
Whole-field density measurements by `synthetic schlieren'

S. B. Dalziel, G. O. Hughes, B. R. Sutherland

Abstract This paper outlines novel techniques for pro-
ducing qualitative visualisations of density ¯uctuations
and for obtaining quantitative whole-®eld density mea-
surements in two-dimensional density-strati®ed ¯ows.
These techniques, which utilise image processing tech-
nology, are much simpler to set up than the classical
schlieren and interferometry methods, and provide useful
information in situations where shadowgraph is of little or
no value. Moreover, they may be set-up to analyse much
larger domains than is feasible with the classical
approaches, and do not require high quality optical
windows in the experimental apparatus. Ultimately the
greatest strength of these techniques is the ability to
extract accurate, quantitative measurements of the
density ®eld.

Application of these techniques is illustrated by an in-
ternal wave ®eld produced by an oscillating cylinder. Re-
cent theoretical advances for this classical problem make it
the ideal test bed. Results are presented for both a circular
and a square cylinder oscillating vertically in a linear
strati®cation. Further aspects of the techniques are illus-
trated by considering thermal convection from a hand and
¯ow over an obstacle towed through a density strati®ed
¯uid.

1
Introduction
Qualitative visualisations of density ¯uctuations have long
been used to assist with the understanding of ¯ows in
density strati®ed systems. The techniques range from the
introduction of passive tracers, such as dye lines or neu-
trally buoyant particles, to shadowgraph, schlieren and
interferometric techniques which rely on refractive index
variations induced by the stratifying agent. Numerous
examples of these visualisations may be found within the
literature (e.g. van Dyke 1982), as have attempts to extract
quantitative information from them (e.g. Irvin and Ross
1991; Greenberg et al. 1995).

In this paper we introduce a number of novel techniques
for obtaining both high quality visualisations and accurate
measurements of the density ®eld. These techniques are
based on the same optical principles as the classical
schlieren method, but have the advantages of being much
easier to set-up and of being adaptable to much larger do-
mains. The name which has been chosen for the simplest of
these techniques ± `qualitative synthetic schlieren' ± re¯ects
the relationship with classical schlieren, although we note
that it is the optics (external to the ¯ow) used to form the
schlieren image which are ``synthesised'', not the optical
inhomogeneities of the medium being visualised. The most
sophisticated of the quantitative techniques has been
named `pattern matching refractometry' to indicate the
origin of the approach in `pattern matching velocimetry'
(more frequently called `particle image velocimetry').

In total we shall outline four techniques: `qualitative
synthetic schlieren', `line refractometry', `dot tracking re-
fractometry' and `pattern matching refractometry'. The
®rst of these has two modes of operation, `line mode' and
`dot mode' and these represent the basic qualitative visu-
alisation behind the remaining three quantitative tech-
niques. For this reason we often refer to all four techniques
as `synthetic schlieren'. These techniques are primarily of
value for analysing two-dimensional ¯ows where the cur-
vature of the density ®eld is suf®ciently small that classical
shadowgraph techniques are of limited value, although
there is an overlap in the range of applicability. They may
also be used for ¯ows where the density gradients are too
small for techniques relying on the concentration of a
passive dye (e.g. light induced ¯uorescence or dye ab-
sorption) to give useful results. While limited information
can be extracted from ¯ows with three-dimensional vari-
ations in the density ®eld, we shall not discuss these in
any detail.
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This paper is intended to complement and expand on
the subset of these techniques presented by Sutherland
et al. (1999) in their analysis of the internal wave ®eld in
strati®ed salt water solutions produced by an oscillating
cylinder, and to provide more detail than may be found
in Dalziel et al. (1998). We again employ internal wave
®elds as our primary method of illustrating the tech-
niques. It is therefore appropriate to review some aspects
of ¯ow in a density-strati®ed ¯uid, although the intention
here is to illustrate the power of synthetic schlieren
rather than present a detailed analysis of the ¯uid
dynamics.

If a ¯uid element is perturbed vertically in a density
strati®ed ¯uid, it experiences a buoyancy force directed to
restore it to its original position. This buoyancy force, in
combination with the inertia of the ¯uid element, act as a
simple harmonic oscillator with a frequency (the buoyancy
frequency)

N � ÿ g

q0

oq
oz

� �1=2

; �1�

where q is the ¯uid density with reference density q0, g is
gravity and z is oriented vertically upward. Oscillation in a
direction at an angle h to the vertical reduces the restoring
force, giving rise to the dispersion relation for small am-
plitude waves in a Boussinesq ¯uid,

x � �N cos h ; �2�
where x is the frequency of the waves. The ¯uid motion
and group velocity are at an angle h to the vertical, while
the phase velocity is perpendicular to this (the sign of the
vertical component of the phase velocity is opposite to that
of the group velocity).

A linearly strati®ed ¯uid �N � const� is therefore able to
support waves of frequencies 0 � x � N . Mowbray and
Rarity (1967) demonstrated theoretically and experimen-
tally (using classical schlieren) that for waves forced by an
oscillating cylinder, the ¯uid motion was con®ned with a
region of ¯uid resembling a ``St. Andrew's Cross''. This is in
sharp contrast to the ¯ow found when the ¯uid is unstrat-
i®ed (e.g. Lin and Rockwell 1997 who looked at the vortex
shedding from an oscillating cylinder). Other authors have
subsequently used different experimental techniques to
analyse these waves (e.g. Peters 1985 and Merzkirch and
Peters 1992 used interferometry). Recent work by Hurley
and Keady (1997) has provided additional theoretical de-
tails of the structure of this wave ®eld for cylinders of a ®nite
size in a viscous ¯uid, The ®rst experimental results con-
®rming their prediction are provided by Sutherland et al.
(1999). In the experiments presented here a circular cylin-
der of radius R � 20 mm is oscillated vertically in a linear
strati®cation with N � 1 sÿ1 and x=N � 2ÿ1=2.

Internal waves are also generated if an obstacle is towed
horizontally through a strati®cation. For a ¯ow which is
steady in the frame of reference of the obstacle, the hori-
zontal component of the phase velocity is equal to the
speed of towing U, giving rise to waves of frequency
x � 2pk=U , where k is the length scale associated with the
object. The need to transport energy away from the
obstacle combined with the dispersion relation give rise to

an asymmetric pattern of waves with the crests tilted up-
stream (see Turner 1973; Gill 1982).

After reviewing the basic optics in Sect. 2, we outline
the experimental set-up used for the classical schlieren and
MoireÂ fringe methods in Sect. 3. In Sect. 4 the qualitative
mode of synthetic schlieren is introduced and Sects. 5±7
discuss the quantitative modes. Finally, Sect. 8 presents
our conclusions.

