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number, subsequently called the Dean number (De). His 
analytical solution based on perturbation theory was lim-
ited to low De, which was expanded by other studies that 
varied De and found its effects on the flow structures. Sub-
sequently, Lyne (1971) theoretically proved one extra pair 
of vortices, rotating in opposite direction of Dean vortices 
in fully developed oscillatory flow, in a curved tube with 
high Womersley number (α  >  13). Lyne’s flow visualiza-
tion and other studies (Zalosh and Nelson 1973; Bertelsen 
1975; Mullin and Greated 1980; Eckmann and Grotberg 
1988) also confirmed his theory. Later, Sudo et al. (1992) 
studied pulsatile flow in curved pipes over a wide range of 
Womersley number and classified the secondary flow struc-
tures into five categories (Dean; deformed-Dean; interme-
diate between Dean and Lyne; Lyne; and deformed-Lyne). 
Berger et  al. (1983) published a detailed literature review 
on flow in curved pipes.

Due to difficulties in performing experiments, many 
studies have employed numerical simulations or analyti-
cal approaches to investigate the physics of the flow in 
curved tubes (Zalosh and Nelson 1973; Soh and Berger 
1984; Hamakiotes and Berger 1988; Shahcheraghi et  al. 
2002; Siggers and Waters 2005). Hamakiotes and Berger 
(1988) simulated the pulsatile flow using a computational 
fluid dynamics (CFD) projection method. They showed that 
for high Dean numbers the secondary flow separates from 
the inner wall and a small vortex forms in the separation 
region. Hamakiotes and Berger (1988) also indicated that 
the pressure leads the velocity (in phase), and this causes 
a flow reversal near the pipe wall, and hence, a local maxi-
mum in axial shear stress occurs. Zalosh and Nelson (1973) 
analytically solved the flow in a curved pipe under oscilla-
tory pressure gradient and showed that for greater frequen-
cies the inviscid core is surrounded by a viscous boundary 
layer confined to the wall region. Under these conditions, 

Abstract  Steady flow and physiological pulsatile flow 
in a rigid 180° curved tube are investigated using particle 
image velocimetry. A non-Newtonian blood-analog fluid 
is used, and in-plane primary and secondary velocity fields 
are measured. A vortex detection scheme (d2-method) is 
applied to distinguish vortical structures. In the pulsatile 
flow case, four different vortex types are observed in sec-
ondary flow: deformed-Dean, Dean, Wall and Lyne vor-
tices. Investigation of secondary flow in multiple cross 
sections suggests the existence of vortex tubes. These 
structures split and merge over time during the decelera-
tion phase and in space as flow progresses along the 180° 
curved tube. The primary velocity data for steady flow 
conditions reveal additional vortices rotating in a direction 
opposite to Dean vortices—similar to structures observed 
in pulsatile flow—if the Dean number is sufficiently high.

1  Introduction

For roughly a century, fluid flow through a curved pipe 
has been investigated in many studies because of its many 
applications—from industrial to physiological flows. 
Dean (1927, 1928) analytically showed that one sym-
metric counter-rotating vortex pair forms in steady flow 
in curved pipes. He also established a non-dimensional 
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they observed a doubly peaked axial velocity profile and 
hence, a negative centrifugal force gradient, which led to 
secondary flow being directed toward the inner wall, oppo-
site to the direction of the Dean vortex. This counter-rotat-
ing vortex pair is the Lyne vortex system (Lyne 1971). Soh 
and Berger (1984) simulated steady flow using an artificial 
compressibility method and, interestingly, observed similar 
axial velocity profiles as in the pulsatile case. They reported 
a two-step plateau in axial velocity for high Dean numbers 
(Re

√
δ = 564.8 and 680.3) due to separation of second-

ary flow from the inner wall and existence of inviscid core 
region and doubly peaked axial velocity due to highly dis-
torted secondary flow. Therefore, the doubly peaked axial 
velocity accompanied with a negative centrifugal force 
gradient can occur in steady flows at sufficiently high Dean 
numbers, as well as in pulsatile flows.

Experimental studies on flow in curved pipes can pro-
vide a basis for evaluation of simulations and insights into 
flow dynamics. Chandran and Yearwood (1981) studied 
physiological pulsatile flow in a curved pipe using three-
dimensional hot-film anemometry. They reported shifting 
in peak axial velocity along the curve, reversed flow along 
the inner wall during the deceleration phase and trapped 
vortical motion downstream of the inlet. The separation 
from the inner wall was also reported by Talbot and Gong 
(1983) who measured a pulsatile sinusoidal flow in curved 
pipes with two curvature ratios (δ =  1/20 and 1/7) under 
different Womersley numbers using a laser velocimetry 
technique. They noted that when curvature ratio is high the 
primary flow tends to separate from the inner wall due to 
adverse pressure gradient imposed by wall curvature and 
flow deceleration. Furthermore, Talbot and Gong (1983) 
observed the separation point moving upstream during flow 
deceleration. Similar to Chandran and Yearwood (1981), 
they reported reversed flow at the inner wall, but observed 
less shifting and variation in maximum of axial velocity 
profile.

