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Abstract
Investigation of the near field dynamics of a single and tandem array of three jets are provided by 2-D time-resolved parti-
cle image velocimetry (TR-PIV) measurements. Instantaneous velocity fields are examined in the transverse and spanwise 
planes with jet to crossflow velocity ratios in the range from 0.9 to 1.7. Previous studies have shown that for high ratios ( ≥ 
2), the leading jet provides sufficient shielding to ensure that all jets downstream exhibit nearly identical flow characteristics. 
The current transverse plane measurements exhibit more unique and localized features as a result of the competing effects 
of pressure gradients and vortex mechanisms assessed via the jet exit profiles, first and second order turbulent statistics, 
streamline trajectories, recirculation areas and penetrations depths. Proper orthogonal decomposition (POD) is applied to 
the spanwise plane instantaneous velocity fields to determine the statistically dominant features of the single and tandem 
jet configurations at equivalent velocity ratios. The velocity fields are then reconstructed using the truncated POD modes to 
provide further insight into the shear layer and wake vortices that drive these configurations. Vortex identification algorithms 
are applied to the reconstructed velocity fields to determine the statistical characteristics of the vortices, including their 
centroids, populations, areas and strengths, each of which exhibit largely different dependencies on jet configuration and 
velocity ratio. Several of the investigated metrics are found to exhibit different behaviors below and above a velocity ratio of 
unity and also as a function of increasing velocity ratio between 1 and 2, implying that several transitions mechanisms are 
present in the low velocity ratio regime investigated herein.
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Graphic abstract

1  Introduction

The jet in crossflow, or transverse jet, is found in a variety 
of industrial operations and natural occurrences, promoting 
a wealth of research efforts into its measurement, simula-
tion and control. Interest stems from the flow’s rich mixing 
and dispersion characteristics; affecting both the kinematic 
and scalar properties of applications including air breath-
ing propulsion systems (Karagozian 2010), power genera-
tion (Amini et al. 2009), turbomachinery (Bons et al. 2002) 
and even volcanic plumes and wind currents (Gardner et al. 
2007), among many others. From the design perspective, 
ongoing interests involve jet placement (flush with or pro-
truding from wall), angled injection, alternate orifice shapes 
and the inclusion of additional jets and how these design 
features influence hydraulic, thermal and chemical mixing 
across all flow regimes. These parameters represent pas-
sive control features of the jet in crossflow which are well 
received throughout the literature. More recent active control 

research topics largely center around the design of open loop 
jet controllers to optimize the vortex structures of the jet in 
crossflow (M’Closkey et al. 2002). Flow control allows for 
the jet in crossflow to act as an actuator for the anticipated 
acoustics (Shapiro et al. 2006), entrainment (Narayanan 
et al. 2003), drag reduction (Crafton et al. 2015; Lohse et al. 
2016), or combustion (Anazadehsayed et al. 2017) response 
of the engineered system. Indeed, a wide variety of motiva-
tions exist for the jet in crossflow, however the current study 
is focused on incompressible, low jet to crossflow velocity 
ratios ( < 2) in multiple tandem arrays. It is useful then to 
compare the influence of repetitive tandem arrays to their 
unit flow basis.

The single round jet in crossflow is known to exhibit a 
rich set of physical responses most commonly depicted by 
the jet to crossflow velocity ratio ( Vj∕U∞) or momentum flux 
ratio ( �jV2

j
∕�∞U

2
∞

 ). These are broadly defined as “low” and 
“high” ratios in which the crossflow or jet dominates, respec-
tively and are further complicated by the exit velocity profile 
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shape. These shapes are strongly a result of the jet configura-
tion, where top hat or parabolic profiles are induced by noz-
zles and round pipes, respectively (Muppidi et al. 2005; New 
et al. 2006), both found frequently in application. Several 
authors have conducted experimental and numerical inves-
tigations to reveal four major vortical structures from the 
canonical arrangement including (a) horseshoe vortices, (b) 
jet shear layer vortices, (c) wake vortices and (d) counter-
rotating vortex pairs (Mahesh 2013) each of which are found 
to vary in significance as a function of the characteristic 
ratio.

Planar laser-induced fluorescence (PLIF) measurements 
by Smith et al. (1998) have confirmed that the development 
of the counter rotating vortex pair formation is inversely 
proportional to the velocity ratio. Kelso et al. (1996) uti-
lized hot-wire anemometry measurements in the range 2 
≤ Vj∕U∞ ≤ 6 to conclude that the jet flow and windward 
side boundary layer interaction produce steady horseshoe 
vortices at low velocity ratios and develop Kelvin–Helm-
holtz shear layer rollup and shedding as the velocity ratio 
increases. Likewise, for low velocity ratios, Gopalan et al 
(2004) have confirmed the presence of a semi-cylindrical 
layer of wake vortices behind the jet, forming a small flow 
reversal. Meyer et al. (2007) provided the first use of Proper 
Orthogonal Decomposition (POD) on the jet in crossflow. 
Their work confirmed that the shear layer vortices are dom-
inant in comparison to the wake vortices at low velocity 
ratios and that these features are decoupled from each other. 
An excellent investigation into the transition process from 
low to high velocity ratios was conducted by Cambonie et al. 
(2014), whose volumetric particle image velocimetry (PIV) 
measurements, confirmed that the classical jet in crossflow 
topology is not recovered until Vj∕U∞>1.25. Below this 
value, the authors describe a “progressive disappearance” 
of the leading edge vortices and strengthened interaction 
with the boundary layer. Each of these vortex phenomena 
strongly contribute to the velocity, temperature and concen-
tration maxima, boundary and shear layer stability, jet spread 
and the size and proximity of the reverse flow region.

Several authors have proposed scaling laws and associ-
ated length scales that pertain to specific ranges of veloc-
ity or momentum ratios, with an extensive review provided 
by Margason (1993). Even after decades of investigation 
however, there is no one universally accepted scaling law 
for the jet in crossflow as a result of these transition pro-
cesses, though the current authors recognize the efforts of 
Cambonie et al. (2013) to expand the scaling laws to incor-
porate boundary layers effects and consider it a significant 
improvement. However, in keeping with the current moti-
vation, these effects are only further complicated with the 
introduction of multiple jets.

Studies involving multiple transverse jets consist of a 
variety of one and two dimensional arrays in inline, tandem, 

or staggered orientations. Inline and staggered arrays have 
been historically motivated by applications in heat transfer 
and combustion (Florschuetz et al. 1987; Florschuetz et al. 
1981; Huang et al. 1998; Ziegler et al. 1973). The current 
motive focuses on the tandem orientation. Several research-
ers have observed that the leading jet exhibits similar fea-
tures to a single jet and that this leading jet provides a shield-
ing effect on its downstream neighbor(s). This inhibits the 
influence of the crossflow on these secondary jets, thereby 
allowing them to penetrate further into the freestream (Gut-
mark et al. 2011; New et al. 2015; Ziegler et al. 1973). New 
et al. (2015) have confirmed that the shielding effects are 
strongly a function of their twin jet’s spacing and state that 
with sufficient downstream distance, the jets merge to form 
a single trajectory. Utilizing a similar twin tandem geometry, 
Gutmark at el. (2011) have compared the near field jet tra-
jectories, penetrations and reverse flow regions produced by 
both jets, noting the deeper penetrations and larger reverse 
flow regions in comparison to their single jet. The works of 
Kolář et al. ( 2003,2007) have described the mechanisms by 
which these differences occur, pointing to the large-scale 
vortical structures as the predominant feature. In particular, 
they conclude that the secondary counter rotating vortex pair 
dominates the mean flow behavior reducing shearing along 
the centerline of the pair, inducing recirculation downstream.

Multiple tandem jet studies typically employ a twin 
configuration, providing the most fundamental exchange. 
Experimental studies exceeding two jets are less common 
in the literature, though an excellent experiment is provided 
by Yu et al. (2006) and their PIV/PLIF measurements of a 
four jet array. They determined that for velocity ratios in 
the range of 2 to 8, the shielding and entrainment incurred 
by the leading jet promote nearly identical jet trajectories 
for all jets downstream. This is in contrast to the numerical 
results of Li et al. (2012), who studied 2, 3 and 4 tandem jet 
arrays with the Reynolds Averaged Navier–Stokes (RANS) 
realizable k-� model. Their results suggest that the last jet 
penetrates deeper as the number of jets increases and note 
that the shielding of the front jet declines with increasing jet 
spacing. More recent numerical efforts by Ling et al. (2016) 
highlight the shortcomings of typically employed RANS 
model assumptions compared to Large Eddy Simulation 
(LES) data (Ruiz et al. 2015) in effectively capturing the 
jet in crossflow physics. The authors employed random for-
est regressors to successfully tune the model for improved 
prediction of the Reynolds stress anisotropy, signifying a 
promising step forward. Several challenges exist then, for 
determining physical expressions and scaling for multi-
ple jets in a crossflow and are here summarized in three 
major categories: (1) an ever-expanding list of geometric 
and kinematic variables that encompass the motivated phys-
ics and scaling, (2) experimental facilities capable of pro-
viding nominal modeling conditions for multiple jets in a 
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crossflow and (3) resolution/accuracy limitations/costs for 
three dimensional measurement techniques and simulations 
alike. Towards this end, the objectives of this investigation 
are as follows:

1.	 Introduce an experimental facility with independent con-
trol of three jets promoting high fidelity measurements 
at low jet to crossflow velocity ratios (< 2).

2.	 Characterize the spatio-temporal nature of the single and 
tandem jet in crossflow in the transverse plane, identify-
ing similar/contrasting behaviors as a result of compet-
ing pressure gradients and vortex formations.

3.	 Leverage the time resolved spanwise plane measure-
ments with POD and vortex identification algorithms to 
provide new insights into the vortex statistics present in 
the wake of the single and tandem jets.

4.	 Provide sufficient supplemental data to serve future 
computational modeling efforts that seek to capture the 
interactions of tandem jets in a crossflow at low velocity 
ratios.

2 � Methodology

A low-speed, closed loop wind tunnel supplies the 
freestream velocity or crossflow for the current investigation. 
The tunnel has undergone extensive preliminary diagnostics 
(Kristo et al. 2020) which verify a fully developed top hat 
inlet profile to the test section. A secondary flow motivation 
system consisting of a dedicated blower and PLC control 
system (Landfried et al. 2019) is utilized for independent 
flow control of each of the three jets. Experimental measure-
ments are performed using a time-resolved particle image 
velocimetry (TR-PIV) system and several reference probes.

