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Abstract 
Particle image velocimetry experiments were carried out to investigate the formation and dynamics of compressible vortex 
rings (CVRs) generated by a shock tube apparatus. Five shock Mach numbers ( M

s
 ) including M

s
= 1.28 , 1.39, 1.48, 1.56, 

and 1.59 are designed to generate the three typical CVRs including shock-free CVRs, CVRs with embedded shock, and CVRs 
with embedded shock and counter-rotating vortex rings (CRVRs). Experimental results show that after the incident shock 
leaves the tube exit, CVRs roll up, grow in size, and then pinch off at a certain timescale. By referring to the idea of vortex 
formation time, CVRs are found to pinch off at the dimensionless formation number within the narrow range of F∗

= 3.5 ± 0.5 
for the range of M

s
= 1.28–1.59. When M

s
≥ 1.48 , the embedded shock appears inside the CVRs and axially stretches the 

vortex core, therefore significantly affecting the dynamics of CVRs. The maximum axial velocity along the centerline, the 
non-dimensional mean core radius, and the propagation velocity of CVRs all increase with M

s
 when M

s
≤ 1.48 ; however, 

they no longer increase when M
s
> 1.48 owing to the effects of embedded shock. In addition, the propagation velocity esti-

mated by the formula given by Moore (Proc R Soc Lond A 397:87–97, 1985) shows the better agreement with that obtained 
by experimental measurement for shock-free CVRs than CVRs with embedded shock and CVRs with CRVRs.
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Graphic abstract

1 Introduction

Vortex rings are one of the most fundamental and fasci-
nating structures in three-dimensional flows. In the past 
several decades, vortex rings have attracted the attention 
of massive investigators and a great amount of researches 
has been reported on them (Shariff 1992; Aydemir et al. 
2012; Dora et al. 2014). Most of the researches focused on 

the incompressible vortex rings (ICVRs), which are usu-
ally generated by the piston-cylinder apparatus in labora-
tory (Xiang et al. 2018a, b; Aydemir et al. 2012). As one 
canonical vortex in compressible flows, compressible vortex 
rings (CVRs) always appear in the flows from a rocket noz-
zle, diesel engine exhaust mufflers, and pulse combustors. 
In addition, CVRs can also be formed from volcanic erup-
tion in nature. Understanding the formation and dynamics 
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of CVRs is of particular importance to exemplify the other 
compressible vortices and improve the performance of the 
industrial systems in engineering. Compared with ICVRs, 
the formation and dynamics of CVRs are more complex due 
to the compressibility effects and the emergence of shock/
expansion waves.

In the laboratory, a canonical and axisymmetric CVR 
is generated from a shock tube at the open end with some 
fascinating phenomena including the process of the shock 
wave propagation and diffraction expansion, slip stream 
separation, and vortex sheet rolling-up. The first recorded 
observation of the propagation of the shock wave along 
the cylindrical tube was reported by Vieille (1899), who 
used schlieren technique to find the formation of the inci-
dent shock and examined the propagation velocity of 
shock wave. Then, Payman and Shepherd (1946) stud-
ied the motion of the shock wave for different lengths of 
driver section and different driver gases by using schlieren 
technique. In the similar manner, Elder and Haas (1952), 

Phan and Stollery (1983), Baird (1987), and Minota (1997) 
investigated the structures and characteristics of CVRs 
generated by an open-end shock tube. Owing to the techni-
cal limitations, these investigations are mostly qualitative 
observations.

Since the late 1990s, the study of CVRs has been 
carried out to a greater depth due to the rapid advance-
ments in experimental measurement and computational 
fluid dynamics technology. With these improvements, 
the detailed information of CVRs can be quantitatively 
extracted. Particle image velocimetry (PIV) technology 
was first used by Arakeri et al. (2004) to analyze the for-
mation process of CVRs for three Mach numbers of the 
incident shock wave ( Ms ) 1.1, 1.2, and 1.3. They found that 
the stable propagation velocity of CVRs is approximately 
0.7Ub , where Ub is the velocity at the nozzle just behind the 
shock. By using PIV, Zare-Behtash et al. (2009) focused 
on the formation of CVRs with various nozzle geometries. 
They found that the CVR, which generated from the square 

