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Sloshing behavior of a magnetic fluid in a cylindrical container

T. Sawada, Y. Ohira, H. Houda

Abstract Sloshing of a magnetic fluid in a laterally
vibrated cylindrical container subject to a non-uniform
vertical magnetic field was examined. Internal velocity
profiles were measured using ultrasound Doppler velo-
cimetry. The effect of the magnetic field on the resonant
frequency of the fluid-container system was examined and
the results were compared with theoretical results. The
second and third peaks of the power spectra of velocity
shifted to lower frequencies as the magnetic field was in-
creased. It was observed that these derived frequency
peaks were connected with swirling in the cylindrical
container.

1

Introduction

A magnetic fluid is a stable colloidal dispersion of rather
small surfactant-coated magnetic particles in a liquid
carrier. Magnetic fluids were developed in order to control
the position of liquid fuel in a gravity-free state (Papell
1965). Fundamental studies have been made of some of the
characteristics of magnetic fluids, such as strong magne-
tism and liquidity.

One interesting phenomenon of magnetic fluid motion
is “sloshing”. Sloshing is the phenomenon observed when
a liquid with a free surface is severely agitated in a liquid
storage container. Zelazo and Melcher (1969) studied the
dynamic behavior of a magnetic fluid in an oscillated
container in order to investigate the influence of a tan-
gential magnetic field on the resonance of surface waves.
Dodge and Garza (1970) demonstrated a simulation of
liquid sloshing in low gravity by using a magnetic fluid.
Sudo et al. (1987) examined the interfacial instability of
magnetic fluids in a rectangular container in the presence
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of a magnetic field tangential to the interface and esti-
mated stable configurations of the interface in various
conditions. Sawada et al. (1993) and Matsuura et al. (1995)
studied two-layer liquid sloshing of a magnetic fluid and a
silicon oil in a rectangular container, and clarified the
effects of magnetic field on the resonant frequency.

Sloshing of an ordinary liquid has also been of interest
in a variety of engineering fields. However, studies of
sloshing are not easy from a mathematical point of view,
because obvious non-linearities occur, especially in the
vicinity of the resonant frequency. When a liquid in an
axisymmetrical container is subject to a harmonical lateral
vibration, the free surface may rotate harmonically or non-
harmonically around the central axis of the container. This
phenomenon has been called “swirling”. The direction of
the rotation is not fixed and may change irregularly, in-
cluding coming to a stop.

This swirling motion of waves was investigated by
Hutton (1963). Several studies of this interesting phe-
nomenon in an axisymmetrical container have been at-
tempted. Miles (1976) presented a formulation for weakly
non-linear surface waves in a cylindrical container, and
Miles (1984) derived evolution equations for horizontal
resonant oscillation of a cylindrical container. He found
that the problem is characterized by the following three
parameters: damping, frequency offset, and depth/radius.
Funakoshi and Inoue (1988) carried out experiments on
surface waves using a cylindrical container oscillated
horizontally with a period close to that associated with two
known degenerate modes. They examined the irregular
wave motion in detail from the standpoint of chaos in
systems with only a few degrees of freedom.

In these studies, the most interesting aspect of sloshing
has been the regular or irregular surface wave motions. It is
necessary, however, to clarify the relationship between the
surface waves and the inner fluid motion. Some numerical
methods have been proposed to predict sloshing problems
using complete Navier-Stokes equations (e.g., Partom
1987; Ramaswamy 1990). Ushijima (1998) proposed a
numerical method to predict non-linear free surface
oscillation in an arbitrary-shaped three-dimensional
container subject to horizontal and vertical oscillations.
He was able to predict non-linear sloshing motions in
various conditions. Bauer and Eidel (1999) obtained
natural damped frequencies and observed the response to
translational excitation on a viscous liquid in a circular
cylindrical container. They discussed the influence of the
liquid-height ratio, surface tension parameter and Bond
number on free surface oscillations in details. However,
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there have been few experimental studies with respect to
velocity field in sloshing because of the difficulty of mea-
suring velocity profiles. The measurement of velocity
profiles is even more difficult for magnetic fluid sloshing
because magnetic fluids are opaque and optical methods
such as laser Doppler anemometry or flow visualization
techniques such as particle image velocimetry cannot be
applied.

