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Abstract In experiments using hot wires near the wall, it

is well known that wall interference effects between the hot

wire and the wall give rise to errors, and mean velocity data

from the viscous sublayer can usually not be used to

determine the wall position, nor the friction velocity from

the linear velocity distribution. Here, we introduce a new

method that takes advantage of the similarity of the prob-

ability density distributions (PDF) or rather the cumulative

distribution functions (CDF) in the near-wall region. By

using the velocity data in the CDF in a novel way, it is

possible to circumvent the problem associated with heat

transfer to the wall and to accurately determine both the

wall position and the friction velocity. Prior to its exploi-

tation, the self-similarity of the distribution functions of the

streamwise velocity fluctuations within the viscous sub-

layer is established, and it is shown that they can accurately

be described by a lognormal distribution.

1 Introduction

Wall-bounded turbulent flows are usually divided into four

regions: the viscous sublayer, the buffer region, the overlap

or logarithmic layer, and the wake or core region. In this

paper, we focus on the viscous sublayer, which extends to

about 5 viscous units (‘� ¼ m=us, where m is the viscosity

and us the friction velocity) from the wall. The importance

of the viscous sublayer for the understanding of wall-

bounded turbulent flows cannot be overestimated since it

determines the wall shear stress (sw ¼ qu2
s , where q

denotes the density), which is a scaling parameter for both

the mean velocity and the Reynolds stresses.

In an experiment, the physical size of the viscous sub-

layer is usually very thin, and it is hard to obtain accurate

velocity measurements within this region. So, for instance,

it is an accurate determination of the wall with respect

to the measurement probe within one viscous unit, which

for a free-stream velocity (U1) of 40 m/s is roughly

‘* = 10 lm, not easily achieved through optical or

mechanical measurements (see e.g. Örlü et al. 2010, for a

review). Moreover, the friction velocity is a quantity that is

hard to measure accurately, an exception being oil-film

interferometry (Rüedi et al. 2009; Pailhas et al. 2009),

which, however, is not a standard practice in most labo-

ratories. One possibility is to utilize the linear mean

velocity profile (Uþ ¼ yþ, where U and y denote the mean

streamwise velocity and wall-normal distance, respec-

tively, and the superscript ? indicates normalizing with

inner units, i.e. us and ‘*) in order to determine both of the

mentioned quantities (see for instance Durst et al. 1996).

However, for hot-wire measurements, this is impeded by

the fact that the measurements are affected by heat transfer

to the wall. On the other hand, this effect can also advan-

tageously be exploited to determine the wall position, since

for a given hot wire, the measured voltage in quiescent air

is dependent on the hot-wire probe, and its operating

parameters as well as the distance to the wall. Conse-

quently, a suitable calibration enables the determination of

the wall position, as described and employed in Durst et al.

(1987, 2001). Note, however, that this method is restricted

to work only under no flow conditions.

There are many studies dealing with various correction

schemes for hot-wire errors close to the wall (see e.g. Oka

and Kostic 1972; Hebbar 1980; Bhatia et al. 1982; Chew

et al. 1995; Durst and Zanoun 2002; Wenzhong et al. 2006,
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just to mention a few). However, in some sense, this is not

such an interesting issue from a fundamental point of view,

because the viscous sublayer by itself is fairly well known,

especially when it comes to the mean velocity distribution,

but also for various statistical quantities of the fluctuating

components. However, what is interesting is, if and how

data measured close to the wall that are affected by wall

interference can be used to determine the wall position as

well as the friction velocity. The present paper shows that

this is indeed possible by exploiting the self-similarity of

the cumulative distribution function (CDF) of the measured

streamwise velocity in a novel way.

In the following, the experimental and numerical data-

bases used throughout the paper are documented in Sect. 2.

After describing the behavior of the streamwise velocity

fluctuations throughout the viscous sublayer and estab-

lishing the self-similarity of the distribution functions in

Sect. 3, the established self-similarity is exploited in Sect. 4

to determine the wall location and friction velocity. Section

5 concludes the present paper.

2 Databases

The results presented in the present paper are based on one

experimental dataset pertaining to a zero pressure-gradient

(ZPG) turbulent boundary layer (TBL) and two numerical

databases for both plane channel and boundary-layer flow.

In this section, we provide a brief summary of these

datasets; detailed descriptions are provided in the original

publications.

The experiments were performed in the MTL (Mini-

mum Turbulence Level) wind tunnel at KTH Stockholm.