Fig. 1  Schematic of the experimental setup with a shock tube apparatus

Fig. 2  Geometric parameters of the shock tube
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or elliptic nozzle, was proceeding axis switching during 
the downstream propagation. For the eye-shaped nozzle, 
the growth rate of CVR diameter weakly depends on the 
Mach number of shock wave in the early stage, while the 
circulation of CVR was reduced due to the influence of 
viscosity in the late stage. As is well known, for the CVRs 
generated by a shock tube, their characteristics are strongly 
dependent on two key parameters. One is the pressure ratio 
between driver section and driven section (PR), and the 
other one is the length of driver section (DL). In general, 
PR determines Ms and affects the compressibility of CVRs. 
Depending on Ms , CVRs mainly exhibit three types. The 
first type is the shock-free CVR for Ms < 1.43 , and Elder 
and Haas (1952) studied the propagation velocity of shock-
free CVR for Ms = 1.12 and 1.32. The second type is the 
CVR with embedded shock for 1.43 < Ms < 1.60 . Murugan 
et al. (2012) studied the formation and evolution of shock 
cell structure in CVRs by numerical simulation and PIV 
measurements, and they found that the embedded shock 
is the major factor on CVR stretching and deformation 
for Ms = 1.57. The last type is the CVR with embedded 

shock along with counter-rotating vortex rings (CRVRs) 
ahead of it for Ms > 1.6 . Brouillette and Hebert (1997) first 
observed the appearance of CRVRs by using shadowgra-
phy. Ishii et al. (1999) and Kontis et al. (2006) observed 
the counter-rotating ahead of primary ring after Brouillette 
and Hebert, and the exact dynamics of the counter-rotat-
ing vortex ring were first reported by Murugan and Das 
(2007). Then, Murugan and Das (2010), Murugan et al. 
(2013), and Dora et al. (2014) investigated the formation 
of CRVRs in detail and their interaction with the CVR. In 
addition, the numbers of CRVRs are found to be dependent 
on PR, as well as DL. In 2014, Dora et al. (2014) found 
that the formation of CRVRs is largely owing to the Kel-
vin–Helmholtz-type shear flow instability of the slipstream 
originating from the triple point of the Mach disk. These 
investigations have provided plentiful knowledge on the 
formation and flow pattern of CVRs generated by a shock 
tube; however, the knowledge of the dynamics of CVRs 
is greatly lacking.

In addition to the experimental and numerical investiga-
tions, some theoretical analyses were performed to study 
the compressibility effects on the dynamics of compress-
ible vortex including the CVR. Based on the mathematic 
solutions for a vortex, Moore (1985) proposed a theoreti-
cal formula for estimating the propagation velocity of an 
inviscid CVR with calorically perfect gas. It is found that 
the propagation velocity of CVRs should be slowed down 
due to the compressibility effects. Similarly, compressibility 
has major impact on the structure of vortex by some other 
researchers. Applying the solution of the Euler equation to 
the compressible flow fluid, Brown (1965) examined the 
effect of compressibility on the inviscid leading-edge vor-
tex and illustrated that compressibility mainly acts near the 
axis which called boundary-layer effect. Using a perturba-
tion method in theoretical calculation, Moore and Pullin 
(1987) discussed the motion of a vortex pair in an inviscid 
compressible fluid. For given dimensions and circulation, 
they found that the distortion of the vortex pair boundary 
increased due to compressibility effects. Although it is 
undoubted that the compressibility effects play a significant 
role on the features of compressible vortices, to the best of 
our knowledge, the dynamics of CVRs with a wide range of 
Ms are rarely investigated.

Compared with CVRs, the dynamics of ICVRs have 
been widely investigated. Fraenkel (1972) proposed sec-
ond-order formula to describe the ICVRs that have finite 
but thin core. Subsequently, some modifications for the 
ICVR dynamics were given by Sullivan et al. (2008) and 
validated by comparing with the experimental results. For 
the ICVRs generated by a piston-cylinder apparatus, the 
vorticity in their core satisfies Gaussian distribution, their 
circulation formation can be predicted by the Slug model, 
and their propagation velocity depends on the Biot–Savart 

Table 1  Mach number of the shock wave in shock tube

PR M
s
 (experimental measurements) M

s
 

(theoretical 
results)

3.5 1.28 1.30
5 1.39 1.40
7 1.48 1.50
9 1.56 1.57
10.5 1.59 1.60

Fig. 3  Pressure transducer signals in the driven section for the case of 
PR = 10.5
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law (Didden 1979; Krueger 2005; Shaffman 1970). In addi-
tion, a vortex pinch-off process was observed in the for-
mation of ICVRs by Gharib et al. (1998) and suggests an 
optimal vortex formation principle (Dabiri 2009). After the 
occurrence of pinch-off, ICVRs cannot grow any longer and 
the additional vorticity rolls up to form the secondary trail-
ing vortices (Gao and Yu 2012). Based on the dynamics of 
ICVRs, an analytical model was proposed by Gao and Yu 
(2010) to describe the formation and pinch-off of ICVRs. 
However, the pinch-off of CVRs generated by a shock tube 
has not been identified. Therefore, the knowledge of ICVRs 
can provide important reference to understand the formation 
and dynamics of CVRs.

