactions of the audience at the conference in honor of Louis Gevers,
Namur 1999, and at a seminar at the LSE, and from comments by two referees and the
editor, F. Maniquet. None of them is responsible for the shortcomings of the paper.
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necessary piece of information in order to obtain consistent social preferences
and to avoid the difficulties so famously described in Arrow’s impossibility
theorem (Arrow 1951).! Such a consensus obviously reinforces the widespread
impression that the question of the informational basis does indeed revolve
around this key issue of interpersonal comparisons.

In this paper, I propose broadening the concept of informational basis, so
as to make it possible to rigorously discuss, in a unified framework, the use of
information not only about individual utilities but also about individual
preferences, individual talents and handicaps, and about other features of the
economy such as the set of feasible allocations.

The purpose of the paper is not just to provide a more suitable toolbox for
the analysis of information in social choice. The broadened conceptual frame
should make it easier to think about how to introduce more information than
Arrow allowed in his famous impossibility theorem, and should make it more
transparent that the consensus about the need for interpersonally comparable
indices of well-being is questionable. In a variety of models, Samuelson (1977),
Pazner (1979), Kaneko and Nakamura (1979), Dhillon and Mertens (1999),
and Fleurbaey and Maniquet (1996, 2000, 2001) have articulated the dissident
view that ordinal non-comparable preferences may be sufficient information
for consistent and equitable social preferences. The concepts proposed in this
paper will clarify how this outlying thesis fits in a general coherent picture.

The broader conceptual framework proposed in this paper will not only
explain how social choice can be made possible in absence of interpersonally
comparable indices of well-being. It will also relate the difficulties and possi-
bilities of social choice to notions which are not usually thought to be central
to such issues. Social preferences may be more or less hard to construct
depending on the adoption of principles of responsibility, separability, and
independence of feasibility constraints. In particular, it will be shown below
that Arrow’s theorem can be reinterpreted in terms of the following “trilem-
ma”’. Reasonable social preferences cannot at the same time hold individuals
responsible for their utility functions (as distinct from their preferences), dis-
regard utilities at infeasible alternatives, and disregard feasibility constraints.

The paper is organized as follows. The next section presents the framework
and the basic notions. The key concept is related to the information used in the
social ranking of two alternatives. Then, Sect. 3 through 8 examine the use of
information about, successively, utilities (interpersonal comparisons), relevant
or irrelevant alternatives, non-utility features of alternatives (Paretianism),
personal responsibility, unconcerned subpopulations (separability), and feasi-
bility constraints. Since the classical notion of informational basis is limited to
the first item of this list, the main achievement in these sections is the integration
of all the other notions into a unified conceptual framework, and actually, one
and the same family of axioms serves to cover all these informational issues.
Every section is made up of a short formal analysis, followed by some comments

! For a very elegant presentation of this consensual view, see Sen (1999).
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on the ethical foundations of the informational approaches under consider-
ation. Then, sect. 9 studies some interesting combinations of informational
requirements introduced separately in the previous sections. Section 10 exam-
ines the possibility of constructing consistent social preferences on the basis of
various kinds of information and interpersonal comparisons, and proposes a
distinction between different kinds of welfarism and non-welfarism. Section 11
summarizes the results and concludes.

2 Framework and basic notions

The standard social choice problem is the determination of a mapping which
defines social preferences over a given set of alternatives as a function of the
profile of preferences of a given population. This framework is too restrictive
if one wants to study how social preferences could depend on other charac-
teristics of the individuals (such as utility functions, or talents), on the pop-
ulation itself (demography), or on the set of alternatives.

A more general framework is the following. A social choice entry is
e = (0y,X), where N is the set of individuals of the relevant population,
On = (0;),cy 1s the profile of individual characteristics, and X the set of alter-
natives. The social choice problem is to find a social ordering function (SOF) R
such that, for every e € &, where & is a relevant domain of entries, R(e) is a
complete preorder on X. Social preferences defined by the preorder R(e) will be
denoted xR(e)y, with related strict preferences xP(e)y and indifference xI(e)y.
Let N = Ucoy.x)eeN denote the global population from which particular pop-
ulations N are drawn.

The interest of this problem can be explained as follows. The set X may
consist of all alternatives which are feasible in some general sense. But the actual
decisions the population will have to make may be limited to a strict subset of X.
For instance, X may be the set of all alternatives over which individual pref-
erences are defined, and scarcity constraints may limit actual choices. Or X may
be the set of technically feasible alternatives, and incentive compatibility con-
straints may make it impossible to achieve all alternatives which are technically
feasible. Or the social decisions may always take the form of a piecemeal reform
opposed to the status quo. There are a variety of possible constraints preventing
society to choose directly from the whole set X. In all such contexts, a complete
preorder over X is a very useful tool. Moreover, the theory would be quite
useless if it were able to define social preferences for a very small class of social
choice entries. It must be able to solve the problem for a sufficiently wide class,
covering all relevant cases one may envision. This is why a function, not just one
preorder for one entry, is sought.?

2 As defined here, the social choice problem is still too narrow to study some
important issues. In particular, it does not make it possible to study the issue of
optimal population size, which requires a preorder over different alternatives for
different populations. For a synthesis on this issue, see Blackorby et al. (1997).
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Obviously, the nature of the social choice problem depends a lot on the
domain of entries. Depending on &, the social choice problem may consist in
an abstract collective problem of choice, or in a more concrete allocation
problem.’

It is assumed here that 6; is a complete description of individual i’s
characteristics. For any notion of utility, one can then define a mapping U
such that U(6;) : X; — R is i’s utility function, defined over some relevant
domain X; which contains X. We do not restrict the domain of definition of
utility functions to X, because in some problems, X describes a feasible set
and individual utilities are defined over a much broader set. As it will appear
in the sequel, it is not an innocuous restriction in such cases to disregard
utilities outside X.

The central topic of this paper will be the information used by a SOF R
about an entry e = (0y,X) when ranking two alternatives x,y € X. Typically,
there is some information used by R, and the rest is disregarded. This can be
captured by introducing a function f, hereafter called a data filter, which
screens out all irrelevant information and retains only what is considered
relevant. In other words, the SOF R will satisfy the following axiom for some
well chosen data filter f:

Independence of Non-f Information (INfI):

Ve = (Oy,X),¢ = (0, X')egwx y) e X2V, ) € (X)
f(ea(xay)):f( ) [ y@x ( )y’]

I claim that most if not all of the issues pertaining to the notion of infor-
mational basis in social choice revolve around particular features and prop-
erties of the data filter f. This claim will be illustrated, if not proved, in the
following sections.

3 Utility transformations

The notion of informational basis has been traditionally associated to
transformations of profiles of utility functions (Sen 1970; d’Aspremont and
Gevers 1977), and transformations of vectors of utility levels (Gevers 1979).
The purpose of this section is to relate such notions to INfI, and in the
process to clarify a few points.

3 The notion of social choice problem defined here is sufficiently general to cover the
theory of fair allocation, which has mostly been confined to the search of coarse
preorders distinguishing good allocations from bad ones. Such coarse preorders are
nevertheless complete, and therefore the ‘““allocation rules” of the theory of fair
allocation can be described as SOFs for the social choice problem.
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3.1 Formal analysis

Let U be a function deriving any individual #’s utility function from her
characteristics 0;. That is, if i’s utility function is u;, then u; = U(6;). With an
abuse of notation, let U(0y) denote the profile of utility functions uy such
that u; = U(0;) for every i € N.

Let ®oyc denote the set of vectors of mappings ¢ = (¢;),.5 such that for
every i € N,¢p;: R — R is increasing. The subscript ONC refers to the
“ordinal non-comparable” information setting that this set implies, as will be
explained below. With a slight abuse of notation, for any e = (0y,X), let
¢(uy) denote the vector of utility functions ), such that for every i € N, and
every x € X;,ul(x) = ¢;(u;(x)). Similarly, let o simultaneously denote the
ordinary composition of functions, and also the composition operation ap-
plied to vectors of functions component-wise, so that @ o @' = (¢, 0 ¢}), .-
With this convention, (®pyc, ) is an algebraic group.*

In the literature, the sets of transformations have been used in the con-
struction of invariance axioms such as the following one. Let ® C ®ppyc.

Invariance to ® (INV ®@):

Ve = (Oy,X),e = (0y,X) € & Vuy = U(Oy), uy = U(0y),
Jp € O, uyy = ¢(uy) = R(e) = R(¢).

As an illustration, the axiom INV®yyc means that any transformation of
utility functions which does not alter individual ordinal preferences leaves
social preferences unchanged. In other words, under this axiom, the only
information about individual utilities that is used is contained in individual
non-comparable preferences.

The question to be addressed here is how such an axiom can be translated
into a requirement imposed on the data filter f of the INfI axiom. It is
immediate that R satisfies INV® whenever it satisfies INfI for a data filter f
such that:

Ve = (Oy,X),e = (0y,X) € & VYuy = U(Oy),uy = U(0)y),
dp € @, uy = o(uy) = f(e,.) = f(€,.).

But it is also useful to examine how a particular INfT axiom can serve to
express the INV® condition, because this helps to understand the nature of
the restrictions imposed by INV®. For any subset ® C ®pnc, let (@, 0)
denote the subgroup of (®Ppnc, o) generated by @ (that is, the smallest superset
of @ which is a group). This set is unique, as recalled in the following lemma.

4 The importance of algebraic groups in this area was emphasized by Roberts (1980).
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Lemma 1. Let ® C ®pye, and @' denote the set of inverses of elements of ®.
Then

Dy = {9 € Poxc|3¢y, ..., 0, EPUD ™, o= 0...00,}.

The following proposition deciphers the consequences of INV® over the data
filter f involved in INfT, when the two axioms are made equivalent. First,
notice that the set ®, generates an equivalence relation ~¢, on the domain &,
which is defined by

(QN,X) ~o, (Qle,X,)@N:N/ and X =X’ and HQDECD_L],U(QEV) ZQD(U(GN)).