Takeda (1986) has developed an ultrasound velocity
profile (UVP) measuring technique. It is a method of
measuring a velocity profile along a beam line, that is, with
respect to the velocity component along the ultrasound
beam. This method can be applied to opaque fluids such as
a liquid metal. For example, Takeda (1987) has studied its
application to the flow of mercury. Experiments for velocity
profile measurements of magnetic fluids have also been
carried out. Kikura et al. (1999a, 1999b) examined Taylor
vortex flow, sloshing flow and oscillating pipe flow of a
magnetic fluid based on velocity distributions measured by
the UVP method. Sawada et al. (1999a) measured the
horizontal velocity profile of a magnetic fluid in a rectan-
gular container which was laterally vibrated. The influence
of magnetic fields on flow characteristics of a magnetic fluid
have been clearly examined through these velocity profile
measurements. The effectiveness of the UVP method for
magnetic fluid flow problems has been recognized.

In the present paper, we measure the velocity profile of
a magnetic fluid in a cylindrical container. When a mag-
netic field is applied to a magnetic fluid, each of sloshing,
free surface wave motion, swirling motion and velocity
profile change according to the magnetic field intensity. In
order to clarify the effects of a magnetic field on flow be-
havior, experiments are performed for several conditions.

2

Facilities and experimental conditions

The experimental apparatus is shown schematically in
Fig. 1. Specific dimensions in relation to the cylindrical
container are indicated in Fig. 2. The cylindrical container
is made of Plexiglas, and its inner diameter and height are
94 mm and 300 mm, respectively. Rotation of a motor is
changed to horizontal motion by an adjustable crank
mechanism. The adjustable crank is mounted on the out-
put shaft of the motor and connects to a vibrating table
which holds the cylindrical container. The rotational fre-
quency of the motor is continuously controlled by an in-
verter. The vibrating table is oscillated sinusoidally, and
has a range of oscillation from 0.42 Hz to 4.17 Hz. The
amplitude of the oscillation is X, = 1.5 mm for all exper-
iments. The frequency and amplitude of oscillation is
measured by a laser displacement sensor.

A magnetic field is applied by a cylindrical permanent
magnet whose diameter is 110 mm. We used several dif-
ferent permanent magnets in order to change the magnetic
field intensity. The distributions of the magnetic field in-
duction B along the normal central line for each of the
permanent magnets are shown in Fig. 3. Here B, is the
surface magnetic field induction at the center of the per-
manent magnet and h,,, is the distance from the permanent
magnet. These distributions of magnetic field induction
are used for the theoretical calculations.
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Fig. 2. Cylindrical container

The magnetic fluid is a water-based 27% weight con-
centration of fine magnetite particles, Fe;O,. Its kinematic
viscosity, density and sound velocity are v = 2.8 X 107°
m?/s, p = 1.21 x 10° kg/m® and ¢ = 1,420 m/s at 25 °C,
respectively. The fluid depth is h = 47 mm. Though
magnetic fluids have many magnetic particles, they are too
small to reflect ultrasonic waves. We add, therefore,
porous SiO, particles with a mean diameter of 0.9 um
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Fig. 3. Distribution of magnetic field induction along the normal
central line of the permanent magnet

as reflectors. The mean diameter of the added particles

is still less than the wavelength of the ultrasound but the
power of the reflected echo is sufficient to obtain a good
signal-to-noise ratio for computing velocity because of the
clustering and chaining of the magnetic and reflector
particles (Sawada et al. 1999b).

An ultrasonic (US) transducer is fixed on the side wall
of the container. Its position is fixed at 1, = 10 mm height.
The nominal diameter of the US transducer is 5 mm, and
the measuring volume has a thin-disc shape, ¢ 5 mm x
0.71 mm. The UVP monitor is a Model X-3 manufactured
by Met-Flow SA. The basic frequency is 4 MHz and the
pulse repetition frequency is 2,916 Hz. There are 128
measurement points along the measurement axis (x-axis).
The free surface elevation is measured by a second laser
displacement sensor.

3

Linearized approach

Our analytical model uses the cylindrical coordinates 7, 0,
and z, as shown in Fig. 4, where z is upward vertically
measured from the mean position of the free surface. R is
the radius of the cylindrical container, & is the fluid depth,
and X, and o are the amplitude and angular forcing
frequency of the oscillation of the vibrating table, respec-
tively.