2
Basic optics
All four techniques introduced in this paper utilise the
same optical phenomenon, namely that a ray of light is
bent towards regions of larger refractive index. A detailed
description of this process is required in order to make
quantitative measurements. This description may start
from a number of points. Sutherland et al. (1999) analysed
a ray of light by invoking Snell's law. Here we shall start
from Fermat's variational principle for the behaviour of
light in an inhomogeneous medium

d
Z

n�x; y; z�ds � 0 ; �3�

where s is oriented along the light ray and n�x; y; z� is the
refractive index ®eld (the ratio of the speed of light through
a vacuum to that through the medium). We select our co-
ordinate system �x; y; z� with x along the length of the tank,
y across the width (the direction in which variations in the
¯ow are negligible) and z vertically upward.

Rather than solving the full variational problem, we re-
strict ourselves to rays of light which always have a com-
ponent in the y direction so that their paths may be
described by x � n�y� and z � f�y�. This restriction is
simply a requirement that light is able to cross the tank, a
fundamental requirement for the methods described in this
paper. The variational principle then gives rise to a pair of
coupled ordinary differential equations (Weyl 1954) relat-
ing the light path to the gradients of n in the x-z plane:

d2n
dy2
� 1� dn

dy

� �2

� df
dy

� �2
" #

1

n

on

ox
; �4a�

d2f
dy2
� 1� dn

dy

� �2

� df
dy

� �2
" #

1

n

on

oz
: �4b�

For synthetic schlieren we are interested primarily in light
rays which remain approximately parallel to the y direc-
tion. Under this restriction the terms �dn=dy�2 and
�df=dy�2 may be neglected, effectively decoupling (4a) and
(4b). The two-dimensionality of the ¯ow and the weak
variations in density (and hence weak variations in the
refractive index) along the ray path allow these expres-
sions to be integrated across the width W of the tank to
obtain the path of the light ray across the tank:

n � ni � y tan /n ÿ
1

2
y2 1

n

on

ox
; �5a�

f � fi � y tan /f ÿ
1

2
y2 1

n

on

oz
; �5b�
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where ni, fi describe the incident location and tan /n �
dn=dy�y � y0� and tan /f � df=dy�y � y0� describe the
horizontal and vertical components (respectively) of the
angle at which the light ray enters the tank (measured
relative to the y direction).

As shall be seen in the following sections, we are in-
terested in how an image of a mask placed some distance B
behind the tank (the reason for choosing B 6� 0 will be
given in Sect. 4) appears to change as the result of ¯ow-
induced refractive index variations relative to the refrac-
tive index variations in the absence of the ¯ow. Speci®cally
we wish to analyse the changes in the image formed by the
camera as a shift in the origin of the light ray reaching the
camera. By back-tracing the light rays received by the
camera the apparent shift (Dn, Df) in the origin of the light
ray is given by

Dn � 1

2
W�W � 2B� 1

n0

on0

ox
; �6a�

Df � 1

2
W�W � 2B� 1

n0

on0

oz
: �6b�

Here we have decomposed the refractive index ®eld n into
n0 � nbase � n0 where n0 is the nominal refractive index of
the medium (e.g. n0 � 1:3332 for water), nbase represents
spatial variations associated with the ``known'' base state
(e.g. the changes introduced by adding a quiescent linear
background strati®cation) and n0 is the variation caused
by the ¯ow under consideration (e.g. the internal wave
®eld). In obtaining (6) we have assumed the variations
nbase and n0 in the refractive index ®eld are small com-
pared with nominal value n0.

In principle there should be some correction made to
(6) for the refractive index contrasts between air, the
material the tank is made of and the working ¯uid. Details
of this correction, using Snell's law, are presented in
Sutherland et al. (1999). In practice, however, provided the
incident light rays are approximately normal to the tank
walls (which is the requirement to ignore the �d=dy�2
terms in (5)) the additional refraction at these optical in-
terfaces need not be considered explicitly.

As stated above, there is normally a constitutive rela-
tionship between the density of the ¯uid and the refractive
index. To a good approximation the relationship between
refractive index and density for salt water is linear (Weast
1981), allowing us to write

rn � dn

dq
rq � b

n0

q0

rq ; �7�

where

b � q0

n0

dn

dq
� 0:184 ; �8�

and q0 is the nominal reference density (1000 kg mÿ3).
Substitution into (6) then gives the relationship between
density ¯uctuations q0 and apparent movement of the
source of a light ray

Dn � 1

2
W�W � 2B� b

q0

oq0

ox
; �9a�

Df � 1

2
W�W � 2B� b

q0

oq0

oz
: �9b�

3
Schlieren and MoireÂ fringes
The classical schlieren method makes use of the de¯ection
of a ray of light to mask off a greater or lesser portion of
the light source with the edge of a ``knife''. Figure 1 il-
lustrates a typical set-up. The light source in combination
with the ®rst parabolic mirror produces a ®eld of nomi-
nally parallel light rays. As these light rays pass through
the tank they are bent towards the gradient of the refrac-
tive index, and hence density. If the basic state is repre-
sented by a linear strati®cation then (5) shows the light
rays will execute a parabolic mirror which projects an
image onto a screen via a lens.

The knife edge is positioned near the focal point of the
second parabolic mirror and lens, and acts as an asym-
metric aperture. Typically it is adjusted so that half of the
light passing through the tank with quiescent conditions is
obscured by the knife edge. When the ¯ow produces re-
fractive index variations n0, the light rays leaving the tank
are de¯ected so that the mirror no longer focuses them at
the knife edge. Depending on the direction of this de¯ec-
tion and the orientation of the knife edge, the amount of
light striking the knife may be increased (decreased),
leading to a reduction (intensi®cation) of the light reach-
ing the corresponding position on the screen. The orien-
tation of the knife edge in Fig. 1 is chosen so that the
intensity of the image increases with positive oq0=o". The
symbol " is used here to represent the de¯ection direction
corresponding to the normal to the knife edge (e.g. upward
for the arrangement shown in Fig. 1).