For any e € &, let ~q, (e) denote the equivalence class for ~¢, to which e
belongs.

Proposition 1. Consider any subset ® C ®pyc, and assume that & is rich en-
ough so that, for any e = (Oy,X) € &, and any ¢ € ®,, there exists (0, X) € &
such that U(0) = @(U(0y)). The axiom INV® is then equivalent to INfI for f
defined by:

f(ev (xvy)) = (NCI)y (e)v (x,y))

Proof> INV® implies INfI. Let f(e, (x,y)) = f(¢, (x',)')). Then, by defini-
tion of f, one hasx =x',y =)y N =N X =X, and

Ip € g, U(O) = @(U(Oy))-

By the above lemma, there exist ¢,...,¢, € DU® ! such that
@ =@ 0...0¢,. One then has

UOy) =¢y0...00,(U0y)).

By the richness assumption on &, and since ¢, € ®,, there exists
e"=(0y,X)e& such that U(Oy) =¢,(U(By)), and therefore
U(Ox) = ¢, (U(07)). Since either ¢,, € ® or ¢! € ®, then by INV®D, one
has R(e) = R(¢”). Similarly, let ¢"' = (0% ' X)€ & be such that
Uy) = ¢, (U(0%)). By INV®, one has R(e”) = R(e"!). By iteration of
this argument, one finally obtains R(e) = R(¢’), and therefore R(e) and R(e’)
coincide on {x,y}.

INfT implies INV®D. Let e= (Oy,X),e = (0y,X) € &uy = U(Oy),
uy, = U(0)), be such that

Jp € O, uy = ¢(uy).
Take any (x,y) € X2. Since ® C @, one has f(e, (x,y)) = f(€, (x,»)), so that,

by INfI, R(e) and R(¢') coincide on {x,y}. Since this applies to any
(x,») € X*,R(e) = R(¢). [ |

3 Prop. 1 just gives the simplest example of f such that INV® and INfT are equivalent.
There is a more general theorem saying that this equivalence is obtained for all 1
which are isomorphic to the one given here. This is true for all results below.
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The formula f'(e,(x,y)) = (~a, (e),(x,y)) captures the substance of
INV®. The only information that is retained about e is the equivalence class
to which it belongs, and this implies lumping together profiles of utility
functions which are related by transformations of ®, (not just ®).

A corollary of this result, then, is that INV® is equivalent to INV®,,
which means that there is no obligation to restrict attention to sets of
transformations @ which are algebraic groups, and also no limitation in doing
so. This corollary was proved in a particular case by d’Aspremont and Gevers
(1977), when they showed (their Theorem 1) the equivalence of referring to
the set of cardinal non-comparability

(I)CNC = {QD S (I)ONC|305 € Rﬁ,ﬁ € RJYJF,VI' € N,Vu € R, qo,(u) =o; + ﬂ,u}
and to the set

Oy = {40 € q)ONCElOC S R,ﬁ € R§+,Vi S N,Vu € R,QDI(M) = Ol+ﬁlu}

The equivalence between INV®,; and INV®cy is simply the consequence of
(®46), = Dene.

For the rest of the discussion, it is useful to introduce the set of cardinal
unit comparability

Deye = {qo € Oonc|Fo € RY, f € Ry, Vi€ N,Vu € R, o,(u) = 0 + ﬁu}.

The axiom INV®yc, in particular, deletes any information about interper-
sonal comparisons of utility levels (because the o; may change the zeros of
individual utility functions independently), but preserves information about
comparisons of utility differences. It is satisfied by the utilitarian SOF, which
is defined here by: Ve = (0y,X) € &,Vuy = U(0y),Vx,y € X,

R(e)y &> wi(x) = > uily).

ieN ieN

And the set of ordinal measurability and full comparability

Dorc = {¢ € Donc|Vi,j €N, ¢; = ¢, }
yields an axiom INV®g which preserves information about interpersonal

comparisons of utility levels, but not more, and is satisfied in particular by the
maximin SOF, defined by: Ve = (0y,X) € &,Vuy = U(Oy),Vx,y € X,

— () S min s (v).
xR(e)y < minu;(x) > minu,(y)
3.2 Ethical comments

An axiom like INVO restricts the kind of information that can be used by the
SOF about the profile of individual utility functions. The literature® studying

% For two excellent surveys, see Bossert and Weymark (1998) and d’Aspremont and
Gevers (2002).
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such axioms has usefully clarified the informational content of various social
welfare functions, most notably utilitarianism and the maximin criterion. But it
usually left unclear why an axiom of the INV® sort should be viewed as
appealing, in the normative perspective of the construction of good social
preferences. A superficial reading might give the impression that it all has to do
with the fact that some information about individual utilities may just happen
not to be available, so that an axiom like INV® may help analyzing the con-
sequences of this information shortage on the social objective. This idea is quite
questionable. The construction of good social preferences should involve all
ethically relevant information, independently of what is available or possible.”
As an example, suppose a utilitarian social planner is told that the only infor-
mation available is about individual levels of utility, without any clue about
utility differences and intensities. Should this make the social planner accept the
axiom INV®gz-? This axiom is not satisfied by the utilitarian SOF. Should the
planner abandon her utilitarian preferences and become an egalitarian, since
the maximin SOF satisfies INV®z-? A more consistent attitude would be for
her to keep her utilitarian social preferences and to conclude that the imple-
mentation of these preferences will be difficult. Trying to collect the relevant
data might be the first way out to probe.

In conclusion, one should reserve the use of INV © for discarding irrelevant
information, not for addressing information shortages. The various axioms
INV @, for different sets ®@, need not appear equally justifiable, in this respect.
For instance, it is not very hard to justify INV®gyc, which excludes any
information about utilities except that contained in ordinal non-comparable
preferences, by invoking the individuals’ responsibility for their subjective
satisfaction. One may want to respect individual preferences and therefore take
them into account, but disregard utilities as a purely private matter. This is just
what INV®yc stipulates.® It seems harder to defend INV® . Truly enough,
this axiom is logically weaker than INV®gyc, so that, rigorously, it should be
easier to justify. But it is hard to defend it without justifying INV®gyc in the
process. How could one argue that utility levels do not matter whereas utility
differences may matter?’ It is also quite hard to defend INV®ypc, except
through a direct defense of the absolute priority of the worst-off, as embodied in
the maximin and leximin criteria, or in an equity axiom such as Hammond’s
(1976). But deriving a justification of INV®gzc from the maximin criterion is

7 This viewpoint is defended e.g., in Kolm (1996).

8 This line of argument can be found in Rawls (1982), Dworkin (2000).

% One finds awkward arguments to this effect in Harsanyi (1976, p. 72 and pp. 75-76).
One is that medical treatment should go to whom it benefits more, and not in priority
to a poor (as opposed to a millionaire). A second example is about giving a small
present to one of two boys, a happy one who derives great joy from presents, and an
unhappy one who does not derive much pleasure from small presents. Harsanyi argues
in favor of giving the present to the first one, on the ground that the giver is not
responsible for the initial inequality. In both examples, the intuition seems to be driven
by a matter of different spheres of justice.
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unwelcome for a literature which goes the other way, deriving the maximin from
INV®ypc. In conclusion, the ethical foundations of the INV¢ approach are
rather fragile, with at least one exception: INV®gyc. The widespread belief that,
in view of Arrow’s impossibility, the INV®gyc axiom leads social choice to a
dead end, has restricted its use. In view of the new possibilities discussed below,
it may be rehabilitated.

This criticism of the INV ® approach should not be understood as meaning
that introducing interpersonally comparable indices of well-being is not sound.
Quite to the contrary, the idea of constructing such indices, as defended for
instance in Sen’s broad theory of equality, is very respectable. The point here is
that particular axioms such as INV®¢yc or INV® oz may not be very helpful. It
isnot on the basis of INV®gz- that Sen defends an egalitarian view, for instance,
but because of the direct ethical value of equality.

4 Irrelevant alternatives

The INV ® axioms (for various sets @) are the core of the traditional notion of
informational basis. But they are just the starting point of our analysis. A first
broadening of the notion of informational basis is now proposed, by
encompassing the condition of “independence of irrelevant alternatives”, a
condition which has usually been used jointly with axioms bearing on trans-
formations of utility functions.

4.1 Formal analysis

The following axiom says that a change in the population profile which does
not alter the levels of utility at two alternatives should not modify social
preferences on these two alternatives.

Independence of Other Alternatives (I0A):
Ve = (Oy,X), e = (0y,X) € & Yuy = U(Oy),uy = U(0y),Vx,y € X,

uN|{x,y} = u;\/|{x7y}:> E(@) |{x,y} = E(e,) |{x,y}'

This axiom is usually called “independence of irrelevant alternatives’. This
name is, however, the source of two confusions. First, it gives the wrong
impression that it is just an innocuous adaptation of Arrow’s axiom of inde-
pendence, which requires social preferences over two alternatives not to change
when individual preferences on these two alternatives do not change. This axiom
is actually a very substantial weakening of Arrow’s axiom, as shown below.!°

10" A formal definition of Arrow’s axiom is given in Subsect. 9.2. The idea that IOA is
a faithful translation of Arrow’s axiom is tempting when one presents the introduction
of utilities as a change of framework, rather than just a change of axioms in a more
general framework. See e.g., Sen (1986, p. 1114): ‘For a SWFL the Arrow conditions
are readily redefined’. Hammond (1987) proposed the alternative name “Independence
of Irrelevant Utilities”.
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Second, it makes a confusion between the uncontroversial requirement that
irrelevant information should be disregarded, and the controversial definition
of the irrelevant information. From the standpoint of deontology, it is
probably preferable to use names expressing the content of an axiom in a
neutral and transparent manner.

Now we can begin to see the power of the INfT axiom, since it can also
express this new condition. What requirements on the data filter /' does IOA
imply? The SOF R satisfies IOA whenever it satisfies INf1 for a data filter f such
that: Ve = (Oy,X), e = (0, X) € &, Yuy = U(Oy),uy, = U(0y),Vx,y € X,

uN’{x,y} = u;\’|{x,y}:> f(e7 (x,y)) = f(e,a (xay))

Again, it is useful to look for conditions under which the axioms IOA and
IN/T are actually equivalent.