In sum, this paper attempts to analyze the formation of 
the CVRs generated by a shock tube and investigate the com-
pressibility effects on the dynamics of CVRs. A shock tube 
apparatus is designed to generate CVRs and PIV technique 
is used to measure the time-dependent flow fields during 
CVR formation. Based on PIV measurements, the flow pat-
terns are shown to explain the formation of CVRs and the 
development of some inner structures. Subsequently, the 
circulation production and vortex pinch-off phenomena 
are investigated in detail. To investigate the compressibil-
ity effects on the dynamics of CVRs, the core size, vortex 
radius, and propagation velocity are analyzed. In the pre-
sent study, the types of CVRs include the shock-free CVRs, 
CVRs with embedded shocks, and CVRs with CRVRs and 
embedded shocks.

2  Experimental setup and techniques

An open-end shock tube apparatus is used to obtain the 
axisymmetric CVRs, as shown in Fig. 1. Our experimental 
setup mainly includes a shock tube apparatus to generate 
CVRs, the PIV measurement system to measure the flow 
field of CVRs, three pressure transducers to measure the 
strength of incident shock, and a synchronically trigger sys-
tem to control the operation of laser and camera.

The geometries of the shock tube are shown in Fig. 2, 
which consists of a driver section and a driven section. 
The driver section is filled with compressed air. Both the 
driven section and box are opened to share the same condi-
tion with the atmosphere. The experimental temperature is 
25 ± 1 ◦ C. In order to investigate the compressibility effects 
on the CVR formation and dynamics, the driver section 
was fixed with the constant length of 100 mm and the pres-
sure ratio between driver section and driven section (PR) 
was changed. The shock tube had an inner diameter ( Dt ) of 
52 mm and a wall thickness of 12 mm. The driven section 
had a wedge-shaped edge of 30◦ at the end to ensure the 
smooth rolling-up of the vortex sheet at the exit. A cylinder 
was mounted on the other side of the driver section, which 

was controlled by solenoid valve and driven by compressed 
air. Mylar sheets of different thicknesses were used as dia-
phragms and were entirely ruptured using an ejector pin, 
which was driven by the piston of cylinder. In our study, the 
thickness of diaphragms was 0.038 mm, 0.05 mm, 0.08 mm, 
0.1 mm, and 0.12 mm corresponding to PR = 3.5, PR = 5, 
PR = 7, PR = 9, and PR = 10.5. The driver section was 
equipped with a manometer (Omega DPGM409-035BA) 
used to monitor air pressure.

The pressure measurement system was used to measure 
the strength of the shock wave by calculating the propa-
gation velocity of the shock wave with the three pressure 
transducers (PCB 113B21). The variations of the pressure 
signals recorded by the three transducers are shown in 
Fig. 3. The shock wave Mach number ( Ms ) at different PR 
values can be calculated by measuring the time intervals 
Δt1 and Δt2 between the two transducers. From the results, 
we can find that the propagation velocity of the shock wave 
for PR = 10.5 in the shock tube is reduced from 540.15 to 
537.28 m/s. The propagation velocity of the shock wave is 
decreased by less than 1% along the shock tube. Moreover, 
due to the short driver section used in the present experi-
ments, strong pressure fluctuations and significant pressure 
attenuation are observed in Fig. 3, thereby indicating that the 
shock pressure profile is unsteady and the shock in the shock 
tube is more similar to a blast wave (Chandra et al. 2012; 
Murugan and Das 2018). In this paper, the Mach number of 
this shock wave is taken as the average of the two segments. 
In addition, the Mach number of shock wave can be calcu-
lated theoretically by

where � is the thermodynamic coefficient of air.
In Table 1, the Mach numbers of shock wave obtained 

by experimental measurements and theoretical calculations 
are shown. It is found that the experimental results are up 
to approximately 1.5% smaller than theoretical results. This 
slight difference is largely attributed to the influence of vis-
cous boundary layer, the impact of the diaphragm breaking 
process, and the short driver section.

The velocity field was measured by a PIV system, which 
consists of a double-pulsed Nd:YAG (380 mJ/pulse) laser for 
illumination, a 14-bit PCO.2000 CCD camera for capturing 
the particle images, and a synchronization (DG645). The 
C 26H50O4 oil is evaporated as the tracing particles that are 
seeded by a LAVSION generator. The average size of the 
oil mist particles was approximately 0.2–0.5 μ m, and the 

(1)

PR =

[

1 +
2�

� + 1

(

M2
s
− 1

)

]

×

[

1

1 − [(� − 1)(� + 1)]
(

Ms − 1∕Ms

)