Special care has been taken to ensure a constant pressure

along the flat plate by adjusting the tunnel roof. Whereas

the velocity signal has been recorded by hot-wire probes,

the skin friction has been measured independently by oil-

film interferometry. For the present paper, the measure-

ments at a Reynolds numbers of Reh = 2,500 are used,

where Reh denotes the Reynolds number based on free

stream velocity and momentum loss thickness. The full

experimental setup is described in Örlü (2009) and

Schlatter et al. (2009).

Both the boundary-layer and channel simulations were

performed using a fully spectral method to solve the time-

dependent, incompressible Navier–Stokes equations (Che-

valier et al. 2007). In the wall-parallel directions, Fourier

series with dealiasing are used whereas the wall-normal

direction is discretized with Chebyshev polynomials. The

resolution in the wall-parallel planes has been fixed in

terms of wall units, i.e. Dxþ\10 and Dzþ\5. The simu-

lations of channel flow at Res = 590, where Res denotes

the friction Reynolds number or so-called Kárman number

have been performed in a similar way as Moser et al.

(1999) using a periodic box of size 2ph 9 ph in the

streamwise and spanwise directions, respectively, with h

denoting the channel half-height. The data presented here

are based on a total of 12 full velocity fields saved from

this simulation.

The DNS of the spatially evolving turbulent boundary

layer has been performed by employing a laminar inflow

which is then perturbed leading to rapid laminar-turbulent

transition and subsequently to fully developed turbulent

flow, spanning the range of Reynolds number Reh & 500

to Reh & 4,300. This particular simulation is one of the

largest turbulence simulations to date, using approximately

7:5 � 109 grid points. Thus, only time series at selected

Reynolds numbers and wall-normal positions could be

saved. Further details are given in Schlatter et al. (2009)

and Schlatter and Örlü (2010).

3 Velocity fluctuations in the near-wall region

3.1 Near-wall y–dependence

The instantaneous streamwise velocity in the near-wall

region of wall-bounded turbulent flows can be expanded as

(see e.g. Monin and Yaglom 1971)

uðtÞ ¼ a1ðtÞyþ a2ðtÞy2 þ a3ðtÞy3 þ a4ðtÞy4 þ � � �

and by taking the time average (�) we get

U ¼ uðtÞ ¼ a1yþ a2y2 þ a3y3 þ a4y4 þ � � � ;

where

a1 ¼
u2

s

m
; a2 ¼

1

2l
dp

dx
; a3 ¼ 0; a4 6¼ 0:

For a zero pressure-gradient turbulent boundary layer, this

amounts to

Uþ ¼ yþ þ a4
þyþ4 þ � � � ;

where a4
þ can be obtained from DNS to give a value of

about �2� 10�4 (see e.g. Örlü et al. 2010). This indicates

that the mean velocity profile only deviates from the linear

profile with 5% at y? = 6. In the case of a fully developed

turbulent channel flow, we can write the pressure-gradient

term

a2
þ ¼ � 2

hþ
¼ � 2

Res
;

where h is the channel half-height. Only for very low

Reynolds numbers (or equivalently small h?) does this

term become larger than the fourth-order term. In fact, for
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channel flows, the quadratic term becomes negligible for

h? [ 500, so that the value of the quartic term in channel

flows becomes similar to the one in ZPG TBL flows (Örlü

et al. 2010).

One may also find the variance of the fluctuating

velocity as

varðuÞ ¼ ðu� UÞ2 ¼ ða1 � a1Þ2y2 þ 2a1a2y3 þ � � �

and if we normalize it with the local velocity (here we

assume that a2 ¼ 0) we obtain

varðuÞ
U2

¼ ða1 � a1Þ2

a1
2

þ 2
a1a2

a1
2

yþ � � � :

This shows that the variance normalized with the local

velocity is constant (with respect to y) close to the wall and

indicates that the probability density distribution (PDF) is

self-similar in the same region. In fact, the limiting

behavior of the above quantity is directly related to the

variance of the fluctuating wall shear stress (Alfredsson

et al. 1988)

varðsÞ
s2
¼ lim

y!0

varðuÞ
U2

:

Classical inner scaling for the Reynolds normal stresses

within the inner region of channel and ZPG TBL flows,

indicates that there is a weak Reynolds number dependence

in the limiting value of the higher-order moments

(Buschmann et al. 2009; Schlatter and Örlü 2010).1 This

stems primarily from scales of the order of the outer length

scales, which hints at the persistence of Reynolds number

effects in even high Reynolds number flows (Buschmann

and Gad-el-Hak 2010).