Proposition 2. 4 SOF R satisfies IOA if and only if it satisfies INfI for f defined
by:
f(ev (x?y)) = (MN(x)7 uN(y)aX7 (xay))a

where e = (Oy,X),uy = U(Oy).

Proof, IOA implies INfI. Let f(e,(x,»)) =f(€ ( »)). This implies
x=x,y=y,N=N X=X uy(x) =uy(x),uy(y) = u) ( ), and therefore,

by 10A, R |{x v} = _(e,)|{x,y}'

IN/T implies IOA. Let uy|q,; = ”M{xy}' Then f(e, (x,)) = f(¢, (x,»)),

so that by INfI, R(e) |, = R(€')| e [ |

As this proposition shows, IOA retains very little information about
individual situations at x and y. And one may want to introduce some
additional information, in particular about the profile of utility functions,
which describes the kind of population concerned with the construction of
social preferences. This can be done by taking account of utilities at other
alternatives. There are many possible subsets of other alternatives which may
be introduced. We limit our attention here to two typical examples.'! The first
one consists in taking account of utilities over the whole set X, and disre-
garding utilities outside X.

Independence of Non-Feasible Alternatives (INFA):

Ve = (Oy,X),e = (0y,X) € & Yuy = U(Oy),uy = U(0)),
uy|y = uy|,= R(e) =R(¢).

This axiom is equivalent to INfT for

Sfle (x,y) = (uN|X’X7 (x,))

I For a more extensive study along these lines, see Fleurbaey et al. (2002).
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The second example introduces a condition stipulating that the upper and
lower contour sets remain the same.'? Define

UC,,(u) ={z € Xilui(z) > u} LC,(u) ={z € X;|ui(z) < u}.

The following axiom allows social preferences to disregard the precise levels
of utilities at all alternatives which are not indifferent to x and y, except for
checking that they remain better, or worse, than x or y.

Independence of Non-Indifferent Alternatives (INIA).
Ve = (Oy,X),e = (0y,X) € &Vuy = U(Oy),uy = U(0y),Vx,y € X,

Ucu,(u,( )) = UC,y (ui(x))
,(u,( )) ucy ( (y)) T
N L ) — LCy () [ R [t = R -

LGy, (ui(y)) = LCu,.(“t(J’))
This axiom is equivalent to INfT for!?

 (un(0), un (), (UCy, () sy (UC (119)) e
Sle ny)) = < (LCu (11(5))) senys (LCo (100)) s X (5,) )

This axiom allows the social comparison of x and y to depend not only on
their utility levels but also on how they are ranked by individuals with respect
to other alternatives.

It may be useful at this point to provide examples of reasonable SOFs
satisfying INFA or INIA but not IOA. In an abstract voting problem, the
Borda rule, which applies the utilitarian criterion to individual Borda scores!#

vi(x) = #ui(LC,, (ui(x)) N X),

(by standard convention, u;(4) denotes the range of u; on any subset A) does
satisfy INFA and INIA, but not I0OA.

Less classical examples may be provided for the economic problem of
dividing a total bundle Q € R[ 4, of £ goods among # individuals whose
consumption set is R’ +» and whose preferences bear only on their personal
consumption bundle x; (for i = 1,...,n). Pazner (1979) proposed to apply the
maximin criterion to the vector of individual v; defined by

v;(x;) = min{ A > 0]u;(AQ) > u;(x;)}.

12 The idea of such a condition can be traced back to Hansson (1973).

13 Notice that in INIA the upper and lower contour sets are defined for utility levels,
so that for instance, UC,, (u;(x)) = UC,(u;(x)) and LC,, (u;(x)) = LC,(u;(x)) imply
u;(x) = u;(x). ' '

14 There are several possible definitions of Borda scores when individuals may be
indifferent between alternatives. The definition proposed here counts the number of
indifference classes, in X, at and below x. For instance, if X = {x,y,z,¢}, and if i has
preferences defined by u;(x) > u;(y) = w;i(z) > u;(¢), then v;(x) = 3 > v:(y) = v;(z) =
2> Ui(l) =1.
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This gives a SOF which does not satisfy IOA but satisfies INIA. It also
satisfies INFA when the set X is defined as

X:{x:(xl,...,x,,)ER'ﬂxl—&—...—&—xngQ}.

Fleurbaey and Maniquet (1996) proposed another example of SOF, which
computes the social value of an allocation as the smallest fraction of Q which
belongs to the convex hull of the union of individual upper contour sets in the
consumption space:

min{i > 0[AQ € co (U{z € R’ | u(z) > ui(xi)}> }

ieN
This SOF is axiomatically justified in Fleurbaey and Maniquet (2001), and its
main attractive feature is that, in economies with convex preferences, its first
best subset of allocations, in X, is always exactly the subset of egalitarian
Walrasian allocations (i.e. competitive equilibria with equal budgets for all
individuals). This SOF satisfies INIA, but does not satisfy INFA nor I0A.

4.2 Ethical comments

The formula
f(@, (x?y)) = (MN(X), uN(y)aXv (xay))

exactly describes what information is retained under the operation of I0A.
First, the content of the two alternatives x, y under consideration (and the set
X) is fully registered. No relation is established by this axiom between dif-
ferent pairs of alternatives. For instance, the social ordering may be utili-
tarian for a particular pair (x,y) and egalitarian for another pair (x',)’).
Second, for the contemplated pair (x, y), the only information that is retained
about their consequences over individuals is contained in the levels of utility
at these alternatives. The content of this information is not supplemented by
any other individual characteristics, not even by a fuller description of the
individual utility functions. This axiom therefore embodies a very restrictive
kind of welfarism, which is utterly implausible a priori.

But two remarks may alleviate this negative impression. First, the map-
ping U which derives utility functions u; from individual characteristics 6;
may be anything, and may take into account any feature of individual sub-
jective or objective well-being. In other words, the kind of welfarism
embodied in IOA is purely formal, and is compatible with any empirical
content given to the notion of “‘utilities”. Second, if one assumes U is well
chosen so that any relevant information about individual situations at x and y
is correctly summarized into the figures uy (x), uy (y), then it is much less clear
that TOA is restrictive. By tautology, if anything that counts is in those
figures, the rest does not count, and can safely be disregarded.

If one follows this line of reasoning, the appeal of IOA is conditional
on the availability of a good function U capturing all that counts about
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individual situations. This suggests two critical points. By assuming that,
somewhat miraculously, we have a function U which gives the perfect mea-
surement of individual well-being, the theory of social choice loses any grip
on the substantial debate of how U should be defined. Since IOA somehow
asserts the perfection of U, this leaves no space within the theory of social
choice to examine alternative definitions of U. As soon as one adopts IOA for
a particular U, all other measures of well-being are excluded. This drastic
reduction of possible choices about U can be avoided only by treating IOA
not as an (initial) axiom, but as a result of some anterior analysis.

A second critical point is that the construction of u;(x) = U(6;)(x) means
that individual well-being is defined by relying only on individual charac-
teristics. This is rather appealing, but, nevertheless, a little restrictive. A
priori, one may think of defining individual well-being as a function of the
whole population profile, or of the situation of all individuals in x. In other
words, a more general approach would authorize u;(x) = U(i, Oy)(x). IOA
could be applied to this broader notion of well-being.

Let us now come back to the usual economist’s world, in which u; is an
ordinary measure of subjective utility. In this context, IOA is quite unac-
ceptable. Consider the following example. Two goods, 1 and 2, have to be
distributed to two individuals, Ann and Brian. Allocation x gives Ann the
bundle (4,6) and Brian the bundle (7,5). Allocation y gives them the bundles
(5,7) and (6.,4), respectively. We are told that Ann’s utility is 20 in x, and 24 in
v, while Brian’s utility is 24 in x and 20 in y. According to IOA, this should be
enough information to compare x and y. In summary, under IOA, the
information which can be used is (ignoring the feasible set X):

Allocation x Allocation y
Ann’s bundle (x41,x42) (4,6) (5.7)
Brian’s bundle (xz1,x52) (7,5) (6,4)
Ann’s utility 20 24
Brian’s utility 24 20

In view of the perfect symmetry of this table, social indifference is the
unavoidable conclusion. But this is very unsatisfactory. Compare the fol-
lowing two utility profiles, which both yield the above utility figures at the
two allocations:

On Uy =x4 +3x0—2 ;o u;:3xA1—|—xA2+2
N lug =xp1 4+ 3xs+2 N uy = 3xp1 +xp2 — 2.
In profile 0y, allocation x gives individuals bundles they both deem equiva-
lent, since
Uy (47 6) = MA(7, 5) = 20 MB(4, 6) = u3(7, 5) = 24,
and allocation x can actually be obtained as a Walrasian equilibrium in which

the two agents have the same budget set. In contrast, allocation y gives Brian
a bundle that both deem inferior to Ann’s bundle, so that, in particular, Brian
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envies Ann (in the sense that he would rather have her bundle). This seems to
give x a serious ethical advantage over y. Now, with profile ¢}, the utility
figures are the same at x and y, but the roles of x and y are inverted, since y is
now an egalitarian Walrasian allocation, while in x Ann envies Brian.

If one believes that these considerations are relevant, then IOA is too
restrictive and unduly eliminates relevant information. The additional
information that has been used in this example would have been available
under the weaker axioms INFA or INIA. Notice that we referred only to
indifference curves at x and y, so that INIA seems to focus on the appropriate
kind of information for many equity considerations. INFA retains informa-
tion about all utilities over X, which is too much when other indifference
curves are irrelevant, and is also too little for some equity notions. In par-
ticular, when X is an Edgeworth box, knowing whether an allocation is
Walrasian or not, when it is not interior (more precisely, when one agent
consumes all of one good), is not generally possible by looking only at
indifference curves within the Edgeworth box. This explains why the Fleur-
baey-Maniquet example of SOF defined above does not satisfy INFA.