]2�∕(�−1)
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Fig. 4  Flow visualization and the corresponding velocity vector superimposed with vorticity contour for the case of PR = 3.5 at some instants: a 
t = 0.22 ms, b t = 0.52 ms, c t = 0.82 ms, d t = 1.02 ms, e t = 1.32 ms, and f t = 1.77 ms
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Fig. 5  Particle images and the corresponding velocity vectors superimposed with vorticity contour for the CVRs propagating at the same posi-
tion. a PR = 3.5 at t = 1.37 ms, b PR = 5 at t = 0.99 ms, c PR=7 at t = 0.69 ms, d PR=9 at t = 0.73 ms, and e PR = 10.5 at t = 0.72 ms
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followability is good enough to capture details of the flow 
field. The steps of filling particles are as follows: (1) after 
the driver section and the driven section are connected, the 
tracing particles are seeded into the driven section and the 
box; (2) the circulating pump is able to get the particles into 
the driven section; and (3) waiting for a while to make the 
particles more uniform and the experiment can be started. A 
cylindrical lens was used to obtain a 2-mm thin laser sheet, 
which was placed perpendicular to the exit plane of shock 
tube and passed the centerline. Perpendicular to the laser 
sheet, a high-resolution camera with 2048 × 2048 pixels was 
placed to record the flow fields. The timing between the two 
pulsed laser pulses was set to be 3–5 μ s based on the shock 
wave velocity inside the shock tube. The paired images 
recorded by the camera were processed by a commercial 
PIV software (TSI Insight 4G). The interrogation zones were 
32 × 32 pixels with 50% overlap. After processing, the flow 
fields of 164 × 164 velocity vectors on the interrogation area 
of 236 mm × 236 mm were constructed. A second-order 
accurate scheme was employed to calculate the vorticity 
fields with the finite differences in the velocity data with 
eight neighboring points.

Here, it should be mentioned that in the box, the trac-
ing particles are filled uniformly. The size of the box is 
designed by 2030 mm in length, 1000 mm in width and 
1000 mm in height, which is large enough to ensure that the 
reflected shocks have no influence on the CVR in the time 
period we care about. And the schlieren technique is used 
to prove that the reflected shocks have not influenced on the 
formation of CVR in our study. To record the flow fields at 
a given time, the signal of pressure transducer (labeled 3) 
is used as a trigger to control the laser and CCD camera to 
operate simultaneously with the synchronization. By vary-
ing the delay in the synchronizing system, we can obtain 
the flow field at different given moments. In our study, the 

measurement of propagation velocity of the shock wave for 
each PR was repeated 40 times, and the experimental results 
showed good repeatability. ( ΔMs/Ms < 1 %, where ΔMs rep-
resents the maximal discrepancy of Mach number of the 
shock between these runs.) In order to satisfy the constraints, 
such as perfect position between laser sheet, camera and 
calibration plate, particle concentration and followability, 
data postprocessing of the PIV measurement system, the 
uncertainty in the velocity of the flow field is within 1% as 
mentioned by Dora et al. (2014).

3  Results and discussion

3.1  Flow visualization of CVR formation and flow 
pattern

Through precisely controlling the triggering time to oper-
ate the PIV system, we obtained a series of time-dependent 
flow fields of CVRs. The flow patterns of CVRs for PR = 3.5 
with Ms= 1.28 at t = 0.22 ms, t = 0.52 ms, t = 0.82 ms, 
t = 1.02 ms, t = 1.32 ms, and t = 1.77 ms are shown in 
Fig. 4a–f. In the present study, the initial time t = 0 ms is 
set to be the time when the incident shock arrives at the 
exit plane of the shock tube. In Fig. 4, the upper picture 
is the flow visualization images and the lower one is the 
corresponding velocity vector superimposed with vorticity 
contour. From the flow visualization images, we can see that 
few particles can stay in the center of the vortex core of CVR 
due to the strong centrifugal force, and the particles mainly 
accumulate in the boundary region of the vortex core. This 
phenomenon was also observed by Arakeri et al. (2004) and 
Murugan and Das (2010); Murugan et al. (2012) as well. 

Fig. 6  Circuit for calculating circulation
Fig. 7  The velocity of the fluid at the nozzle of the shock tube for the 
five cases
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And putting sufficient particles close to the exit can help in 
resolving velocity at the vortex core.

After the incident shock diffracts at the exit of tube, the 
fluid behind it expands to form a slipstream line. Then, the 
slipstream rolls up to form a CVR behind the incident shock. 
In general, the evolution of CVR is basically classified into 
three stages, namely rapid growth, pinch-off, and free trave-
ling stages (Murugan and Das 2010). As shown in Fig. 4a, 
a small vortex core can be seen faintly from the flow visu-
alization and indicates the initial formation of CVR. Then, 
the CVR grows rapidly in size and moves downstream. At 
t = 0.52 ms, a trailing jet appears behind the leading CVR 
and interacts with the leading CVR. From the flow visualiza-
tion in Fig. 4a–c, it can be observed that the core of CVR is 
stable and spherical, indicating that this CVR represents a 
laminar vortex. As the leading CVR grows, the trailing jet 
forms tiny shear layer vortices due to the Kelvin–Helmholtz-
type instability shown in Fig. 4e, f. In this case, the trailing 
vortex is not merged into the leading CVR. The comparison 

between Fig. 4e and f shows that the size of the leading 
CVR almost no longer increases and instead exhibits the 
mechanism of vortex pinch-off. The phenomenon of vortex 
pinch-off was firstly observed by Gharib et al. (1998) in the 
formation of ICVRs. In the following subsection, we further 
analyze the pinch-off of the CVR. After the pinch-off of 
CVR, the physical separation between the leading CVR and 
the trailing vortices is observed, as shown in Fig. 4f. Subse-
quently, the CVR propagates downstream freely.