Advances in computational resources and developments 
in experimental instrumentation have overcome the limi-
tations in previous studies and provided simulations with 
higher spatial resolution, as well as high spatial resolution 
planar flow-field measurement (Boiron et al. 2007; Huang 
et al. 2010; Timité et al. 2010; Jarrahi et al. 2011). Boiron 
et al. (2007), for example, studied several pulsatile physio-
logical flow rates both numerically and experimentally and 
obtained good agreement between these results. The axial 
velocity peak in their flow at the 90° location was located 
near the inner wall during acceleration and shifted toward 
the outer wall, with a higher maximum during inflow decel-
eration. They also computed numerous forces in the flow 
field based on their numerical results, including radial pres-
sure gradient force, centrifugal force and spatial and tem-
poral inertial forces. They showed that the radial pressure 

gradient force exceeds the centrifugal force before the peak 
flow rate, resulting in a stagnation point first occurring in 
the secondary flow, followed by Lyne vortex formation.

Timité et  al. (2010) also studied axial velocity profiles 
and secondary flow in steady, oscillatory and pulsatile 
inflow conditions both numerically (Fluent 6 software) 
and experimentally by a laser Doppler velocimetry tech-
nique. They observed the additional vortex pair for high 
Dean number in steady flow, similar to Soh and Berger 
(1984) and van Wyk et al. (2015), and attributed this to the 
proximity of the developing region. The effect of veloc-
ity amplitude ratio (β), the ratio of maximum oscillatory 
component to the mean component of pulsatile flow, was 
also investigated by Timité et al. (2010). They showed that 
(in agreement with Takami et  al. 1984; Hamakiotes and 
Berger 1988) for β  <  1 the flow structures are similar to 
the steady flow case, while for β > 1 the flow structures are 
more complex than Dean flow containing Lyne vortices. 
Huang et al. (2010) studied the pulsatile physiological flow 
in simplified normal and stenosed aortic arches including 
the three branch vessels using time-resolved particle image 
velocimetry (PIV). Using axial velocity and wall shear 
stress (WSS) data they observed a large separation bubble 
at inner wall due to the adverse streamwise pressure gradi-
ent. A recirculation zone upstream of the first branch was 
also observed at the outer wall during deceleration because 
of reverse flow from the branch, which caused a large WSS 
in that region.

In our laboratory, Glenn et al. (2012) studied physiologi-
cal pulsatile flow (based on carotid artery waveform, see 
Holdsworth et  al. 1999) using PIV in a curved tube with 
and without idealized stent-induced disturbances. They 
observed different secondary flow morphologies through-
out the cardiac period: one, two and three symmetric 
pair(s) of vortical pattern including deformed-Dean, Dean, 
Wall and Lyne vortices. Proper orthogonal decomposition 
was applied, and a regime map for vortical structure based 
on secondary Reynolds number and acceleration parameter 
was proposed. This study was followed by Bulusu and Ple-
sniak (2013) to examine disturbances induced by a realistic 
stent model. They applied two-dimensional Ricker wavelet 
analysis to the vorticity field to identify different vortical 
structures in secondary flow at 90° along the curve. All of 
the above-mentioned studies used Newtonian blood-analog 
fluid in their simulations and experiments, except van Wyk 
et  al. (2015) who simulated pulsatile flow in curved pipe 
using both Newtonian and non-Newtonian (shear-thinning) 
models. They compared only their numerical Newtonian 
results with available experimental PIV data, with favora-
ble results.

Pulsatile flow in a 180° curved tube is investigated in 
the present study due to its relevance in physiological flow, 
applications in industrial systems and existence of various 
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secondary flow structures. Most of the studies on pulsatile 
flow in curved pipes have been focused on the velocity field 
with some attention paid to the vorticity fields. In general, 
there is a dearth of studies using vortical structure detec-
tion schemes to study the evolution of vortical structures 
in both time and space. High-resolution experimental data 
covering both the primary and secondary flow are essential 
to provide boundary and initial conditions for numerical 
simulation, as well as validation. The present study extends 
the understanding of flow in curved tubes by investigating 
the evolution of vortical structures in a curved artery model 
under both steady and physiological carotid artery (pulsa-
tile) inflow waveform. A non-Newtonian working fluid is 
used to more realistically mimic physiological flows, and 
in-plane velocity fields are measured with high-resolution 
PIV (Sect.  2). A vortex detection algorithm is applied to 
both secondary and primary velocity field data to distin-
guish vortical structures from others (Sect. 3). Section 4 is 
devoted to velocity, vorticity and vortex detection results 
with discussion concerning flow structures, as well as cir-
culation analysis and vortex locus results.

2 � Experimental apparatus and methods

2.1 � Test section geometry

The 180° curved tube was machined out of an acrylic block 
and polished to provide clear optical access. Unobstructed 

optical access for both top-view and cross-sectional view 
measurements required two different test sections (sche-
matics are shown in Fig.  1). The inner diameter of pipe 
is d = 12.7 mm with a curvature ratio of δ = d/D = 1/7. 
The cross-sectional measurements were made at 0°, 45°, 
90°, 135° and 180° along the curve, and top-view measure-
ments were taken at a plane 2.5 mm above the horizontal 
centerline of the pipe to cut through the secondary flow 
structures.