5 Paretianism

The Pareto principle is usually presented in relation to democratic principles,
the respect of unanimous preferences, but it is also well known that it limits
the possibility to rely on non-utility information, and therefore pushes social
choice in the direction of welfarism.

5.1 Formal analysis
The most relevant Pareto condition for the discussion of this informational
feature is Pareto-Indifference:
Pareto-Indifference (PI):
Ve = (0n,X) € 6,Yuy = U(Oy),¥x,y € X,
un(x) = uy () = ¥T(e)y.

This axiom is implied by INfT whenever f satisfies the following neutrality
property: Ve = (0y,X) € &,Vuy = U(Oy),¥x,y,¥,) € X,

z%; - %3 } = fle, (x,)) = fle, (x,)))).

Equivalence between PI and INfT is obtained as follows.
Proposition 3. 4 SOF R satisfies PI if and only if it satisfies INfI for f defined
by:

fle, (x,»)) = (e, (un (x), un ()))-
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Proof. PI implies INfIL. Assume f'(e, (x,y)) = f(€,(x',)')). This implies
e=2¢, and (uy(x),uy(y)) = (un(x'),uy(y’)). By PL, this implies x/(e)x’ and
yl(e)y'. And therefore xR(e)y < xX'R(e)y’.

IN/Timplies PI. Assume uy(x) = uy(y). Let ¢ = eand x’ = y,)’ = x. Then
fle, (x,y)) = f(¢,(x¥,))). By INfI, one has xR(e)y < yR(e)x. This leaves
xI(e)y as the only logical possibility. |

5.2 Ethical comments

From the formula
fle, (x,3)) = (e, (un(x),un(v))),

it is clear that PI entails the impossibility for social preferences to take ac-
count of any non-utility or non-preference feature of individual situations at
the alternatives considered. In this way, PI implies a good deal of welfarism.
On the other hand, the fact that all information about e remains available for
use in social preferences means that a lot can be done in relating uy(x) and
uy(y) to corresponding features of individual situations. For instance,
knowing that i is at u;(x) in x entails a full knowledge of the content of i’s
upper and lower contour sets. More generally, all characteristics of the
population (and also of the set of alternatives X) can be used in order to take
account of the nature of the problem and of the types of individuals involved.

It is instructive to compare the above formula with the similar formula for
I0A:

f(ea (xay)) = (uN(x)qu(y)vX’ (xvy))'

In the latter one sees that all information is lost about individual character-
istics, so that it is impossible to put the levels of utility in perspective. On the
other hand, knowledge of x and y makes it possible to have social preferences
depend directly on features of x and y, which is not allowed by PI.

6 Responsibility

Individual responsibility has already been mentioned, when discussing
INV®gync and responsibility for subjective satisfaction. When individuals are
deemed responsible for some part of their situation in an alternative, this
presumably means that social preferences may legitimately disregard that
aspect of individual situations. Individual responsibility over something means
that it belongs to the private sphere, and that social preferences need not
bother about it. For instance, social preferences may focus on opportunity sets
offered to individuals, and disregard the particular choices made in these sets
by individuals, or they may focus on initial resources granted to individuals,
and disregard what individuals make of these resources. Again, this is directly
related to the distinction between relevant and irrelevant information.
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6.1 Formal analysis

Assume that all features of individual i’s situation at alternative x, for which
individual 7 is not responsible, are summarized in some (possibly multi-
dimensional) measure ¢;(x), and that the function ¢; is itself obtained from
individual characteristics 0y through a mapping ¢; = C(i, 0y). The fact that C
may depend on 6y and not just on 0; reflects the possibility that non-
responsibility features of an individual may be jointly determined by char-
acteristics of the whole population.

It is possible to express the fact that individual i is responsible for anything
else by letting social preferences disregard all that is not recorded in ¢;. Again,
with an abuse of notation, C(0y) denotes (C(i,0y));cy-

Independence of Responsibility Features (IRF):
Ve = (Oy,X),e = (0y,X) € & Yoy = C(Oy),cy = C(0y),

cy = ¢y = R(e) = R(¢).
The formal similarity between this axiom and INFA enables us to see
immediately that the relevant formula for the data filter f, when IRF is
equivalent to IN/T, is:

f(e7 (xvy)) = (CN7X7 (xvy))'

When alternatives x,y are so precisely described that they contain a
description of features for which individuals are responsible (for instance,
particular consumption bundles, or utility levels), cy(x),cy(y) can erase the
irrelevant data and focus on the relevant parameters of individual situations
at x and y (e.g. budget sets).

An axiom like INV®gyc, which conveys the idea that individuals are
responsible for their utility functions (as distinct from their preferences), can
also be reformulated as an IRF condition, simply by letting C(i, 8y) record all
individual characteristics except the utility function.

6.2 Ethical comments

Depending on the definition of C, IRF may be more or less restrictive. When
C(i, 0y) retains all information and, for instance, equals the constant function
¢ = 0;, IRF does not impose any restriction on social preferences.

One encounters axioms of the IRF sort in all branches of the literature on
responsibility-sensitive egalitarianism.!> For instance, there is a literature on
fair allocation, dealing with the allocation of money to individuals whose
utility function depends on money and a personal talent parameter. In this
approach individuals are supposed to be responsible for their utility function,
and INV®gyc is retained as an expression of this responsibility. A stronger

15 See the surveys by Fleurbaey (1998) and Fleurbaey and Maniquet (1999).
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axiom requiring the allocation of money to be independent of individual
preferences is even sometimes required. Another part of the literature studies
social welfare functions which evaluate individual opportunity sets,'® and an
IRF axiom is satisfied in this approach since the social evaluation depends
only on opportunity sets and disregards what exact option is chosen by
individuals in their opportunity sets.

The literature does contain other conditions related to the idea of
responsibility. For instance, some conditions request some preference for
equality of budget sets between individuals who differ only in their respon-
sibility characteristics. Such conditions express a neutrality requirement over
responsibility characteristics, and prevent social preferences from expressing a
bias in favor or against some particular exercise of responsibility by indi-
viduals. This idea of neutrality!” bears on the desirable kind or degree of
redistribution, and goes farther than the mere idea of responsibility. In a
different vein, the literature dealing with social welfare functions computed on
opportunity sets interprets the idea of responsibility as implying that social
preferences should display no inequality aversion over individuals who have
the same opportunities, and should therefore simply seek to maximize the sum
of outcomes reached by such subpopulation. Again, this approach goes far-
ther than the mere idea of responsibility, and indirectly advocates a particular
(non-neutral) distribution of rewards.

7 Separability

Social preferences are separable when, in the comparison of two alternatives x
and y, they disregard the fate of individuals who are not affected by the
change from x to y or vice versa. The situation of subpopulations can then be
studied separately.

7.1 Formal analysis

There are many ways to define the fact that an individual is not concerned by the
choice between x and y. It all depends on how one should evaluate the situation
of anindividual. The traditional way refers to utility, and, as emphasized above,

16 For instance, in Roemer (1998), an individual opportunity set is measured by the
statistical distribution of outcomes in the subpopulation with identical non-respon-
sible characteristics. This distribution depends on government policy and on the
behavior of the population.

17 Fleurbaey (1995, 1998) calls this kind of neutrality the principle of “‘natural reward”
(don’t over-punish or over-reward those who exercise their responsibility in a
particular way). When IRF is applied to functions ¢; which are constant in x, and x
describes the allocation of resources, then natural reward is entailed by IRF (and an
anonymity requirement) since the optimal allocation of resources becomes indepen-
dent of changes in individual responsibility characteristics. Individuals who differ only
in their responsibility characteristics will then obtain similar resources.
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this may cover any relevant notion of well-being. Now, when the fate of
unconcerned individuals is measured by their utility, it seems consistent to use
the same measure for the rest of the population. This justifies the following
axiom, which says that the individuals who are indifferent between x and y can
be disregarded (except for their mere existence), and that social preferences can
then only look at the utility functions of the rest of the population.

Independence of Indifferent Individuals (II1):
Ve = (Oy,X),e = (0y,X) € &Vuy = U(Oy),uy = U(0y),VM C N,Vx,y € X,
up (x) = up ()
! — / /
uM(x) - uM(y) = R(e) |{x,y} = R(e )‘{,v7y}~
Un\m = u;V\M
Proposition 4. 4 SOF R satisfies I1I if and only if it satisfies INfI for f defined
by:
4f(e> (X,y)) = (uN\M(e,x,y)7N7X7 (X,y)),
it where M (e,x,y) = {i € N|u;(x) = w;()}.

Proof. TII implies INfI. Let f(e, (x,y)) =f(¢,(¥,)')). Then N =N,
X=X,x=x and y=)'. In addition, for all ie M =Ml(ex,y) =
M(€',x,y),ui(x) = ui(y), ui(x) = uj(v), whereas wuy\y = uy,,,. Therefore, by
1L R(e)|(ry) = R()] -

IN/T implies 1. Let un(x) = up(v), uy, (x) = uy, (v), un\ar =ty ;- Onme
therefore has M C M(e,x,y) N M(¢,x,y), so that N\M(e,x,y) C N\M and
N\M(€',x,y) CN\M. As a consequence, up\u(eyr,y) = ujv\M ) Then
fle, (x,») =f(e,(x,))), and by INST one gets R(e)|{x,y} = R(e )r{x’y}. [ |

There are several variants of this axiom in the literature.!® When dealing
with an economic model, it is usually possible to describe an alternative x by
individual bundles x; for i € N. Let xy = (x;),cy then denote the related
alternative. One can then formulate an axiom saying that individuals whose
bundle does not change can be disregarded and even removed from the
population.'