There are a number of practical dif®culties with this
classical schlieren. First, the setting up of the optical
components, especially the parabolic mirrors, requires
considerable care. Second the cost of parabolic mirrors

Parabolic 
mirror

Light source

Parabolic
mirror

Knife edge

Lens

Screen

∂ρ'/∂↑ = 0
∂ρ'/∂↑ > 0

∂ρ'/∂↑ < 0

∂ρ'/∂↑ > 0

∂ρ'/∂↑ < 0

Fig. 1. Sketch of optical arrangement for classical schlieren
method
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rapidly becomes prohibitive with increasing size. Third,
high quality images can only be formed when the appa-
ratus itself is optically good (e.g. optical quality glass
rather than Perspex which is prone to scratching), adding
further to the cost. Moreover, if the base state described by
nbase is not itself either constant or linear, then the un-
perturbed light rays are not parallel, yielding an unwanted
structure in the image formed for this base state. Finally,
the need for a point source of illumination limits the in-
tensity of illumination available.

Using the knife edge illustrated in Fig. 1 it is possible to
visualise only the component of rq0 normal to the edge.
To overcome this a number of techniques have used dif-
ferent geometries to mask the focal point in place of a
knife edge, as have methods for obtaining quantitative
information from the resulting images through accurate
determination of the intensity of the image (e.g. Irvin and
Ross 1991) or determining the colour produced by a col-
our schlieren system (e.g. Greenberg et al. 1995).

The MoireÂ fringe method (e.g. Burton 1949; Mortensen
1950; Sakai 1990) represents an optically simpler alter-
native to the classical schlieren. Two masks of alternating
clear and opaque lines (or dots), with a spacing greater
than the diffraction limit, are produced with one being
positioned on either side of the ¯ow. Diffuse lighting
illuminates the mask behind the tank. The mask in front
of the tank is positioned and scaled in such a way that,
for a ®xed observer and no perturbations to the ¯ow
the masks appear to have the same line spacing. When
the ¯ow is initiated the density ®eld is perturbed and the
light rays reaching the observer originate from a different
location on the mask behind the tank. This location
may result in either more or less light reaching the ob-
server depending on the magnitude and direction of rq0
and the phase relationship between the two masks. Such
a situation is illustrated in Fig. 2 where the phasing of
the lines on the two masks has been selected so as to
increase the mean intensity (averaged over a region
larger than the line spacing) for positive oq0=o" (here "
represents the direction perpendicular to the lines). If
there had been no phase difference between the two sets
of lines then the image would have got darker for either
sign of oq0=o", while a 180� phase difference would have
started from a black image and got brighter for
joq0=o"j > 0.

There are a number of experimental dif®culties with
this MoireÂ fringe arrangement. The production of suitable
masks is relatively straight forward using modern laser
printers, provided the geometry of the masks is related by a
simple scalar. Their positioning, however, is fairly critical
as accurate alignment of both masks and the observer is
necessary. Achieving the required level of alignment for a
strati®ed ¯ow may require the mask nearer the observer to
have a non-uniform line spacing, even when the mask
behind the tank is uniform. Moreover, the precise posi-
tioning of the mask and spacing of the lines will depend on
the background strati®cation. A decrease in the buoyancy
frequency of this background strati®cation, for example,
will require the mask located in front of the tank to be
positioned higher than that required when the strati®ca-
tion is stronger, while a nonlinear strati®cation will
require a nonlinear relationship between the lines on the
two masks.

The optical arrangement illustrated in Fig. 2 is not the
only one which may be used. Replacing the observer with a
point light source and the diffuse light source with a
projection screen will yield an equivalent result by tracing
in the reverse direction along the light rays. This duality
leads to an alternative method of generating the larger of
the two masks. The geometry of this larger mask, located
further from the light source, may be determined by
simply projecting the smaller mask through the tank
(when it contains the ambient strati®cation) onto the lo-
cation of the second (larger) mask. The required geometry
may then be recorded in situ by positioning photographic
®lm in place of the mask. After developing, this photo-
graphic ®lm may be used as the mask. Any phase differ-
ence required between the two masks can be achieved by
applying a suitable translation to the regular geometry of
the smaller mask prior to exposing the ®lm.

If carefully set-up, the MoireÂ fringe method is capable of
producing high quality visualisation with excellent spatial
resolution at only a small fraction of the cost for con-
ventional schlieren. However, as we will see in the next
section, synthetic schlieren avoids most of the dif®culties
with setting up the MoireÂ fringe method.

4
Qualitative synthetic schlieren
The photographic production of one of the masks for the
MoireÂ fringe method outlined in the previous section
forms the basis of the qualitative synthetic schlieren
methods introduced in this section. The fundamental idea
is to record digitally (rather than photographically) the
apparent location of one of the masks. The image recorded
in this way then forms a virtual mask against which the
apparent movements due to refractive index gradients may
be measured. This approach works in both the diffuse light
source (such as shown in Fig. 3) and point light source
arrangements. In either case the real mask is placed be-
tween the light source and the tank, while the virtual mask
is created from the appearance of the real mask in the
absence of perturbations to the quiescent state. The main
restriction is that the depth of ®eld of the video camera (or
light source if projecting the mask through the tank) is
large enough such that both the ¯ow and the mask are

Diffuse
light source

Mask

Mask

Observer

∂ρ'/∂↑ = 0
∂ρ'/∂↑ > 0

∂ρ'/∂↑ < 0

∂ρ'/∂↑ > 0

∂ρ'/∂↑ < 0

Fig. 2. Sketch of optical arrangement for Sakai's MoireÂ method
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reasonably well in focus so that we may identify the light
falling on a pixel in the video camera with a single ray
passing through the tank. This is not a severe restriction as
the experimental arrangement allows for high levels of il-
lumination to be used (unlike classical schlieren, there is
no need for the illumination to originate from a point
source), and hence small lens apertures do not cause dif-
®culties.

We shall start by considering a mask with lines par-
allel to the x direction. With such a set of lines we will be
able to visualise oq0=oz through the vertical de¯ection of
the lines (9b), but the uniformity of the basic mask in
the x direction makes the visualisation insensitive to
oq0=ox.

4.1
Basic operation
Figure 4a sketches the typical appearance of the mask for
quiescent conditions and with density perturbations re-
sulting in an apparent shift. For the present we shall as-
sume the optics are perfect (this assumption will be
relaxed in subsequent sections) and an image of the mask
is formed on the surface of the image sensor in the video
camera. For a typical video camera operating in frame
integration mode the CCD sensor consists of an array of
almost touching rectangular pixels, each of which returns a
signal Pij�t� proportional to the spatial average of the light
intensity striking the ijth pixel:

Pij�t� � 1

DxDz

Zxi�Dx=2

xiÿDx=2

Zxj�Dz=2

xjÿDz=2

p�x; z; t�dz

264
375dx : �10�

Here the intensity striking the CCD sensor is p�x; z; t� and
the pixel images a region of the mask of size Dx� Dz. The
effect of this averaging or pixelisation is illustrated in
Fig. 4b.