With the assumptions of irrotational flow and an in-
compressible fluid, a velocity potential ¢ exists which
should satisfy the continuity equation:
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The unsteady Bernoulli equation for a magnetic fluid (e.g.,
Rosensweig 1985) is given by
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Fig. 4. Analytical model

where p, g, 1o, M and H are pressure, gravitational accel-
eration, magnetic permeability of vacuum, magnetization,
and magnetic field, respectively. When the magnetization
and magnetic field are assumed to be parallel, the last
integration term on the left-hand side of Eq. (2) can be
written as

H
/MdH—%XHZ (3)
0

where y is the susceptibility of the magnetic fluid. The
magnetic field H(z) is approximated by

H(z) = Hye **+ (4)

where H, is the magnetic field intensity at the bottom of
the container (z = —h) and o is a constant which is de-
termined by measurement of the magnetic field as shown
in Fig. 3. For infinitesimally small waves, it is assumed that
|V|® is negligible. Since pressure is constant on the free
surface, evaluating Eq. (2) on z = 5(r,0,t) by expanding
the value of the condition at z = 0 by the truncated Taylor
series yields the kinematic and dynamic free surface con-
ditions (e.g., Dean and Dalrymple 1984):

on _ (9¢
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where g* is the effective gravity due to the magnetic force
and is given by
oty Hye >

) (7)

g =g+
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Boundary conditions on the bottom and side walls are
given by

Equation (1) is solved by using Egs. (5), (6), (8) and (9) to
provide:

after the resonant frequency (in region B), rotation around
the center axis of the container occurs. The direction of the
rotation is not fixed, and changes irregularly. This phe-
nomenon is named “unstable swirling” (see Figs. 6 and 7).
As the forcing frequency increases in region B, the surface
elevation decreases with unstable swirling. On the border
between B and C, the unstable swirling changes to swirling
in which the direction is fixed. This phenomenon has been
named “stable swirling” (see Figs. 6 and 7). In region C,
the stable swirling is in a direction that depends on the

AnJm(kmnt) cos(mO + Sy cosh kpy(z 4+ h) cos(@mnt + €mn)

¢ = Z Z n w2, 0 1Xo cosh kyn(z + h) cos wt
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where J,, is the Bessel function of the first kind, of order m,
and A,,,, 4., and ¢,,, are arbitrary constants. The value of
k,un 1s chosen so that k,,,,,R is the zero of J,,.. Also, here w,,,,
is the characteristic angular frequency given by

Omn = /g kmn tanh (kb

(1)

4
Results and discussion

Figure 5 shows the frequency response of the free surface
of the magnetic fluid as the forcing frequency varies. The
surface magnetic field induction at the center of the per-
manent magnet is indicated by By, # is the maximum
free surface elevation at the inner wall, f is the forcing
frequency, and f, is the first resonant frequency for

By = 0 mT calculated by Eq. (11). Figures 6 and 7 are
illustrations provided to aid the understanding of the
sloshing and swirling motion.

For By = 0 mT, sloshing behavior is explained as fol-
lows. In region A, the free surface vibrates in the direction
of the forced oscillation. As the forcing frequency in-
creases, the surface elevation also increases until the free
surface shakes more intensely when nearing the resonant
frequency (border between A and B). At the resonant
frequency, the free surface forms a collapsed wave, and
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Fig. 5. Frequency response of the free surface

(10)

direction of the unstable swirling at the border between B
and C. As the forcing frequency increases further, the
surface elevation increases. The surface elevation reaches a
local maximum again on the border between C and D and
rapidly decreases just after the border. In region D, the free
surface vibrates in a similar manner to region A. When a
magnetic field is applied, each of regions A, B, C and D
move to higher frequencies according to the intensity of
the magnetic field.

In Figs. 8 and 9, the experimental results are compared
with the linear theoretical results for B, = 0 mT and
55 mT. The experimental resonant frequencies agree with
the theoretical results, and the shift of the resonant fre-
quency due to the magnetic field is verified. This increase
in the resonant frequency with a magnetic field is caused
by an increase in the effective gravity expressed by Eq. (7).
Note, however, for large free surface elevations, there are
some differences between experimental and theoretical
results because of the use of linearized theory.

UVP measurements were made for the stable swirling
region (region C). We calculated power spectra from the

A transverse oscillation
B : unstable swirling

C : stable swirling

D : transverse oscillation
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Fig. 6. Illustration of frequency response of the free surface



Unstable swirling

B E

SEEEE

Stable swirling

SREESR=Ra

.58

Fig. 7. Unstable and stable swirling

1.6
1.4}

B,=0mT

1.2
1.0 r

0.6
04}
0.2}

[e]