Independence of Unconcerned Individuals (1UI):
Ve = (GN,X) € E&,YM C N,VXN,yN ceX,
XM =YM = [le_e(e)J’N <~ xN\MR(er)yN\M]a

where " = (GN\M,X — xM) and X —xy = {ZN\M|(xM»ZN\M> S X}

18 For instance, d’Aspremont and Gevers (1977) have an axiom which only disregards
the utility of individuals who are totally indifferent over all alternatives of X.

19 This axiom is closely linked to the consistency condition of the theory of fair
allocation. On this condition, see e.g., Thomson (1996).
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This axiom can be shown to be equivalent? to INfT for
f(ea (XN,)/N)) = (ON\M(XN,){\V)DX = XM (xyan)s (xN\M(XNy)/N)’yN\M(xJ\H}’JV)))’

where M (xy,yn) = {i € N|x; = »1}. Notice that, compared to the previous
formula, N has disappeared, reflecting the fact that unconcerned individuals
are dealt with as if they simply did not exist. More interestingly, this axiom is
much less welfarist than III, since it minimally defines the fact of being
unconcerned in terms of bundles, which leaves open many possibilities for the
evaluation of individual well-being. This is why Oy\ys(xy.,,) appears in the data
filter f.

V)

7.2 Ethical comments

Separability, and axioms like IIT and TUI, can be motivated in several ways.
There is first an issue of informational parsimony and simplicity. Separable
social preferences allow simple computations over subpopulations, and
guarantee the consistency between separate studies at local levels and global
studies for the whole population. A second idea is related to how democracy
works. In any contest between two alternatives, the unconcerned individuals
are likely not to express any preference in favor of any of them, and therefore
their vote will not influence the final decision. A third, more normative
viewpoint, is that the principle of subsidiarity requires decisions to be under
the control of concerned individuals only. Unconcerned individuals may give
advice and recommendations, but the ultimate decision power should remain
entirely in the hands of concerned individuals.

Against these arguments, it is sometimes said that the evaluation of what
is going on in a subpopulation may depend on how it fares with respect to the
rest of the population. For instance, social preferences may be more egali-
tarian if the subpopulation under consideration is poor compared to the rest,
and be less egalitarian if it is much richer than the rest.

Many axioms, in the literature of social choice and fair allocation, have
some flavor of separability. For instance, the Strong Pareto principle adds to
PI the statement that x is strictly better than y whenever part of the population
is indifferent while the rest strictly prefers x. This can be derived from a version
of III in which indifferent individuals can be removed from the population (as
in IUI), combined with the Weak Pareto principle according to which unan-
imous strict preferences for x over y, in the population, entails the same for
social preferences. Other examples are given by the Pigou-Dalton principle of
transfer, and Hammond’s (1976) equity axiom, which focus on two-individual
subpopulations.

Separability axioms will generally be incompatible with non-individual-
istic definitions of utility u; = U(i,6y) or non-responsibility features

20 The proof is quite different from the previous one, and is given in the Appendix.
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¢; = C(i,0y). This potential conflict will be illustrated below, concerning
social preferences favoring Walrasian allocations.

8 Feasibility

As explained in Sect. 2, the set X may be the set of feasible alternatives, and
feasibility may be conceived of in various ways. It may simply be the set of
alternatives over which individual utilities are defined (e.g., individual bundles
must belong to individual consumption sets), or the set of technically feasible
alternatives, or the set of incentive-compatible alternatives, etc. Should social
preferences over two alternatives depend on the general shape of the set X to
which they belong? This question is again related to informational issues.

8.1 Formal analysis

When social preferences do not depend on the particular shape of X, they
may satisfy the following axiom.

Independence of Feasible Set (IFS):
Ve = (Oy,X),e = (Oy,X') € &,Vx,y e X NX,
R(e)| () = R(€] -

There are variants of this condition for particular contexts. For instance,
when individual characteristics 0; comprise productive talents, the domain &
may be such that there is only one set X for any given profile 0y. In this case
IFS is vacuously satisfied, but one may then want to modify IFS in order to
say that social preferences should not depend on the profile of talents, but
only on the profile of preferences, for instance.

Translating this axiom into the IN/T language is done as follows:

Proposition 5. 4 SOF R satisfies IFS if and only if it satisfies INfI for f defined
by:

f(e7 (xvy)) = (6N7 (xay))
Proof. TFS implies INfI. Let f(e,(x,y)) =f(¢,(x,)')). This implies

x=x',y =/, and therefore x,y € X N X’. In addition, Oy = 0. By IFS, one
then has R(e)|{x,y} = R(el)|{xﬁy}.

IN/T implies IFS. Let Oy = 0. Then f(e, (x,»)) = f(€, (x,¥)). By IN/T,
one has R(e)[;,,, = R(€')| - |

8.2 Ethical comments

The appeal of IFS depends on the context and the notion of feasibility which
determines the set X. The initial aim of the theory of social choice, as posited
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by Arrow (1951), was probably to construct social preferences over the whole
set of alternatives X* for which individual preferences are well-defined. The
domain of social choice entries & then had a fixed set X = X, and changes of
individual preferences were the only source of variability in the domain. In
this way IFS was vacuously satisfied, but, more substantially, it was indeed
the case that social preferences over two alternatives did not depend at all on
feasibility constraints. In other words, from Arrovian social preferences over
the global set of alternatives X*, one can derive a SOF R on any domain of
entries e = (0y,X) with X C X*, by letting R(e) coincide with the Arrovian
social preferences on X, and this SOF does indeed satisfy IFS in a non-trivial
way.

The availability of general social preferences on a large set X* is indeed
an alluring perspective, but the constraints IFS imposes must not be ne-
glected. Consider the problem of distributing bread and water to a given
population. When there is no water, a particular ranking of allocations of
bread will be formed. According to IFS, this ranking should be retained
even if water became available. This is questionable, for the following
reason. In absence of water, presumably some simple egalitarian ranking
would seem reasonable for the allocation of bread. But when water is
available, the allocation of bread could legitimately take account of how
much individuals are willing to substitute water for bread.

The problem becomes acute under Pareto-Indifference. For simplicity,
consider a population with two individuals, Ann and Brian. Assume for in-
stance that, for the allocations of bread only, in absence of water, giving 10 to
Ann and 8 to Brian is better than 12 and 6, respectively. Now suppose that
Ann and Brian are indifferent between one-good bundles as described in the
table:

bread water
Ann is indifferent between: 12 8
10 6
Brian is indifferent between: 8 12
6 10

By IFS, the above ranking of allocations of bread should be retained even
when water is available. In an economy where both goods are available, PI
entails that, if giving 10 of hread to Ann and 8 to Brian is better than 12 and 6,
then giving 6 of water to Ann and 12 to Brian is better than 8 and 10. By IFS,
this ranking of allocations of water should be retained even in the case when
there is no bread.

This shows that IFS is very restrictive and questionable in such a context.
It prevents social preferences from taking account of the relative scarcity of
goods, and from focusing on the appropriate parts of individual preferences.
For instance, if one thinks that an egalitarian Walrasian allocation is a good
social objective, it makes little sense to look for social preferences that are
independent of the relative scarcity of goods, since individual situations have
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to be evaluated in terms of budgets, and the relative prices of goods will
depend on total supply.?!

9 Combinations

In this section, we study how the combination of various informational
axioms shapes the available information. It is impossible to examine all
combinations here. But the translation of informational axioms into the
IN/T format makes it often quite easy to see the consequences of combining
several such axioms. When a SOF satisfies INfjI and INfI, for two filters
/1 and £, one may simply look at the information which is retained by both
filters. For instance, combining PI and IFS means using the two filters

(@, (UN(X), uN(y)) and (HNy (X,y)),
which implies retaining only

(eNa (MN(X), uN(y))

9.1 I0OA and PI
If one combines the filters for IOA and PI,

((w (x), un (), X, (x, 7)) and (e, (un (x), un (y));

in order to extract the common information, one gets

(MN(X),MN()/),X),

which expresses the welfarist approach according to which, in a given set X,
only vectors of utilities are taken into account, irrespectively of any other
information.

However, IN/T for this third data filter is not in general equivalent to the
combination of IOA and PI. This equivalence is obtained only on sufficiently
rich domains. The classical “welfarism lemma’ was obtained by d’Aspremont
and Gevers (1977) under the assumption that all utility functions on X are
admissible. This assumption of universal domain makes it impossible to apply
the result to economic domains and raises the question of how general it is.
Fortunately, a weaker richness assumption, which is satisfied on many eco-
nomic domains, is sufficient.

2l Except in the subdomain of homothetic preferences. See Eisenberg (1961),
Fleurbaey and Maniquet (1996).
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Let us assume that for every e = (Oy,X) € &, with uy = U(0y), and any
x,y,x,y € X, one can find e' = (0),X),e> = (03,X) € & ul, = UWOY),
ulz\, = U(0%), and ¥, )" € X such that

uy(x) = up (¥") = uy (") = uy (x') = un(x),
uy(v) = uy () = uy () = uy (') = un ().

This assumption means that any pair of alternatives x,x’ can be connected by
indifference to a third alternative x” for two profiles of preferences, and that
this connection can be done for two pairs at the same time.?

Proposition 6. Under the above richness assumption, a SOF R satisfies IOA and
PI if and only if it satisfies INfI for f defined by:

f(e’ (x’y)) = (uN(x)7uN(y)7X)'

Proof. TOA and PI jointly imply INfT. Let f(e, (x,»)) = f(€/,(x',)')). This

means that X = X' uy(x) = ), (x ) v(») =uy (). By the richness assump-

tion, one can find e' = (0),X),e* = (0%, X) € & ul, = U(Oy),u3 = U(0%),
and x”,)y” € X such that

uy(x) = uy () = uy (") = uy

i

)
uy(v) = uy (") = ux (0) = u

R e)‘{x,y} = R(el)‘{x,y}’
R(¢)| vy = R( e’) }{x 9%
R(e|wyy =Ry
Therefore one has

xR(e)y < xR(e')y by IOA
< x"R(e")y” by PI
< xX'R(¢*)y” by IOA
& X'R(e*)y by PI
< x'R(e)y by I0A.

