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ABSTRACT We theoretically investigated the mass dependence
of the sympathetic cooling rate of gas-phase ions trapped in
a linear radio-frequency-quadrupole ion trap. Using an a pri-
ori molecular dynamical calculation, tracing numerically with
Newtonian equations of motion, we found that ions with a mass
greater than 0.54± 0.04 times that of the laser-cooled ions
are sympathetically cooled; otherwise, they are heated. To un-
derstand the mass dependence obtained using the molecular-
dynamical calculation, we made a heat-exchange model of
sympathetic cooling, which shows that the factor of 0.54±0.04
is a consequence of absence of micro-motion along the axis of
the linear ion trap.

PACS 32.80.Pj; 33.80.Ps

1 Introduction

When ions collide with laser-cooled ions, the ki-
netic energy of the ions is transferred to the laser-cooled
ions. This collision process, called sympathetic cooling [1–
12], has been used to cool atomic and molecular ions to
10 mK [7]. In this temperature range, the phase of the ions was
crystalline [7]. In mass-spectrometric applications of sympa-
thetic cooling [3, 4, 8–12], molecular ions were detected with
single-ion sensitivity. Laser-cooled-fluorescence mass spec-
trometry, or LCF-MS [3, 10–12], detects resonant excitation
of the secular motion [13] of sympathetically cooled sam-
ple ions. The excitation was observed as a modulation of
laser-induced fluorescence emitted by the laser-cooled ions.
LCF-MS requires gas-phase ions [3] in order to avoid the crys-
talline oscillation mode [5, 6, 14, 15]. LCF-MS also requires
cooled ions, of which the temperature is typically 1–10 K, in
order to obtain frequent collisions between the laser-cooled
ions and the sample ions. Such a cooled gas phase can be ob-
tained by a balance between laser-cooling and rf heating [16–
18]. In order to derive the number of molecular ions from
the observed mass spectra for mass-spectrometric applica-
tions, a quantitative understanding of the LCF-MS mechan-
ism is required. However, sympathetic cooling of gas-phase
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and multi-species ions in a radio-frequency-quadrupole (or
RFQ) ion trap, which is the main process in LCF-MS, has not
been quantitatively investigated,1 though the crystalline phase
in the sub-milli-Kelvin region have been studied intensively
for quantum computing applications [5, 6]. Because their dy-
namics are quite different from each other in terms of the
one-component plasma, the results of the crystalline case are
not applicable to the gaseous one [16].

In this paper, we investigate the mass dependence of the
sympathetic cooling rate of gas-phase ions theoretically, in
a situation where the ions are trapped in a linear RFQ ion trap.
The mass dependence is an important aspect for the mass-
spectrometric application of sympathetic cooling. In order to
obtain the cooling rate, we used a molecular-dynamical (or
MD) calculation [12, 16, 17], which numerically traces each
ion motion, described with Newtonian equations of motion.
We made a heat-exchange model of sympathetic cooling in
a linear RFQ ion trap in order to understand the characteristics
of the sympathetic-cooling rate, found using a MD calcula-
tion. Such results should also be useful for quantum comput-
ing in order to prepare a string of qu-bit ions, which is gener-
ated from introduced hot ions by sympathetic cooling [5, 6].

2 Molecular-dynamical calculation

In the MD calculation, we reproduce an experi-
mental condition of our previous report [3], in which laser-
cooled 24Mg+ ions are trapped in a linear RFQ ion trap. We
suppose that the ion trap has an ideal quadrupole structure,
whose radius, r0, is a 3 mm. We apply an rf voltage with a fre-
quency and an amplitude of Ω/2π and Vrf to the electrode.
The trapping field in the electrode at x ≡ (x, y, z) is given by

φ(x) = − x2 − y2

2r2
0

Vrf cos Ωt + 2z2 − x2 − y2

2d2
Udc . (1)

The first term of the potential represents a linear RFQ field,
and the second a static potential to confine the ions around

1 Shimizu et al. [19] proposed a model which stated that sympathetic
cooling has the same formula for the ion-neutral collisions in an RFQ
ion trap [26]. The sympathetic cooling process in the ion trap is differ-
ent from the ion-neutral collision. While the trapped ions interact again
and again, the neutral molecules never collide with the trapped ions again
because the molecules are not trapped in the ion trap.
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z = 0, where we approximated that the static potential is har-
monic [20]. The q value [13] for 24Mg+ ions was 0.2, and the
static potential, Udc/d2, is 1 (mV/mm2).