2.1 � Experimental setup

The experimental test section is displayed in Fig. 1 and 
consists of three distinct tandem jets issuing vertically 

downward from the ceiling. The three jet tandem array 
consists of the upstream leading jet 1, the middle jet 2 and 
the furthest downstream jet 3. The corresponding single jet 
experiments incorporate the middle (jet 2) pipe, while the 
upstream and downstream jets are off and carefully sealed 
flush on the ceiling. The axial centerline exit location of jet 
2 (and corresponding single jet) constitutes the origin of 
the coordinate system, where x is the streamwise or cross 
flow direction, y is the transverse or jet direction and z is 
the spanwise direction, or ‘spread’ of the jet(s) in crossflow. 
The tunnel test section measures 609.6 × 217.7 × 457.2 mm 
in the x , y and z directions respectively. Each of the jets is 
comprised of two identical aluminum tubes joined by a cus-
tom coupling. At the center of the coupling is a honeycomb 
flow straightener with wall thickness 0.53 mm, flat-to-flat 
hex cell of length 2.17 mm and is 76.20 mm in length. The 
internal diameter of a given jet is D=22.225 mm and the 
triple jet configuration incorporates a 2 D center-to-center 
spacing along the streamwise direction.

Preliminary and supplemental measurements ensure 
properly specified experimental testing conditions and 
further delineation of the observed thermal fluid physics. 
Preliminary PIV tunnel inlet measurements (Kristo, Sohail, 
Reed and Kimber 2020) verify a fully-developed top hat 
inlet profile with spatially-averaged freestream velocity, U∞

=9.52 m/s, corresponding Reynolds number, Re∞=1.82 × 
105 and turbulent kinetic energy, k=0.57 m2/s2, held constant 
for all proposed test cases. In lieu of boundary layer meas-
urements, we employ the analytical solution for boundary 
layer thickness for a flat plate as informed by Re∞ and the 
approximation of a 1/7-power law velocity profile (Pritchard 
2011). Theoretical boundary layer thickness estimates are 
calculated at the axial centerline x-coordinate of each jet as 
�=8.83 mm, 10.33 mm and 11.84 mm for the first, second 
and third tandem jet, respectively. Preliminary PIV jet exit 
calibrations were also performed, with the tunnel system 
off, as originally part of a separate jet impingement inves-
tigation (Reed et al. 2020). The calibrations included six 
repeatable trials, across the entire operating spectrum of the 

Fig. 1   Schematic of the experi-
mental test section and key flow 
features as seen from the a xy 
and (b) xz planes. Note that (a) 
incorporates the flow features 
of the single jet only and that 
each jet in tandem array exhibits 
these same redundant features 
with secondary interactions
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secondary flow motivation system to ensure high accuracy 
in the appointed flow rates. The uni-directional velocity 
profile of each jet is spatially-averaged to yield the jet exit 
velocities, Vj and corresponding mass flow rates. The jets are 
spaced sufficiently far apart to ensure that the exit profiles do 
not exhibit entrainment. Each of the three jets in the tandem 
jet formation, as well as the single jet, are found to exhibit 
linear relationships, as expected, between user controlled 
flow rate and jet exit velocities. These extensive prelimi-
nary calibrations also ensure that the expected single and 
tandem jet velocity ratios are nearly identical for each of 
the three proposed test cases. This allows for comparison 
between the single and tandem jet configurations at a given 
jet to crossflow ratio. Three jet to crossflow velocity ratio 
cases are proposed for the single and triple jet configurations 
with all relevant thermal fluid parameters fully delineated 

in Appendix (Tables 3 and 4). The velocity ratios for each 
geometry are found to deviate within a maximum of 2.4% 
of one another, considered a good basis for comparison. For 
convenience, the remainder of this study approximates the 
three velocity ratio test cases as Vj∕U∞ = 0.9, 1.25, 1.7.

The experimental investigation consists of two principle 
measurement planes and corresponding optical arrange-
ments as displayed in Fig. 2a, c and d for the xy and xz 
results, respectively. Measurements in the xy plane are con-
ducted along the centerline ( z=0) of the jets and test sec-
tion, providing indication of each jet’s penetration into the 
crossflow. Observations from the xy plane measurements 
helped to inform a suitable location for the xz measurements, 
from which the jet spreading and wake formations can be 
observed further. As such, the xz measurements are con-
ducted at y∕D=1. Details regarding the TR-PIV hardware 

Fig. 2   Experimental test section and equipment configurations for tandem jet study including a xy plane measurements, (b) xz plane measure-
ments (c) close up of xy TR-PIV field of view (FOV), (d) close up of xz FOV
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specifications are deferred to the next section, while their 
configurations are described here. As detailed in Fig. 2a, a 
Velmex Bi-Slide three-axis linear stage is incorporated for 
xy measurements, consisting of a straight line accuracy of 
± 0.076 mm and rigidly mounted to the Newport RS2000-
48–12 optical table. For the xz measurements, tight space 
constraints necessitated the use of a high-quality silvered 
mirror underneath the test section, pictured in Fig. 2b, d. The 
mirror is constrained at a 45 ◦ angle by two speed squares 
also rigidly mounted to the table. A Linos FLS 95 Rail sub-
stitutes the linear stages in this configuration with suitable 
framing (not pictured).

2.2 � Time‑resolved particle image velocimetry

In both measurement configurations, a stereoscopic camera 
configuration is utilized in conjunction with a laser sheet to 
provide high accuracy two dimensional – two component 
(2D–2C) TR-PIV. The high speed cameras are each Phantom 
Miro M120′s with a 12 bit dynamic range and maximum 
resolution of 1920 × 1200 pixels. Each camera utilizes a 
LaVision Scheimpflug Mount to alleviate perspective dis-
tortion from the stereoscopic configuration. A Nikon AF 
NIKKOR 50 m f/1.8D lens and a LaVision Inc. 527 nm lens 
filter with 10 nm band pass and 70% transmission efficiency 
complete each camera’s assembly. The laser sheet is gener-
ated by a Photonics Industries DM30-527-DH laser with a 
maximum power of 60 mJ/pulse at 527 nm and a laser sheet 
thickness of approximately 1.0 mm. A LaVision Laser Guid-
ing Arm connects the laser to its focusing lens. For the xy 
measurements, the focusing lens (and corresponding laser 
sheet) is precisely placed using a Newport 433 Series trans-
lation stage with an angular deviation of < 200 rad� . The 
xz measurements incorporated the aforementioned Velmex 
Bi-Slide three axis linear stages. The laser sheet is precisely 
aligned using a digital level and calipers for each configura-
tion. After precise alignment, the cameras and laser plane 
are calibrated using a LaVision 106–10 calibration target. 
A pinhole fit is selected and a scale factor of 5.41209 and 
4.59372 px/mm are determined for the xy and xz planes, 
respectively. For testing, Dioctyl Sebacate seeder particles 
are generated by a TSI atomizer with only two of the seeder 
jets utilized. The crossflow is first seeded just upstream of 
the tunnel fan for 30 s, followed by 7 s of additional seeding 
for each test case through the secondary flow motivation for 
the jets. This provided an optimal seeding density between 
the tunnel and jets for the current investigation. For both 
planes, 2600 frames are captured at 1 kHz using a 960 × 
824 px field of view.

TR-PIV images are processed using LaVision DaVis 
8.4.0 software. Image pre-processing utilizes a Butter-
worth high pass filter with a filter length of 7 images to 
limit background noise. Vector processing is accomplished 

by the stereo-cross correlation algorithm with two initial 
passes using a 64 × 64 pixel window with 1:1 square weight-
ing and 75% overlap. Four final passes complete the vector 
generation, using a 32 × 32 pixel window with an adaptive 
PIV grid with 75% overlap. The adaptive PIV grid adjusts 
the interrogation window and size to optimize local seeding 
density and flow gradients. This provides a robust method 
for improved accuracy in the instantaneous flow fields, at the 
expense of additional processing time. The stereoscopic con-
figuration enables image correction and high accuracy mode 
is prompted for the final passes. The first post-processing 
step applies a ‘strongly remove & iteratively replace’ median 
filter, which removes vectors if the difference to the average 
is greater than 2 × root mean square (RMS) of its neighbors 
and re-inserts the vector if the difference to the average is 
less than 3 × RMS of its neighbors. At this stage, the true 
measurement data is not compromised and the statistical 
properties of the flow and their uncertainties are determined. 
There may exist however, small holes in the velocity fields, 
where vectors are not re-inserted, which is less than ideal 
for temporal analysis or mathematical operators (gradi-
ent, divergence, curl, etc.). As such, a final post-processing 
step is utilized: a vector interpolation fills any missing data 
by taking the average of all non-zero neighboring vectors, 
with a minimum of two such vectors required. In total, six 
repeatable trials are conducted for the xy plane and just one 
trial for the xz plane. The repeatable trials provide the ran-
dom uncertainty contribution, si , calculated at each vector 
location using the student’s t-distribution with 5 degrees of 
freedom and 95% confidence, i.e. si = t�=5,P=95%�−

x
 where 

here only, �−
x
 is the standard deviation of the means of an 

arbitrary metric. The systematic uncertainty, bi , is calculated 
for the ensembled averaged velocity fields only according 
to the correlation statistics method of Wieneke (2015). This 
method leverages the intensity patterns of subsequent images 
to derive a relationship between the standard deviation of 
the intensity differences in each window and the expected 
asymmetry of the correlation peak and thereby the uncer-
tainty of a displacement vector. The random and systematic 
uncertainty contributors are combined via a root mean sum 
of the squares to form the total uncertainty, ui in the cor-
responding mean velocities. Standard convention for the 
systematic uncertainty of propagated statistics (i.e. RMS 
velocity, Reynolds stresses, etc.) is still an ongoing research 
topic in PIV measurement science (Sciacchitano et al. 2016; 
Smith et al. 2018). Propagated uncertainties in the current 
work are therefore explicitly based on the random uncer-
tainty contribution only.