22 1t is not satisfied in domains where an alternative is strictly worse than all others for
all admissible preferences, such as domains with strictly monotonic preferences and
allocations containing a zero bundle for some agents. One can check that on such
domains the welfarism result does not hold. For instance, the SOF which simply ranks
all allocations in which no individual has a zero bundle over all other allocations does
satisfy IOA and PI, but is not welfarist.
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IN/T implies PI. Let uy(x) =uy(y). Then f(e, (x,»)) = f(e, (¥,x)),
implying xR(e)y < yR(e)x, and therefore xI(e)y.

INfT implies IOA. Let uy(x)=uy(x),un(y) =uj(y). Then
fle,(x,y)) = f(¢,(x,y)) and f(e, (y,x)) =f(¢,(y,x)) so that by INfI,
R

( )‘{xy} - (e/)|{x,y}' : u
9.2 INV® and I0A

In the literature about social choice with interpersonal comparisons of utility,
the axioms INV® and IOA are seldom used separately, and it is interesting to
analyze the consequences of this association. This is rarely done because the
usual axiomatic analysis first exploits the above welfarist result (combining [OA
and PI) in order to obtain a preorder over utility vectors in R, and then studies
the consequences of INV® over this preorder. Asit turns out, combining INV®
and IOA has very clear consequences, independently of Pareto conditions.
First, for any ® C ®gyc, any ¢ € @, any N and any vector ay € R", let
¢(ay) denote the vector (¢;(a;)),cy- The set @, generates an equivalence

relation ~g, on U, _zR" x R, which is defined by

(an,by) =, (dy, by) < N =N"and 39 € Oy, ay = ¢(ay), by = ¢(by).

For any (ay,by), let ~g¢, (ay,by) denote the equivalence class for ~g, to
which (ay, by) belongs. Interestingly, different groups @, may yield the same
equivalence relation. A famous example, due to Sen (1970), is given by ®pyc
and (DCNC-

Proposition 7. Consider any subset ® C ®pnc, and assume that & is rich en-
ough so that, for any e= (0y,X)€ &, and any ¢ € ®,, there exists
(0, X) € &such that U(0y) = ¢(U(0x)). A SOF R satisfies INV® and 104 if
and only if it satisfies INfI for f defined by:

fle, (x,9)) = (mo, (un(x), un(v)),X, (x,)),
where e = (Oy,X),uy = U(Oy).
Proof. INV® and IOA jointly imply INfI. Let f(e, (x,»)) = f(¢, (*',))).
This implies x =x',y =)/, N = N, X = X’ and

Jp € Oy, U(0)(x) = @(U(0x)(x)), U(0y)(v) = (U (0n)(»)).

By the richness assumption, there exists ¢’ = (0},X) € & such that U(0y) =
@(U(0y)). One therefore has

U(by)(x) = U(Oy)(x), U(O)) () = U0F) ().

By 10A, this implies R(e (@) R(e €')|(x,}- In addition, INV®, which is, as
noted above, equivalent to INV(Dg, entalls that R(e”) = R(e). Therefore

R(€)xyy = R(€)]eyy-
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INfT implies INV®. This immediately follows from the fact that:
Ve = (Oy,X),e = (0y,X) € & Yuy = U(Oy),uy = U(0y),

Ip € ®, uy = o(uy) = f(e,.) = f(€,).
INfT implies IOA. This follows from the fact that: Ve = (0y,X),
e = (0y,X) € &Nuy =U(Oy),uly = U(0y),Vx,y € X,
vl yy = Uyleyy = e (6,2) = £(€, (x,9)). u

The formula f(e, (x,y)) = (o, (un(x),un(y)), (x,y)) shows how the
combination of INV® and IOA limits the information about the utility bi-
vector (uy(x),uy(y)). It is also worth noting that, under the richness
assumption of this proposition, INV® and IOA are, jointly, equivalent 2 to
the following simple axiom:

Binary invariance to ® (BINV ®):
Ve = (0n,X),e¢ = (0y,X) € & Nuy = U(Oy),uy = U(0y),Vx,y € X,
uy (x) = ¢(un(x)) /
do € D, N = R(e 1+ =R(e .
oe {0 = b)) = Ko =R
In view of the above proposition, BINV® is equivalent to BINV®' whenever
~o, =g, As an example, BINV®cyc is equivalent to BINV® .2

The equivalence relation azg,,., restricted to a given population N for

brevity of notations, may be described in the following, equivalent ways:

a; = ¢;(a;)

b = ¢i(bi)

S VieN,(d —b)(a;—b;) >0 ord,— b, =a;— b =0.
& ay — bl is in the same orthant(s) as ay — by.

(aN,bN) = (DONC(a;V,ij) =4 E'(p S (I)ONc,Vl' €N, {

Recalling that the application of this equivalence relation is made on

(an,bn) = (un(x),un(v))
(a;\lvb;v) = (u§v(x)7u;\/(y))7

one sees that the axiom BINV®gy¢ is actually Arrow’s axiom of “Indepen-
dence of Irrelevant Alternatives”. Let R(0;) denote individual i’s preferences
on X;, and let R(0y) denote (R(0;));cy-

Arrow Independence of Irrelevant Alternatives (Arrow IIA):

Ve = (Oy,X),e¢ = (0y,X) € &VYRy = R(0y),Ry = R(0y),Vx,y € X,

Ryl () = Rilieyy = R(@)] iy = R(€)] (-

23 The proof of this fact is given in the appendix.

24 Bossert (1999) studies the related phenomenon that combining invariance condi-
tions about utility profiles with Pareto indifference and IOA may entail much larger
invariance conditions.
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As another illustration, consider the case of cardinal unit comparability,
related to the set of transformations ®cye (defined above). (Pcyc, o) is an
algebraic group, and the equivalence relation =g, restricted to a given
population N, may be described in the following, equivalent ways:

/
N N . a, = o; + Pa;
(aN,bN) ~ deye (a§V’b;\/) S dee R ,ﬂ S R++,Vl €N7{bz _ in‘Fﬁbi

’ 12 /I /
a,—b; a;—Dbj

& Vi, jeN,- = or
/ ai—bi  a;—b;
agfb;.:aifb[:Oorq’ifb}:ajfbj:O
a—b,  a—b;
<:>Vi,j€N,/l L= loraj-—b}:aj—bjzo

/
& dy, — bl is proportional to ay — by.

As a consequence, BINV®c involves much more precise information than
the mere comparisons of utility differences with which utilitarianism is
commonly associated.?> The ratios of differences have to remain unchanged
under ®cye, so that the direction of the vector of utility differences
uy (x) — uy(y) is unaltered.?

9.3 INFA, PI and IFS

There is an obvious tension between INFA and IFS. The former excludes
information about individual utilities outside X, while the latter excludes any
information about X. The combination of the two excludes a lot of infor-
mation. This is illustrated by the following proposition.

Assume that:

1. The domain & is a Cartesian product ® x E, where O is the set of profiles
Oy and Z is the set of feasible sets X;
2. The set E is such that for any X,X’ € E, there is X” € & such that
XuX cX”,
3. There exist 2!, 2% ¢ Z such that:
(a) for any X' € 2! X2 ¢ 22 X' nX? = ()
(b) for any e = (Oy,X) € & uy = U(Oy), any x € X, there exist X' € =
xlexlx?ez? e X2 uy(x) = uy(x') = uy (x?);

25 This point is emphasized in Bossert (1991) and Bossert and Weymark (1998). For
instance, with three individuals, knowing that

ur(x) —ui(y) > w(y) —ua(x) > us(y) —us(x) >0
tells everything about individual preferences and comparisons of differences, but is
insufficient for the utilitarian SOF to rank x and y.
26 Although the association of INV® and IOA into BINV® is worth analyzing,
without Pareto conditions, it does not yield a direct characterization of the traditional
SOFs. BINV® alone does not prevent social preferences from being imposed or biased
in favor of particular individuals.
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(c) for any X' € E', X? € B2, any Oy, 0} € O, there exists 0 € O such that
U0yl = U(On)xr and U(03)]y2 = U(0))] -

In the third part?’ of this assumption, the idea is that the feasible sets
X', X? are in the outskirts of the global domain, with an empty intersection
and no constraint about connecting utility profiles. For instance, in a problem
of division of unproduced commodities, X! may contain only allocations of
good 1, and X? allocations of good 2.2® The example with bread and water in
Subsect. 8.2 may help in getting the intuition of the next result.

One indeed obtains the following new “welfarism’ proposition.

Proposition 8. Under the above assumption, a SOF satisfies INFA, PI and IFS
if and only if it satisfies INfI for f defined by:

f (e, (x,9)) = (un(x),uy ().

Proof. INFA, PI and IFS jointly imply INfT. Let f(e, (x,y)) = f(¢, (X',)/)),
that is,  (uy(x),uv(»)) = Wy ('), uy (/). Let e'=  (Oy,X ) €
O x E' ¥, y' € X', and & = (0, X?) € ® x E?,x%,3” € X?, be such that

(i ()i 1)) = (w00, 0w () (i 62), 6 0P)) = (o ), 6 ().
Let e* = (Oy,X*), e = (0, X*) € & be such that
XUuX' ux'ux’cx
By PI, xI(e*)x!, yI(e*)y', X' T(e"*)x?, y'I(e"*)y*. Therefore
xR(e*)y < x'R(e")y' , X'R(e™)y < x*R(e)y*.
By IFS, one actually obtains
xR(e)y < x'R(e")y', ¥'R(e)y < ¥*R(e*)y”.

Let e = (0y,X") € &,uy, = U(0y), be such that wuy |y =un|y,uy|yp =
uy|y2. One then has

uy (') = uy (') = uy (x) = uy (x')

(o)
?)

uy (),
uy (') = uy (') = un(v) = uy (v') = uy ) = uy ().
As a consequence, by PI x'7(e**)x* and y'T(e**)y*. Besides, by INFA,

x'R(e)y! & x'R(e™)y!, ¥*R(e*)y* < ¥*R(e™)y?.