2.2 � Blood‑analog fluid rheology

Human blood is a complex fluid composed of various sub-
stances and particles, i.e., plasma, red and white blood 
cells, platelets and proteins. Therefore, it is important that 
a blood-analog fluid used for in vitro experiments has char-
acteristics of real blood, as well as being optically clear and 
refractive index (RI) matched to the test section. Among 
many different compositions of non-Newtonian blood-
analog fluid, those composed of xanthan gum-based mix-
tures are known to be the most stable and reliable ones 
(Naiki et  al. 1995; Vlastos et  al. 1997; Long et al. 2005). 
The composition of the working fluid in this study is listed 
in Table  1 and is based on Long et  al. (2005). Further-
more, Long et al. (2005) noted that adding sodium iodide 
(NaI) for RI matching does not change the viscoelastic-
ity of the fluid. Contrary to the comments made by Long 
et  al. (2005), rheological measurements made in our lab-
oratory revealed that adding more sodium iodide to the 

Fig. 1   Schematic of test sec-
tion, laser sheet locations and 
camera direction for both top 
and cross-sectional views

45˚
0˚

90˚

135˚
180˚

d=12.7mm

D=7d=88.9 mm
Physiological Waveform
from the pump

To reservoir 

Cross-sectional view measurement planes

Top view measurement plane

Nd-YAG Laser

CCD camera

Controling unit Computer

Pr
og

ra
m

m
ab

le
 p

um
p

Signal

R
es

er
vo

ir

Laser sheet

94d straight pipe



	 Exp Fluids (2016) 57:100

1 3

100  Page 4 of 16

solution of glycerin, xanthan gum and water progressively 
decreases the non-Newtonian properties of the solution 
and leads to less shear-thinning/viscoelastic fluid (Naj-
jari et al. 2016). However, because the refractive index of 
the fluid is a critical factor for obtaining high-quality par-
ticle image velocimetry (PIV) measurements, the blood-
analog fluid used in this study contains more NaI than that 
of Long et  al. (2005), to match the RI of our test section 
(RI  =  1.495). This particular fluid is shear-thinning and 
weakly viscoelastic. Rheological properties of fluid used 
in current study were measured using a Discovery HR-2 
(TA Instruments) rheometer under steady shear and oscil-
latory conditions at 2 Hz. The oscillatory mode is used to 
measure the storage and loss modulus of the fluid, which 
correspond to elasticity and viscosity, respectively. Figure 2 
shows kinematic viscosities and elasticity variations with 
steady and oscillatory shear rate for our blood-analog fluid 
compared with real blood data from Thurston (1979). The 
viscosity decreases with increase in steady shear rate. This 

demonstrates the shear-thinning property of the fluid that is 
in good agreement with kinematic viscosity of real whole 
blood. 

2.3 � Particle image velocimetry and image analysis

Phase-locked instantaneous velocity fields were measured 
using PIV. The PIV parameters are tabulated in Table  2. 
The slip velocity for particles can be estimated from Eq. (1) 
(Dong et al. 1992; Pedersen 2000).

where the time scale of the flow is 1/f0 = d/VbulkMax = 0.01
27/0.45(s) and νf ≈ 5 × 10−6 (m/s2). This leads to the maxi-
mum slip velocity of 0.23 %. In the top-view measurements, 
the 180° curved section is divided into eight fields of view 
(FOVs) with overlapping regions to increase spatial resolu-
tion. A two-axis traverse system is used to position the cam-
era. In order to calibrate the camera, an in-house calibration 
map (Fig. 3) is mounted into the test section filled with RI-
matched fluid. A third-order polynomial fit is used for cali-
bration, to minimize any optical distortion in the images. 
The calibration map for top-view measurements also has 
the boundaries for each FOV including an overlap region, 
which is used for assigning coordinates to FOVs with 
respect to each other. Because the bulk velocity varies con-
siderably for pulsatile flow, an optimum value of the time 
delay between successive laser pulses, dt, was determined 
at each phase to limit maximum particle displacement to 8 
pixels. To ensure statistical convergence, 150 images pairs 
were acquired at each phase. DaVis 7.2 (LaVision) was used 
as the data acquisition and image post-processing software. 

For image post-processing, the background image is first 
subtracted, and geometrical masking is then applied to the 

(1)

(

�u

uf

)2

=
(

ρp − ρf

ρf

)2 d2p f0

9νf

Table 1   Non-Newtonian fluid composition and characteristics

Substance Weight percentage (%)

Glycerin 14.2537

Xanthan gum 0.02673

Water 30.2623

Sodium iodide 55.4573

Density of fluid (Kg/m3) 1678.29

Refractive index 1.494

Fig. 2   Viscosity and elasticity of non-Newtonian blood-analog fluid 
in Table 1 and real blood data from Thruston (1979). The density of 
real blood assumed to be 1070 kg/m3

Table 2   Details of PIV recording parameters

Laser Nd:YAG New wave Solo III

Wavelength 532 nm

Energy 50 mJ/pulse

Camera LaVision Imager Intense

Resolution 1376 × 1040 pixels

Pixel pitch 6.45 μm

Lens Nikkor 50 mm with 20-mm extension tube

Lens aperture f/8

Magnification factor 0.387

Seed particles Fluorescent polymer microspheres (Flouro-
Max)

Particle diameter 7 μm

Particle density ρp = 1.05−1.19 g/cm3
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images, followed by vector field calculation. A multi-pass 
option with decreasing window size from 64 pixels to 32 
pixels with 50 % overlap is used for the interrogation area 
(IA). This results in ∼0.27 and ∼0.22 mm vector spacing 
and ∼0.54 and ∼0.44 mm spatial resolution for top-view 
and cross-sectional view measurements, respectively.