In order to investigate the compressibility effects on 
CVRs, the flow patterns of CVRs for PR = 3.5, 5, 7, 9, and 
10.5 are presented in Fig. 5. These CVRs nearly travel at the 
same position of X ≈ 2Dt from the exit plane of shock tube.

As PR increases, Ms increases and velocity behind the 
incident shock also increases. As a result, the Reynolds num-
ber (Re j ) of the flow behind the incident shock increases as 
well. Re j is defined as Re j = umaxDt∕� , where umax is the 
maximal velocity of the jet behind the incident shock and � 
is the dynamic viscosity. For the flow with PR = 3, 5, 7, 9, 
and 10.5, the corresponding Reynolds number is 7.52 × 105 , 
10.65 × 105 , 13.42 × 105 , 13.70 × 105 , and 13.98 × 105 . The 
intuitive observation of Fig. 5 demonstrates that more total 
circulation and more trailing vortices are generated as Ms 
increases. From the flow visualization, it is observed that the 
CVRs for PR = 3 and PR = 5 have a stable and laminar vor-
tex core, whereas the vortex cores of these CVRs for PR = 7, 
9, and 10.5 are deformed and axially stretched into an oval 
core owing to the strong trailing jet, flow development, and 
the occurrence of embedded shock. As Ms further increases, 
the strength of embedded shock is enhanced and the axial 

Table 2  Circulation of the leading CVR and its corresponding forma-
tion number for each case

PR M
s � (m2s−1) � ∗

F
∗

3.5 1.28 34.29 2.92 3.2
5 1.39 49.12 3.95 3.53
7 1.48 70.06 5.29 3.83
9 1.56 77.38 5.45 3.56
10.5 1.59 80.62 5.71 3.19

Fig. 8  Normalized circulation of the total jet and the leading CVR as a function of formation time for the five cases
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stretch of vortex core is thereupon enhanced. When PR is 
larger than 7, the vortex core is already unstable and even 
become turbulent. The instability and turbulence of vortex 
core are closely related to many factors including but not 
limited to the compressibility effects and Reynolds number. 
As shown in Fig. 5c, d, the formation of CRVRs is observed 
for the case of PR = 9 and 10.5 with Ms= 1.56 and 1.59, 
which is smaller than the lowest Ms= 1.75 for the appearance 
of CRVRs observed by Murugan and Das (2010). However, 
the formation of CRVRs depends on not only the Ms , but 

also the length of driver section, both of which determine the 
amount of amplitude and the pulse duration. Small CRVR is 
due to weak trailing jet produced in the short driver section 
as compared to them where driver and driven section lengths 
were 165 mm and 1200 mm, respectively. The formation of 
single or multiple CRVRs depends on the value of impulse. 
And the interaction of trailing jet vortices entering the core 
of primary vortex ring could also form the CRVR.

3.2  Circulation evolution and Pinch‑off of CVRs

In general, the circulation of a vortex can be calculated by 
integrating the vorticity with the vortex area or integrating 
the velocity along a path enclosing the vortex area. Because 
the error of velocity measurements is less than that of vorti-
city measurements, the circulation in our study is calculated 
by integrating the velocity along a path. Thus, the circulation 
of total jet and the leading CVR are calculated by,

and

where s and s′ indicate the areas of total jet and leading 
CVRs enclosed by c(ABCDA) and c�(A�B�C�D�A�

) , respec-
tively, as shown in Fig. 6. It should be noted that the circula-
tion of the leading CVRs is calculated just when they can be 
distinguished from the trailing vortices.

(2)�total =
∫s

�ds =
∮
c

(udx + �dy)

(3)�ring =
∫
s�
�ds =

∮
c�
(udx + �dy)

Fig. 9  The axial velocity profiles at the centerline of the shock tube at 
different times for the case of PR = 3.5 with M

s
= 1.28 corresponding 

to the images shown in Fig. 4

Fig. 10  The axial velocity profiles at the centerline of the shock tube 
for the five cases corresponding to the images shown in Fig. 5

Fig. 11  The profile of the radial velocity at the position of the center 
( Y = Y

core
 ) of vortex core for PR = 3.5 at t = 1.17 ms
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Applying Eqs. (2) and (3), the circulation evolution of the 
total jet and the leading CVRs for all the five cases can be 
obtained. The circulation is normalized by the shock wave 
propagation velocity ( Us ) in tube and the inner diameter of 
tube Dt . The expression of non-dimensional circulation is 
� ∗

= �∕(
1

2
UsDt) . Based on the idea of vortex formation 

time for ICVRs, proposed by Gharib et al. (1998) the for-
mation time T∗ for CVRs is defined as T∗