We laser-cool 24Mg+ ions to keep their temperature almost
constant. A conventional formula was used to describe the
laser cooling rate [16, 17, 21] in the MD calculation. Photon
scattering occurs randomly, the average rate of which is given
by the scattering rate of magnesium ions, which depends on
the laser power and the laser detuning. The laser intensity was
set at 100 µW/0.2 mm � and the laser detuning from the res-
onant center at −30 MHz. The force by a photon scattering
is written as Fphoton scattering in the equations of motion of the
laser-cooled ions.

In the ion trap potential (1), the equations of motion of ions
are given by

msc
d2xi

dt2
= −e∇


φ(x)+

nsc,nlc∑
j �=i

e

4πε0

1∣∣xi − xj

∣∣2

 , (2)

for each sympathetically cooled ion with a mass of msc, and

mlc
d2xi

dt2
=− e∇


φ(x)+

nsc,nlc∑
j �=i

e

4πε0

1∣∣xi −xj

∣∣2



+ Fphoton scattering , (3)

for the each laser-cooled ions with a mass of mlc. The equa-
tions of motion include all the Coulomb force between ions.

In the MD calculation, we trapped 35 24Mg+ ions and five
sympathetically cooled ions, which is a typical number of ions
in our experimental demonstration of LCF-MS [11]. The ini-
tial positions and velocities of each ion are given randomly
but constrained by its initial energy. Laser cooling rate was
set to comparable to rf heating rate in order to keep the gas
phase. For this purpose, the laser frequency, ν, was tuned to
just below the optical resonant frequency of the laser-cooled
ions, ν0. When the laser detuning, ∆ν ≡ ν − ν0, is negative
and ∆ν 	 −Γ , where Γ represents the natural linewidth of
the laser-cooling transition, the laser cooling has a very low
cooling efficiency.

In MD calculation, the averaged kinetic energy, Wj ( j =
sc: a sympathetically cooled ion; j = lc: a laser-cooled ion),
was calculated for each ion species over 10 µs, which is equal
to about 4 cycles of secular motion. The motions of each
trapped ion were traced for 10–20 ms. We define the tempera-
ture, Tj , of the each ions by

Wj = 5

2
kbTj . (4)

The factor 5/2 comes from x, y, z translational and x, y micro-
motion [13] (The details of this factor are given in Sect. 3.1.3.)

Figure 1 shows the time variation of the temperature of
the trapped ions, in which the mass of the sympathetically
cooled ions is a parameter. The thick lines show the traces
of the temperature of the ions with masses msc, and the thin
lines show the traces of the temperature of the laser-cooled
ions. In the figure, we can see that ions with a critical mass
number greater than 12–14 (= 0.54 ±0.04 ×mlc) are sympa-
thetically cooled. However, ions with a mass lighter than this
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FIGURE 1 Trace of the temperature of the laser-cooled ions, Tlc, and the
sympathetically cooled ions, Tsc, found using MD calculation. msc represents
the mass of the sympathetically cooled ions. Ions with masses lighter than
13±1 mu are sympathetically cooled; otherwise, they are heated

critical mass number are heated. The equilibrium temperature
of the sympathetically cooled ions was the same as that of the
laser-cooled ions.

The sympathetic cooling rate depends on ion tempera-
tures, which is another important feature of the sympathetic
cooling. Figure 2 shows the trace of the temperature of the
trapped ions when the initial temperature of the laser-cooled
ions was changed. A higher temperature of the laser-cooled
ions resulted in a lower cooling rate. We compare the MD re-
sults to the following model of sympathetic cooling, which is
sensitive to the ion temperature.