3.2 Distribution functions of the streamwise velocity

To start with, it is interesting to point out that the scaling of

the streamwise velocity within the viscous sublayer has

usually only been considered in terms of its time-averaged

quantities (Khoo et al. 1997; Buschmann et al. 2009). It

has been noted in earlier studies (see e.g. Eckelmann 1974;

Alfredsson et al. 1988) that the streamwise velocity fluc-

tuations are very similar (in fact, highly correlated to the

velocity gradient at the wall when taking the structure

inclination angle into account, as shown by Marusic and

Heuer 2007) throughout the viscous sublayer, which indi-

cates that there exists a self-similarity of the PDFs of the

streamwise velocity fluctuations in the viscous sublayer.

Earlier studies regarding the self-similarity of the PDFs in

wall-bounded turbulence have mainly focussed on the

overlap region (Tsuji and Nakamura 1999; Lindgren et al.

2004; Morrison et al. 2004).

Here, however, we intend to consider the distribution

functions itself within the viscous sublayer as depicted in

Fig. 1, where direct numerical simulation (DNS) data

from a zero pressure-gradient turbulent boundary layer at

Reh& 2,500 (Schlatter and Örlü 2010) are presented. The

figure shows contours of the probability density, together

with the mean velocity, the maximum of the PDF as well

as the highest and lowest velocities as function of y?.

Subplot (Fig. 1a) is plotted in the standard way with u?

against log y?. The graph shows the expected behavior,

i.e. the widest PDF is found in the buffer region, and the

PDFs are asymmetric on both sides of y? & 13. Close to

the wall, y? \ 13, velocities that are lower than the local

mean value occur most often. At distances y? [ 13, the

opposite is the case as already shown by Eckelmann

(1974).

Focussing on the near-wall region, Fig. 1b, the same

data are now plotted as log u? against log y?. As can be

seen, the contour lines of the PDF become almost parallel

from the wall up to about y? = 10 (at least for the low-

velocity part) in this plot. This indicates that the PDFs are

nearly self-similar in this region, as will be discussed in the

following. This can in particular be evinced from Fig. 2,

where DNS data from a channel flow at h? = 590 with a

finer resolution within the viscous sublayer have been

employed.

As a side note, it is interesting to point out that the DNS

observes rare incidents of backflow, of the order of 0.01%

of the time at a given position within the viscous sublayer,

which explains the break off of the lines indicating the

lowest occurring velocity fluctuations. For a discussion of

this phenomenon, see Örlü and Schlatter (2011), where its

omnipresence throughout the viscous sublayer for zero and

favorable pressure-gradient flows with different simulation

methods is established.

3.3 The cumulative density distribution

In the present study, we utilize the CDF of the streamwise

velocity, rather than the PDF, in a way so that the influence

of the heat transfer from a hot wire to the wall can be

handled in such a way that accurate estimates of the wall

position and the friction velocity can be obtained. The CDF

(F) is related to the PDF (f) through the following relation

FðuÞ ¼
Zu

�1

f ðsÞds; where 0�FðuÞ� 1 and ð1Þ

FðuÞ ! 1 as u! þ1: ð2Þ

1 The situation for pipe flows is, due to the lack of both resolved

experimental and numerical data spanning a sufficient Reynolds

number range, unclear (Hultmark et al. 2010), although the recent

pipe flow DNS by Wu and Moin (2009) indicates an increase in the

limiting values with increasing Reynolds number.
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An advantageous feature of the CDF is that its limiting

values both at low and high u are known (0 and 1,

respectively) and that there is no scaling associated with

these values. This also indicates that if one has a problem

with, for instance, the instantaneous low velocities of a

turbulent signal (e.g. due to calibration errors), it will not

affect F in the high velocity range.

By using DNS data from turbulent boundary layer or

channel flow simulations, it can be shown that for y? \ 5,

the PDFs are very close to self-similar as discussed above.

The same is true for F which is plotted in Fig. 3 for a

number of different wall-normal positions for the same

data as in Fig. 2. Here, the horizontal axis is normalized

with the distance from the wall which takes into account

that the mean values increase according to the linear

velocity profile and would make all CDFs collapse if they

were truly self-similar, which is actually what is observed

for the positions within the viscous sublayer. To ensure that

the observed self-similarity for y? \ 5 for channel flows is

equivalent to the one of the ZPG TBLs, the CDF of the

boundary-layer data (shown in Fig. 1) are presented in the

insert and are compared to the channel flow data at

y? = 2.8.