2.3 � Reference probes

Non-obtrusive reference measurements are conducted in-
situ alongside the TR-PIV measurements. These include 
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ambient temperature, pressure and humidity readings. 
Ambient humidity measurements are provided by an Omega 
HX93BDV1 relative humidity transmitter. An Apogee 
Instruments Model SB-100 barometric pressure transducer 
supplies the ambient pressure readings. All temperature 
measurements are provided by type T thermocouples with a 
crushed ice bath reference point. The relative humidity and 
ambient pressure sensors incorporate manufacturer curve 
fits. The thermocouples have undergone twelve repeatable 
calibrations using an automated Isotech Calisto 2250S Dry 
Block Calibrator, Model 935–14-61 platinum resistance 
thermometer reference probe and MilliK data logger. Inlet 
centerline temperatures for the tunnel and jets are conducted 
separately from the TR-PIV measurements due to their intru-
sive nature and are accomplished with the aforementioned 
type T thermocouples. Likewise, in order to protect the 
gas-dedicated sensor from seeder particle contamination, 
the gage pressure readings are conducted separately from 
the TR-PIV experiments and are provided by an Omega 
Engineering Model PX409-2.5CGUSBH compound gage 
pressure transducer. All gage pressure readings have been 
corrected for DC offset with the use of a preliminary meas-
urement with the system completely off. The thermocouple 
measurements are recorded by a dedicated National Instru-
ments NI 9213 data acquisition unit. All other probes use 
a National Instruments NI 9205 data acquisition unit, with 
the exception of the gage pressure sensor, which is directly 
mounted to the acquisition computer. All in-situ reference 
probes are sampled at 100 Hz for 10 s for each of the six 
repeatable TR-PIV experimental trials. The inlet tempera-
ture and gage pressure measurements are sampled at 100 Hz 
and 1 kHz, respectively, for 5 s and one trial each. Total 
uncertainties for each sensor and corresponding metric(s) 
are calculated as described in Sect. 2.2., consisting of repeat-
able trials where applicable for the random contribution and 
systematic uncertainties according to manufacturer specifi-
cations and conventional measurement uncertainty theory 
(Figliola et al. 2011). All reference measurements and cor-
responding uncertainties are available in Appendix (Tables 3 
and 4).

3 � Results

The investigation consists of TR-PIV measurements in the 
xy and xz-plane. The xy measurements provide jet exit con-
ditions, first and second order turbulent statistics and sev-
eral parameters related to the conventional jet in crossflow 
including streamline trajectories, recirculation areas and 
penetration depths. The xz measurements provide an optimal 
plane for POD, from which the single and tandem jet modes 
are examined. The truncated modes are used to reconstruct 

the velocity components and vortex identification algorithms 
are employed to provide several vortex statistics in the span-
wise plane.

3.1 � xy plane measurements

3.1.1 � Inlet profiles

The authors were especially critical of the resulting veloc-
ity vectors near the jet exits and in preparing the resulting 
jet exit velocity profiles. Typical limitations and concerns 
for PIV in these regions include seeder particles coming 
from off-camera (inside pipe) to on-camera (visible in test 
section), unwanted noise from incident laser light on the 
ceiling of the test section or jet tubes and for the trans-
verse jet, the added complexity of highly three-dimensional 
momentum exchanges that begin upstream of the exit plane 
inside the pipe. The current work also seeks to benefit from 
the direct comparison of exit velocity profiles provided by 
both the free and transverse jet formations, i.e., without and 
with the presence of a crossflow, respectively. Under these 
constraints, the first mutually accessible exit profiles were 
resolved at y=7.58 mm from the jet exits ( y=0 mm) for both 
the free and transverse profiles. These profile locations also 
ensure that the corresponding turbulent kinetic energy esti-
mates are accurate (Tables 3 and 4 in Appendix), i.e. not 
susceptible to incident laser light on the nozzle exits. Jet exit 
velocity profiles are presented in Fig. 3 for both the free and 
transverse jet formations, i.e., without and with the presence 
of a crossflow, respectively. The free jet velocity profiles in 
Fig. 3a, b and c show excellent agreement in both magnitude 
and shape at a given flow rate. Each of the free jet profiles 
also exhibits self-similarity, as expected. The free jet veloc-
ity inlet profiles ensure a good basis for comparison between 
the single and tandem jet formations at each of the proposed 
jet to crossflow velocity ratios.

As expected, the transverse jet inlet profiles in Fig. 3d, e 
and f, exhibit dramatically different inlet profiles as a result 
of the varying influence of the crossflow on each jet. Several 
observations are immediately clear, the first of which is the 
transfer of momentum to the streamwise component, ⟨U⟩ , 
from the transverse jet direction, ⟨V⟩ . Though not directly 
quantified, it is appreciable to recognize that this effect is 
also present in the out-of-plane velocity component, ⟨W⟩ . 
Andreopoulos et al. (1984) originally described this behav-
ior for a single jet in crossflow as being analogous to par-
tially covering the exit of a free jet. It is well understood that 
the bending of the jet begins upstream of the jet exit ( y∕D < 
0). The behavior is further complicated by the jet’s inter-
action and stalling of the crossflow on its windward side, 
separating its oncoming boundary layer and initiating the 
horseshoe vortex. Jet 1 is the most reminiscent of the single 
jet, having nearly identical ⟨U⟩ profiles across all examined 
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cases. Interestingly, jet 1 has a slightly higher ⟨V⟩ than the 
single jet for a given case and this difference is diminished 
with increasing Vj∕U∞ and the single jet recovers the same 
profile as jet 1. This is believed to be caused by the down-
stream jet 2 and possibly jet 3, that provide some contribu-
tion upstream, most likely a reduced pressure region, on the 
leeward side of jet 1. Several tandem twin jet studies typi-
cally observe the “shielding” effect of the upstream jet on 
that of the downstream one (Gutmark et al. 2011; New et al. 
2015). An additional insight here lies in the rear shielding, 
or exchange, between the second and third jet. Jet 2 exhibits 
higher magnitude ⟨V⟩ profiles across all available cases.

3.1.2 � Instantaneous and time‑averaged velocity fields

Instantaneous velocity magnitude, Umag , fields and corre-
sponding vector components are displayed in Fig. 4a, b, c, 
d, e and f for the single and tandem jets, respectively, at 
each velocity ratio depicting the unsteady features of the 
flows. The classical single round jet reveals the well-known 
shear layer instabilities and wake formations found on the 
windward and leeward side of the jet, respectively. Evolution 
of the shear layers are strongly a function of velocity ratio, 
where for low velocity ratios, it has been confirmed that 
the shear vortices produced by these layers dominate those 
produce by the wake (Meyer et al. 2007). The instantaneous 

fields also reveal the downstream effects of the flow sepa-
ration that occurs inside the jet pipes, as examined previ-
ously in the velocity exit profiles from Fig. 3d, e and f. As 
a result of mass conservation, the jets are shifted towards 
their leeward side (Kelso et al. 1996; Muppidi et al. 2005). 
The leading jet in the tandem formation is found to exhibit 
qualitatively similar features as the single jet, though its 
downstream counterparts penetrate much deeper into the 
flow and exhibit complicated shear layer and wake interac-
tions. With increasing velocity ratio, the downstream jets 
penetrate deeper into the crossflow and exhibit features more 
reminiscent of free jets, particularly in the near field region 
of jet 2 in Fig. 4e and f and reaffirmed by the exit profiles 
found in Fig. 3e, f as they reach a parabolic state.

The ensemble averaged velocity magnitudes, ⟨Umag⟩ 
and corresponding vector components are displayed in 
Fig. 5a–f for the single and tandem jet configurations, 
respectively, for each velocity ratio. Figure 5a–c pro-
vides the classical observations of the jet bending into 
the crossflow, increasing in width downstream, wider 
on its leeward side than its windward side and a sharp 
decrease in velocity magnitude directly behind the jet. 
In Fig. 5d–f, each of the tandem jets provides a unique 
display of these same observations, with jet 2 and jet 3 
showing exacerbated widths and penetration depths com-
pared to the leading jet 1 or the single jet from Fig. 5a–c. 

Fig. 3   a–c Free jet and (d–f) jet in crossflow outlet velocity profiles. Columns (from left to right) indicate Vj∕U∞
=0.9, 1.25 and 1.7. Filled and 

unfilled markers indicate ensemble averaged streamwise ⟨U⟩ and transverse ⟨V⟩ velocity components, respectively
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Fig. 4   Instantaneous velocity magnitudes, Umag∕U∞ , contours for (a-c) single and (d-f) tandem jet at Vj∕U∞=0.9, 1.25, 1.7 as seen in first, sec-
ond and third column, respectively

Fig. 5   Ensemble-averaged velocity magnitude, ⟨Umag⟩∕U∞
 , contours for (a–c) single and (d–f) tandem jet at Vj∕U∞

=0.9, 1.25, 1.7 as seen in 
first, second and third column, respectively
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Several complicated interactions inhibit or strengthen the 
velocity magnitudes directly behind each jet as well, as 
a result of the tandem configuration, competing pressure 
effects and vortex formations found in these regions.

Ensembled averaged streamwise, ⟨U⟩∕U∞ and trans-
verse, ⟨V⟩∕U∞ , velocity profiles and corresponding 
uncertainties are presented in Fig. 6a–d for the single 
and tandem jets, respectively. The profiles provide further 
insight into the development of each jet’s contribution 
to the momentum in the positive y-direction as a func-
tion of increasing distance downstream in the x-direction. 
Decreasing magnitudes in ⟨V⟩ , with downstream distance 
indicates a transfer of momentum to the dominant stream-
wise freestream velocity, ⟨U⟩ and to a lesser extent, the 
spanwise ( W  ) direction of the jets, examined further in 
Sect. 3.2. The highest velocity ratio provides the larg-
est variation in profile magnitudes and span, yet across 
all cases, the same general trends are confirmed for the 
single and tandem jet cases, respectively. Immediately 
positive regions of ⟨V⟩ at each jet axial line trace indicate 
the direct near field effects of the jet penetration. Strong 
decreases in ⟨V⟩ are indicative of the flow reversal caused 
by adverse pressure gradients and corresponding wake 
vortices which are reaffirmed by steep gradients in ⟨U⟩ . 
Secondary maxima in ⟨V⟩ are the result of the mean shear 
prompted by the jet to crossflow interactions, which are 
further amplified by the introduction of additional jets 
downstream.