3 Heat-exchange model of sympathetic cooling

The critical mass ratio for sympathetic cooling,
msc/mlc = 0.54 ± 0.04, can be explained by the following
heat-exchange model of gas-phase ions. In terms of a one-
component plasma (OCP), the phase of the trapped ions is
categorized as a gas phase when the plasma parameter Γp =
(total Coulomb energy of trapped ions)/(total kinetic energy
of trapped ions). The temperature range of our MD calcula-
tion gives Γp = 0.1–0.005, which is categorized as a dense gas
phase (or a gas phase and a liquid phase) [22].

For simplification, we use the following approximations,
which are applicable to gas-phase ions:

A1 The ions are traveling along Mathieu trajectories between
collisions. This means that long-range Coulomb force
does not perturb the motion of ions.

A2 A pinpoint, two-body, and elastic collision occurs when
the Mathieu trajectories of two ions cross each other. The
velocity change by the collision, as well as energy trans-
fer, is calculated with the kinematics.

A3 The collision rate is given by Rutherford scattering [23–
25].

A4 Equi-partition of energy between secular and micro
motion.

A5 Equi-partition distribution by the collision.
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FIGURE 2 Trace of the temperature of the laser-cooled ions, Tlc, and the
sympathetically cooled ions, Tsc, found using MD calculation. msc is fixed at
29mu . The initial temperature of the laser-cooled ions is a low, b medium,
and c high. The lower the Tlc, the faster Tsc decreases

Using these approximations, the sympathetic cooling rate is
obtained as a product of the energy transfer per collision and
the collision rate [26]. This approach is similar to Moriwaki’s
calculation of energy transfer between a neutral particle and
ions trapped in an RFQ field [26].

In Sect. 3.1, we calculate the energy transfer per collision
in a linear RFQ field. When we assume equi-partition (A4 and
A5), we obtain the critical ratio 8/15 = 0.533 for the sympa-
thetic cooling rate. In Sect. 3.2, we calculate the collision rate.
The resulting formula for the sympathetic cooling rate is given
in Sect. 3.3.

3.1 Energy transfer per collision

We calculated the energy transfer between a laser-
cooled ion and a sympathetically cooled ion per collision in
a linear RFQ ion trap.

3.1.1 Solutions of the Mathieu equation. The motion of
a trapped ion in an RFQ field is described by a solution of

the Mathieu equation [13, 27, 28]. The equations of motion
of species j ( j = sc: a sympathetically cooled ion and j = lc:
a laser-cooled ion) in the trapping field (1) are given as Math-
ieu equations:

d2

dξ2
uj + (aju −2qju cos 2ξ)uj = 0 (u = x, y, z) . (5)

The parameters in these equations are

ξ = Ωt

2
, (6)

ajx = ajy = − 4eUdc

mjΩ2d2
, ajz = 8eUdc

mjΩ2d2
, (7)

qjx = −qjy = 2eVrf

mjΩ2r2
0

, qjz = 0 . (8)

The Mathieu equations can be solved as a linear combination
of oscillation terms:

uj(ξ) = Ajucju(ξ)+ Bjusju(ξ) , (9)

where cju(ξ) and sju(ξ) are given by

cju(ξ) ≡
∞∑

n=−∞
Cju(2n) cos (2n +βju)ξ , (10)

sju(ξ) ≡
∞∑

n=−∞
Cju(2n) sin (2n +βju)ξ . (11)

The stability parameter, βju , can be expressed approximately
by β2

ju = aju +q2
ju/2, when qju ≤ 0.5.

3.1.2 One-dimensional energy transfer per collision. One-
dimensional elastic collision occurs at time ξ0 and at position
usc(ξ0) = ulc(ξ0) with velocity u̇sc(ξ0) and u̇lc(ξ0), where (̇ )

represents a derivative over ξ . In this condition, the factors Aju

and Bju in the solution of the Mathieu equation are written
using only ξ0, uj(ξ0), and u̇ j(ξ0).