3.4 Lognormal velocity fluctuations

As apparent from Figs. 1 and 2, the PDF contour lines

within the viscous sublayer do not only become parallel to

each other, when the velocity space is plotted logarithmi-

cally, but also appear equidistantly spaced. This is a clear

indication for a lognormal behavior, and this idea will be
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Fig. 1 Mean streamwise velocity over wall-normal position scaled in

inner variables, U? versus y?, (white line) plotted above the PDF of

the instantaneous streamwise velocity from a DNS of a ZPG TBL

flow at Reh & 2,500 (Schlatter and Örlü 2010). Filled contours

indicate 10, 30, 50, 70, and 90 % of the local peak PDF value (marked

as a dashed white line), whereas the black dashed lines include all

sampled velocity signals, i.e. the extreme values of the PDF. Note that

the appearance of bulges within the viscous sublayer is an artifact due

to the spare number of wall-normal position, i.e. y? = 1.69, 2.80, and

4.97
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Fig. 2 Reproduction of Fig. 1b for a channel flow DNS at h? = 590

with a finer resolved wall-normal spacing, i.e. with ten wall-normal

positions within the viscous sublayer, both to avoid the artificial

bulges seen in Fig. 1b and to demonstrate the self-similarity of the

PDFs within the viscous sublayer
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Fig. 3 The CDF near the wall obtained from channel flow DNS data

at h? = 590. Plotted are 13 profiles in total from y? = 0.04 to 7.4,

whereas the 10 profiles closest to the wall (up to y? = 4.4) are given

through solid lines, and the profiles at y? = 5.3, 6.3, and 7.4 are

indicated through dashed ones. Direction of arrow indicates increas-

ing y?. The insert compares the CDF for y? = 2.8 with results

from DNS from a ZPG TBL flow at Reh & 2,500, corresponding to

Res & 830, (dashed line)
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exploited by considering the PDF and CDF of a lognormal

distribution (Landahl and Mollo-Christensen 1992)

f ðu; l; rÞ ¼ 1ffiffiffiffiffiffi
2p
p

ru
exp � 1

2r2
ðlnðuÞ � lÞ2

� �
ð3Þ

Fðu; l; rÞ ¼ 1

2
erfc � lnðuÞ � lffiffiffi

2
p

r

� �
: ð4Þ

By fitting relation Eqs. 3 or 4 to the PDF or CDF from

DNS data, the constants l and r are obtained, and the

analytical relations in Eqs. 3 and 4 are found to represent

the PDF and CDF of the DNS data to a high degree. These

distributions depend on only two parameters, i.e. l is close

to (but not exactly) zero, and r is related to the local rms

value as apparent from Table 1 and shown in the following.

Consequently, the knowledge of the rms of the fluctuating

wall shear stress describes the PDF and CDF, and in turn,

the (higher order) moments can easily be extracted either

through algebraic relations2,

meanðl; rÞ ¼ exp½lþ r2=2� ð5Þ

varðl; rÞ ¼ ðexp½r2� � 1Þ exp½2lþ r2� ð6Þ

skewðrÞ ¼ ðexp½r2� þ 2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
exp½r2� � 1

p
ð7Þ

flatðrÞ ¼ exp½4r2� þ 2 exp½3r2� þ 3 exp½2r2� � 3; ð8Þ

or by integration of the PDF.

Utilization of the algebraic relations Eqs. 5–8 yields

limiting values for the mean and variance as well as the

skewness and flatness factor, which are reasonable close to

DNS results, however, due to the one-sided unbounded-

ness, i.e. u 2 ½0;þ1� of the lognormal distribution the

obtained lognormal distribution is more positively skewed

and more peaked. The integration over a truncated log-

normal PDF instead resembles the DNS results even better.

This has exemplarily been demonstrated in Table 1,

where l and r have been obtained by fitting Eq. 3 to the

PDF of the wall shear stress fluctuations from a ZPG TBL

flow at Reh = 1,100, 2,500, and 4,000 (cf. next Section and

Fig. 4), and the corresponding first four moments from the

DNS, the aforementioned algebraic relations for the log-

normal distribution as well as the integration over a trun-

cated lognormal PDF are given.