27 Notice that the third part implies the first, which is written down only for clarity’s

sake. Indeed, U(@")\XI = U(Oy)|yr and U(@” My = U0y )|X entail U(G” Nyt =
U(On) iy = U( )| x1x2» Which cannot hold for any Oy, 6}, if X' N.X? #£ (.

2 Part 3.b of the assumption is not satisfied in an abstract domain containing

individual preferences without any indifference. One can obtain similar results on such

domains by relying on different Pareto conditions.
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By transitivity,

x'R(e")y! & ¥°R(e?))?.
Finally,

xR(e)y & X'R(e")y.

IN/T implies INFA. When uy|y = )|y, (uy (x),un(y)) = (uy (x), uly (1))
for any x,y € X, so that f(e, (x,»)) = f(¢,(x,y)) for any x,y € X, and
therefore R(e) = R(€').

IN/T implies PI. Same argument as in Proposition 6.

IN/T implies IFS. This is obvious from the definition of f. ||

Combining this result with the welfarism result of Subsect. 9.1, one can
deduce that, under PI and IFS, the axioms INFA and IOA are equivalent.”

10 Information and the possibility of social choice
10.1 Two routes

It is now well understood that Arrow’s impossibility theorem comes from the
fact that the axioms of the theorem delete too much information compared to
what is needed for the construction of consistent social preferences. More
precisely, Arrow IIA is the culprit. As explained above, Arrow IIA is
equivalent to the combination of INV®yyc and IOA. This decomposition
indicates two routes for retrieving possibility results.

The most trodden route has consisted in weakening INV®,yc and
retaining information about interpersonal comparisons of utility (or any
notion of well-being represented by U). It leads to traditional social welfare
functions such as utilitarianism and the maximin criterion. The other route,
suggested somewhat obscurely by Samuelson (1977)*° and very clearly by
Pazner (1979), consists in weakening IOA. Pazner actually proposed to
weaken Arrow IIA into an axiom which is exactly the combination of
INV®gye and INIA, and, in an economic domain (with monotonic prefer-
ences), requires the social ranking of two allocations to depend only on
indifference curves at bundles obtained by individuals at the two allocations.
While these authors gave examples of social preferences satisfying INV®gyc,
INIA, and PI, such as the Pazner example presented in Subsect. 4.1, more
precise axiomatic derivations of social preferences from these axioms and

2 Along these lines a strengthening of Arrow’s impossibility theorem can be obtained
See Fleurbaey et al. (2002).

30" Samuelson (1977) focused on Kemp and Ng’s (1976) single-profile independence
axiom, and did not criticize Arrow IIA directly, under the dubious argument that
multi-profile issues were largely irrelevant in welfare economics. A more explicit
criticism of Arrow ITA appeared however in Samuelson (1987).
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other equity principles were obtained much more recently, by Fleurbaey and
Maniquet (2000, 2001).3!

In an economic model (with monotonic preferences), where individual i’s
indifference curve at allocation x may be denoted /;(x), and Iy(x) may denote
(1i(x));cn» the combination of INV®oyc, INIA, and PI is equivalent to INfI
for

fle, (x,)) = (In(x), In (), X).

This can be compared to the combination of IOA and PI, which, in the same
context, yields

f(e’ (x’y)) = (uN(x)qu(y)vX)'

In other words, while traditional social welfare functions process and com-
pare utility vectors, the new kind of social welfare functions obtained in the
alternative approach would have vectors of indifference curves as their argu-
ment.

10.2 Welfarism and quasi-welfarism

The relationship of these approaches to welfarism deserves some scrutiny. As
exemplified by the Borda rule or the Pazner example of SOF, some of the new
kind of social welfare functions evaluate any given vector of indifference
curves by first putting a real number on each of them, and then applying a
traditional social welfare function to this vector of real numbers. Is that
welfarist or not? Does it involve interpersonal utility comparisons just as the
traditional approach? The confusion is reinforced by the fact that an ap-
proach may be formally similar to welfarism, but philosophically quite far
away from it. I suggest distinguishing the following approaches, starting from
the strongest form of ““welfarism’:

e Real welfarism. The “real thing”, in matters of welfarism, consists in letting
U measure subjective utility or satisfaction (there are several possibilities,
and therefore several variants of real welfarism), and requiring the SOF to
satisfy IOA and PI.

A typical example is classical utilitarianism.
Real welfarism involves interpersonal comparisons of subjective utilities.

o Formal welfarism. It adopts an exogenous definition of U, and requires the
SOF to satisfy IOA and PI. But U may measure any objective or subjective
notion of well-being, and it is provided by moral philosophy or the social
decision-maker.

31 Results based on different weakenings of IOA were obtained by Kaneko and
Nakamura (1979) and Dhillon and Mertens (1999) in an abstract model with
uncertainty.
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An example, where moral philosophy provides U, is Sen’s (1985, 1987)
approach in terms of capabilities and functionings. Another example,
involving the social decision-maker as the purveyor of U, is given by many
publications in public economics.??
Formal welfarism involves interpersonal comparisons of whatever U
measures.

o Individualistic quasi-welfarism. It lets U be any representation of individual
preferences, and requires the SOF to satisfy INV®gyc and PI. But the SOF
which is finally obtained satisfies INfT for

f(e’ (xvy)) = (UN(X)’UN(y)vX)»

where v; is a real-valued function derived from individual characteristics:
v; = V(0;). The satisfaction of PI forces V' (6;) to be ordinally equivalent to
U(6;). But the SOF does not satisfy IOA. It satisfies INIA when the value
of v;(x) depends only on the upper and lower contour sets at x.

The Borda rule is an example, where v; is the individual Borda score.
Bergson and Samuelson’s concept of social welfare also belonged to this
approach, although these authors did not venture to defend one particular
function V. A more precise example is Pazner’s (1979), which, as defined
above, relies on

U,'(Xl') = mln{i > 0|M1(;LQ) > ul-(xi)}.

One sees that v; is ordinally equivalent to u;, but this SOF satisfies
INV®gyc because a change of u; which does not alter ordinal preferences
will leave the v; unchanged.
This approach involves interpersonal comparisons of v;. But one should
resist the temptation to view v; as a measure of subjective utility. The only
tint of welfarism here comes from PI, and the best interpretation of the v;,
in the Pazner example for instance, is not in terms of satisfaction, but in
terms of resources. The quantity v;(x;) does not measure i’s satisfaction,
but measures the value of bundle x;, in terms of AQ, according to i’s
opinion. Similarly, in the Borda rule, the Borda score is less a measure of
subjective satisfaction than a measure of the value of an alternative, esti-
mated, roughly, by the number of alternatives which are worse. This jus-
tifies replacing the word “welfarism” by ““‘quasi-welfarism’. For the Pazner
example, one could even propose the word “wealthfarism’.

e Non-individualistic quasi-welfarism. It lets U be any representation of
individual preferences, and requires the SOF to satisfy INV®gyc and PI.
But the SOF which is finally obtained satisfies INfT for

32 See e.g., Atkinson (1995), where U may in particular embody the social planner’s
aversion to inequality. A general discussion of formal welfarism in relation to real
welfarism is made in Mongin and d’Aspremont (1998).
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fle, (x,») = (on(0n,x),on(0N,y),X),

where v; is a real-valued function depending on the whole profile and the
whole allocation.

An example is the Fleurbaey-Maniquet example of SOF, defined above,
and which can be alternatively formulated with the maximin criterion
applied to

vi(On,x) = v} (x;, p(On, X)),
where

v; (x4, p) = min{A > 0|3z, pz < IpQ, u;(z) > u;(x;)},

p(Oy,x) = argmax min v; (x;, p).
V4 1

That is, v;(0y,x) is the money-metric utility function of i measured in
terms of the initial endowment AQ which would give i the same satis-
faction as x;, at prices p computed so as to give allocation x the best
maximin value.

This approach is quite far away from welfarism. First, like individualistic
quasi-welfarism, it measures the value of resources rather than subjective
satisfaction as such. Second, unlike individualistic quasi-welfarism, it does
not evaluate the situation of an individual in isolation from the rest of the
population.

One could moreover distinguish “real” and “formal” variants of quasi-
welfarism, since the indifference curves which serve as the main input in the
evaluation of an alternative may belong to the actual subjective indifference
maps of the individuals, or instead represent any ordinal representation of
individuals’ objective interests.

10.3 Separability and Walrasian allocations

Interestingly, one may conjecture that a SOF from the last non-individualistic
approach cannot in general satisfy the separability axiom III. This is easily
checked for the Fleurbaey-Maniquet example. This is actually true for any
SOF relying on the maximin criterion. But in general, a leximin refinement of
the maximin may satisfy III, whereas this cannot be achieved with this par-
ticular example. As can be checked easily, no SOF for which the maximum
value over the feasible set is obtained only by egalitarian Walrasian alloca-
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tions can satisfy IIT or TUL3? There is a basic dilemma between separability
(IIT or ITUI) and orienting social preferences toward Walrasian allocations.
This dilemma has been ignored in the theory of fairness because the allocation
rule which selects the subset of egalitarian Walrasian allocations does satisfy
the “‘consistency” requirement (which is logically weaker than IUI) that
removing some individuals and their bundles still leaves the allocation (for the
rest of the population) optimal.

10.4 A trilemma

The results of Subsect. 9.3 suggest a slightly more complex picture than the
binary analysis of the possibility of social choice which has just been pro-
posed. From these results, one can deduce that no ordinal Paretian SOF can
satisfy INFA and IFS without satisfying Arrow IIA, and therefore running into
the troubles of Arrow’s theorem.

For instance, the Borda rule defined as above with individual Borda scores

vi(x) = #u;(LC,, (ui(x)) N X)

is ordinal (it satisfies INV®gyc), and satisfies INFA, but not IFS. A variant of
this rule would define Borda scores by

Ui(x) = #”i(LCui (”i (x)))7

and obtain a modified Borda rule which satisfies IFS but not INFA. The
results obtained in 9.3 show that there is no hope of finding another variant
satisfying simultaneously INFA and IFS in general.