The time-averaged kinetic energy of species j is given by

Wju = mj

2

(
Ω

2

)2

〈u̇ j(ξ)2〉 . (12)

In this formula, ( ) represents an average about ξ . We take
a time range, from infinity minus to infinity plus, for the av-
eraging instead of a range from the collision interval. This is
a reasonable approximation – that the collision rate is less than
the secular frequency. By this average we obtain the averaged
kinetic energy of the ions whose trajectories pass at uj(ξ0) and
u̇ j(ξ0). We also take an average about ξ0, which is described
by 〈 〉. This means an average over the various phases of the rf
field when the various collisions occur. The time-averaged ki-
netic energy (12) contains the secular motion energy and the
micro-motion energy.

The position and velocity of the sympathetically cooled
ions after the collision, vj(ξ0) and v̇j(ξ0), are given as follows:

vj (ξ0) = uj(ξ0) = vi(ξ0) = ui(ξ0) ,

v̇j (ξ0) = (mj −mi)u̇ j(ξ0)+2miu̇i(ξ0)

mj +mi
. (13)



378 Applied Physics B – Lasers and Optics

The one-dimensional energy transfer per collision, ∆wu ,
is defined as

∆wu = msc

2

(
Ω

2

)2

〈v̇sc(ξ)2 − u̇sc(ξ)2〉 , (14)

where usc and u̇sc(ξ) represent the position and velocity be-
fore a collision, and vsc and v̇sc(ξ) represent the position and
velocity after the collision.

When mlc = msc,

∆wu = −1

2
[1 − ε(a, q)](Wscu − Wlc u) . (15)

When mlc �= msc,

∆wu = − 2mscmlc

(msc +mlc)2

[(
1 − mlc

msc
ε(asc u, qsc u)

)

× Wsc u −α(asc u, qsc u)Wlc u

]

− 2mlc

msc +mlc
ζ(asc u, qsc u, alc u, qlc u)

β2
sc u

β2
lc u

Wlc u . (16)

The parameters, ε, α, and ζ are defined as follows when we
use notations, cu(ξ0) = cu0 and su(ξ0) = su0:

ε(au, qu) =
〈
(cu0ċu0 + su0ṡu0)

2

(cu0ṡu0 − ċu0su0)2

〉
, (17)

α(au, qu) =
〈

c2
u0 + s2

u0

(cu0ṡu0 − ċu0su0)2

〉 (
ṡu(ξ)2 + ċu(ξ)2

)
, (18)

ζ(au, qu, a′
u, q′

u) =
〈
(cu0ċu0 + su0ṡu0)(c′

u0ċ′
u0 + s′

u0ṡ′
u0)

(cu0ṡu0 − ċu0su0)2

〉
.

(19)

These parameters have the following relations:

ε(a, 0) = 0 , (20)

ε(0, q) = 1 +3.20q2.44 when q ≤ 0.5 ,

≈ 1 when q ≈ 0.2 , (21)

α(0, q) ≈ 1 + ε(0, q) when q ≤ 0.5 , (22)

ζ(a, q, a, q) = ε(a, q) , (23)

ζ(0, qu, 0, q′
u) ≈ ε(0, qu)

q′
u

qu
. (24)

When q �= 0 and a � q, ∆Wu simplifies as follows:

∆wu = − 2mscmlc

(msc +mlc)2

(
1 − mlc

msc
ε(0, qsc,u)

)
(Wsc u − Wlc u) .

(25)

This formula reduces to (15) in the case of mlc = msc.
When ion motion before or after a collision is in a direction

to which the rf field is not applied, ε is zero because of (20),
and the energy transfer per single encounter is given by

∆wu (q=0) = − 2mscmlc

(msc +mlc)2
(Wsc u − Wlc u) . (26)

This is the equivalent formula to when two particles collide
elastically without rf fields.