= (∫
t

0
uj(t)dt∕Dt) , 

where ∫ t

0
uj(t)dt indicates the jet length and uj(t) is the 

time-dependent jet velocity at the exit plane of shock tube. 
According to the PIV measurements, the variation of uj(t) 
is presented in Fig. 7. It is found that the jet is accelerated 
at initial time and then slowly decays. As Ms increases, the 
maximal jet velocity increases. However, the maximal jet 

Fig. 12  The variations of vortex ring radius and vortex core radius with the formation time for the five cases. The shadow region indicates the 
varying range of the formation number: F∗= 3.5 ± 0.5
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velocity for PR = 9 and 10.5 does not further increase sig-
nificantly compared with that for PR = 7.

As shown in Fig. 8, the variation of both total circula-
tion and leading CVR circulation ( � ∗ ) against with forma-
tion time ( T∗ ) is presented. In Fig. 8, the circulation of total 
jet and the leading CVR is shown by solid lines with open 
symbols and solid symbols, respectively. It can be seen that 
the increase in total circulation exhibits a linear relation-
ship with the formation time. According to the criterion 
proposed by Gharib et al. (1998), the onset of vortex pinch-
off, termed as formation number (denoted by F∗ ), coincides 
with the time when the total circulation is equal to the final 

circulation of the leading CVR. Applying this criterion, the 
case of PR = 7 is taken as an example to determine the for-
mation number, which is approximately 3.8. Subsequently, 
the formation number for each case in the present study is 
shown in Table 2.

In Table 2, the circulation and non-dimensional circula-
tion of the leading CVR are shown, as well as the forma-
tion number. Taking the case of PR = 3.5 with Ms= 1.28 
for example, the pinch-off process of the CVR is analyzed. 
In Fig. 4, the instantaneous formation time is T∗

= 0.47 , 
T∗= 1.65, T∗= 2.57, T∗= 3.08, T∗= 3.77, and T∗= 4.65 
corresponding to t = 0.22  ms, t = 0.52  ms, t = 0.82  ms, 
t = 1.02 ms, t = 1.32 ms, and t = 1.77 ms. For this case, 

Fig. 13  The variations of the vortex ring radius and vortex core radius with the strength of the incident shock wave

Fig. 14  The variations of the non-dimensional mean core radius � 
with the Mach number of shock wave

Fig. 15  The linear relationship between CVR propagating distance 
and time for the five cases
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the formation number is 3.2. Thus, it can be found that the 
size of the leading CVR grows before formation number, as 
shown in Fig. 4a–d. Once the vortex ring is pinched off, as 
shown in Fig. 4e, f, its size no longer grows. The additional 
circulation in the trailing jet forms the secondary trailing 
vortices. When T∗= 4.65, a physical separation between 
the leading CVR and the trailing vortices is observed. As 
shown in Table 2, the formation numbers of CVRs for dif-
ferent Ms are slightly varied but stay in the narrow range of 
3.0–4.0, which agrees with that of ICVRs generated by the 
piston-cylinder apparatus. Table 2 shows that the formation 
number of CVRs for PR = 9 and PR = 10.5 is a little smaller 
than that for PR = 7. According to the investigations on 
ICVRs, the formation number may vary by some factors, 
including but not limited to the Reynolds numbers (Gao and 
Yu 2012), and velocity history of the jet at the nozzle exit 
(Shusser et al. 2006; Xiang et al. 2018b), whereas the com-
pressibility effects should also have an important role on 
the formation number of CVRs. However, one cannot draw 
the robust conclusion that the formation number of CVRs 
shares a universal timescale that satisfies the optimal vortex 
formation principle proposed by Dabiri (2009). In the future 
works, we will further investigate the formation number of 
CVRs for more flow conditions and explain the mechanism 
of CVR pinch-off.

3.3  Axial velocity profiles at the centerline

For CVRs, the maximal velocity is the axial velocity near 
the centerline. According to the axial velocity, Baird (1987) 
classified the CVRs into subsonic and supersonic CVRs. 
CVRs are supersonic in the sense that the maximal axial 

velocity is supersonic in the frame of reference of the vor-
tex ring. In addition, supersonic CVRs are usually associ-
ated with the existence of embedded shocks and therefore 
are also the CVRs with embedded shocks and the CVRs 
with CRVRs. Thus, the subsonic CVRs are also the shock-
free CVRs. To reflect the vortex/wave interaction, the axial 
velocity profiles along the centerline of shock tube at differ-
ent times for the case of PR = 3.5 are presented in Fig. 9. 
From the axial velocity profile at T∗

= 0.47 , one can observe 
the position of the incident shock, denoted by the dash line, 
is X = 95 mm from the exit plane of shock tube. In Fig. 9, 
the position of maximal axial velocity indicates the core 
position of the leading CVR. At T∗= 3.77, when the lead-
ing CVR is pinched off, the trailing jet can be seen clearly 
behind the leading CVR, as shown in Fig. 9. Moreover, a 
secondary peak of the axial velocity appears at T∗= 4.65 and 
indicates the rolling-up of a secondary vortex.