For simplicity we will start by assuming that sharp
transitions in intensity in the mask produce identically
sharp transitions in the intensity p�x; z; t� falling on the
CCD sensor. Consider a mask consisting of nominally
horizontal lines oriented parallel to the x axis. If the
lines are perfectly black (p � 0) and perfectly white
(p � 1) then

p0�x; z� � 0 0 � z mod g < a
1 otherwise

n
�11�

represents the intensity produced by the mask under
quiescent conditions. Here g is the spacing of the lines on
the mask and the lines consist of alternating black and
white regions of widths ag and �1ÿ a�g, respectively. The
intensity of the corresponding digitised image will be

Pij;0 �
0 1

2 Dz � zj mod g < agÿ 1
2 Dz

1 ag� 1
2 Dz � zj mod g < gÿ 1

2 Dz

1
2�

zjmod gÿag
Dz agÿ 1

2 Dz � zj mod g < ag� 1
2 Dz

1
2ÿ

zjmod gÿg
Dz gÿ 1

2 Dz � zj mod g < 1
2 Dz

8>>>>><>>>>>:
:

�12�
An expression similar to (12) holds when the density ®eld
is perturbed. Provided the perturbations are small such
that Df � g, where Df is given by (9b), and variations in
Df occur over a length scale large compared with g, then
we may replace g in (12) with gÿ Df. Qualitative mode
synthetic schlieren works by calculating jPij�t� ÿ Pij;0j, this
difference simply being jDfj=Dz and is proportional to
joq0=ozj for pixels which contain an edge in both the Pij;0

and Pij�t� images. The constant of proportionality depends
on the width of the tank, the relative positions of the mask
and the screen, giving

Diffuse
light source

Mask

Video camera

∂ρ'/∂↑ = 0 ∂ρ'/∂↑ > 0 ∂ρ'/∂↑ < 0

∂ρ'/∂↑ > 0

∂ρ'/∂↑ < 0
Digitised
image
P (∂ρ'/∂↑)

❘ P(∂ρ'/∂↑) − P(0) ❘

Fig. 3. Sketch of optical arrangement for line-mode synthetic
schlieren

p0

p

p0

p

ba

Fig. 4. Idealised images for qualitative
synthetic schlieren. a Location of lines;
b image formed in CCD sensor
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oq0

oz

���� ����
ij

� 2
q0

b
Dz

W�W � 2B�

�
Pij�t� ÿ Pij;0

�� �� for pixels containing an edge

unknown elsewhere

8<: :

�13�
In practice the equipment used in this study comprised a
standard video camera (Cohu 4910 series set to frame
integration mode and no gamma correction) producing an
analogue signal which was subsequently digitised to a
different horizontal resolution by a frame grabber card
(Data Translation DT2862). While this combination makes
the situation somewhat more complex than the ideal case
described above, the qualitative effect is much the same
and jPij�t� ÿ Pij;0j is proportional to the vertical (for hor-
izontal lines) gradient in the perturbation density.

Figure 5a shows an example of the St. Andrew's cross
internal wave ®eld from an oscillating cylinder in a linear
density-strati®cation (x=N � 2ÿ1=2, N � 1 sÿ1) obtained
in this manner. For maximum sensitivity and spatial res-
olution we would have exactly one line of the mask for
every two rows of pixels on the CCD sensor. In practice,
however, the spacing and alignment may not be this pre-
cise so that the average line spacing exceeds this ideal. As a
result the images formed from jPij�t� ÿ Pij;0j contain stri-
ations where there is no data, corresponding to pixels not
containing the edge of a line. The sensitivity of this tech-
nique is illustrated in Fig. 5b which shows thermal con-
vection in air driven by the heat of a hand. The ambient
temperature was 26 �C and the hand surface temperature
was only marginally above this.

4.2
Sensitivity
From (13) we can see that the sensitivity may be controlled
by the position of the mask relative to the density ¯uctu-

ations in the ¯ow. Increasing the distance from the object
to the mask B increases the sensitivity, although it is
necessary to account also for the apparent reduction in the
size of the mask (and hence the increase in Dz) as the
mask is moved further from the camera. If we assume
the unperturbed light rays are straight (thus ignoring the
apparent foreshortening due to refractive index changes
encountered along the way), we may calculate the relative
sensitivity S as the ratio of the apparent de¯ection of a
mask at some distance B behind the tank to that with
B � 0:

S � L

L� B
1� 2

B

W

� �
� 1� B

W

L�W

L� B
: �14�

Here we assume the distance between the camera and front
wall of the tank is ®xed at LÿW , and the camera zoom
remains ®xed so that the same region of the tank is vi-
sualised for all B. Note that as B is increased, the size of Dz
is increased as L=�L� B� compared with B � 0.

The sensitivity to thermal convection illustrated in
Fig. 5b illustrates one of the dif®culties associated with
these synthetic schlieren methods, namely the sensitivity
to thermal noise in the laboratory environment. For a ®xed
®eld of view and distance L� B from the mask, (13) shows
that the optical system is most sensitive to thermal noise
close to the camera, the sensitivity being proportional to
the distance between the thermal anomaly and the mask. It
is thus important to minimise the thermal noise, especially
close to the camera. Fortunately thermal noise usually
evolves on a timescale either much faster or much slower
than that for the ¯ow being considered, facilitating its
removal through a temporal ®ltering process, although we
will not go into details here.

By setting up the mask on an accurate traverse (the
bed of a milling machine equipped with a digital readout
with a resolution of approximately �0:010 mm on rela-
tive displacements) we have assessed the sensitivity of the
technique without taking any special precautions against

a b

Fig. 5. Line mode qualitative synthetic schlieren. White represents no difference between Pij(t) and Pij;0. a Internal wave ®eld
produced in a linear salt strati®cation (described by a buoyancy frequency N � 1 s)1) by oscillating a circular cylinder 20 mm in
radius at a frequency x � N/Ö2. b Thermal convection from a hand
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thermal noise. Figure 6 shows how the mean level of
jPij�t� ÿ Pij;0j changes with the displacement of the mask
of lines. From this we see that displacements as small as
0.01 pixels may be detected with the expected linear re-
sponse for displacements up to 1 pixel and only a slight
departure from linearity for displacements up to 2 pixels.
The reduction in jPij�t� ÿ Pij;0j for larger displacements
is the result of aliasing of adjacent lines which have a
spacing of a little over 4 pixels. For this test the mask was
aligned as closely as possible with the lines parallel to
the scan of the standard frame integration video camera
used for all the results presented in this paper. The mask
was viewed through a zoom lens set to a focal length of
50 mm to image a region 420 mm across. The output of
this camera was digitised directly at a resolution of
512� 512 pixels. We note, in passing, that the thermal
environment in the workshop where these tests were
undertaken was signi®cantly quieter than in the labora-
tory.