3.1.3 Three-dimensional energy transfer per collision. In
order to derive a three-dimensional energy transfer from
(25) and (26), we made the following two approximations
using an equi-partition of energy between secular and micro-
motion [13]. First (A4), 2/5 of the total energy of the ions, Wlc

and Wsc, are distributed to each of the x and y axes and 1/5 to
the z axis of a linear RFQ ion trap. We verified this approxima-
tion using the MD calculation. This is the same approximation
as in the case of a three-dimensional RFQ ion trap, i.e. the en-
ergy of micro-motion is equal to that of secular motion [13]. In
the case of a linear RFQ ion trap, the z direction does not have
micro motion because the rf field does not apply to the z direc-
tion. Therefore, the z component of kinetic energy is half of
the x or y component. Second (A5), we approximated that the
kinetic energy of the u direction before a collision is equally
distributed to the x, y, and z directions by collisions.

Using (A4) and (A5), the energy transfer for each direction
is

∆wx→x = ∆wy→y = ∆wx→y = ∆wy→x

= ∆wu(Wsc u = 2Wsc/5, Wlc u = 2Wlc/5)× 1

3

= − 4mscmlc

15(msc +mlc)2

(
1 − mlc

msc
ε(q)

)
(Wsc − Wlc) ,

(27)

∆wx→z = ∆wy→z

= ∆wu (q=0)(Wsc u = 2Wsc/5, Wlc u = 2Wlc/5)× 1

3

= − 4mscmlc

15(msc +mlc)2
(Wsc − Wlc) , (28)

∆wz→x = ∆wz→y = ∆wz→z

= ∆wu (q=0)(Wsc z = Wsc/5, Wlc z = Wlc/5)× 1

3

= − 2mscmlc

15(msc +mlc)2
(Wsc − Wlc) , (29)

where we write ε(0, qx) = ε(0, qy) ≡ ε(q). The total energy
transfer per collision is given by the sum of the above formu-
las:

∆w =
∑

u,v=x,y,z

∆wu→v

= − 2mscmlc

(msc +mlc)2

(
1 − mlc

msc
ε̄

)
(Wsc − Wlc) . (30)

The parameter ε̄ is given by

ε̄ = 8

15
ε(0, q) � 8

15
= 0.533 , (31)

when q ≤ 0.5.2

The mass dependence of the sympathetic cooling rate ap-
pears in (30). If ∆W is negative, i.e. msc > ε̄mlc, the sympa-
thetically cooled ions are cooled; otherwise, they are heated.

2 In the case of a Paul trap, the energy transfer per single encounter is
written as the same formula (30) but ε̄ is given by

ε̄ = 2ε(0, qx,y)+ ε(0, qz)

3
∼ ε(0, qx,y) ∼ 1 .
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This is consistent with the results of the MD calculations,
where the critical ratio ε̄ of the MD calculation is equal to
0.54 ± 0.04. The heat-exchange model shows that the fac-
tor of 0.54 (or 8/15 in the model) is a consequence of en-
ergy equi-partition between secular and micro-motion, where
the micro-motion is absent in the z direction. If we assume
a three-dimensional Paul trap, where micro-motion exists
in the z direction as well, the critical ratio ε̄ becomes one,
which is similar to the ion-neutral calculation by Moriwaki et
al. [26].

3.2 Collision rate

For calculation of the collision rate, we approx-
imated that collisions between the sympathetically cooled
ions and the laser-cooled ions are composed of two-body
Coulomb collisions. We use a differential cross-section of
the Rutherford scattering. The calculation refers to those of
Chandrasekhar and Spitzer [23–25], but we did not apply
an approximation that the temperature of the sympathetically
cooled ions (or “particle” in their notations) is much higher
than that of the laser-cooled ions (or “field particle”), be-
cause we were dealing with sympathetic cooling processes
with Wlc � Wsp.