Owing to the enhancement of compressibility, CVRs 
will become supersonic. Figure 10 shows the centerline 
axial velocity profiles for the five cases with different PRs. 
When PR = 3.5 and 5, the corresponding Mach number of 
the incident shock is 1.28 and 1.39, for which the CVRs 
are shock-free and subsonic. When PR = 7, 9, and 10.5, 
an embedded shock appears inside the CVR, and a shock 
cell structure appears in the subsequent trailing jet as well.

3.4  Vortex radius, core size, and vorticity 
distributions of CVRs

Core characteristics including the radius of vortex core 
(denoted by a) and the radius of vortex ring (denoted by 
R) are of particular importance to describe the dynamics 
of vortex rings. For ICVRs, the Fraenkel’s second-order 
formula, the modified formula proposed by Sullivan et al. 
(2008), and the generalized model proposed by Kaplanski 
et al. (2009) are strongly dependent on the core character-
istics. In general, the radius of vortex ring is defined as the 
distance between the center of the vortex core and centerline 
of the vortex ring. Figure 11 displays the profile of the radial 
velocity at Y = Ycore , where Ycore  represents the position of 
the center of the vortex core. The coordinates ( Xcore , Ycore ) 
of vortex core are defined by,

where s′ denotes the area of the leading CVR. Accordingly, 
the distance 2a along the X-axis between the maximum and 
minimum points at the ends of the approximately linear seg-
ment of the curve is set as the diameter of the vortex core.

(4)Xcore =

∫
s�
�xds

�

(5)Ycore =
∫
s�
�yds

�

Fig. 16  The variation of CVR propagation velocities against M
s
 . The 

propagation velocities were obtained by our experimental measure-
ments and theoretical equations (6)–(7), respectively
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In Fig. 12, the variations of the vortex ring radius and 
vortex core radius against the formation time are shown for 
the five cases. As the formation time proceeds, vortex ring 
radius and vortex core radius increase. Once the CVRs pinch 
off at F∗= 3.5±0.5, the vortex ring radius nearly remains 
unchanged, as shown in Fig. 12a. For the vortex core radius, 
it shares the similar tendency with the vortex radius before 
CVRs pinch off. However, the vortex core radii seem to con-
tinue to grow after the pinch-off of CVRs. This is largely 
because of the vorticity dissipation along the radial direc-
tion. In addition, compared with the subsonic CVRs for 
PR = 3.5 and 5, the vortex core radii of supersonic CVRs 
for PR = 7, 9, and 10.5 exhibit more fluctuation which are 
mainly due to the penetration of shear layer vortices into 
the primary vortex ring and their interaction with embed-
ded shock.

After the occurrence of vortex pinch-off, CVRs begin 
to propagate downstream without growth. Then, one can 
detect the average values of vortex ring radius and vortex 
core radius of CVRs with error bars after T∗= 4.0, and 
their variations against the strength of the incident shock 
are shown in Fig. 13. It is found that both the vortex ring 
radii and the core radii increase with Ms when Ms < 1.48 , 
whereas the two radii are likely limited when Ms > 1.48 
because of the appearance of embedded shock. Gener-
ally, the non-dimensional mean core radius �(� = a/R) is 
used to describe the core model of vortex rings. Figure 14 
shows the variation of � against Ms . It is found that the 
non-dimensional mean core radius � is smaller than 0.4 
in the present study, therefore indicting the CVRs belong 
to the thin-core vortex rings. In particular, the appearance 
of embedded shock significantly affects the vortex core by 
stretching the core shape and limiting the core size.

3.5  Propagation velocity of CVRs

Owing to the self-induction, vortex rings can propagate 
downstream with the self-induced velocity. Though massive 
investigations and modifications, the formulas for estimat-
ing the propagation velocity of ICVRs are more and more 
precise (Shaffman 1970; Shusser and Gharib 2000; Sullivan 
et al. 2008). As shown in the above investigations, compress-
ibility significantly affects the core characteristics of CVRs 
and therefore affects the propagation velocity of CVRs.

The present study focuses on the propagation veloc-
ity (denoted by U) of the free traveling CVRs. As shown 
in Fig. 15, the axial position of vortex core of CVRs as a 
function of time after the occurrence of vortex pinch-off is 
presented. It is found that the displacement of CVRs has a 
strong linear relationship with time, indicating that the prop-
agation velocity of CVRs almost keeps constant during the 
free traveling process and velocity decay due to energy dissi-
pation is quite slight. Thus, by linear fitting, the propagation 

velocity of CVRs for Ms= 1.28, 1.39, 1.48, 1.56, and 1.59 is 
96.3 m/s, 133.7 m/s, 158.5 m/s, 177.7 m/s, and 180.1 m/s, 
respectively. It should be mentioned that the velocity here 
is the averaged velocity of the CVR after the occurrence of 
CVR pinch-off.