4.3
Variations on a theme
The above analysis was based on a mask consisting of
horizontal lines which are sensitive to ¯uctuations in the
vertical gradient of density. Clearly this is not the only
con®guration possible. The use of vertical lines yields a
measure of the ¯uctuations in the horizontal gradient, or a
pattern of dots yields both components of the gradient.
Figure 7a shows the same internal wave ®eld obtained
from a regular array of dots, while Fig. 7b illustrates the
same for a random array of dots (produced by introducing
a random perturbation to a regular array). Careful in-
spection of either of these reveals information about the
direction of the gradient vector in addition to jrq0j.
Figure 7c illustrates this directional information with an
enlarged view of the image presented in Fig. 7a. The
double-crescent shape is oriented with the gradient
directed from one crescent to the other.

The sensitivity study outlined in Sect. 4.2 for the hori-
zontal lines was repeated for the two mask geometries used
for Fig. 7. The corresponding displacement versus
jPij�t� ÿ Pij;0j curves are shown in Fig. 8. We again observe
a linear response for displacements less than 1 pixel. For
the regular array of dots used for Fig. 8a, we see an aliasing
of the (imperfectly aligned) dots for larger displacements,
while for the random dots used for Fig. 8b the image

Fig. 6. Variations in the mean (+) and root mean square (´)
value of |Pij(t) ) Pij;0| as the mask is displaced by a milling ma-
chine traverse for a mask of lines aligned with the scan lines of
the video camera. The mask was traversed normal to the scan
lines of the video camera

Fig. 7. Qualitative synthetic schlieren using a mask of two-di-
mensional objects to visualise the internal wave ®eld shown in
®gure 5. The mask geometries are a a regular array of dots and
b a random array of dots. An enlarged view of the regular array
image is shown in c
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saturates at larger displacements. Tests have shown com-
parable results are obtained when traversing the dots
parallel and normal to the scan lines of the video camera.

With a standard video camera the one-dimensional
mask of the line-mode synthetic schlieren is less sensitive
to signal noise than for the two-dimensional masks (i.e.
dots) due to the ®xed one-to-one relationship between
rows of pixels on the CCD sensor and rows of pixels in the
digitised image. If the mask is rotated by 90� so that the
lines appear vertical we ®nd the noise component is in-
creased by a factor of two, reducing the measurable min-
imum displacement to approximately 0.02 pixels. The
increased noise arises from the electronic jitter in the
video signal and frame grabber which manifest themselves
as random horizontal displacements of the image of the
order of 0.04 pixels. This jitter was not noticeable when the
lines were horizontal as the mask was approximately
uniform in the direction of the jitter. The same issues arise
when using the more complex dot mask geometries. The
net result is that the maximum sensitivity may be achieved
only when the lines on the mask are aligned closely with
the scan lines of the video signal. We note, however, that if
a digital camera and frame grabber were to be used, then
this problem with signal jitter would be eliminated.

Moreover, modern high resolution digital cameras will
enable substantially higher sensitivities to be achieved.

One of the features of the synthetic schlieren techniques
is the ability to scale it up to visualise ¯ows at much larger
scales than is feasible with conventional schlieren. For
example, Fig. 9 shows the ¯ow over a h � 0:1 m high `hill'
towed at a velocity U � 0:055 msÿ1 along a tank contain-
ing a nominally N � 1:3 sÿ1 strati®cation, giving a Froude
number Fr � U=Nh � 0:4. The ®eld of view here is 1.3 m
long and 0.6 m high. The ultimate size limit which may be
visualised is given by the trade off between thermal noise
and sensitivity, and the ability to produce a mask con-
taining a suitable texture.

4.4
Preserving the sign
By preserving the sign information contained in
Pij�t� ÿ Pij;0 we can establish the direction of rq0.
Figure 10a is calculated from the same pair of images as
Fig. 7a and c, but without taking the absolute value of the
difference. Each crescent pair consists of one light crescent
and one dark crescent. The gradient vector is directed
from the darker toward the lighter crescent.

The simplicity of calculating Pij�t� ÿ Pij;0, or some
transformation of this, enables this qualitative measure of
oq0=o" or rq0 to be determined in real-time using rela-
tively simple hardware. Indeed the Data Translation
DT2862 frame grabber card used for this work is a design
ten years old yet allows calculation of f �Pij�t� ÿ Pij;0� at full
frame-rate video using a combination of an on-board ar-
ithmetic logic unit and on-board look-up tables. For the
images presented in Figs. 5, 7 and 9 the look up table
function was simply the calculation of the absolute value
and the introduction of a scaling factor, while for Fig. 10a
an offset is added instead.

A relatively simple extension of the above technique
allows us to visualise the sign of the density gradients
relatively easily for line mode. Whereas with the MoireÂ
fringe method a p=2 phase shift between two sets of lines is

Fig. 8. Variations in the mean (+) and root mean square (´) value of |Pij(t) ) Pij;0| as the mask is displaced by a milling machine
traverse for a a regular array of dots and b a random array of dots. The mask was traversed normal to the scan lines of the video
camera for the regular array of dots, and parallel to the scan lines for the random array of dots

Fig. 9. Flow over a hill towed to the left through a linear salt
strati®cation. The region of the tank visualised is approximately
2.5 m long and 1 m deep
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used, such phase shifting is not practical and unnecessary
for synthetic schlieren. By utilising a line spacing greater
than the ``ideal'' two pixels, we may construct

Pij;s � sign�oPij;0=oz� ; �15�
and use this, where jopij;0=ozj is suf®ciently large, to obtain
the image

Pij;o � Pij;s�Pij�t� ÿ Pij;0� : �16�
Figure 10b demonstrates the result of this additional
processing on the images used for Fig. 5a to obtain the
sign of the vertical gradient of the perturbation density.
The image Pij;o is everywhere proportional to oq0=oz, but
the constant of proportionality may vary spatially as the
result of p0�x; y� taking values other than the 0 and 1 stated
in (11). An obvious extension would be to factor out the
illumination by normalising Pij;0 and Pij�t� by the intensity
of a mask containing no black lines. In the next section we
shall introduce a more versatile approach to obtaining an
accurate quantitative measure of rq0 from the image pair
Pij;0 and Pij�t�.