Although lognormal distributions have been found to

describe various phenomena in wall turbulence, e.g.

spanwise streak spacing, time intervall between burst

events (Smith and Metzler 1983; Klewicki et al. 1995; Rao

et al. 1971), they have—to the authors’ knowledge—not

been associated with the streamwise velocity or wall shear

stress fluctuations within the viscous sublayer. The finding

that the distributions are in fact very close to lognormal and

are well described by two physics-based constants is of

particular importance from a measurement technique point

of view. In particular, it is common practice to compare (or

validate) innovative methods, as e.g. the laser gradient

DNS Eq. 3 logn PDF or Eqs. 5–8 Truncated logn PDF

Mean Std/mean Skew Flat l r Mean Std/mean Skew Flat Mean Std/mean Skew Flat

1,100 1.00 0.411 0.97 4.70 -0.063 0.417 1.02 0.44 1.40 5.31 1.02 0.42 1.11 4.56

2,500 1.00 0.420 1.03 5.01 -0.067 0.421 1.02 0.44 1.41 5.40 1.01 0.43 1.12 4.56

4,000 1.00 0.426 1.07 5.19 -0.069 0.425 1.02 0.45 1.42 5.47 1.01 0.43 1.12 4.56

Note that (a) the number of decimal points for the results from the lognormal PDF is not to be considered the accuracy of the fit nor its extracted

values, but serves here merely to indicate the weak Reynolds number trend, and (b) the fitting constants and the obtained moments differ slightly

when fitting the lognormal CDFs to the DNS results
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Fig. 4 The CDF of the wall shear stress fluctuations from a ZPG

TBL DNS for Reh & 1,100, 2,500, and 4,000 (Schlatter and Örlü

2010). Dots indicate the CDF distribution based on Eq. 4 for the three

different Reynolds numbers with the constants given in Table 1.

Arrows show the direction of increasing Reh, although the differences

are hardly notable. Insert shows CDF for ZPG TBL data near the wall

at Reh & 2,500 for y? = 1.69, 2.80, 4.97, and 7.77. First three

profiles are indicated through solid and the last through a dashed line.

Note that the first two profiles are overlapping throughout the whole

velocity space. Arrow shows the direction of increasing y?

Table 1 Moments of the fluctuating wall shear stress from DNS of a

ZPG TBL flow (Schlatter and Örlü 2010), parameters of the

lognormal PDFs fitted to the DNS results, higher-order moments

extracted from integration of the lognormal distribution or

equivalently through evaluation of algebraic relations given in Eqs.

5–8, as well as through integration over a truncated (sþw 2 ½0; 3�)
lognormal PDF

2 Equivalently, the lognormal distribution parameters, l and r, can

be obtained through the mean and variance of the PDF, viz. l ¼
lnðmean2=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
varþmean2
p

Þ and r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnðvar=mean2 þ 1Þ

p
.
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meter (Naqwi and Reynolds 1991; Obi et al. 1996), the

micro-shear stress imager (Miyagi et al. 2000), or the

micro-pillar shear stress sensor (Brücker et al. 2005; Große

and Schröder 2009) by means of their measured PDF of the

wall shear stress fluctuations.

At this point, a note of caution might be appropriate,

since ‘‘the lognormal distribution is […] an approximation,

often quite close to observations, but still possibly wrong

by a large factor for values far from the mean’’ (Landahl

and Mollo-Christensen 1992). Nevertheless, the lognormal

distribution, with the mean and standard deviation (std) as

its describing parameters, is a simple but sufficiently

accurate description for the purpose of the present paper. In

this respect, the accuracy of the lognormal distribution to

describe the streamwise velocity fluctuations within the

viscous sublayer is comparable to that of the general dis-

tribution functions (with seven parameters) or the hyper-

bolic distributions (with four parameters) described by

Barndorff-Nielsen (1979). For the case that a distribution

function is sought to describe the entire boundary layer,

rather than the viscous sublayer only, in particular, the

hyperbolic distribution functions have been found to be

capable of this (Durst et al. 1987).

3.5 A note on Reynolds number effects

As shown above, the PDFs and CDFs can accurately be

described by a lognormal distribution and the rms of the

wall shear stress fluctuations, or the limiting local rms

value in the case of streamwise velocity signals within the

viscous sublayer is directly related to the governing

parameter describing the distribution function. Since the

study by Alfredsson et al. (1988), a value of 0.40 has

widely been accepted for channel and pipe as well as ZPG

TBL flows and only recently, mainly due to the emergence

of DNS results spanning a decade in Reynolds number, has

a weak Reynolds number effect been shown to exist

(Fischer et al. 2001; Abe et al. 2004; Buschmann et al.