3.1.3 � Jet trajectories, recirculation areas and penetration 
depths

In typical jet in crossflow studies, the jet trajectory is deter-
mined according to the path of maximum ensemble-aver-
aged velocities in the xy-plane (Gutmark et al. 2011). The 
TR-PIV measurements produce local maxima, particularly 
in the near field of the jet exits and the same behavior has 
been confirmed previously by Yuan et al. (1998) in their LES 
simulations. The authors proposed the use of streamline tra-
jectories originating from the centroid of the jet exit, which 
has the added advantage of a full field trajectory through-
out the entire velocity field. This method is followed to the 
extent possible, with the caveat that TR-PIV measurements 
are not resolved directly at the jet exit as stated in Sect. 3.1.1. 
Thus, the streamlines originate at the centerline of each jet: 
x∕D=-2, 0 and 2 for jets 1, 2/single and 3 and at the y∕D 
= 0.34 downstream location. An example of the full field 
streamlines and highlighted jet trajectories are presented in 
Fig. 7a and b, for the single and tandem jets, respectively 
at Vj∕U∞ = 1.7. It is clear that the tandem jet configuration 
exhibits deeper penetration into the crossflow than that of the 
single jet. The recirculation regions, defined by the lines of 
zero streamwise iso-velocity, behind each jet are also high-
lighted in Fig. 7a, b. It is immediately apparent that each of 
the jets exhibit a unique recirculation shape.

Scaling analysis for the single round jet in a crossflow 
has historically employed a power law fit to describe col-
lapsed trajectories with one of the earliest known attempts 

Fig. 6   Ensembled-averaged velocity profiles (a, c) ⟨U⟩∕U
∞

 and (b,d) 
⟨V⟩∕U

∞
 with total uncertainties. Rows (top to bottom) correspond to 

single and tandem jet configurations. Legend: Colors/shapes indicate 

Vj∕U∞
=0.9 (blue triangles), Vj∕U∞

=1.25 (green squares) and Vj∕U∞

=1.7 (red diamonds)
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provided by Pratte et al. (1967). A universal collapse and a 
robust regression model for the jet in crossflow has proven 
to be elusive, as the behavior is strongly a function of the 
characteristic flow ratio and in turn, the boundary layer inter-
actions and vortex mechanisms present. An excellent look 
at these transition processes at low velocity ratios (0.15 < 
Vj∕U∞  < 2.2) is provided by Cambonie et al. (2014). These 
authors have also identified the characteristic flow ratio, jet 
diameter and boundary layer as critical variables towards a 
universal scaling function (Cambonie et al. 2013). Scaling 
of the current results are briefly examined here. Figure 8 pro-
vides streamline trajectories for all of the available test cases. 
Each of the jets’ respective positions have been collapsed 
onto a generic centerline origin ( x∕D=0). Figure 8a and b 
utilized ‘ rD ’ and ‘ r�’-scaling, respectively, the two most 
fundamental scaling methods found in the jet in crossflow 
literature. It should be noted that ‘ r ’ in the jet to crossflow 
literature may refer to the velocity (as in here) or momentum 
ratio, however to avoid confusion in subsequent sections, the 
current study defines this variable explicitly as Vj∕U∞ . Addi-
tionally, the boundary layer thickness, � , is defined locally 
for each jet as discussed in Sect. 2.1. From comparison of 
Fig. 8a and b it is clear that the 

(
Vj∕U∞

)
� scaling provides a 

better collapse of the tandem jet trajectories and that neither 
scaling sufficiently collapses the single jet trajectories onto 
the tandem ones. The quest for universal scaling is further 
complicated by the inclusion of additional tandem jets. New 
et al. (2015) have studied the twin tandem jet with variable 

spacing in the range 1.5–3 D and velocity ratios between 
2 < Vj∕U∞<8. They observed that the merged trajectories 
of the tandem jet configuration penetrated deeper into the 
crossflow than their analogous single jet counterparts. The 
authors reason that the increased freestream penetration is 
a result of the shielding and merging of the twin tandem 
jets which is strongly function of their separation distance. 
Utilizing their profiles and those of a similar twin tandem jet 
study by Gutmark et al. (2011), the authors proposed a modi-
fied ‘ rD’-scaling assuming a virtual origin at the mid-point 
between the upstream and downstream jets and the use of an 
‘effective’ velocity ratio for the tandem jets. With the onset 
of several (greater than two) tandem jets at low velocity 
ratios, as in the current results, the interaction of the encap-
sulated (middle) jet promotes new shielding interactions that 
will require further analysis of existing scaling laws beyond 
the current investigation’s scope. These considerations will 
be most readily assessed with a larger velocity field than 
that currently available and with a wider range of velocity 
ratios tested, suggesting an auspicious route for analogous 
computational modeling of the tandem jets.

Flow reversal regions for each jet and velocity ratio are 
presented in Fig. 9 and are collapsed according to the same 
generic centerline criteria described previously for Fig. 8. 
For a single jet configuration, an adverse pressure gradi-
ent forms directly behind the jet column, obstructing the 
crossflow and forcing it into this recirculation region on the 
leeward side of the jet. The recirculation region induces a 

Fig. 7   a Single and (b) tandem 
jet ensemble-averaged velocity 
streamlines at Vj∕U∞

=1.7 with 
centerline trajectories and recir-
culation zones highlighted

Fig. 8   Collapsed jet centerline 
trajectories for all available jet 
and velocity ratio configurations 
according to (a) ‘ rD ’ scaling 
and (b) ‘ r� ’ scaling. Circle, 
triangle and square markers 
indicate Vj∕U∞

=0.9, 1.25, 1.7, 
respectively. Black, blue, green 
and red colors denote single jet, 
jet 1, jet 2 and jet 3, respectively
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lifting force that enhances the jet trajectory away from the 
upper wall. For adjacent tandem jets, the downstream jet 
has an additional blockage that yields a larger adverse pres-
sure gradient behind the upstream jet, thereby leading to 
a higher recirculation area as observed previously by Gut-
mark et al. (2011). The authors found that the reverse flow 
region behind the front jet is somewhat larger than that of 
the corresponding single jet case and that the recirculation 
region behind the rear jet is nearly eliminated. It should be 
noted that the authors utilized ‘ rD ’ scaling, contrary to the 
current study non-dimensionalizing explicitly by D . Con-
trary to their findings, the recirculation regions behind the 
second and third jets are comparable in size to both the sin-
gle jet and leading jet 1 for each of the velocity ratios as 
depicted in Fig. 9a, b and c. By collapsing the profiles, it 
is clear that all four jets exhibit shared regions (overlap) 
and unique shapes outside of these regions. In particular, 
jet 2 exhibits a substantially larger recirculation zone than 
any of the other jets, further exemplifying the exchange of 
shielding and the effects of adverse pressure for tandem jet 
arrays. Though resolution of the near wall recirculation is 
excluded, the current results are admissible for a basic order 
of magnitude assessment, pictured in Fig. 9d where the area 
of recirculation, Ar for each jet is non-dimensionalized by 
the area of the jet exit, Aj . These results are subject to some 
level of scrutiny, where again, measurements closer to the 
wall would promote slightly larger areas. From Fig. 9d, each 
recirculation region increases as a function of increasing 
velocity ratio. Across all available measurements, the largest 
recirculation areas are found in jet 2 and the smallest in jet 
3. This promotes an interesting finding and supplement to 

the original observations of Gutmark et al (2011). While jet 
3′s recirculation is in no way eliminated, it is substantially 
lower than the single jet or jet 1. Additionally, at the low-
est velocity ratio ( Vj∕U∞= 0.9) jet 2′s recirculation zone is 
considerably larger (~ 50%) than that of the analogous single 
jet case. Yet with increasing velocity ratios, jet 2 and the 
single jet approach nearly identical values, with jet 2 still 
being slightly larger.

Given the high spatio-temporal content of the TR-PIV 
measurements, the instantaneous penetration depths can 
be directly quantified for each jet. The penetration depths 
are defined here as the maximum transverse velocity gra-
dient between two neighboring vectors along an arbitrary 
jet axial centerline, i.e. where dV∕dy is maximum. These 
values are computed for each jet’s axial centerline and 
each velocity ratio tested and consolidated in Fig. 10. The 
central line of each box indicates the median and the bot-
tom and top edges represent the 25 and 75% of the data, 
respectively. The whiskers correspond to approximately 
2.7 standard deviations or 99.3% coverage of the data, 
here assumed to be normally distributed. Mean penetra-
tion depths, �y∕D,i for each jet are also reported. The single 
jet and jet 1 exhibit markedly similar mean and median 
penetration depths across all three velocity ratios. Remi-
niscent of previous observations from the jet trajectories 
and recirculation regions, the tandem penetration depths 
are also strongly a function of velocity ratio and present a 
general hierarchy of increasing depth for each additional 
jet downstream, i.e. 𝜇y∕D,J1 < 𝜇y∕D,J2 < 𝜇y∕D,J3 . Interest-
ingly, for the velocity ratio below unity ( Vj∕U∞=0.9), jet 
2 exhibits mean and median penetration depths similar 

Fig. 9   Collapsed recirculation 
regions behind each jet for (a) 
Vj∕U∞

=0.9, (b) Vj∕U∞
=1.25 

and (c) Vj∕U∞
=1.7 and (d) 

recirculation zone areas for each 
jet and velocity ratio. Note: 
Number labels in (d) indicate 
ratio of entry over respective 
single jet entry in grouping
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to the single jet and jet 1. Regarding the velocity ratios 
greater than one, ( Vj∕U∞=1.25 and 1.7) jet 2 mean and 
median penetration depths are almost directly in between 
(halfway) that of jet 1 and jet 3, but exhibit nearly identi-
cal amounts of variation (seen as the whiskers) as that of 
jet 3. While the steady penetration depth found for jet 2 
may be unsurprising, the variations found for the encap-
sulated jet 2 below and above Vj∕U∞ =1 have important 
consequences in turbulent mixing and control.