The Pazner example of SOF satisfies INFA but not IFS, when the feasible
set X is defined as

X:{x:(xl,...,xn)E[Ri’f|x1+-~-+xn§§2}.

The Fleurbaey-Maniquet example of SOF satisfies neither INFA nor IFS. An
example of SOF satisfying IFS but not INFA is obtained by modifying
Pazner’s example, letting v; be defined with respect to a fixed €, independent
of available resources.

This suggests that Arrow’s impossibility can be understood as reflecting
not only a dilemma between ordinalism (INV®gyc) and the restriction to
local data (IOA), but also, and more deeply, a trilemma between ordinalism

3 The core argument is given in Fleurbaey and Maniquet (2001). In a nutshell,
suppose (x1,xz,x3) is an egalitarian Walrasian allocation and (x},x},x3) is not, with
x3 = Q/3, and that both (x1,x;) and (x},x5) are egalitarian Walrasian allocations when
total resources are (2/3)Q. This violates IUI, since in the reduced economy without the
third individual and with resources Q — x3 = (2/3)Q, social preferences are indifferent
between (x;,x2) and (x},x), whereas (x,x;,x3) is strictly preferred to (x},x},x3) in the
large economy. Besides, just by changing individual 3’s preferences without removing
him, one may reverse the situation so that (x{,x},x3) is an egalitarian Walrasian
allocation and (x},x5,x3) is not. Which violates III.
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(INV®opnc), the restriction to local data (INFA) and disregarding feasibility
constraints (IFS). Since IFS was somehow built in Arrow’s framework, while
IOA was an extreme kind of restriction to local data, this could not be
apparent in the classical approach to social choice.

In more general terms, we can then say that, in a Paretian approach, there
is a tension between three broad ethical principles:

e Individual well-being should be measured in an ordinal non-comparable
way (e.g. individuals should be held responsible for their numerical level of
well-being).

e Individual well-being at distant or infeasible alternatives is irrelevant.

e Social preferences should not be influenced by feasibility constraints or be
limited to local alternatives.

As a consequence, there are not two but three different ways of obtaining
possibility results in social choice: 1) introducing interpersonally compa-
rable utilities; 2) introducing non-local information about individual pref-
erences; 3) restricting social preferences to local or feasible alternatives.
These three ways are not exclusive of each other, and can be combined in
various degrees. For instance, the Pazner example of SOF satisfies INFA
but not IOA, which means that it introduces some non-strictly local
information, but without going beyond the feasible set, while it violates
IFS.

11 Conclusion

In conclusion, the IN/T axiom is a convenient instrument for the analysis of
the informational content of various axioms. It disentangles the notion of
informational basis from its historical origin tied to the perspective of
interpersonal comparisons of utilities, and enabled us here to obtain some
interesting insights in the general outlook and understanding of the problems
and perspectives of social choice.

The following table summarizes the main informational dimensions and
the related data filters (see the relevant sections for the notations).

Information Axiom Data filter f'(e, (x,y))

Utility INV® (~a, (€), (x,2))

Local alternatives I0A (un (X)7 un (¥), X, (x,))
INFA (uN‘X7X7 (.X,y)

Pareto PI (e, (un(x), un(v)))

Responsibility IRF (en, X, (x,))

Separability 111 (uN\M(e,x,y) N, X, (X’J’))

Feasibility IFS (On, (x,))
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In this table, all axioms except PI restrict the information retained about e
in f'(e, (x,y)). The next table summarizes the compatibility patterns obtained
when different informational restrictions are jointly imposed.

Information Axioms Data filter f'(e, (x,y))

Loc. alt. & Pareto I0A & PI (un (x),un(v),X)

Loc. alt. & Utility IOA & INVOD (~a, (uy(x),u (y)) (x,»))
e.g.: Arrow ITA IOA & INV®oyne (orthant(uN N uN(y ’)
Loc. alt., Feas. & Par. INFA, IFS & PI (un (x),un(»))

As obvious from this table, the combination of informational restrictions
about utilities, non-local alternatives, non-utility features of alternatives
(Pareto), and feasibility is fateful for the possibility of social choice.
Retaining information about utilities has been the most favored escape from
the impossibility problem, including when utility in reinterpreted in a non-
welfarist way, as in Sen’s theory of capabilities. Another route consists in
retaining information about individual characteristics at non-local alterna-
tives, as proposed by Samuelson, Pazner and others. Along this route,
retaining information about feasibility constraints is also often helpful, as
exemplified by several SOFs presented above, which violate IFS by taking
account of the relative scarcity of goods.

It is therefore important to broaden the concept of informational basis
not only for a better conceptual foundation of the theory of social choice,
but also to get a better picture of the dilemmas and possibilities of social
choice in relation to informational restrictions. As emphasized in this pa-
per, the selection of data to be retained must primarily be a question of
ethical relevance. In the comparison of the two (or three) main possibility
routes for social choice which have just been outlined, the relative relevance
of utility information, non-local information and feasibility constraints has
to be assessed in order to decide which route is the most fruitful. This
paper has examined and provided a few arguments touching on these
questions, and distinguished in particular various kinds of welfarism and
quasi-welfarism, but its purpose is to point out the issue, not to settle it.

Appendix
Proposition 9. 4 SOF R satisfies IUI if and only if it satisfies INfI for f defined
by:
f(e7 (xvaN)) = (GN\M()CN,yN)aX — XM(xy ) (XN\M (xnvn) 7yN\M x\r,yr\r)))
where M (xy,yn) = {i € N|x; = y;}.
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Proof. IUI implies INfI. Let f (e, (xy,yv)) = f(€, (x}y,»y)). By IUL,
[xvR(e)yn < Xn\ut(ey ) R(€) MMy o) ]
with " = (On\p(oy ) X — Xb(ry ) and
X = Xt an) = A2NM (o) | (001 0oy ) s 2N\ M ey ) € X -
Similarly,
[x}vﬁ(e/)y,’\, = x}//\M(xj\,,yI’\,)I_Q(e/r)yll\//\M(x;v,y,’v)} ;
with e = (va'\M(xg,,)/NwX/ - xju(xgwm) and
X - xfwxjwij) = {ZN\M(xN,yN)|(x;l/[(xNﬁyN)aZN\M(xN,yN)) €X}.

: ro_ I — =/
hNOW’ since e = € and Xn\w(ay ) = Xynar (e g4, INM o) = INnaa (el 54,)> ONE
as

XN\ ey RN M) € Xynarce, o) RE D mane, a1
and as a result
xnR(e)yy < xX\R(€)yy.
IN/T implies IUI. Let x3; = y). One has
S ey oy ) = (On\ar(o ) X = Xateyn)» O\ Mo ) IV Moy )

and

, ON\MYM (i) s (K= X0) = XM (s ) )
e, (Xnu = Y e .
S Gvans ) ( (XNAM)\M ey rar)  YOAM\M Ceypr )

Now, (N\M)\M(XN\MJN\M) = N\M (xy,yy), and

(X - XM) = XM (g )
={2nnt (o ) 0t ey ) 2\ (o ) € X — Xua }
=Lzt ) | (001 01 ey ) 2N\ M Gey o)) € XY
=X — XM(xy)-
Therefore f(e, (xy,v)) = f(€", (xvars yxmr)), so that by INSI, xyR(e)yy <
v R(€") - n

Proposition 10. Consider any subset ® C ®pyc, and assume that & is rich en-
ough so that, for any e = (0y,X) € &, and any ¢ € @, there exists (0, X) € &
such that U(0y) = @(U(Oy)). A SOF R satisfies INV® and I0A if and only if it
satisfies BINV ®.
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Proof. INV® and IOA jointly imply BINV¢. Let e=(0y,X),
= (0\,X) € & uy = U(Oy),uy = U(0y),x,y € X, such that

iy () = p(un (x))
Hweq”{ux() Pun(»)).

By the richness assumption, there exists ¢’ = (0y,X) € & such that
U(0y) = @(uy). One therefore has

uy (x) = U(03) (x), uy (v) = U(O) (»)-
By IOA, this implies R(e")| fot = = R(¢),,)- In addition, INV® entails that
R(e") = R(e). Therefore R(¢)|, ,, = R(e)|, -

BINV® implies INV®. This immediately follows from the fact that:

@ (un (x))
@ (un ())-

!
20 € .y = pluy) = Yoy € X,3p € O, { iy ()
uy (v)

BINV®, implies I0A. Let e= (0y,X),¢ = (0y,X) € & uy = U(by),
uy = U(0y), and x,y € X be such that uy|, , = uyl,,,- The identity trans-
formation belongs to ®,, and therefore

wy(x) = @(uy(x))
dp € O, { uy(v) = elun(y)),

so that, by BINV®,, R(¢')[(, ,, = R(e)|, -

In order to prove that BINV® implies IOA, it is then sufficient to show
that BINV® implies BINV®,. Let e= (0y,X),d = (0),X)€é,
uy = U(Oy),uy = U(0y),x,y € X, such that

u (x) = QD(”N(X))
HQD S (Dzjv { uij(y) = QD(MN(y))

By Lemma I, there exist ¢y,...,¢, € ®U® ! such that p =@, 0...00,.
Let e” = (6y,X) € & be such that U(6y) = ¢™(U(0y)). Such €™ exists, by the
richness assumption, since ¢,, € @,. If ¢,, € ®, then, by BINV®,

E(e)|{x.y} = F(em”{x,y}'
If ,, € @', then ¢, ! € @, and

{ un (x) = ¢, (@, (un (x)))
un(v) = 0, (0 (v (1)),

so that, by BINV®, one again obtains

E(e)|{x.y} - ( m)|{xy}

If one takes "' = (0% ', X) € & such that U0y ") = " 1 (U(0})) =
@" 1(@"™(U(0y))), a similar reasoning leads to

( )|{xv} - ( )|{xy}
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By iteration,

R(e”{x,y} = R(e/)|{x,y}'
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