2009). Despite the found weak increase with Reynolds

number, e.g.

sþw;rms ¼ 0:298þ 0:017 ln Res

for ZPG TBL flows (Schlatter and Örlü 2010), also docu-

mented in the DNS results in Table 1, the effect on the

PDF or CDF is barely visible, as illustrated in Fig. 4, where

the CDF of the wall shear stress fluctuations is shown. The

documented results from the integration over a truncated

PDF also confirm that the inherent Reynolds number trend

is barely noticeable. The figure also indicates, based on the

results from relation Eq. 4 for the Reynolds numbers at

Reh = 1,100, 2,500, and 4,000, that the lognormal distri-

bution provides an accurate description of the CDFs.

4 Exploiting the self-similarity of the PDF …

Having now established the self-similarity of the distribu-

tion function of the streamwise velocity fluctuations within

the viscous sublayer, we now describe how this informa-

tion can be exploited to determine both the wall location

and the friction velocity.

4.1 … to determine the wall location

Now, consider the PDF of the streamwise velocity com-

ponent from a ZPG TBL flow in Fig. 5 measured with hot-

wire anemometry at around the same Reynolds number as

the previously shown DNS. Already in the standard plot,

depicted in Fig. 5a, it is clear that close to the wall there are

some problems by heat conduction effects especially in the
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Fig. 5 Mean streamwise velocity over wall-normal position scaled in

inner variables, U? versus y?, (white line) plotted above the PDF of

the instantaneous streamwise velocity from hot-wire measurements in

a ZPG TBL flow at Reh & 2,500 (Örlü 2009). Filled contours
indicate 10, 30, 50, 70, and 90 % of the local peak PDF value (marked

as a dashed white line), whereas the black dashed lines include all

sampled velocity signals, i.e. the extreme values of the PDF. Note the

similarity of this graph to the equivalent representation of the DNS

results in Fig. 1
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low-velocity part of the PDF. In Fig. 5b, the near-wall

region is expanded, and it clearly demonstrates that the low

velocities of the PDF are affected up to around y?& 7–8 ,

while the contour lines pertaining to higher velocity PDF

levels seem to be unaffected. Recently, the so-called

diagnostic plot has been proposed by Alfredsson and Örlü

(2010) to determine where wall interference affects the

readings of both the mean velocity and rms. This plot has

been illustrated in Fig. 6, where the same data as those in

Fig. 5 have been used. It seems that measurements of both

the mean and rms of the streamwise velocity below y?& 4

are significantly affected by wall interference effects (while

its mean value still follows the linear velocity profile down

to y?& 3).

For hot-wire measurements of F obtained for various

positions in the wall region, it is clear that the turbulent

signal is mainly affected by heat transfer to the wall

during periods of low streamwise velocity and not nec-

essarily for periods of high velocity. This can for instance

be evinced from Fig. 7, where the CDFs from near-wall

hot-wire measurements are depicted. While the closest

near-wall profiles are affected throughout the velocity

space, i.e. 0�FðuþÞ� 1), the remaining profiles within

3:8� yþ � 4:8 collapse on each other. Also the profiles

above the viscous sublayer do not adhere to the self-

similar scaling, the lower-velocity part of the CDF, i.e.

F(u?) \ 0.6, collapses on the self-similar viscous sub-

layer scaling beyond 7 wall units. This makes it possible

to use only the velocity data where F is unaffected by

heat transfer, i.e. where the velocity corresponding to a

given value of F varies linearly with the wall distance.

This means that by plotting the u-value versus the

y-position for a given F should result in a straight line

that should go through the origin of the yu-plane. By

doing so for a number of values of F, a good estimate of

the wall position is possible to obtain.

In order to illustrate the proposed idea, Fig. 8a depicts

four CDF contours obtained from boundary-layer DNS

together with a linear fit through the three available near-

wall points within the viscous sublayer. Although only four

contour lines have been depicted here for clarity, more can

and should be employed, due to the few suitable wall-

normal positions that can be used, in order to obtain a

statistically converged estimate of the wall position. True

self-similarity would lead the contour lines to be parallel in

a log-log plot and intersecting with each other at the wall

in linear-linear plot, which is what actually is observed in

Fig. 8a,b. In Fig. 9a,b, the experimental data are plotted,

and it is clearly seen how the higher values of the CDF give

a good estimate of the wall position, but that also lower

values can be used as long as they are not too close to the

wall. This means that both the velocity by itself but also the

distance to the wall are important when determining when

wall interference effects come into play.