3.1.4 � Reynolds stresses

Ensembled-averaged Reynolds shear stress, ⟨u�v�⟩�U2
∞

 , 
profiles are presented in Fig. 11a, b, c, d, e and f for the 
single and tandem jet configurations, respectively, at each 
velocity ratio. From Fig. 11a it is clear that the single jet 
at the lowest velocity ratio provides the simplest set of fea-
tures depicting the shear stress. Beyond the immediate wall 
region ( y∕D=0), the positive shear is very weak and a pocket 
of relatively high negative shear exists in the wake. With 
increasing velocity ratios found in Fig. 11b, c the positive 

Fig. 10   Summary statistics of instantaneous penetration depths for each jet corresponding with (a) Vj∕U∞
=0.9, (b) Vj∕U∞

=1.25 and (c) Vj∕U∞

=1.7. Legend: Colors are consistent with Fig. 9

Fig. 11   Reynolds shear stress, ⟨u�v�⟩∕U2

∞
 , contours for (a–c) single and (d–f) tandem jet at Vj∕U∞

=0.9, 1.25, 1.7, as seen in first, second and 
third columns, respectively
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and negative shear regions that comprise the jet core become 
clearer, seen as long streaks and resulting from the shear lay-
ers. The development of a high positive shear region in the 
wake can be seen immediately behind the jet exit in Fig. 11c 
and is believed to be the result of the exchange between 
the horseshoe and wake vortices. In general, the single jet’s 
region of negative shear in the wake extends with the jet 
trajectory. As the jet bends into the freestream, this region 
is elongated in the x direction, but no longer increases in 
thickness. The tandem array found in Fig. 11 yields more 
localized or smaller regions of high positive shear and in 
general these regions are more prevalent than the single jet 
for each velocity ratio tested. The negative shear regions 
exhibit markedly different evolutions than their single jet 
comparisons. These regions extend much further in the posi-
tive y direction and less in the streamwise direction. For each 
velocity ratio tested, the initial negative shear region found 
between jets 1 and 2 splits into two smaller regions while 
the downstream region between jets 2 and 3 is more unified. 
The Reynolds shear stress isolates the velocity fluctuations 
and their corresponding effects on the flow induced stresses, 
but geometric, pressure and vortical considerations may also 
aid in prescribing these formations.

Reynolds shear stress profiles are presented in Fig. 12a 
and b for the single and tandem jets, respectively. The asso-
ciated uncertainties are a function of the random component 
of uncertainty only. For PIV measurements, proper quanti-
fication of the systematic uncertainty of propagated statis-
tics such as the Reynolds stresses is an ongoing challenge 
(Sciacchitano et al. 2015). For the single jet in Fig. 12a, the 

⟨u′v′⟩ shear stress reaches a maximum in the immediate exit 
region of the jet and exhibits a positive shear in the wake 
with corresponding negative shear at the interface with the 
free stream along the jet’s trajectory. For the tandem jets, the 
first jet exhibits similar behaviors along its centerline at x∕D
=-2 and immediately downstream at x∕D=-1 profile. This 
implies that the fluctuating velocity components and shear 
stresses in this intermediate region (between the leading and 
middle jet at x∕D =-1) is largely unaffected by the presence 
of the middle jet. At x∕D =0 however, several new features 
are apparent. Negative values of shear stress develop along 
each jet axial centerline, namely, x∕D=-2, 0 and 2, where 
each negative peak shows greater magnitude and spread 
than that directly upstream. A more interesting observation 
is found when comparing the intermediate profiles x∕D=-1 
and 1, to the profile just beyond the third and final jet at x∕D
=3. The x∕D=-1 and x∕D =1 profiles exhibit strong positive 
peaks as a result of the recirculation zones, with more com-
plicated exchanges of positive and negative shear towards 
the outer shear layer interaction with free stream. This is 
in contrast to the hot-wire anemometry results of Isaac and 
Jakubowksi (1985), who conducted single and twin tandem 
jet experiments that exhibited nearly identical mean veloci-
ties and Reynolds stresses across both jet configurations. 
The discrepancy is explained by the velocity ratios tested, 
where their experiments were conducted at Vj∕U∞ =2 and the 
profiles herein are all less than this value. It is reasonable 
then, to state that the turbulent/vortex mechanisms driving 
these behaviors are more unique and localized for velocity 
ratios less than 2. This statement is further supported by 
the transition behaviors present at low velocity ratios, as 
first revealed by Cambonie et al. (2014). The profiles found 
in the wake of the entire configuration, i.e. x∕D =3 and 4, 
reveal the artifacts of these exchanges that have progressed 
further down in the positive y direction, while showing 
the additional development promoted by the recirculation 
region behind jet 3, much closer to the wall ( y∕D=0). The 
evolution of each shear stress generated and their exchange 
with downstream distance and dissipation of energy into the 
crossflow are pertinent to understanding the mixing effects 
promoted by the introduction of each additional jet in the 
tandem configuration.

3.2 � xz plane measurements

3.2.1 � Instantaneous and time averaged velocity fields

The instantaneous velocity magnitudes for the xz plane 
measurements at the y∕D =1 location are presented 
in Fig. 13a, b, c, d, e and f for the single and tandem 
jets, respectively. At the front of each leading upstream 
jet (the single jet and jet 1) is a clustered low velocity 
region. This results from the horseshoe vortex formation 

Fig. 12   Ensemble-averaged Reynolds shear stress, ⟨u�v�⟩∕U2

∞
 , pro-

files with random uncertainty for (a) single and (b) tandem jets. 
Legend: Colors/shapes indicate Vj∕U∞

=0.9 (blue triangles), Vj∕U∞

=1.25 (green squares) and Vj∕U∞
=1.7 (red diamonds)
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as discussed previously. The interaction is initiated by 
the windward boundary layer and the adverse pressure 
gradient, which separates around the jet core, forming 
instabilities at the outer shear layers and spanwise vorti-
ces downstream (Mahesh 2013). This behavior has been 
previously determined to be periodic (Krothapalli et al. 
1990), which will prove to be an attractive feature in sub-
sequent sections. The vortex evolution in the positive x
-direction is further complicated by the introduction of 
additional jets downstream and their repetitive features.

The ensemble-averaged velocity magnitudes at the 
y∕D =1 location are presented in Fig. 14a, b, c, d, e and 
f for the single and tandem jets, respectively and are 
briefly described here. For both the single and tandem 
configurations, clear symmetry is found across the z-axis, 
ensuring a general periodic motion for both the U and W 
components of velocity. From Fig. 14a, c it is clear that 
the single jet’s wake region grows linearly with increas-
ing Vj∕U∞ and goes from an elongated oval shape to an 
increasingly pronounced circular region best understood 
as the jet penetration out of the page. From Fig. 14d, e 
and f, it is evident that the introduction of each additional 
jet downstream yields a slightly different effect in its 
wake. For the lowest velocity ratio in Fig. 14d, it appears 
that jet 2 has the most pronounced low velocity region, 
while the leading jet is the victor for the VJ∕U∞>1 cases 
in Fig. 14e and f.

3.2.2 � Proper orthogonal decomposition

With key features of the xz plane velocity fields addressed, 
the instantaneous U(x, z, t) and W(x, z, t) velocity component 
flow fields are now examined via POD. The POD aims to 
identify the statistically dominant flow structures found in 
each of the velocity components, providing insight into the 
flow dynamics and potential scalar (heat, chemical, etc.) 
transport found in the spanwise formation of the single and 
tandem jets. The influence of the shear layer and wake vor-
tices entice recurring eddies in the wake of each jet. The 
current POD examination will seek to first characterize these 
dominant forms and then upon reconstruction of the veloc-
ity fields, quantify the suppression of developed vortices 
promoted by the tandem array compared to the single jet at 
low velocity ratios.

The POD or Karhunen-Loéve decomposition was intro-
duced by Lumley (1967) and has become an essential tool in 
both high fidelity experimental and numerical fluid mechan-
ics. The POD provides a low dimensional basis via modal 
decomposition of an ensemble of data, here applied to both 
velocity components U(x, z, t) and W(x, z, t) . An attractive 
property of the POD is its optimality, which provides the 
most efficient means of capturing the dominant character-
istics of an infinite-dimensional process via a finite number 
of modes (Holmes et al. 1996; Sirovich 1987). This implies 
that the original data, i.e. the velocity fields Ui(x, z, t) , can be 

Fig. 13   Instantaneous velocity magnitude, Umag∕U∞
 , contours with corresponding velocity vectors for (a–c) single and (d–f) tandem jets at 

Vj∕U∞
=0.9, 1.25, 1.7 as seen in first, second and third column, respectively
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accurately approximated by only using the low order modes, 
containing the highest kinetic energy of the flow. The singular 
value decomposition method is utilized and briefly reviewed 
here using the convention of Brunton et al. (2019) and Taira 
et al. (2017).

The data set, X ∈ ℝ
n×m , here pertaining to velocity com-

ponents U(x, z, t) or W(x, z, t) , is first organized into columns 
according to Eq. (1).

The reshaped data set consists of column vectors of the 
fluid velocity, where n is the number of discrete vector points 
in a given frame and m is the number of snapshots, in the data 
set. The singular value decomposition (SVD) of data matrix 
X ∈ ℝ

n×m is formulated according to Eq. (2).

where Φ ∈ ℝ
n×n , Ψ ∈ ℝ

m×m and Σ ∈ ℝ
n×m and where m < n 

for TR-PIV measurements and T  is the transpose. Matrix 
Σ consists of real, non-negative entries along its diagonal 
and zeros everywhere else. Given that n > m , matrix Σ has 
a maximum of m non-zero elements along its diagonal. It is 
useful then, to employ the economy SVD to exactly repre-
sent X  according to Eq. (3).

(1)X =

⎡⎢⎢⎣

�
x1
�

�
x2
�
…

�
xm
�

⎤⎥⎥⎦

(2)X = ΦΣΨT

where Φ̂ implies the economy-sized decomposition of the 
matrix (zeros removed), ⟂ is the orthogonal compliment and 
hence, the columns of Φ̂⟂ and Φ̂ span vector spaces that are 
complimentary and orthogonal. Matrices Φ̂ and Ψ are uni-
tary matrices consisting of orthonormal columns referred to 
as the left singular vectors and right singular vectors of X  , 
respectively. The columns of Φ̂ are more formally known as 
the eigenvectors. The diagonal elements of Σ̂ ∈ ℝ

m×m are 
the singular values, denoted by �1 , �2 , … �m and are ordered 
from largest to smallest. For completeness, it should be 
stated that the singular values held in Φ and Ψ are identical 
to the eigenvectors of XXT and XT

X  , respectively. Thus, the 
singular values are directly related to the eigenvalues, � , via 
the relation �2 = � (Taira et al. 2017).

From observation of Fig. 14, it is clear that the flows 
exhibit symmetry across the z-axis. This feature allows 
augmenting the data matrix X  for each velocity compo-
nent. As suggested by Kutz et al. (2016) in their flow past 
a cylinder example, each data matrix is augmented with 
a secondary set of m snapshots, identical to the measure-
ment data in X  , but flipped across the symmetric axis (here 
the z-axis) and corresponding sign change, according to 
Eq. (4).