2.4 � Inflow conditions

A 94 d length of straight pipe was attached to the inlet to 
minimize upstream effects and disturbances at the curved 
test section (d = 12.7 mm). The inflow waveforms were 
produced by a gear pump (Ismatec model BVP-Z) con-
trolled by customized LabView virtual instrument and 
data acquisition card (NI DAQ Card-6024E). Table 3 lists 
inflow details for four steady flow rates and a physiologi-
cal pulsatile flow used in the present study. The original 
pulsatile inflow waveform that was based on the com-
mon carotid artery flow rate (Holdsworth et  al. 1999) 
was scaled in order to match the Womersley number to 
α =  4.2 (Glenn et  al. 2012; Bulusu and Plesniak 2013). 
Due to the shear-thinning property of the fluid, its viscos-
ity changes throughout cycle. Therefore, maximum strain 
rate is first calculated upstream of the curve in the straight 
pipe, and then, the viscosity is chosen based on the cor-
responding strain rate from Fig.  2. Figures  4 and 5 show 
the pulsatile flow rate measured by an ultrasonic flowmeter 

(TRANSONIC ME12PXL) (downstream of the curve) and 
the phase-averaged centerline velocity profiles measured 
upstream of the curve using PIV, respectively. Although 
a long straight pipe is attached to the inlet of the test sec-
tion, due to α ≫ 1 the inflow profile does not have enough 
time to achieve a parabolic (Poiseuille) shape, but the flow 
at entrance of the curve is fully developed (i.e., ∂/∂x = 0). 
Due to a lag between pressure and velocity, reverse flow 
occurs in near wall regions at the end of systolic decelera-
tion, t/T = 0.3, and late diastole period, t/T = 0.45 (Fig. 5).  

2.5 � Data post‑processing and validation

The instantaneous velocity field provided by DaVis soft-
ware is input to an in-house Fortran code, which is used for 
further post-processing. In addition to the validation crite-
ria in DaVis 7.2, a statistical data validation method (Naj-
jari et al. 2012, 2015) is applied to all PIV data to eliminate 
uncertainty and achieve convergence (achieved at 80 of 
150 realizations for velocities). Figure  6a shows the con-
vergence for velocity magnitude at different points in the 
45° cross section. The vorticity convergence at multiple 

FOV1

FOV2

FOV3
FOV4FOV5

FOV6

FOV7

FOV8

Fig. 3   Calibration map and field-of-view arrangement

Table 3   Flow parameters for 
pulsatile and four steady flow 
rates

Parameter Pulsatile flow Steady flow

Peak systole Min systole Min diastole Case 1 Case 2 Case 3 Case 4

Ubulk (ms−1) 0.45 0.073 0.012 0.225 0.153 0.093 0.064

ɛMax (s
−1) 280 75 35 110 70 45 30

v (St) 0.050 0.053 0.054 0.052 0.053 0.053 0.054

Re = Ubulk d/ν 1143 175 28 550 366 223 150

De = Re

√
δ 432 66.1 10.6 208 138.2 84.5 56.6

Fig. 4   Pulsatile carotid artery physiological waveform (Holdsworth 
et al. 1999). PIV data acquired between t/T = 0.18 and t/T = 0.33



	 Exp Fluids (2016) 57:100

1 3

100  Page 6 of 16

points in the 90° cross section at t/T = 0.29 is also shown 
in Fig. 6b. The maximum variation of averages for the last 
30 realizations is divided by the final value of the param-
eter and shown in percentages next to the each line. Points 
2 and 1 in Fig.  6a, b, respectively, have high variations 
because the parameter magnitude is small. These results 
verify that satisfactory convergence is achieved within the 
number of realizations acquired.

To benchmark our PIV measurements, a Newtonian fluid 
was first tested in the same experimental setup and data 
upstream of the curve are compared with an analytical solu-
tion for this pulsatile flow. Figure 71 shows excellent agree-
ment of the experimental data with the analytical solution. 
The analytical solution for the Newtonian pulsatile flow in 
the straight pipe is obtained using Laplace transform method 
(Das and Arakeri 1998, 2000; Volodko and Koliskina 2008). 
Using this method, the Navier–Stokes equations in cylindri-
cal coordinate are solved for unsteady laminar flow condi-
tions when the only nonzero velocity component is in the 
streamwise direction, which only varies with r. Details of 
analytical solution are provided in “Appendix.”