5
Line refractometry
To obtain quantitative information from the apparent
motion of the lines on the mask we must introduce a
more general model for the intensity reaching the CCD
sensor in the video camera. The need for this model
arises from an inability to form a sharp, uniform image
of the mask on the CCD sensor. Typically the optics lead
to some blurring, and the illumination of the mask is
nonuniform, rendering the functional relationship be-
tween the images Pij;0 and Pij�t�, and the density gradient
rq0 more complex than suggested by (13). In this section
we analyse the image formed by a mask of horizontal
lines and show how quantitative information may be
extracted.

Suppose the changes in the refractive index gradient
give an apparent vertical displacement of the mask by

some amount Df at time t. We shall assume the curva-
ture in q0 is small so that Df varies only over length
scales large compared to the features contained in the
mask.

As we have seen, the intensity of a pixel is related to
the (unknown) intensity falling on the CCD sensor by
(10). The combination of optical imperfections, noise and
imperfections in the mask will ensure that p�x; z; t� is a
continuous function, even when the mask contains dis-
crete steps. We may approximate p�x; z; t� using a piece-
wise quadratic interpolation in a manner similar to that
employed for numerical solution of the advection equa-
tion in control volume techniques. The idea here is that
the approximation Pij�t� � p�xi; zj; t� (approximating the
integral in (10) by the so-called mid-point rule for nu-
merical integration) has an error O�Dz3� which is of the
same order as the error in a quadratic interpolation of
the intensity �xi; zj�. More speci®cally, if P̂0;ij�zÿ zj� is
the quadratic interpolation of the unperturbed image
around �xi; zj�, we look to solve for the value
zÿ zj � Dfij such that P̂0;ij�Dfij� � Pij�t�. Thus the ap-
parent displacement (in the z direction) of the mask Dfij

is given by the roots of

P0;0 ÿ P� 1
2�P0;1 ÿ P0;ÿ1�Df

� 1
2�P0;1 ÿ 2P0;0 � P0;ÿ1�Df2 � 0 : �17�

Here we have used the shorthand P � Pij�t�, P0;0 � P0;ij,
P0;ÿ1 � P0;i;jÿ1 and P0;1 � P0;i;j�1. To avoid ambiguity as to
which root of (17) should be taken, we solve (17) only if
P0;0 is intermediate between P0;ÿ1 and P0;1, and the in-
tensity contrast across the three lines is suf®ciently large
(i.e. jP0;1 ÿ P0;ÿ1j > DPmin). Further, we select the root of
(17) with smallest jDfj, effectively limiting Df to be less
than the spacing of the lines on the mask.

As an alternative to solving the quadratic expression for
Df given by (17), we may utilise a binomial expansion to
show that his process has the same O�Dz2� accuracy as
assuming Df is quadratic in P0;ij. This latter approach was
used by Sutherland et al. (1999) and gives

a b

Fig. 10. Preserving the sign of the density gradient with qualitative synthetic schlieren. a As for ®gure 7a but without taking the
absolute value of the difference. b As for ®gure 5a but calculating a Pij;s (Pij(t) ) Pij;0) with light regions representing positive ¶q¢/¶z
and dark regions negative ¶q¢/¶z
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Df � �Pÿ P0;0��Pÿ P0;ÿ1�
�P0;1 ÿ P0;0��P0;1 ÿ P0;ÿ1�
�
ÿ �Pÿ P0;0��Pÿ P0;1�
�P0;ÿ1 ÿ P0;0��P0;ÿ1 ÿ P0;1�

�
Dz : �18�

As with (17), Df is calculated from (18) only if P0;0 is
intermediate between P0;ÿ1 and P0;1, and there is suf®cient
intensity contrast across the three lines.

Once Df has been determined from either (17) or (18),
it is mapped from pixel space into physical space and (9) is
applied to determine oq0=oz. Points for which Dz could not
be calculated (typically points where oP=oz is too small, as
may occur if a line is centred on a pixel and would lead to
an ambiguity in the sign of the displacement) are replaced
by interpolated values using a Gaussian weighting func-
tion. The ®nal result is scaled and used to construct an
image representing oq0=oz such as that shown in Fig. 11a
for the same internal wave ®eld as shown in Figs. 5a and 7.
By assuming there is no density perturbation on the plane
passing through the centre of the cylinder, this density
gradient may be integrated with respect to z to obtain the
density perturbation shown in Fig. 11b. We note, however,
that wave re¯ections in this relative small tank
�605� 100� 400 mm� generate density perturbations
which extend throughout the domain and render the as-
sumed `boundary condition' inappropriate. The experi-
ments of Sutherland et al. (1999), which were performed in
a much larger tank, do not suffer the same problems with
re¯ections and demonstrate the full power of this tech-
nique, providing more complete and accurate measure-
ments of the internal wave ®eld than was previously
possible.

6
Dot tracking refractometry
With dot tracking refractometry, the mask consists of a
regular array of dots. The precise position of each dot is
determined using an intensity-weighted centroid relative
to some local threshold (determined, for example, from

the intensity histogram of a window larger than but ap-
proximately centred on the dot). The centroids of the dots
are found ®rst for the base ¯ow, and then for each ¯ow
containing a density perturbation to be analysed. The
difference in these two centroid locations �Dn;Df�ij for dot
ij is related to the in-plane density gradient Dq0ij through
(9). This two-dimensional density gradient ®eld may then
be integrated once, using an iterative method, to obtain the
density perturbation ®eld. The one arbitrary constant (the
mean perturbation density) introduced by this process can
normally be assumed to vanish.

The apparently simple procedure outlined above is
made somewhat more complicated through the dots in the
base and perturbed images not lying on a regular grid
(although the mask is itself regular), and the possibility of
the dots disappearing or being distorted to such an extent
byrq0 that ambiguities arise as to which dots are paired in
the two images. Failure to consider these issues either
gives rise to spurious displacement vectors (and hence
errors in q0) or limits the apparent displacements to be
much less than the spacing between the dots.

The spatial resolution of the dot tracking refractometry
is simply the spacing between the dots which, for a given
CCD array, will necessarily be greater than the line spacing
used for line refractometry as each dot must be resolved by
at least two pixels in each direction. Sensitivity tests using
the same set-up as described in Sect. 4.2, suggest that
apparent displacements as small as 0.02 pixels can be
measured for line refrectometry and 0.04 pixels for dot
tracking refractometry. While the horizontal spatial reso-
lution of dot tracking is substantially less than the pixel
resolution achieved by line refractometry, dot tracking is
able to recover both components of the density gradient
and cope with larger apparent displacements of the
mask. As a result it may be used in some situations
where the line refractometry does not yield the required
information.