(3)X = ΦΣΨT =
[
Φ̂ Φ̂⟂

][ Σ̂
0

]
ΨT = Φ̂Σ̂ΨT

Fig. 14   Ensemble-averaged velocity magnitude, ⟨Umag⟩∕U∞
 , contours with corresponding velocity streamlines for (a–c) single and (d–f) tandem 

jets at Vj∕U∞
=0.9, 1.25, 1.7 as seen in first, second and third column, respectively
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The method is mathematically sound and still entirely a 
function of the observed physics; used as means of enforcing 
symmetry in the data set and strengthening signal correlation 
as a result of doubling the number of snapshots, m. As a final 
step before SVD computation, the velocity fields are non-
dimensionalized beforehand and represent the instantaneous 
velocity, or non-mean subtracted data.

POD mode truncation is determined according to the 
optimal hard threshold criteria of Gavish et al. (2014). The 
criteria assumes that the data consists of Gaussian white 
noise of unknown magnitude with zero mean and unit vari-
ance. This method is well suited for experimental measure-
ments where the noise level is unknown, in which the opti-
mal hard threshold estimates the noise magnitude and scales 
the distribution of singular values according to the median. 
The singular values and cumulative energy distribution for 
the U(x, z, t) tandem jet data for each velocity ratio are dis-
played in Fig. 15a and b, respectively. The horizontal lines 
in Fig. 15a represent the optimal truncation cutoff � from 
which all singular values below this value are discarded. 
Likewise, in Fig. 15b, the vertical lines represent this same 
cutoff value, though here represented as the number of trun-
cated modes, r.

From Fig. 15b the first mode only encompasses 29.4%, 
26.2% and 22.6% of the cumulative energy for the Vj∕U∞

=0.9, 1.25, 1.7 cases, respectively. Each case exhibits a slow 

(4)Xaug =

⎡
⎢⎢⎣
X −

⎛
⎜⎜⎝

0 0 1

0 . .
.
0

1 0 0

⎞
⎟⎟⎠
X

⎤
⎥⎥⎦

increase in cumulative energy with the addition of each 
mode. A more heuristic approach to truncation may define 
a cutoff percentage for the cumulative energy, say 80%. 
From Fig. 15b, it is evident that 431, 500 and 589 modes are 
required by the Vj∕U∞ = 0.9, 1.25, 1.7 cases, respectively. 
This slow convergence is best explained by the presence of 
small scale coherent structures in the flow, over which the 
kinetic energy is distributed. Nguyen et al. (2019a, b) have 
previously confirmed that for complicated wake formations, 
these small scale features are strongly a function of increas-
ing Reynolds number, while here the same can be said for 
increasing velocity ratios. The observations found in Fig. 15 
are in general, consistent across both velocity components 
and jet configurations. A full delineation of the truncation 
parameters for each velocity component of each velocity 
ratio and jet configuration are disclosed in Table 1, which 
highlights that the number of truncated modes, r , for the 
tandem jet is more strongly a function of Vj∕U∞ than that of 
the single jet, most reasonably understood as a result of an 
increase in kinetic energy and inherent noise associated with 
higher velocity ratios and additional turbulence generating 
devices (additional jets).

One of the earliest uses of POD on the single jet in cross-
flow was performed by Meyer et al. (2007) who incorpo-
rated velocity ratios of 1.3 and 3.3 to determine that the low 
order modes are dominated by shear layer vortices and wake 
vortices, respectively. Across all velocity ratios in the cur-
rent work, the mode shapes that most readily leverage these 
observations and provide the most beneficial insight are pro-
vided by the Vj∕U∞ = 1.7 case. Low order eigenvectors for 

Fig. 15   a Singular values 
and (b) cumulative energy 
distributions for U(x, z, t) data 
at Vj∕U∞

 = 0.9 (blue), 1.25 
(green) and 1.7 (red). Horizon-
tal and vertical lines indicate the 
optimal singular value cutoff, � 
and modal truncation, r , respec-
tively, for each case

Table 1   Optimal truncation 
parameters for each velocity 
component, U(x, z, t) and 
W(x, z, t) , associated with each 
jet configuration and velocity 
ratio tested

Vj∕U∞ Single Tandem

U(x, z, t) W(x, z, t) U(x, z, t) W(x, z, t)

r � r � r � r �

0.9 1661 0.601 1557 0.624 1541 0.988 1514 0.999
1.3 1634 0.758 1557 0.770 1713 1.121 1646 1.155
1.7 1652 0.812 1569 0.871 1848 1.318 1747 1.408
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the single and tandem jet array at Vj∕U∞ = 1.7 are displayed 
in Fig. 16a, b, c and d, respectively and feature both the 
streamwise and spanwise velocity shapes for comparison. 
Each of the first modes are qualitatively similar to the mean 
fields of their respective velocity components and capture 
the largest amount of relative kinetic energy as a result of 
the hierarchical ranking provided by the POD. The stream-
wise mode 1 is ~ 5.5 and ~ 4.4 times larger than the spanwise 
component for the single and tandem jet, respectively. The 
same notion can be extended to the inclusion of additional 
jets, as the streamwise mode 1 contribution for the single 
jet is ~ 27% higher than that of the tandem array. The sin-
gle jet streamwise mode 2 (Fig. 16a) exhibits an elongated 
“U”-shaped structure indicative of the outer shear layers of 
the jet. This same structure is present for each of the three 
tandem jets as seen in Fig. 16c and implies that the shear 

layer vortices dominate the low order behavior as previously 
described for the single jet by Meyer et al. (2007). More 
localized features dominate the majority of the remaining 
modes, as a result of the periodic flapping of the jets and 
their respective core penetrations (larger oblong shapes) and 
wake vortices (smaller amorphous structures). In general, 
coherent structures are difficult to depict in high Reynolds 
number flows (Tables 3 and 4 in Appendix) and thereby the 
increased presence of turbulence. Regarding turbulent jets 
more specifically, several authors have confirmed additional 
challenges as a result of varying geometric configurations 
and flow conditions with notable examples included here. 
In their study of wall jets, another heavily streamwise domi-
nated flow, Kaffel et al. (2016) utilized the POD and con-
firmed the presence of additional structures as the result of 
secondary instabilities in the spanwise direction. Likewise, 

Fig. 16   Low order POD eigenvectors with relative percent energy levels for the Vj∕U∞
=1.7 (a, b) single and (c, d) tandem jets featuring velocity 

components (a, c) U(x, z, t) and (b,d) W(x, z, t)



Experiments in Fluids (2021) 62:67	

1 3

Page 19 of 27  67

in their investigation of the jet in counterflow, Bernero and 
Fielder (2000) utilized the POD to find that when the perio-
dicity of the jet is compromised, i.e. as a result of jet and 
counter flow strengths, low order coherent structures are less 
clear and a higher number of modes are required for recon-
struction. Similar conclusions can be drawn in the current 
investigation, namely, the presence of secondary instabili-
ties in the spanwise direction and the uncoupled periodicity 
of each jet as a function of velocity ratio and the effects of 
shielding. Further investigation of the phase behavior of the 
jet flows may provide additional insights into their coher-
ent structures as discussed for free jets (Bonnet 1994) and 
pulsed jets (Vernet et al. 2009), though deemed beyond the 
scope of the current work. With that said, the current rendi-
tion of the POD is still advantageous for reconstruction and 
in the vortex identification that follows.

3.2.3 � Vortex identification and statistical distributions

The truncated modes (Table 1) are projected onto the original 
TR-PIV measurement frames to produce POD modal recon-
structions of the single and tandem jets in crossflow. Corre-
sponding instantaneous and time-averaged vorticity contours 
and velocity vectors are presented in Fig. 17 and Fig. 18, 
respectively. The instantaneous velocity vectors provide 
some intuition into the small scale shear and swirl motions 
present in the flow. Small clusters of uni-directional velocity 
vector arrows are indicative of shear and highlighted with 
super-imposed straight magenta arrows in Fig. 17. Likewise, 

pockets of rotating velocity vector arrows indicate the eddies 
in the flow field and are indicated with green rotating arrows 
in Fig. 17. The corresponding magnitudes of positive and 
negative vorticity found in Fig. 17 increase as a function of 
velocity ratio. The longer red and blue streaks are indica-
tive of shear layer vortices (Kelvin–Helmholtz instabilities) 
which house the smaller wake vortices in between. It is also 
important to note that the tandem jet formations in Fig. 17d, 
e and f break up these shear layer streaks into smaller sec-
tions. The time-averaged velocity vectors in Fig. 18, reveal 
that the major shearing motions of the tandem jets are most 
prominent at the upstream jet 1 and are comparable in both 
size and direction to the single jet at an equivalent velocity 
ratio. Figure 18d, e and f reveal regions of little or no vortex 
magnitude, seen as the interstitial, crescent moon-shaped 
gaps found between the tandem jets. These time-averaged 
formations reaffirm the previous observations from Fig. 17d, 
e and f regarding the breakup of the shear layer streaks pre-
sent in the tandem jet contours. The Vj∕U∞ = 0.9 wake in 
Fig. 18d exhibits a much smaller gap in vortex formations 
between the upstream jet 1 and middle jet 2 than that found 
between jet 2 and the downstream jet 3. This is contradic-
tory to the gaps found in the Vj∕U∞ = 1.7 case of Fig. 18f 
which appear nearly identical in shape and relative location. 
It is reasonable then, to state that the vortices formed at 
these velocity ratios in the tandem jet array experience one 
or more transition processes predominantly as a result of 
velocity ratio and jet spacing. Regarding the velocity ratios, 
these observations are reaffirmed by the results of Cambonie 

Fig. 17   Instantaneous vorticity contours, 𝛀1D1U−1
∞

 , with velocity vectors for (a–c) single and (d–f) tandem jets from POD reconstruction. Col-
umns (from left to right) correspond to Vj∕U∞

=0.9, 1.25, 1.7, respectively
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et al. (2014) who observed that the jet in crossflow experi-
ences different process above and below a velocity ratio of 
Vj∕U∞ ≈ 1.25. Though their results were based on the single 
jet in crossflow, comparisons between the current single jet 
and tandem jet formations in Fig. 17 and Fig. 18 allow for 
similar insight and comparisons to their study. In the range 
0.6 ≤ Vj∕U∞ ≤ 1.25, the jet is described as ‘detached’ with 
weak leading edge vortices and significant boundary layer 
interactions. For ratios above 1.25, the jet is described as 
‘fully detached’, more indicative of classical jet in crossflow 
topologies, experiencing similar swirling strengths on the 
leading and trailing edge vortices and little to no interaction 
with the boundary layer. By capturing the single and tandem 
jet in crossflow below, above and directly at Vj∕U∞=1.25, 
these vortex formations reveal the transitions processes in 
the xz plane for the tandem jets. 