3 � Vortex detection method

Two in-plane velocity components, u and v, are obtained 
from PIV corresponding to local x- and y-directions in each 

1  This is the only figure in the present study showing the Newtonian 
fluid results.

measurement plane. Therefore, the x- and y-directions in top-
view measurements are different from those in cross-sectional 
measurements. The z-direction in all cases is the out-of-plane 
(normal to each measurement plane) direction, which varies 
between different cross sections and in the top view. In-plane 
spatial derivatives are calculated in the Fortran code using a 
central finite difference method. The d2-method (discriminant 
of non-real eigenvalues of velocity gradient matrix, Vollmers 
2001) defined in Eq. (2) is used to identify the vortical struc-
tures in both primary and secondary flows. This is a Galilean-
invariant method that distinguishes vortical structures from 
shear regions. A negative value of d2 indicates a vortex region. 
The Fortran code also identifies individual distinct vortical 
structures in cross-sectional views to facilitate studying each 
vortex separately. The circulation (Γ = ΔxΔy × ∑ωz) is calcu-
lated for each vortical structure, where Δx = Δy ≈ 0.22 mm 
and ωz refers to out-of-plane vorticity. The summation is done 
over the area occupied by each vortex.

4 � Results and discussion

4.1 � Velocity field

4.1.1 � Steady flow

It is well established that steady flow through a curved pipe 
contains two symmetric, counter-rotating vortices, namely 
Dean vortices. In addition, Dennis and Ng 1982; Nanda-
kumar and Masliyah 1982; Yanase et al. 1989; Mallubhotla 
et al. 2001; Tiwari et al. 2004; van Wyk et al. 2015 showed 
that, for Dean number higher than a critical value, addi-
tional vortices can form in the cross section of the curved 
pipe. van Wyk et  al. (2015) reported a four- or six-vortex 
pattern in secondary flow at 90° under steady flow with con-
ditions similar to cases 1 and 2 in the present study. Figure 8 
shows velocity magnitude and axial velocity profiles for top 
view of steady flow for four different flow rates. For cases 
1 and 2, in agreement with Soh and Berger (1984), there 
is a double peak and plateau in the axial velocity profiles 
at 90° associated with secondary flow structures other than 
Dean vortices. A similar double peak and plateau in axial 
velocity profile in pulsatile flow is a hallmark of Lyne vor-
tices in the secondary flow. It is found that secondary and 
axial flow structures in steady flow are morphologically 
similar to those in pulsatile flow if the Dean number is high 
enough. Mallubhotla et al. (2001) and Tiwari et al. (2004) 
argued that the Dean vortex splits (bifurcates) into two 
structures in each half of the pipe and forms a four-vortex 
pattern. Other researchers reported that the solutions bifur-
cate at high De and not the structures (Dennis and Ng 1982; 

(2)d2 =
(

∂u

∂x
+

∂v

∂y

)2

− 4

(

∂u

∂x

∂v

∂y
−

∂u

∂y

∂v

∂x

)

Fig. 5   Non-Newtonian fluid inflow centerline velocity profiles at dif-
ferent phases during pulsatile waveform measured upstream of the 
curve using PIV. The inset shows corresponding to the points on the 
waveform
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Nandakumar and Masliyah 1982; Yanase et al. 1989). As the 
De increases, the radial pressure gradient forces, which act 
against the centrifugal forces along the line of symmetry, 
also increase. Therefore, a stagnation point forms (Fig. 9b), 
which pushes the Dean vortex closer to the wall, and the 
viscous region becomes more confined to the near wall, 
and hence, an inviscid core forms (Berger et al. 1983). The 
inviscid core is also evident from top-view velocity data, in 
which the plateau in the profile exists. For this condition, 

the deformed-Dean vortices drag the inviscid core of the 
flow and form the counter-rotating vortices (Fig. 9c). As a 
result, two symmetrical vortex pairs (four-vortex pattern) 
can be observed. This is the same mechanism introduced by 
Lyne (1971) under oscillatory inflow conditions.

As the De is increased further, separation of secondary 
boundary layer starts from the inner wall and centrifugal 
forces act on deformed-Dean structures (Fig. 9d), causing 
the round-shaped head of deformed-Dean vortex to split 
from the elongated part and form a set of two additional 
structures shown in Fig. 9e (i.e., Dean and Wall vortices). 
This results in three symmetrical vortices, or six-vortex 
pattern, e.g. van Wyk et  al. (2015) reported a six-vortex 
pattern for steady flow conditions. Therefore, multiple pairs 
of secondary flow vortices are reported under steady inflow 
conditions for sufficiently high De; they are not limited to 
oscillatory or pulsatile cases.