Figure 12a shows q0 calculated from dot tracking re-
fractometry for the same internal wave ®eld used for
Fig. 7a. The density perturbation calculated from dot

a b

Fig. 11. Line mode refractometry for the internal wave ®eld shown in Fig. 5a: a vertical perturbation density gradient ¶q¢/¶z and
b density perturbation q¢
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tracking refractometry is somewhat smoother than line
refractometry because a knowledge of oq0=ox removes the
accumulation of errors associated with the uncoupled
vertical integrations used for the latter. The superimposed
arrows represent the gradient in the perturbation density
rq0 and illustrate the size and direction of the apparent
movement of the mask. Figure 12b shows the complete
density ®eld for the waves over the towed hill presented
qualitatively in Fig. 9.

The dot tracking method may also be used in con-
junction with lines with only minor modi®cations to the
algorithm. The results are similar to those obtained with
the interpolation method presented in the previous sec-
tion. The main limiting feature of both dot tracking and
line interpolation is the trade off between a limited dy-

namic range and spatial resolution. In both cases the
maximum useable apparent displacement is comparable
with the dot or line spacing. Larger apparent displace-
ments lead to ambiguities. At the same time the spatial

resolution is limited to the spacing of the dots or lines.
Hence increasing the dynamic range leads to a reduced
spatial resolution. In many circumstances it is possible to
achieve a dynamic range of O(100:1) between the largest
and smallest values of Dq0 while retaining an adequate
spatial resolution. In other ¯ows higher spatial resolutions
may be required without compromising the dynamic
range and the next section outlines an alternate to ex-
tracting the apparent motion of the mask which offers an
improved balance between these two considerations.

7
Pattern matching refractometry
The ®nal variant we consider here draws on the same
ideas as employed for particle image velocimetry (PIV; a
more appropriate name would be pattern matching ve-
locimetry or PMV). For the results presented in this paper
the mask consists of a randomised array of dots (as used
for Fig. 7b) so that each window large enough to cover
several dots will contain a unique pattern of dots. The only
requirement for the mask, however, is that it has a strong
texture which does not repeat itself except over length
scales large compared with the apparent movement of the
mask. Ideally it should have high contrast and the indi-
vidual features of a size just detectable by the video
camera used.

As with the techniques outlined in the previous sec-
tions, the refractive index perturbations associated with q0
will then appear to shift the texture of the mask. Provided
the curvature terms o2q0=ox2 and o2q0=oz2 do not lead to
large distortions of the patterns, establishing the apparent
displacement ®eld is simply a matter of determining the
shift that has to be applied to a window containing a sub-
region of the textured image to map it back on to the
image of the unperturbed ¯ow.

This process is somewhat cleaner than the comparable
PIV problem as we can control the uniformity of the
``particle seeding'', and we do not have to worry about
three-dimensional effects causing particles to enter or
leave the ``light sheet''. Dots, or whatever texture is used
for the mask, can still disappear if the curvature in the
density perturbation is too large, but this does not repre-
sent a dif®culty in practice except in so far as the gradients
will not be resolved adequately in such regions.

As with PIV, a variety of pattern matching algorithms
are possible. Indeed our ®rst tests of this method utilised
simple PIV routines written in 1991 based on optimising
one of three objective functions:

In each of these hu�x; z�i represents the average of u
calculated over all pixels falling in the interrogation win-
dow described by xi ÿ wx � x � xi � wx and
zj ÿ wz � z � zj � wz, where xi; zj describes the location

a

b

Fig. 12. Dot tracking refractometry. a Perturbation density q¢
(greyscale) and gradient Ñq¢ (arrows) for oscillating cylinder
internal wave ®eld in Fig. 7a. b Complete density ®eld
(showing contours of constant density) for ¯ow over a towed hill
shown in Fig. 9

fcross�Dn;Df; xi; zj� � ÿ hP�x� Dn; z� Df; t�P0�x; z�i ÿ hP�x� Dn; z� Df; t�ihP0�x; z�i
hP�x� Dn; z� Df; t�2i ÿ hP�x� Dn; z� Df; t�i2� �1=2 hP0�x� z�2i ÿ hP0�x; z�i2

� �1=2
�19�

fabs�Dn;Df; xi; zj� � hjP�x� Dn; z� Df; t� ÿ P0�x; z�ji ; �20�
fsq�Dn;Df; xi; zj� � h�P�x� Dn; z� Df; t� ÿ P0�x; z��2i : �21�
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of the centre of the window of width 2wx and height 2wz.
The fcross objective function is that typically used by most
investigators for PIV (note that here the cross correlation
function is evaluated directly rather than imposing a pe-
riodicity constraint and using Fast Fourier Transforms).
The fabs and fsq objective functions are computationally
simpler (and were originally introduced as they could be
calculated by the frame hardware an order or magnitude
faster than the CPU could process the images) and
therefore faster to compute. In all cases the objective
function is minimised (hence the negative sign in (19)),
although there are a number of algorithms for doing so. In
this paper we consider two such algorithms.

The ®rst algorithm minimises the objective function for
integer values of Dn and Df to obtain a pixel-resolution
measure of the apparent displacement. A surface (biqua-
dratic in this case) is then ®tted in the neighbourhood of
this minimum to provide subpixel resolution for the op-
timal shift. The performance of the pattern matching re-
fractometry using this algorithm, and the relative merits of
fcross, fabs and fsq, have been assessed by a sensitivity study
similar to that in Sect. 4.2. The results of this study are
presented in Table 1 in the column headed ``Simple''. The
values quoted are the mean and standard deviation of the
displacements calculated using interrogation windows
15� 15 pixels at 625 separate locations. The same pair of
images was used for each objective function for a given
traverse displacement.

The second algorithm is similar to the ®rst but rather
than restricting the calculation of fcross; fabs or fsq to in-
teger values of �Dn; Df�, we interpolate the image to ob-
tain values for P�x� Dn; z� Df; t� (for use in (19), (20) or
(21)) with noninteger �Dn;Df��<1� in the neighbourhood
of the minimum identi®ed by the biquadratic ®t. The
objective functions fcross, fabs or fsq are calculated from the
interpolated image and a biquadratic function is again
®tted in the neighbourhood of the minimum to obtain the
optimal �Dn;Df�. This process can be repeated (with
P�x� Dn; z� Df; t� calculated over decreasing intervals)
if so desired. For the results presented in Table 1 the image
interpolation was restricted to be bilinear. To improve the
computational ef®ciency of this process, multigrid meth-
ods are employed whereby for successive outer iterations
the spatial resolution is doubled and the search region for
the pattern matching is reduced.