We used the deflection rate, γ , as our collision rate [25,
26], defined as

〈(∆v⊥)2〉(1/γ) = v2 . (32)

Note that v represents the initial velocity of a sympatheti-
cally cooled ion, and ∆v⊥ represents the transverse compon-
ent of the sympathetically cooled ion after multiple collisions
through the cloud of the laser-cooled ions for a unit time.
〈 〉 represents the average of the collisional effects by the ion
cloud. 1/γ is estimated as the period in which the kinetic en-
ergy of the sympathetically cooled ions is distributed to the
other directions. Therefore, it can be estimated as an interval
between the collisions with which we dealt in the derivation of
the energy transfer per collision. When we refer to the calcu-
lation approach by Chandrasekhar [23, 24], the deflection rate
in the ion cloud is given by

γ = e4

8πε2
0m2

scv
3

∞∫
0

dv1
N(v1)

v1

|v1+v|∫
|v1−v|

dV

[(
1 + 1

8V 2v2

[
(v1 +v)2 − V 2] [(v1 −v)2 − V 2])

× log (1 +Υ 2V 4)−
(

1 + 3

8V 2v2

[
(v1 +v)2 − V 2]

× [(v1 −v)2 − V 2] ) Υ 2V 4

1 +Υ 2V 4

]
. (33)

In this formula, N(v1) is the distribution of the laser-cooled
ions in the configuration space; Υ = 4πεmscmlc D0/e2(msc +
mlc), and D0 is the averaged ion distance in the cloud. The vel-
ocity dependence of γ in (33) is showed with a thick solid line
(A) in Fig. 3, when the temperature of the laser-cooled ions is
10 K.

We approximated that the velocity of the laser-cooled ions
is described by the Maxwell–Boltzmann distribution and that

0.1 10 100 10001
10 2

10 3

10 4

10 5

10 6

10 7

10 8

velocity of a sympathetically cooled ion [m/s]

temperature of
laser cooled ions: 10 K

no approximated
equation (A)

approximated
equation (B)

approximated
by Chandrasekahr and Spitzer (C)

FIGURE 3 Deflection rate by a cold one-component plasma. The thin solid
line (A) represents the diffraction rate without approximation, i.e. (32). The
thick solid line (B), i.e. (34), was used in this work. The dotted line represents
the approximated formula by Chandrasekhar and Spitzer [23–25]

the space density, �, is uniform in the ion cloud as the formula
of N(v1). In the case of v ≥ v1, γ can be simplified as follows:

γ = e3�(Wlc)∆sc,lc

4πε2
0m1/2

sc (2Wsc)3/2
log (1 +Λ2) . (34)

Λ is the ratio between the kinetic energy of the sympatheti-
cally cooled ions and the mean Coulomb energy of the laser-
cooled ions:

Λ = Wsc/
e2

4πε0D0
. (35)

When we assume that the density of the ion cloud is con-
stant, δsc,lc = 1 if the sympathetically cooled ions locates in
the cloud of the laser-cooled ions and zero if they do not. In
Fig. 3, the approximated scattering rate, we used in this paper,
is showed with a thin solid line (B).

3.3 Sympathetic cooling rate

The sympathetic cooling rate, ∆W/∆t, is given by
a product of the energy transfer per collision (30) and the col-
lision rate (34). When the sympathetically cooled ion, whose
kinetic energy is Wsc, locates in the ion cloud of the laser-
cooled ions whose density is �(Wlc),

∆W

∆t
= γ ×∆w

= − 2mscmlc

(msc +mlc)2

(
1 − mlc

msc
ε̄

)
(Wsc − Wlc)

× e3�(Wlc)

4πε0m1/2
sc (2Wsc)3/2

log (1 +Λ(Wsc, Wlc)
2) . (36)

In the case of the linear ion trap, ε̄ = 8/15.
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3.4 Sympathetic cooling rate in the linear ion trap

For more convenient calculation of the sympathetic
cooling rate, we assumed the laser-cooled ions, whose num-
ber is nlc, are stored in the linear ion trap described by (1). We
used a formula for a spatial density of the laser-cooled ions
with kinetic energy of Wlc, �(Wlc), given by Dehmelt [13]:

�(Wlc) = �max

(
eD̄q

eD̄q + Wlc

)3/2

. (37)

�max is the maximum density of the laser-cooled ions:

�max = 4ε0
D̄lc

r2
0

. (38)

D̄j , called a pseudo-potential depth, is given by D̄j = qj Vrf/8
when aj � qj . D̄q , a fluid level, is given as follows when the
number of the laser-cooled ions is nlc:

D̄q = D̄lc

(
enlc

�maxVtrap

)2/3

. (39)

The ion distance, D0, in Λ and Υ can be calculated by D0 =
(e/�)1/3. This fluid approximation assumes the charge density
is constant in the ion cloud, which is included by our approx-
imation for deriving (34). Vtrap is the volume of the ion trap,
which is given by

Vtrap j = 4

3
π

√
D̄j

Udc
r2

0d . (40)

Because D̄j is dependent on the mass of the ions, note that
Vtrap j depends on the ion species ( j = lc: laser-cooled ions;
j = sc: sympathetically cooled ions).

When we approximate that the densities of laser-cooled
ions are uniform in their space distribution, δsc,lc in the col-
lision rate can be replaced by following equation for kspace,
which is given by a ratio of the volume the sympathetically
cooled ions can locate, Vsc, to the volume of the cloud of the
laser-cooled ions, Vlc:

kspace = Vlc

Vsc
when

Vlc

Vsc
≤ 1 , (41)

= 1 when
Vlc

Vsc
≥ 1 . (42)

Using the formula of the density of the laser-cooled ions (37),
Vlc is given by

Vlc = Vtrap lc

(
Wlc+eD̄q

eD̄lc

)3/2

. (43)

For the sympathetically cooled ions,

Vsc = Vtrap sc

(
Wsc

eD̄sc

)3/2

, (44)

where D̄sc is the pseudo-potential depth of the sympatheti-
cally cooled ions. When Wlc 	 eD̄q , kspace is simply repre-
sented by

kspace =
(

mlcWlc

mscWsc

)3/2

. (45)

When we write the mass ratio of the sympathetically
cooled ions and the laser-cooled ions, msc/mlc = r, the sym-
pathetic cooling rate is simplified as follows:

∆W

∆t
= −kspacek

2(r − ε̄)

m2
lc

√
r(1 + r)2

Wsc − Wlc

(WscWlc)3/2
, (46)

where k is given by

k =
√

2e7

32
√

5πε2
0k2

b M2
u

nlc

Vtrap lc

(
Vrf

r0Ω

)3

log (1 +Λ2) . (47)

The above formulas indicate the following characteristics:

– Ions heavier than ε̄mlc can be sympathetically cooled by
the laser-cooled ions with a mass of mlc, and the equilib-
rium temperature is Wsc = Wlc.

– When the mass of the ions is lighter than ε̄mlc, the ions
are heated by collision, even though the temperature of
the laser-cooled ions is cooler than that of the ions. These
characteristics relate to (30).

– The sympathetic-cooling rate is inversely proportional to
the square of the mass of the laser-cooled ions and propor-
tional to the number.

– The rate is approximately proportional to the cube of the rf
amplitude when q < 0.5 because ε̄ is almost constant.

In Fig. 4, we show a sympathetic-cooling rate calculated
by (36) in the case where 35 24Mg+ ions and sympathetically
cooled ions with a mass of 29mu are trapped.
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FIGURE 4 Sympathetic cooling rate calculated by the model, (36)
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4 Comparison of the heat-exchange model and the
MD calculations

We compare the heat-exchange model (46) with the
MD calculations. As for the sympathetic-cooling rate found
using the MD calculations, (∆Wsc/∆t)MD, we calculated the
temperature change per unit time (t), i.e. gradient of Wsc, over
the typical temperature range shown in Figs. 1 and 2.