Further investigation of the vortical formations present 
in the single and tandem jet flows warrants the use of more 
robust identification algorithms. Several such methods exist 
and are broadly categorized as region- and line-based meth-
ods, integration- and geometry-based approaches, objective 
techniques, flow decompositions and optimization strategies, 
providing a wealth of techniques for interpreting rotational 
motion in fluid flows (Günther et al. 2018). The current work 
utilizes the region-based method of Graftieaux et al. (2001) 
in conjunction with the POD reconstructed instantaneous 

velocity fields. For a given instantaneous velocity field, the 
vortex center is identified according the non-dimensional 
scalar function, Γ1 , which for a fixed point P in the discrete 
velocity field, is defined as

where S is the rectangular domain of fixed size and geom-
etry, M is a point inside S , z is the normal vector of the 
measurement region, N is the number of points M inside S 
and � is the angle between velocity vector UM and the radius 
vector PM.

The reconstructed fields have the added benefit of more 
clearly depicting the larger scale coherent structures, or 
energy containing energies, formed by the shear and swirl 
mechanisms, compared to the original instantaneous TR-
PIV velocity fields which contain the effects of smaller 
velocity fluctuations from turbulence. According to Graft-
ieaux et al. (2001), the scalar ||Γ1

|| is bounded by 1 and for 
swirling flows, reaches a value of 0.9 to 1 in the vortex 
center which is determined by a local maximum detection 
based on the appointed threshold. This threshold allows 
for removal of any remaining small-scale turbulent fluc-
tuations. While the threshold is not Galilean invariant, it 
does provide an effective way of identifying vortex center 

(5)Γ1(P) =
1

N

�
S

�
PM

⋀
UM

�
∙ z

‖PM‖ ∙ ‖UM‖ =
1

N

�
S

sin
�
�M

�

Fig. 18   Ensemble-averaged vorticity contours, ⟨𝛀⟩1D1U−1
∞

 , with velocity vectors for (a–c) single and (d–f) tandem jets from POD reconstruc-
tion. Columns (from left to right) correspond to Vj∕U∞

=0.9, 1.25, 1.7, respectively
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locations. The current investigation consists of several 
instantaneous swirling features, i.e. wake vortices, but as 
described previously, is not independent of the mecha-
nisms of shear. Thus, an appropriate threshold value for 
the current study was found to be 0.75 from inspection 
of the instantaneous velocity fields and identified vorti-
ces. The second employed vortex algorithm incorporates 
a local convection velocity, 

∼

UP , to provide the vortex core 
identification found according to

where 
∼

UP = (1∕S)∫
S
UdS , which in the context of discrete 

measurement fields, are approximated as the spatially aver-
aged velocity components located in the measured domain S 
(with the exception of P) . For a 2D incompressible velocity 
field, Γ2 is a local function depending only on Ω , the rotation 
rate corresponding to the antisymmetrical part of the veloc-
ity gradient ∇u at P and � , the eigenvalue is the symmetrical 
part of the tensor. The authors then prove that |Ω∕𝜇 > 1| and 
||Γ2 > 2∕𝜋|| when the flow is dominated by rotation. These 
values are adopted here as thresholds for the vortex core 
region and for estimation of the vortex area and circulation 
of all identified vortices.

The single and tandem vortex center locations, rela-
tive sizes and circulations are presented in Fig. 19 using 
the statistical characteristics promoted by Nguyen et al. 

(6)Γ2(P) =
1

N

�
S

�
PM

⋀�
UM −

∼

UP

��
∙ z

‖PM‖ ∙ ‖UM‖

(Nguyen et al. 2019a, b; Nguyen, White, Vaghetto and Has-
san 2019a, b). From examination of the single jet profiles in 
Fig. 19a, b and c, the total number of detected vortices, NΩ , 
is much smaller for Vj∕U∞<1 than for the Vj∕U∞>1 cases. 
With increasing values of velocity ratio above unity, the jet 
momentum in the transverse y direction (into the page in 
Fig. 19) overcomes and stalls the crossflow and contributes 
to an adverse pressure gradient behind the immediate jet 
core(s), from which a stronger wake formation becomes evi-
dent. These conditions contribute significantly to the flap-
ping and recirculation region(s) found in the wake of each 
jet in the xz plane and in turn the presence of strong eddies 
and circulation magnitudes. In general, their orientation 
(clockwise or counter clockwise) follows that of the shear 
layer vortices described previous in Fig. 18, with the major-
ity of negative and positive circulation values found on the 
positive and negative sides of the z-axis, respectively. These 
values initially appear in distinct regions at the lowest veloc-
ity ratio (Fig. 19a) and begin to overlap just downstream of 
the immediate jet penetration (most evident in Fig. 19c x∕D
>2) for higher velocity ratios.

The tandem jet configurations exhibit considerable differ-
ences across all velocity ratios tested, as evident in Fig. 19d, 
e and f. For the Vj∕U∞=0.9 case, the largest cluster of NΩ is 
found in the region 1 < x∕D  < 2 which is markedly different 
than that of Vj∕U∞=1.7 where approximately -1 < x∕D< 0 
appears most dense. It is clear that the leading jet penetra-
tion and shielding effects entice new or additional regions 

Fig. 19   a Single and (b) tandem jet vortex center points with relative sizes and circulations, 𝚪1D−1U−1
∞

 , from the POD reconstructed instantane-
ous velocity fields at Vj∕U∞

= 0.9, 1.25, 1.7 as seen in first, second and third column, respectively
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of vortex formation, but in general inhibit the total number 
of identified vortices as compared to the single jet configu-
rations at equivalent velocity ratios. There is also signifi-
cantly less overlap between positive and negative circulation 
regions for the tandem jets as compared to the single jet, 
though it is unclear from the current measurement field of 
view if this sentiment is consistent further downstream.

Statistical results of the identified vortices are summa-
rized quantitatively in Table 2. There is a significant differ-
ence in the number of detected vortices below and above a 
velocity ratio of unity for the single jet that is not reflected 
by the tandem jets. This provides a quantitative view of the 
jet’s inability to overcome the crossflow and is clearly domi-
nated by the effects of shear layer vortices without signifi-
cant wake vortices. While the same is most likely true of 
tandem jets below unity, there are still ~ 6 times as many vor-
tices identified at Vj∕U∞=0.9 for the tandem jets compared 
to the single jet. The vortex populations, NΩ∕Af  , where Af  is 
the flow area, yield contradictory findings below and above 
a velocity ratio of unity: for the Vj∕U∞=0.9 case the tandem 
array provides a substantially higher vortex population and 
for the Vj∕U∞>1 cases, the single jet manages to surpass the 
equivalent tandem jet quantities. The normalized mean and 
standard deviation of the vortex areas, �A∕D

2 and �A∕D2 , 
respectively, appear to be less dependent on the range of 
velocity ratios tested. Note that the � values here are not 
to be confused with those representing the singular values 
in Sect. 3.2.2. Mean vortex areas reported for the single jet 
appear largely consistent across the range of velocity ratios 
tested, with only an 11.7% increase from 0.9 ≤ Vj∕U∞ ≤ 
1.7. The tandem jet vortex areas on the other hand decrease 
substantially, with a 41.9% decrease in size across the entire 
velocity ratio range. The absolute value of the circulations 
is considered, before calculating the normalized mean of 

circulation, �1

Γ
D−1U−1

∞
 and standard deviation �1

Γ
D−1U−1

∞
. In 

general the mean circulation of the single and tandem jet 
configurations also exhibit opposite comparisons below and 
above a velocity ratio of unity. At Vj∕U∞=0.9, the single jet 
has a mean circulation that is ~ 4% less than that reported for 
the tandem jets, but ~ 20% and ~ 26% higher than the tandem 
jets for Vj∕U∞=1.25 and 1.7, respectively. When considering 
the standard deviation of these values, it is reasonable to say 
that the single jet exhibits circulation magnitudes that are 
nearly identical to the Table 4 tandem jet for velocity ratios 
below unity and notably higher for values above unity. It is 
clear that the vortex statistics exhibit markedly different rela-
tionships and functions with respect to velocity ratio and jet 
configuration. These statistics are intended to aid in future 
high-fidelity numerical investigations that seek to capture 
the flow rotation and unsteady effects found in single and 
tandem jets at low velocity ratios.

4 � Conclusions

Time-resolved particle image velocimetry (TR-PIV) meas-
urements are conducted on both a single and triple tandem 
jet array with 2 D spacing in a crossflow. Three jet to cross-
flow velocity ratios are examined: Vj∕U∞ = 0.9, 1.25, 1.7 
with an identical turbulent uniform crossflow inlet condi-
tion for each. The TR-PIV measurements are investigated 
in the transverse ( xy ) and spanwise ( xz ) planes. From the 
xy plane measurements, jet exit profiles are provided with-
out the presence of a crossflow, i.e. as free jets, to ensure 
an equivalent mass flow rate distribution at the exit of 
each jet for each velocity ratio tested. The exit profiles are 
then investigated with the presence of the crossflow, from 
which it is revealed that across all velocity ratios tested, 

Table 2   Statistical results of identified vortices from the TR-PIV data 
for velocity ratios Vj∕U∞

=0.9, 1.25 and 1.7 for both the single and 
tandem jet configurations. Statistics include: total number of detected 
vortices, N

�
 , vortex population, N

�
∕Af  , the non-dimensionalized 

mean and standard deviation of the vortex area, �A∕D
2 and �A∕D

2 , 
respectively and the non-dimensionalized mean and standard devia-
tion of the circulation, �1

𝚪
D−1U−1

∞
 and �1

𝚪
D−1U−1

∞
 , respectively

Vj∕U∞=0.9 Vj∕U∞=1.25 Vj∕U∞=1.7

Single Tandem Single Tandem Single Tandem

Nω[counts] 178 1087 3120 2428 3887 3071
Nω∕Af [counts/mm^2] 0.04 0.23 0.66 0.51 0.82 0.65
�A∕D

2 0.496 0.637 0.556 0.508 0.554 0.449
�A∕D

2 0.157 0.310 0.213 0.233 0.226 0.201
�1

Γ
D−1U−1

∞
0.116 0.121 0.153 0.128 0.178 0.141

�1

Γ
D−1U−1

∞
0.030 0.047 0.047 0.044 0.059 0.048
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the encapsulated middle jet exhibits the highest transverse 
velocities, implying that both the front and rear jets provide 
shielding to their common neighbor. Jet streamline trajec-
tories, recirculation regions and penetration depths sug-
gest that for the low velocity ratios examined, the triple jet 
exhibits highly localized or unique flow features, contrary to 
previous findings for high velocity ratio ( Vj∕U∞ ≥ 2) cases. 
Streamline jet trajectories are collapsed for each jet and 
velocity ratio tested from which it is found that the conven-
tional ‘ r� ’ scaling provides a better collapse of the data than 
‘ rD ’ scaling, highlighting the significance of the boundary 
layer towards determining a universal scaling for multiple 
tandem jets. Collapsed recirculation zones for each jet at a 
given velocity ratio show both distinct areas of overlap and 
unique features between the tandem and single jet. Interest-
ingly, the ratio of each tandem jet to single jet recirculation 
area appears to be constant for the cases where Vj∕U∞ > 1. 
Tandem jet penetrations increase with each additional jet 
downstream and appear to scale linearly with velocity ratio. 
For velocity ratios above unity, the variation found in jet 2 
and jet 3 penetration depths are nearly identical and may 
exhibit similar mixing characteristics despite their differ-
ences in trajectories found from the streamline analysis. The 
results are reaffirmed through ensemble averaged statistics, 
including the ensemble averaged velocity and shear stress 
profiles with corresponding uncertainties. Several reference 
measurements are provided that seek to further constrain the 
experimental results for potential future numerical valida-
tion efforts.