Comparison of the results presented in Table 1 using
the two competing algorithms and three different objective
functions suggests some improvement may be gained by
using the interpolating algorithm with a reduction in the
standard deviation of the displacements calculated for a

a

b

c

Fig. 13. Pattern matching refractometry. a Horizontal gradient
¶q¢/¶z, b vertical gradient ¶q¢/¶z, and c perturbation density q¢
for oscillating cylinder internal wave ®eld shown in Fig. 7b

Table 1. Displacements (in
mm) calculated using different
matching algorithms

Description Simple Interpolate three times

Nominal displacement
from digital readout

0.100 � 0.010 1.000 � 0.010 0.100 � 0.010 1.000 � 0.010

fcross, biquadratic ®t 0.066 � 0.017 0.975 � 0.020 0.086 � 0.012 1.011 � 0.018
fabs, biquadratic ®t 0.051 � 0.014 0.939 � 0.019 0.072 � 0.011 0.972 � 0.018
fsq, biquadratic ®t 0.067 � 0.015 0.975 � 0.020 0.071 � 0.011 0.989 � 0.018

Average 0.061 � 0.015 0.963 � 0.020 0.076 � 0.011 0.991 � 0.018
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given image pair and a slight convergence of the different
objective functions. The difference between the three ob-
jective functions with the interpolating algorithm allows us
to estimate an upper bound for the error associated with
the algorithm/objective function combination as approxi-
mately 0.01 mm (�0:01 pixels). The standard deviations
for each algorithm, function and displacement are ap-
proximately constant and somewhat less than 0.02 mm
(0.02 pixels). We believe this standard deviation repre-
sents the optical distortion, thermal and signal noise in the
pair of images. The ®nal component of the difference be-
tween the displacement from the digital readout, and that
calculated by the pattern matching is due to mechanical
imperfections in the traverse and digital readout and is
consistent with the �0:010 mm quoted by the manufac-
turer.

Figure 13 illustrates the performance of pattern
matching refractometry (using an 11� 11 pixel interro-
gation window) with the same ¯ow as used for previous
methods. Figure 13a and b show the two components of
the gradient of the density perturbation, while Fig. 13c
shows the density perturbation itself. Note that, as with the
earlier density ®elds, re¯ections from the boundaries of
the tank make this wave ®eld much more complex than
expected and remove some of the normal symmetries.

Figure 14 compares the experimentally measured gra-
dient in the perturbation density ®eld with viscous theory.
The solid curve shows the experimental measurement ob-
tained by pattern matching refractometry along a line
normal to the lower left beam of the internal waves with
x=N � 2ÿ1=2 at a distance of 8 radii from the cylinder as
the cylinder reaches the bottom of its stroke. The dashed
curve is the prediction from the theory of Hurley and
Keady (1997) for the same conditions. The systematic
differences are here dominated by re¯ections of the in-
ternal waves from the tank boundaries. A similar level of
agreement is found at other phases of oscillation. Suth-
erland et al. (1999) have presented a more detailed com-
parison and analysis of this ¯ow using line refractometry

and found some systematic differences related to the
boundary layer approximations used in Hurley and Kea-
dy's theory.

When compared with the dot tracking refractometry in
Sect. 6 the advantages of pattern matching refractometry
are the ability to operate at higher spatial resolutions and
with larger apparent displacements of the mask. The
spatial resolution for pattern matching refractometry is
again controlled by the dot spacing, but here the dots will
typically be smaller and closer together. The use of over-
lapping pattern windows optimises the resolution. The
larger the windows the greater the resolution in rq0, but
the lower the spatial resolution. In dot tracking refract-
ometry the maximum apparent displacements were limit-
ed by the dot spacing as larger movements lead to aliasing
errors. With pattern matching refractometry the patterns
can have substantial apparent displacements as each re-
gion of the pattern retains its own unique identity. On the
down side the computational cost per displacement vector
is substantially larger, but with the ever-increasing per-
formance of computer hardware, this is unlikely to rep-
resent a serious issue.

8
Conclusions
The synthetic schlieren techniques outlined in this paper
are able to provide qualitative visualisations of a sensi-
tivity and nature comparable with classical schlieren, yet
are substantially easier to set up and may be scaled to cope
with ¯ows in signi®cantly larger domains without expen-
sive parabolic mirrors. Obtaining quantitative measure-
ments of the density perturbation is a relatively simple
extension, with a number of distinct methods of obtaining
the required information being described. It is unfortunate
that the set-up for the experiments used here to illustrate
the techniques resulted in the visualisations being con-
taminated by re¯ected waves, and that there was a high
level of thermal noise in the laboratory signi®cantly re-
ducing the signal to noise ratio.

Fig. 14. Comparison between experiment
(solid line) theory (dashed line) for the
cross-beam structure of the vertical gra-
dient in the perturbation density a dis-
tance 8R from the cylinder. The cross-
beam coordinate r is centred on the wave
beam with the orientation shown in the
insert
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Perhaps the biggest drawback compared with tradi-
tional schlieren is the reduced spatial resolution. For many
¯ows, such as the internal waves used here to illustrate the
methods, this is unimportant as the curvature in the
density ®eld remains small. In some cases, however, it is
important to resolve both the regions of high curvature,
where the apparent displacement of light rays may occur
over scales comparable to or smaller than the spacing of
the mask elements, and regions of low curvature in q0.
We are currently investigating a hybrid of shadowgraphy
and the synthetic schlieren techniques reported here
by which simultaneous measurements of r2q0 and rq0
could be made to improve the resolution of fronts, shocks
or layers.

While quantitative information requires the ¯ow to be
two-dimensional, useful measurements and qualitative
visualisations may also be obtained in weakly three-di-
mensional and turbulent ¯ows, as illustrated by the image
of thermal convection from a hand shown in Fig. 5b. The
methods described here may also be used to obtain mea-
surements of depth or layer depth when a free surface or
internal interface are present, provided the refractive in-
dices are constant within the layer (or layers). Further
discussion on these alternative applications is beyond the
scope of this paper.

Each of the three quantitative techniques reported here
has its strengths. We believe, however, that ultimately
pattern matching refractometry will prove to be the most
useful and versatile. It is the easiest to set up as its does not
require alignment of the mask and video system, and the
precise form of the mask is unimportant. Moreover, it
offers the measurement of both components of rq0 while
achieving both a large dynamic range and good spatial
resolution.
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