As evident from Figs. 8a and 9a, displaying the CDF

contour lines in a log-log plot exposes the deviation from

the self-similar behavior and thereby marks the upper limit

for the data to be employed. From the employed DNS, this

can clearly be related to y? [ 5. Although this region, i.e.

the points for which y? [ 5, is not known a priori in an

experiment, it can be interfered by considering the region

in which the data deviate from a parallel line pattern. Due

to the additional heat losses to the wall, there is a need to

define a lower limit when using hot wires. This lower limit

can similarly be defined through its deviation from the

parallel line pattern, as evident from Fig. 9a.

The demarcation lines used in Fig. 9 were constructed

by utilizing the diagnostic plot to identify an appropriate
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Fig. 6 Diagnostic plot for the data in Fig. 5. It is seen close to the

wall that the data points deviate from the linear profile (here, with a

slope of 0.4 indicated through the dash-dotted line), and this is mainly

due to heat conduction to the wall. Such an effect results in both too

high mean velocity and too low rms. Solid line is from the DNS at the

same Reh
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Fig. 7 The CDF for measurements near the wall. Experimental data

from Örlü (2009) at y? = 2.5, 2.8, 3.1, 3.4, 3.8, 4.1, 4.6, 4.8, 5.4, 6.1,

6.8, 7.5. First, four profiles are effected through heat conduction

(dash-dotted), while the last four profiles (dashed) start to deviate

from the self-similar distribution above F(u?) [ 0.6. Arrows show the

direction of increasing y?
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measurement point from where on the data cannot be

trusted anymore and draw an empirical -2–slope through

the employed CDF contour line corresponding to the lowest

velocity fluctuatione. The slope is based on mean velocity

results from early investigations on wall proximity effects

on hot-wire readings within the viscous sublayer (Oka and

Kostic 1972; Hebbar 1980; Bhatia et al. 1982), which

indicate such a scaling for approximately 1.5 \ y? \ 6 (see

e.g. Bhatia et al. 1982, Fig. 13). As apparent from Fig. 9a,

this seems to agree fairly well with the CDF contour lines

when considering the demarcation line for the deviation

from the parallel line pattern. Note, however, that such a

demarcation line is not necessary, since the disregarded

region can be also be inferred by mere observation, through

the deviation from the parallel line pattern.

4.2 … to determine the friction velocity

To obtain a value of the friction velocity is slightly more

intricate. Here, we use the information from the DNS,

Figs. 3 and 4, and the assumption that the CDF is self-

similar within the viscous sublayer and even up to about

y? = 7 when only considering the lower part of the CDF

(F \ 0.6). By now iterating the value of us until the CDF

overlaps with the CDF of the simulation for values of y? in

the approximate range 4–7 where also the low-velocity part

should not be affected by the heat conduction. If this is

done for some different y-values, a good estimate of us can

be established. Figure 10 demonstrates the sensitivity of

the CDF variations in terms of friction velocity and clearly

demonstrates that the CDF is quite sensitive to a change in
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Fig. 8 Proof of concept for the employment of the self-similarity of

the CDFs in the viscous sublayer to extract the wall position by means

of DNS data (Schlatter and Örlü 2010). F(u?) = 0.2, 0.4, 0.6, and 0.8

has been used. Linear fits through the closest three near-wall points

(?) are indicated through dashed lines. Solid line indicates the mean

streamwise velocity component and � the extracted wall position. For

the data shown here, as well as other tests at different Reynolds

numbers or with different heights of contour levels, the extracted wall

position was well within ±0.05‘*
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Fig. 9 Application of concept for the employment of the self-

similarity of the CDFs in the viscous sublayer to extract the wall

position by means of hot-wire data Experimental data from (Örlü

2009). Levels and symbols as in Fig. 8 and circles are the mean

streamwise velocity component from the experimental data. Dashed
line with -2–slope indicates the lower limit of near-wall points free

from heat transfer to the wall detected through the diagnostic plot,

whereas the vertical dashed lines indicate the upper limit in which the

linear fit was applied to the CDF contour levels. For the data shown

here, us and ‘* are 0:49 ms�1 and 0.03 mm, respectively
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us, viz. * us
-2, while the changes observed for variations in

y? or Reynolds number effects are less significant as evi-

dent from Figs. 3 and 4.