4.1.2 � Pulsatile flow

The phase-averaged velocity fields are obtained using 
phase-locked PIV data. Figure 10 shows the top view and 
cross-sectional views at four instances during the systolic 
deceleration phase. The doubly-peaked axial velocity at 
90°, t/T =  0.18, is a signature of the distorted secondary 
flow from Dean-type vortices and significant radial forces 
directed toward inner wall (Zalosh and Nelson 1973; Soh 
and Berger 1984; Hamakiotes and Berger 1988). During 
deceleration, the velocity profile is skewed toward the outer 
wall, which indicates the dominance of centrifugal forces 
over the radial pressure gradient forces, and the boundary 

ba

Fig. 6   Convergence diagram for a velocity at multiple points in 45° cross section and b vorticity at various points in the 90° cross section. The 
range of convergence for last 30 data realizations is shown in percentage

Fig. 7   Analytical solutions and PIV results for centerline velocity 
profiles upstream of the curve for Newtonian fluid at three different 
phases
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layer at inner wall grows faster than that at the outer wall 
due to adverse pressure gradient caused by both flow 
deceleration and surface curvature. As the flow decelerates 
(Fig. 10b), the streamlines start to deviate and bend around 
the 45° location, and the flow tends to separate from the 

inner wall upstream of the 45° location. At t/T = 0.27, as 
shown in Fig.  10c, two low-velocity regions exist in the 
initial section of the curve, one with closed streamlines 
revealing a vortical structure. This structure, also reported 
by Chandran and Yearwood (1981), Talbot and Gong 

Fig. 8   Non-dimensional veloc-
ity magnitude and streamlines 
from top-view at 2.5 mm above 
the centerline for four differ-
ent steady flows a Re = 550, 
b Re = 366, c Re = 223, d 
Re = 150 and axial velocity 
profiles for all cases at e 90°, 
f 45°
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Fig. 9   Schematics of secondary flow structures under steady flow. The inner and outer wall are denoted by “In” and “Out,” respectively
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(1983), Huang et  al. (2010), moves upstream and away 
from the inner wall as the flow decelerates. Near the end 
of the deceleration phase, as shown in Fig. 10d, the second 
vortical structure in the initial section of the curve can be 
observed by plotting streamlines. The formation of these 
initial vortical structures redirects the mean flow toward 

the inner wall and forms a wall jet flow with high WSS 
immediately downstream of the low WSS region in sepa-
rated flow. Phenomena accompanying WSS can cause or 
accelerate cardiovascular diseases, e.g., platelet activation, 
thrombosis and plaque disruption in high WSS regions 
(Giddens et al. 1990; Ku 1997) and atherosclerosis in low 

Fig. 10   Non-dimensional velocity magnitude and velocity vectors at 2.5 mm above the centerline for top view and three cross-sectional views 
for pulsatile physiological waveform at a t/T = 0.18, b t/T = 0.23, c t/T = 0.27, d t/T = 0.30. 1/3 of vectors are plotted for clarity
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WSS region (Traub and Berk 1998; Malek et  al. 1999; 
Stone et  al. 2003). Moreover, drug particles or platelets 
may become trapped into these structures, causing serious 
disorders.

As discussed in Sect.  2, due to the phase lag between 
pressure and velocity, flow reversal occurs near the walls 
of the straight pipe section at the end of flow deceleration. 
In the curved pipe, due to acceleration of flow toward the 
outer wall, no reversed flow is observed at outer wall, while 
at t/T = 0.29 and 0.3 reversed flow exists only in the vicin-
ity of inner wall downstream of 45° up to the end of the 
curve. Similar reversed flow near the inner wall was also 
reported by Hamakiotes and Berger (1988), Naruse and 
Tanishita (1996), Boiron et al. (2007), Timité et al. (2010). 
Flow separation from the inner wall results in the formation 
of another vortical structure downstream of 135°.

The cross-sectional views in Fig.  10 reveal different 
coherent structures visualized by streamlines. These struc-
tures, i.e., Dean (D), deformed-Dean (DD), Lyne2 (L) and 
Wall (W)-type vortices, are well established in the litera-
ture (Sudo et al. 1992; Bulusu and Plesniak 2013) and will 
be discussed in next section.

4.2 � Identification of vortical structures

In order to study the evolution of vortical structures 
in the curve, d2 is computed for top and cross-sec-
tional view data, with negative regions of d2 plotted in 
Fig.  11. The threshold for showing vortical regions is 
chosen to be 0.1  % of minimum d2, i.e., regions where 
d2 > −0.01 × Max{−d2} were blanked out. At t/T = 0.18 
(Fig. 11a), a vortical structure exists at initial section of the 
curve due to adverse (streamwise) pressure gradient. This 
structure then splits into two parts around the 45° location. 
The vorticity field shows that the split occurs at the zero 
vorticity location, which is consistent with the requirement 
that vortex tubes cannot split or join within the flow unless 
the vorticity is zero (Panton 2005). After the initial vor-
tex split, the right branch downstream of the 45° location 
shows position of the Lyne vortex and the white region in 
between two branches shows the location of Dean vor-
tex. The normal component of vorticity for the top view 
at t/T = 0.18 is also shown in Fig. 12. Similar to d2 a split 
in the vorticity structure can also be observed upstream 
of 45°; however, the vorticity in the right branch weakens 
downstream. Therefore, based on d2-analysis, Lyne vorti-
ces are most probably connected to structures upstream of 
45° where vorticity has a significant component normal to 
the top-view plane. As the flow develops along the curve, 

2  Here the terminology “Lyne vortex” refers to the deformed-Lyne 
vortex based on Sudo et al. (1992).

the axis of vorticity/vortex rotates and gains a component 
normal to the cross-sectional plane. During the decelera-
tion, the vortical structure upstream of 45° moves toward 
the outer wall, the splitting point moves upstream and the 
left branch of vortical structure separates from the inner 
wall and moves closer to the center of the pipe. The cur-
rent data do not reveal information on this left branch—it 
might be a structure near the inner wall or the artifact of d2 
in two-dimensional data near the curved wall. 