Experiment
Theory

0.0 : :
0.6

£/1,

1.6

Fig. 8. Comparison of theoretical and experimental results for
frequency response of surface elevation for B, = 0 mT

measured velocity data by using a fast Fourier transform

in the time domain. Figure 10 shows the power for the

o-frequency averaged over a region of 0.474 < r/R < 0.534

at h, = 10 mm. The o-frequency is the frequency where
unstable swirling changes to stable swirling indicated as
point o in Fig. 6. The horizontal averaging area corre-

sponds to 44.6 mm < x < 50.2 mm. Figure 11 shows the
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Fig. 9. Comparison of theoretical and experimental results for
frequency response of surface elevation By = 55 mT
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Fig. 10. Averaged power spectra of velocity oscillations for

a-frequency

power for the f-frequency. The fS-frequency is the fre-
quency where the stable swirling of the fluid changes to
simple oscillation, as indicated by point f in Fig. 6.
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Fig. 11. Averaged power spectra of velocity oscillations for
p-frequency

The most dominant peaks, f,; and fz;, for each applied
magnetic field correspond to the forcing frequency. For
each applied magnetic field, there are also a few derived
peaks. As the magnetic field is increased, the second and
third dominant peaks except fs; shift to lower frequencies.
The frequency f,; is approximately equal to the frequency
difference f,, — f,;. It may be explained as a consequence
of the non-linear nature of the oscillations. However, here
the direction of forced oscillation and measuring line of
the velocity profile are the same, and we believe that it is
necessary to carry out more velocity measurements along
other directions in order to more fully understand the
behavior of the derived peaks.

When a magnetic field is applied, the disturbance of the
fluid is suppressed (as seen by comparing Figs. 8 and 9).
In our previous study of a magnetic fluid sloshing in a
rectangular container (Sawada et al. 1999a), a decrease in
the free surface elevation and the height of peak spectra of
horizontal velocity were observed. However, in a cylin-
drical container, the height of each peak of velocity os-
cillations hardly changes with magnetic field intensity. It is
thus believed that these derived peaks have some relevance
to swirling.
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Fig. 12. Spatial distribution of the power spectra of velocity
oscillations for f-frequency at By = 0 mT
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Fig. 13. Spatial distribution of the power spectra of velocity
oscillations for f-frequency at By = 55 mT

In Figs. 12 and 13, the spatial spectra for the f-fre-
quencies (fg1, fp2, fp3) are shown for the cases By = 0 mT
and B, = 55 mT, respectively. Here x is the distance from
the inner wall, that is, x = 0 corresponds to r = R and
0 = 7 (see Fig. 2). Since the velocity component is mea-
sured in the r-direction, the power decreases abruptly near
the wall. An indentation or depression is observed in the
distributions for fg, and fz; near the center of the cylin-
drical container. This indentation seems to be caused by
the swirling phenomenon. Further, this indentation is not
observed for the f;; distribution in Fig. 12 but a small
indentation is observed for By = 55 mT in Fig. 13. We
believe this is because lateral oscillation of the magnetic
fluid is suppressed by the magnetic field.

5

Concluding remarks

Lateral sloshing of a magnetic fluid in a cylindrical con-
tainer in a vertically applied non-uniform magnetic field
was studied. The effects of the magnetic field on the free
surface elevation were examined. We also compared the
experimental shift of the first resonant frequency with
applied magnetic field intensity with linearized theoretical



results obtained by assuming a potential flow and infini-
tesimally small waves.

Since a magnetic fluid is opaque, it has been very
difficult to obtain velocity profiles using conventional
measuring methods. We have successfully applied the
UVP measurement technique to magnetic fluid sloshing
to obtain both time dependent velocity profiles and
spatial velocity profiles along horizontal lines. We found
that the amplitude of the velocity decreases with an in-
crease in the magnetic force. Also, the power spectra
were calculated from the velocity data. The most domi-
nant peak of the power spectrum moves to a higher
frequency as the magnetic field intensity increases.
However, derived second and third peaks shift to a lower
frequency. We believe that these derived peaks will be
the key to a detailed understanding of swirling phe-
nomena. However, further study is required before the
mechanism can be clarified. From the observed spatial
distribution of the power spectra, it seems that the
swirling motion of a fluid is characterized by the derived
peak frequencies. In order to clarify the swirling mech-
anism using velocity profiles, we believe it will be useful
to obtain spatial velocity distributions of the whole area
simultaneously by using several US transducers (Takeda
and Kikura 1998).

Another potential problem in the present study may be
the use of a permanent magnet that is not significantly
larger than the test cell to apply the magnetic field. The
magnetic field gradient is not exactly normal to the free
surface, and thus the direction of the magnetic body force
is oblique with respect to the central line of the cylindrical
container. Moreover, the intensity and direction of the
magnetic body force changed with the magnetic field in-
tensity, which may have a strong effect on the swirling
motions and the shift of the derived power spectra.
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