The proposed method is now applied by utilizing the

CDFs obtained from a ZPG TBL experiment, shown

in Fig. 7. The CDFs have been fitted to the lognormal

distribution by considering only data in the range

0.05 \ F \ 0.6. Hereby, it was found that (l, r) =

(-0.08, 0.42) gives a sufficiently accurate fit for all

employed DNS data for the purpose of the present paper

for both channel and ZPG TBL flows at the wall and

throughout the viscous sublayer when considering Eq. 4.

The obtained results from the proposed method have been

compared to the value of the friction velocity obtained by

means of oil-film interferometry and are shown in Fig. 11.

Note, however, the used reference value has an inherent

uncertainty of up to ±1.5% (Pailhas et al. 2009) and serves

therefore merely for a comparison. It is interesting to point

out that the obtained us value lies within the mentioned

tolerances, as long as the measurement points clearly

affected by additional heat losses are neglected, viz. the

first 4 near-wall points (dash-dotted lines in Fig. 4). It is

also shown that the CDFs outside the viscous sublayer can

be employed and still give an accurate estimate of the

friction velocity, due to the fact that the CDF for the lower

velocities, i.e. F \ 0.6, remains self-similar up to around

y? = 7.

5 Conclusion

This paper shows, based on results from DNS in channel and

ZPG TBL flows, that the PDFs and CDFs of the streamwise

velocity are self-similar within the viscous sublayer and

retain a certain degree of self-similarity up to about y? = 7

at least for the lower half of the CDFs. Furthermore, it has

been shown that the PDFs and CDFs can be described by

means of a lognormal distribution, where the describing

constants are directly related to the mean and rms of the

fluctuating wall shear stress. It is shown that this fact can be

exploited to obtain accurate estimates of the wall position by

using only parts of the CDF that are self-similar and not

affected by heat transfer to the wall. After determining the

wall position, one can use the CDF to obtain an estimate of

the friction velocity. Both proposed methods have been

tested against DNS data and applied on hot-wire measure-

ments in a ZPG TBL flow. Extensive tests on experimental

datasets indicate that the wall position can be determined

with an accuracy of ±0.1‘*, while the friction velocity could

be estimated to within an accuracy, which is associated with

oil-film interferometry, i.e. ±1.5% (Pailhas et al. 2009).

Whether it is possible to extend this method to flows with

pressure gradients is an open question and will be investi-

gated in the future.

Acknowledgements Financial support from the Swedish Research

Foundation (VR) is gratefully acknowledged. Computer time was

provided by SNIC (Swedish National Infrastructure for Computing)

with a generous grant by the Knut and Alice Wallenberg (KAW)

Foundation.

References

Abe H, Kawamura H, Choi H (2004) Very large-scale structures and

their effects on the wall shear-stress fluctuations in a turbulent

channel flow up to Res = 640. J Fluid Eng 126:835–846

Alfredsson PH, Johansson AV, Haritonidis J, Eckelmann H (1988)

The fluctuating wall-shear stress and the velocity field in the

viscous sublayer. Phys Fluids 31:1026–1033

0 0.5 1 1.5 2 2.5
0

0.2

0.4

0.6

0.8

1

u+/y+

F
(u

+
)

Fig. 10 Application of concept for the employment of the self-

similarity of the CDFs in the viscous sublayer to obtain the friction

velocity. Dashed lines indicate ±5 and 10% tolerances in us, with the

arrow pointing toward increasing us values

3 4 5 6 7 8 9 10
0.48

0.5

0.52

0.54

0.56

y+

u τ [
m

s−
1 ]

3 4 5 6 7 8 9 10

1

3

10

|Δ
| [

%
] 

Fig. 11 Application of concept for the employment of the self-

similarity of the CDFs in the viscous sublayer to obtain the friction

velocity demonstrated on the experimental ZPG TBL data depicted in

Fig. 7. The CDFs have been fitted to the lognormal distribution, i.e.

Eq. 4, by considering data in the range 0.05 \ F \ 0.6. Horizontal
solid and dashed lines indicate the us value obtained from oil-film

interferometry and ±1.5% tolerance limits, respectively. Insert

depicts the relative error to the value obtained through oil-film

interferometry

Exp Fluids (2011) 51:271–280 279

123
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Örlü R, Fransson JHM, Alfredsson PH (2010) On near wall

measurements of wall bounded flows—the necessity of an

accurate determination of the wall position. Prog Aero Sci

46:353–387
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