Figure 5 shows (∆Wsc/∆t)MD from the MD calculation
shown in Fig. 2, where the temperature of the laser-cooled
ions was chosen as the parameter of the calculations; the tem-
perature range of Wlc is 3–50 K, and that of Wlc is 3–20 K. The
horizontal axis represents the temperature dependence of the
sympathetic-cooling rate (46) when kspace = 1. The error bar
of each point represents the standard deviation of ca 10 trac-
ings using the same initial temperatures but different seeds of
a random generator of the MD calculation. The figure shows
that the sympathetic-cooling rate is proportional to (Wsc −
Wlc)/(WscWlc)

3/2. The gradients of the sympathetic-cooling
rate over (Wsc −Wlc)/(WscWlc)

3/2 are independent of the tem-
peratures, and the value of the gradients are consistent with
(46) (Fig. 5, inset).

Figure 6 shows the gradient of the sympathetic-cooling
rate over (Wsc − Wlc)/(WscWlc)

3/2 given by the MD calcu-
lation shown in Fig. 1 as point data with error bars. This
represents the mass dependence of the sympathetic cool-
ing rate. The error bars represent the standard deviation
of ca 10 tracings using the same initial temperatures but
different seeds of a random generator of the MD calcula-
tion. The mass dependence of the gradients found using the
MD calculation are consistent with (46), with ε̄ = 8/15 =
0.533. When we assume that ε̄ is the fitting parameter,
the best fit of ε̄ is 0.52 ± 0.02, with a confidence level
of 95%.
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FIGURE 5 The sympathetic-cooling rate found using MD calculation,
∆W/∆tMD, depends linearly on (Tsc − Tlc)/(Tsc − Tlc)

3/2, whose gradients
are constant with regard to the heat-exchange model (inset)
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FIGURE 6 Mass dependence of the sympathetic-cooling rate, ∆W/∆tMD,
found using MD calculation (point data). The solid line shows the
sympathetic-cooling rate given by the heat-exchange model with ε̄ = 8/15 =
0.533. The model shows good agreement with the results of MD calculation

5 Further considerations for experimentation and
a comment

Experimental evidence for the mass dependence
of the sympathetic-cooling rate is that molecular ions with
a mass of m/e = 18 and 19 were sympathetically cooled
when an LCF-MS was measured [3]. This is consistent with
(36), i.e. ions with a mass greater than ε̄mlc = 12.5(mu/e)
are sympathetically cooled by the laser-cooled 24Mg+ ions.
For further experiments, we should check whether ions with
masses just below and just above msc = 12 are sympatheti-
cally cooled or not. Cooling can be examined by injecting ions
with a mass equal to msc into an ion trap which contains laser-
cooled ions. If the ions are sympathetically cooled, they are
observed as lattice points that do not emit fluorescence in an
ion crystal [7].

Another possible way to check (36) may be direct meas-
urement of the sympathetic-cooling rate. After identifying the
number of molecular- and laser-cooled ions, the temperature
of both species should be traced. The number of trapped ions
can be measured by optical imaging when the ions are in
a crystallized phase [7] or by an absolutely calibrated sec-
ondary electron multiplier [11]. The temperature of the ions
can be estimated using laser-induced fluorescence excitation
spectra when we sweep the frequency of a weak laser beam
without perturbing laser cooling and sympathetic cooling.

Figures 1 and 2 show a rise in the temperature of the
laser-cooled ions Wlc, which is caused by rf heating [16–18].
The rf heating rate is � 100 times as small as sympathetic
cooling when we compare the strength of its effect in a simi-
lar temperature range. rf heating cannot be explained by our
model, i.e. the sympathetic-cooling rate expressed by (36) is
always zero under conditions of rf heating; mlc = msp and
Wlc = Wsp. This means that rf heating is not represented by
elastic, two-body collisions in the rf field, but by a chaotic
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phenomenon in the result of many-body Coulomb collisions
in an rf field [16, 29].

6 Conclusion

We obtained the sympathetic cooling rate of gas-
phase ions trapped in a linear RFQ field using MD calcula-
tion. We showed that ions with a mass greater than 0.54 ±
0.04 mlc are sympathetically cooled in a linear RFQ ion trap.
The sympathetic-cooling rate is reproduced by elastic, two-
body collisions between gas-phase ions. The factor of 0.54
is a consequence of the absence of micro-motion in the
z direction.
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