The d2-plots for cross-sectional planes show different 
coherent structures, namely deformed-Dean, Dean, Wall 
and Lyne at different phases. The terminology “deformed-
Dean” refers to the structure when the Dean and Wall-type 
vortices are attached, e.g., Figure  11a 45°, 90° and 135°. 
While the flow decelerates, the deformed-Dean vortex 
system persists at 45° and moves toward the outer wall; 
at 90°, the Dean vortex separates from the Wall-type vor-
tex forming a distinct 4-vortex system in addition to Lyne 
vortex pair. The Dean vortex pair then moves toward the 
outer wall and decays at t/T = 0.3. While the flow develops 
along the curve, the Dean vortices rejoin the Wall-type vor-
tices around 135° reverting to the original deformed-Dean 
system. The Lyne vortices are formed prior to the systolic 
peak (t/T = 0.18)—when the pressure forces are dominant 
over the centrifugal forces—and persist during deceleration 
downstream of 45°, at 90° and 135°. This result agrees with 
Boiron et al. (2007), who computed the centrifugal forces 
and radial pressure gradient and showed that immediately 
before the peak flow, the radial pressure gradient dominates 
the centrifugal forces, and hence, stagnation regions and 
Lyne vortices form. At 135°, each Lyne vortex splits into 
two parts that are rejoined during the rest of systole decel-
eration phase.

Based on the idea that several vortex tubes exist in the 
curved pipe, circulation analysis is done to investigate 
the spatial relation of structures along the curve and also 
in time. Figure  13 shows the circulation (Γ) for different 
structures in top half of cross-sectional views. All of the 
structures decay during deceleration, with the exception of 
Lyne vortices, which first gain energy and then weaken dur-
ing the period. We hypothesize that because the Lyne vor-
tex does not form as a direct result of imbalance between 
pressure and centrifugal forces, but rather because the vis-
cous region drags the inviscid core, this process needs some 
time to develop. Therefore, the Lyne vortex system is in its 
formation phase so it gains strength. Cross-sectional views 
in Fig.  10 show that the deformed-Dean vortices at 45° 
develop along the curve and also exist at 90° at t/T = 0.18. 
The Γ for these structures at 45° and 90° do not match 
exactly, but are within a factor of Γ90◦/Γ45◦ ≃ 85− 50% . 
A possible explanation is that planar PIV only captures 
the vorticity normal to the plane, and thus, the Γ calcu-
lated represents only a fraction of the vortex tube strength. 
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Later in time, t/T = 0.22, after the Wall and Dean vortices 
exist separately at 90° the sum of Γ for both (shown by * in 
Fig. 13a) follows the trend of the deformed-Dean, suggest-
ing that the deformed-Dean vortex at 45° splits into Dean 
and Wall vortices upstream of 90°. In addition, after each 
Lyne vortex splits into two parts at 135°, the individual cir-
culations, Γ, of the two parts sum to the total circulation 

of the single Lyne vortex before splitting, as shown in 
Fig. 13b.

4.3 � Locus of vortices

The approximate location of the vortex centers is 
obtained by finding the peak of −d2 in each vortex 

Fig. 11   Negative region of d2 (vortex regions) for top view and cross-sectional views for pulsatile physiological waveform at a t/T = 0.18, b 
t/T = 0.23, c t/T = 0.27, d t/T = 0.30
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region. The centers then tracked through systole decel-
eration and plotted in Fig.  14, which shows the general 
path of different vortices in the 90° cross-sectional plane. 
After the deformed-Dean vortices split to form Dean and 
Wall vortices, the Dean part moves away from the inner 
wall and toward the center almost along a linear trajec-
tory; the Wall vortex moves along the tube wall toward 
the line of symmetry. On the other hand, the center of 

Lyne vortex moves in a circular path in the core region of 
the pipe.

5 � Summary and conclusions

The primary and secondary flow under steady and pulsatile 
inflow in a 180° curved pipe was measured using PIV. A 

Fig. 12   Non-dimensional vorticity field and axial velocity profiles at 2.5 mm above the centerline for top view and three cross-sectional views 
for pulsatile physiological waveform at a t/T = 0.18, b t/T = 0.23, c t/T = 0.27, d t/T = 0.30
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shear-thinning, weakly viscoelastic non-Newtonian fluid is 
used as a blood-analog fluid to extend our previous stud-
ies (Glenn et al. 2012; Bulusu and Plesniak 2013; van Wyk 
et  al. 2015). The phase-averaged velocity and vorticity 
fields are investigated to gain insight into the morphology, 
evolution and spatial development of vortical structures 
along the curved test section. A vortex detection method, 
d2, is used to identify the vortical structures in flow. The 
locus of secondary flow structures is found, and circulation 
analysis was performed. The main findings of the present 
study are:

Steady flow

•	 A doubly peaked axial velocity is observed for 
De = 208, which indicates a highly distorted secondary 
flow that contains an extra vortex pair(s) in addition to 
the canonical Dean vortices

•	 The formation mechanism of the counter-rotating extra 
vortices in the steady case is similar to that of Lyne vor-
tices in pulsatile/oscillatory flow

•	 The primary flow tends to separate from the inner wall 
at high De, but no separation is observed at De = 208

Pulsatile flow

•	 Up to three vortex pairs are observed in the secondary 
flow field, i.e., Dean, Wall and Lyne vortices

•	 The secondary flow vortices at 90° and 135° split and 
rejoin both in time and space: 

•	 At approximately 90°, each deformed-Dean vortex 
splits into two structures during deceleration (Dean 
and Wall); subsequently, the two structures rejoin 
downstream of about 135° at the same phase

•	 Each Lyne vortex at 135° also splits into two struc-
tures that also rejoin during deceleration

*

*

*

*
*

*

*

a b

Fig. 13   Circulation (vortex strength) during systolic deceleration for different vortices in 45°, 90° and 135° cross sections: a deformed-Dean, 
Dean and Wall, b Lyne
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Fig. 14   Locus paths during systolic deceleration for different vorti-
ces at 90° cross section
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•	 The separated Dean vortices at 90° move toward the 
outer wall during deceleration mostly due to the phase 
lag between pressure and velocity, which causes imbal-
ance between centrifugal forces and radial pressure gra-
dient forces. These structures decay at the end of decel-
eration phase.

•	 The d2 field in the top view reveals that the initial lon-
gitudinal vortex in the primary flow splits into two 
structures at about 45° and the splitting point moves 
upstream during deceleration

•	 At the end of systolic deceleration, a separation bubble 
(recirculation zone) is observed in the initial section of 
the curve between ~10° and ~35°

•	 The circulation/vortex tube strength is calculated for 
each vortical structure in secondary flow and reveals 
that all structures are weakened during flow decel-
eration, except the Lyne vortex at 90° which first gains 
energy and then weakens

We note that the morphologies of the secondary flow 
structures in the current experiment with a non-Newtonian 
blood-analog fluid are very similar to those reported in 
our previous studies using a Newtonian blood-analog fluid 
(Glenn et  al. 2012; Bulusu and Plesniak 2013; van Wyk 
et  al. 2015). As discussed previously, the fluid is shear-
thinning and weakly viscoelastic. For the (relatively large) 
flow rates experienced in large arteries, the shear-thinning 
properties of blood rheology do not affect the morphol-
ogy of secondary flow structures. The effects of greater 
viscoelasticity on the secondary flow morphology are not 
expected to be significant either (Gijsen et al. 1999). This 
will be examined in follow-up experiments that will allow 
us to assess whether rheological properties of blood that are 
important in hemodynamics, transport and function affect 
the secondary flows significantly.

Appendix: Analytical solution for physiological 
pulsatile flow a straight pipe

Equations  (3–6) are the governing momentum equation 
in cylindrical coordinates, boundary and initial condi-
tions and mass flux, respectively. The nonzero initial con-
dition (Eq. 5) is obtained from a parabolic fit to the flow 
rate at the end of the cycle and is used to eliminate the 
transient effect faster. The velocity, ubulk, on right-hand 
side of Eq. (6) was calculated from a 28-Fourier mode fit 
to experimental flow rate obtained by an ultrasonic flow-
meter. This equation allows omission of the pressure term 
from calculations.

(3)
∂u

∂t
= −

1

ρ

∂p

∂x
+ ν

(

∂2u

∂r2
+

1

r

∂u

∂r

)

A Laplace transform is applied to Eqs. (3–6) to convert par-
tial differential equation to ordinary differential equation. 
For brevity, only transformed form of Eqs. (3 and 6) is pro-
vided in Eqs.  (7 and 8). The overbar ( ) denotes Laplace 
transform.

The solution to Eq. (7) is given in Eq. (9)

where C1 = − AR2+D
I0(R

√
s/r)

, A = c
s
, D = 4cν

s2
− φν

s
+ a

s
 , 

φ = 1
µ
dp̄(x,s)
dx

 and I0 is the modified Bessel function of 
zeroth-order first kind. The only unknown in Eq.  (9) is φ. 
By substituting ū(r, s) from Eq.  (9) into Eq.  (8), φ can be 
calculated. Therefore, Eq.  (9) gives the Laplace transform 
of the velocity profile. In order to invert the ū(r, s) to obtain 
an expression for the physical velocity profile, a numerical 
approach was employed because of complexity of the ana-
lytical form. An open-source MATLAB code “Numerical 
inverse Laplace transform” McClure (2013) based on the 
Talbot algorithm (Abate and Whitt 2006) is used to per-
form the inversion. The optimum value for the parameter 
M (precision) in the code was chosen to ensure that calcu-
lated velocity profile satisfies the flow rate at each phase. 
The slight differences (|�u|/ucenter = 0.3−8%) between 
the experimental result and the analytical solution in Fig. 7 
are mainly due to errors implicit in the Laplace inversion 
numerical scheme.
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