In the xz plane, spanwise measurements at the y∕D = 1 
location reveal periodic motions of the instantaneous veloc-
ity fields, symmetric about the x-axis. Proper orthogonal 
decomposition (POD) is applied to better understand the 
dominant coherent structures found in the near field xz 
plane of the jets. An optimal hard threshold procedure is 
incorporated to determine a suitable truncation for both the 
streamwise and spanwise components of velocity. It is found 
that the number of modes required for the tandem jets is in 
general a stronger function of velocity ratio than that of the 
single jets, as a result of the increase in kinetic energy and 
inherent noise in the velocity fields. The eigenvector shapes 
reveal the presence of additional secondary instabilities in 
the tandem jet flow, particularly in the spanwise velocity 

component, that are not present in the single jet at equivalent 
velocity ratio. The presence of these secondary structures is 
largely a function of the induced turbulence of each jet ( Re
~104) and the crossflow ( Re~105) and the associated shield-
ing effects. It remains to be seen if the jets exhibit more 
coherent shapes at lower Reynolds numbers and if the jets do 
indeed exhaust into the crossflow in a more coherent manner, 
how these conditions would affect the shielding of each tan-
dem jet. The velocity fields are then reconstructed and vorti-
city contours show the transition process in vortex develop-
ment in the xz plane. From the ensemble-averaged vorticity 
contours, it is found that contrary to the classical single jet, 
which typically exhibits a circular region of little to no vor-
ticity in the core of the jet, the tandem jets exhibit crescent 
moon-shaped gaps in the interstitial regions between each 
wake formation. Vortex identification algorithms complete 
the investigation of the wake profiles and provide valuable 
insight into the centers, sizes and circulation magnitudes of 
the identified vortices. These results provide several use-
ful statistics across the spectrum of velocity ratios tested, 
citing major differences below and above velocity ratios of 
unity, as the jets’ momentum overcomes that of the cross-
flow, thereby producing larger wake formations and swirling. 
Investigation of the spanwise plane of the single and tandem 
jets in crossflow further supply high fidelity numerical mod-
eling efforts that seek to replicate the wakes of tandem jet 
arrays at low velocity ratios.

This study provides experimental evidence of several 
transition processes that occur for multiple tandem jets in 
a crossflow at low velocity ratios, with a single jet at analo-
gous testing conditions for comparison. Ongoing work based 
on the existing data sets will seek to identify the vortical 
formations of these instantaneous profiles more directly 
towards universal scaling of the tandem jet trajectories. The 
data provides statistical flow characterization, reference 
parameters, inlet and boundary conditions and uncertain-
ties to aid analogous computational efforts.

Appendix: Test cases

See Tables 3 and 4
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Table 3   Experimental test 
conditions for the single jet in 
crossflow. For each element, 
three numbers imply conditions 
for velocity ratios VJ∕U∞

=0.92, 1.26 and 1.70. If only 
one number is present in a given 
element, it is consistent across 
all three velocity ratios tested

Metric Units Nominal
Value

Total,ui Systematic,bi Random,si

Velocity (T.K.E.)
Crossflow, U∞ ( k∞) m1s−1 (m2s−2) 9.52 (0.57) 0.78 (0.0) 0.78 (0.0) 0.0 (0.0)
Jet, Vj ( kj) m1s−1 (m2s−2) 8.74 (5.37)

12.04 (13.23)
16.20 (20.57)

0.13 (0.0)
0.13 (0.0)
0.13 (0.0)

0.13 (0.0)
0.13 (0.0)
0.13 (0.0)

0.0 (0.0)
0.0 (0.0)
0.0 (0.0)

Temperatures
Crossflow,T∞ K 297.3

297.32
297.41

0.85
0.85
0.85

0.85
0.85
0.85

0.0
0.0
0.0

Jet,Tj K 305.36
307.10
309.28

0.84
0.84
0.84

0.84
0.84
0.84

0.0
0.0
0.0

Ambient,Tamb K 297.17 0.86 0.85 0.16
Fluid Properties
Crossflow Density,�∞ kg1m−3 1.187

1.187
1.186

0.004
0.004
0.004

0.004
0.004
0.004

0.0
0.0
0.0

Jet Density,�j kg1m−3 1.155
1.149
1.141

0.004
0.004
0.004

0.004
0.004
0.004

0.0
0.0
0.0

Crossflow Dynamic Viscosity,�∞ kg1m−1 s−1 1.84E-05
1.84E-05
1.84E-05

1.47E-07
1.47E-07
1.47E-07

1.47E-07
1.47E-07
1.47E-07

0.0
0.0
0.0

Jet Dynamic Viscosity,�j kg1m−1 s−1 1.87E-05
1.88E-05
1.89E-05

1.50E-07
1.51E-07
1.51E-07

1.50E-07
1.51E-07
1.51E-07

0.0
0.0
0.0

Pressure Gage,ΔP Pa − 46.89
− 47.70
− 48.11

4.42
4.50
4.54

4.42
4.50
4.54

0.0
0.0
0.0

Ambient Pressure,Pamb kPa 101.28 5.36 5.36 0.07
Relative Humidity,� % 53.4 2.9 2.7 1.2
Non-Dimensional
Boundary Layer,�j∕D 0.46
Reynolds Number,Re∞ 1.82E + 05 –
Reynolds Number,Rej 1.20E + 04

1.63E + 04
2.17E + 04

–

Vj∕U∞ 0.92
1.26
1.70

–
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Table 4   Experimental test 
conditions for the tandem jets in 
crossflow. The element values 
follow the same convention as 
Table 3

Metric Units Nominal Value Total,ui Systematic,bi Random,si

Velocity (T.K.E.)
Crossflow, U∞ ( k∞) m1s−1 (m2s−2) 9.52 (0.57) 0.78 (0.0) 0.78 (0.0)
Jet 1, Vj1 ( kj1) m1s−1 (m2s−2) 8.42 (4.20)

12.11 (5.85)
15.91 (7.74)

0.82 (0.0)
0.82 (0.0)
0.82 (0.0)

0.82 (0.0)
0.82 (0.0)
0.82 (0.0)

Jet 2, Vj2 ( kj2) m1s−1 (m2s−2) 8.81 (1.96)
12.22 (3.03)
15.63 (4.46)

1.82 (0.0)
1.82 (0.0)
1.82 (0.0)

1.82 (0.0)
1.82 (0.0)
1.82 (0.0)

Jet 3, Vj3 ( kj3) m1s−1 (m2s−2) 8.50 (1.87)
12.06 (2.10)
15.74 (3.21)

0.87 (0.0)
0.87 (0.0)
0.87 (0.0)

0.87 (0.0)
0.87 (0.0)
0.87 (0.0)

Temperatures
Crossflow,T∞ K 296.54

296.73
296.87

0.89
0.89
0.92

0.85
0.85
0.85

0.28
0.27
0.35

Jet 1,Tj1 K 296.6
297.62
299.55

0.87
0.88
0.98

0.87
0.87
0.87

0.10
0.13
0.45

Jet 2,Tj2 K 296.54
297.76
300.02

0.85
0.86
1.00

0.84
0.84
0.84

0.10
0.16
0.54

Jet 3,Tj3 K 296.5
297.55
299.55

0.85
0.86
1.01

0.85
0.85
0.85

0.09
0.17
0.56

Ambient,Tamb K 296.5
296.5
296.5

0.85
0.85
0.85

0.85
0.85
0.85

0.11
0.11
0.11

Fluid Properties
Crossflow
Density,�∞

kg^1 m^-3 1.187
1.187
1.186

0.004
0.004
0.004

0.004
0.004
0.004

0.0
0.0
0.0

Aggregate Jet
Density,�j

kg^1 m^-3 1.187
1.185
1.185

0.0
0.0
0.0

0.0
0.0
0.0

0.0
0.0
0.0

Crossflow
Dynamic Viscosity,�∞

kg^1 m^-3 1.83E-05
1.83E-05
1.83E-05

1.46E-07
1.46E-07
1.46E-07

1.46E-07
1.46E-07
1.46E-07

0.0
0.0
0.0

Aggregate
Jet Dynamic
Viscosity,�j

kg^1 m^-3 1.83E-05
1.83E-05
1.83E-05

0.0
0.0
0.0

0.0
0.0
0.0

0.0
0.0
0.0

Pressure Gage,ΔP Pa − 56.58
− 55.39
− 56.23

5.58
5.48
5.56

5.34
5.23
5.30

1.63
1.66
1.67

Ambient Pressure,Pamb kPa 101.14 5.35 5.35 0.11
Relative Humidity,�amb 54.9 2.9 2.7 1.1
Non-Dimensional
Boundary Layer Thickness,
�j1∕D , �j2∕D,�j3∕D

0.40, 0.46, 0.53

Reynolds Number,Re∞ 1.82E + 05
1.82E + 05
1.82E + 05

Reynolds Number,Rej 1.24E + 04
1.74E + 04
2.26E + 04

Vj∕U∞ 0.90
1.27
1.66
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