By considering the compressibility effects, a formula 
was proposed by Moore (1985) to estimate the propagation 
velocity of an inviscid CVR. The formula is expressed by

where �r is the CVR circulation and Mc is the Mach number 
of vortex core defined by

where c
∞

 is the sound speed at the far field.
Figure  16 presents the CVR propagation velocities 

obtained by our experimental measurements and the theo-
retical calculations based on Eqs. (6)–(7), respectively. The 
propagation velocity is approximately 0.2–0.4Us , where 
Us is the propagation velocity of the incident shock in the 
shock tube. Both the experimental and theoretical results 
show that the propagation velocity performs an increased 
tendency with Ms when Ms < 1.56 . For Ms= 1.56 and Ms

= 1.59, the increase in the vortex ring velocity is slower than 
the increase in the shock velocity. Therefore, compared to 
Ms = 1.56, the non-dimensional velocity (U/Us ) is slightly 
smaller for Ms = 1.59. And this may be due to the appear-
ance of embedded shock in the CVRs that significantly 
affects the propagation velocity of CVRs. The peak propa-
gation velocity of W = 0.35Us is demonstrated. In addition, 
the experimental values are slightly larger than the theoreti-
cal results and the differences between them become more 
apparent when Ms is larger than 1.48. Such differences are 
probably attributed to the following factors: (1) the assump-
tion of inviscid fluids and perfect core model in Eq. (6), (2) 
the errors in the estimation of a and R, and (3) theoreti-
cal equations ignoring the effects of embedded shock when 
Ms > 1.48.

4  Conclusions

In this paper, the formation and dynamics of compressible 
vortex rings (CVRs) generated by a shock tube were experi-
mentally investigated using PIV technique. To investigate 
the compressibility effects on the formation and dynamics of 
CVRs, the pressure ratio between driver section and driven 
section (PR) was varied from 3.5 to 10.5. Correspondingly, 
the Mach number of the incident shock ( Ms ) was varied from 
1.28 to 1.59 and three typical CVRs are generated including 

(6)U =
�r

4�R

[

ln
8

�
−

1

4
−

5

12
M2

c
+ O(M4

c
)

]

(7)Mc =
�r

2�ac
∞
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shock-free CVRs, CVRs with embedded shock, and CVRs 
with embedded shock and CRVRs.

It is observed that a laminar CVR begins to roll up and 
grows in size until the occurrence of vortex pinch-off after 
the incident shock leaves the exit of shock tube for PR = 3.5 
with Ms= 1.28. As Ms increases from 1.28 to 1.59, the vor-
tex core of CVRs deforms and even becomes turbulent for 
Ms ≥ 1.48 and the counter-rotating vortex rings (CRVRs) 
appear for Ms ≥ 1.56 . The deformation of vortex core is 
related to many factors including the embedded shock, 
shear layer trailing vortices, and the vortex induced shock. 
By referring to the idea of vortex formation time, CVRs are 
found to pinch off at the formation number within the narrow 
range of F∗

= 3.5 ± 0.5 for the range of PR = 3.5–10.5 with 
DL = 100 mm in the present study. In addition, the formation 
number of CVRs basically agrees with that of the ICVRs 
generated by the piston-cylinder apparatus and satisfies the 
principle of optimal vortex formation number.

To investigate the compressibility effects on the dynamics 
of CVRs, the axial velocity profiles, vortex core characteris-
tics, and the propagation velocity of CVRs were analyzed in 
this paper. It is found that the maximal axial velocity is larger 
than the speed of sound when Ms ≥ 1.48 , therefore resulting 
in the appearance of the embedded shock and indicting these 
CVRs are supersonic. The tendency of vortex radii (R) and 
core radii (a) with Ms shows that the embedded shock has 
limited the core growth by axially stretching the core shape. 
In addition, the non-dimensional mean core radius �(�=a/R) 
of CVRs is lower than 0.4, thereby suggesting that the CVRs 
belong to the thin-core vortex rings. By the experimental 
measurements, we obtained the propagation velocity of free 
traveling CVRs, which shows basic agreement with that esti-
mated by the theoretical formula proposed by Moore (1985). 
Moreover, it is found that the propagation velocity of CVRs 
seems to arrive the peak velocity of U = 0.35Us owing to the 
appearance of embedded shock.

These observations in this paper not only provide insights 
into the formation of CVRs, but also demonstrate the com-
pressibility effects on the dynamics of CVRs. This informa-
tion is useful to understand the formation and dynamics of 
both CVRs and other compressible vortices. In the further, 
we would like to further investigate the formation of CVRs 
with more conditions to obtain more robust conclusions 
particularly including the formation number of CVRs. In 
addition, more precise dynamic models for CVRs are worth 
studying.
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