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Abstract. We describe the steady-state and transient powdn Sect. 2 we develop a rate-equation model for the ICSRO
characteristics of continuous-wave intracavity singly resonanvhich features such a multi-mode laser. Our model is in the
parametric oscillators (ICSROs). The operation characterispirit of those of [8—11] where the interacting waves adopt
tics of recently demonstrated ICSROs are reviewed. We dea particular fixed phase-relationship and dynamics occur on
rive a rate-equation model for the ICSRO which features scale of the cavity lifetimes. In Sects. 3 and 4 we analyse the
a multi-frequency laser field. The steady-state behaviour dfteady-state behaviour of the ICSRO, and show how it may be
the device is detailed and methods to optimise the signal anaptimised to give very high output-power efficiencies.

idler outputs are presented. A Liapunov analysis tests the It is well known, however, that at high powers intracavity
high-power stability of the system. We find that ICSROs doup-conversion can suffer from dynamic instabilities [9, 10].
not suffer from the problems of instability which are charac-These cause the erratic amplitude fluctuations of the “green
teristic of other intracavity frequency-mixing schemes and, aproblem”, and present design constraints to the power-scaling
such, represent practical continuous-wave sources capableaffsuch systems. It was shown previously [8] that intracav-
high output powers and conversion efficiencies. Finally, wéty DROs (ICDROs) exhibit similar instabilities at moder-
quantify the level of practical stability through an analysis ofate pumping levels. While the demonstrations of ICSROs at
the novel transient behaviour of the ICSRO. We find that, ta pumping level of a few times the OPO threshold have shown
optimise the power stability, the signal cavity lifetime shouldthat stable operation is possible, it can not rule out instabili-

be made as large as possible. ties at higher pump levels. In Sect. 5 we address this issue of
high-power stability through an analysis similar to [8, 10]. We
PACS: 42.65.Yj; 42.60.-v; 42.60.Lh find that ICSROs do not suffer from the same problems of in-

stability and, as such, represent practical cw sources capable
of high output powers and conversion efficiencies. Section 6
Intracavity frequency-conversion has long been established agns to quantify the level of practical stability through an an-
an efficient method for generating continuous-wave (cw) visalysis of the novel transient behaviour of the ICSRO.
ible light. Recent demonstrations of intracavity optical para-
metric oscillators (ICOPOs) have extended this approach to
produce cw light tunable through the infrared [1-7]. Thel Summary of cw ICOPOs
intense optical field within the pump laser cavity permits
the use of a singly resonant OPO (SRO) geometry, avoidinglhe operation a cw OPO internal to a laser cavity was first
the usual resonance constraints of cw doubly resonant OP@sensidered in a theoretical paper on the ICDRO by Osh-
(DROs). The resulting systems have exhibited Watt-levelman and Harris [8] in 1968. Their analysis found that, in
amplitude-stable output powers with high quantum efficien-addition to the resonance constraints normally associated
cies, while single-frequency outputs have been demonstratedth external-cavity DROs, such devices exhibit instabili-
within crude multi-frequency pump-lasers. ties at moderate pumping levels. They showed that the IC-
In this paper we describe the steady-state and transieBRO could operate in three different regimes when pumped
power characteristics of the cw ICSRO, principally throughabove OPO threshold. First, there are two stable steady-state
the development of a theoretical model. In Sect. 1 we reviewnodes of operation: the efficient and inefficient regimes; sec-
the experimental and theoretical progress in ICOPOs to thend, there is an unstable, repetitively self-pulsing mode. The
present date. In particular, attention is paid to the operatiogteady-state regimes are distinguished by the relative phase
characteristics of the recently demonstrated ICSROs. All buh¢ = ¢, — ¢s— ¢ between the driving pump laser frequency
one of these devices [2] have been based upon standing-wawg, and generated signal, and idler frequenciesw;, re-
laser resonators which feature multi-frequency laser fieldspectively. For the efficient regimag is fixed atz/2 which
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optimises the nonlinear coupling. The inefficient regime iswavelength lasers [4] and multi-parameter pump and grating
characterised bya¢ # 7/2; the parametric interaction drives tuning in [6].
the phases rather than the amplitudes and departs further from Total down-converted powers at the Watt level have been
maximum conversion with increasing pump power. The pulsdemonstrated with very high conversion efficiencies [3,4].
ing mode produces a train of sub-microsecond pulses wheFhe ICSRO is typically less demanding of the pump laser
the ICDRO is pumped- 3 times above OPO threshold, lim- power or spectral characteristics than are external cavity
iting the potential for high-power cw operation of such a de-PPLN SROs [21, 22], since the latter require either multi-Watt
vice. The relative magnitudes of cavity losses and laser anor single-frequency pump sources to exceed threshold. This
parametric gains determine in which regime the ICDRO willpotential to operate SROs with relatively crude, moderate-
operate. power lasers makes the intracavity approach an attractive al-
Soon after that paper, several demonstrations of ICDRO®rnative to the external cavity SRO.
were reported in both cw and Q-switched lasers [12—-15].
At this time Falk et al. [15] demonstrated a pulsed ICSRO
based on a Q-switched laser. Subsequently, a theoretical an- . . . .
alysis [16] of phase fluctuations in the ICDRO was publishe§£ Derivation of multi-mode ICSRO model
More recently, work has concentrated on ICSROs. These
are free of the resonance constraints of DROs and so haWge extend the derivation of the dynamical equations in [11]
the potential to form more practical devices, provided that théo accommodate a multi-frequency pump laser field (for ex-
higher power thresholds may be surpassed. The next reportathple caused by spatial-hole-burning in a homogeneously
work on ICOPOs was a theoretical treatment in 1984 [17] obroadened gain medium). The laser bandwidth is assumed to
conversion efficiency and optimum focusing in cw ICSROs be well within the spectral acceptance bandwidth of the para-
This was followed by the first demonstration ds@DPO [18]  metric interaction, allowing all laser modes to couple through
and further work on Q-switched ICSROs [11, 19]. This papei single-frequency, resonant signal [1, 3]. Figure 1 shows the
extends the work in [11, 17] to accommodate multi-frequencygchematic arrangement of the ICSRO. The device comprises
pump fields and addresses, for the first time, cw ICSRG pump laser of lengti., which is in turn pumped by an
power stability and relaxation oscillations. external laser source, and an OPO cavity of lengthin
The first cw ICSRO was reported by Colville et al. in which the signal field is resonant and the idler field exits after
1996 [1]. This device was based on a KTP crystal pumped single pass. The high-finesse laser and OPO cavities share
at the intracavity focus of @i:sapphire laser. When pumped a common end mirror and are separated by a beamsplitter.
above OPO threshold, the device exhibited the characterigx nonlinear crystal of lengthis situated in the common arm
tic clamping of the laser field at the threshold level [20].
An output power 0of400 mW was achieved with an ampli-
tude stability of+8% over a50-stime-scale. The multi-mode Nonlinear

. . Laser
laser-pump field was shown to couple through a single-mode Crystal

Crystal

External

signal field to generate an idler of the same bandwidth as the Pump Pumping
pump.

The power and tuning characteristics of this, and subse''e
quently reported devices, are shown in Table 1. These feature Signa

ICSROs based on both birefringently phase-matched [1-3,5] z=0 _
and the new quasi-phase-matched [4, 6, 7] materials. The for- ~— Lasr Cavity
mer have relied on the tunability of the pump source for ~—P OFOCavity
wavelength tuning. The latter have allowed tuning with fixed-Fig. 1. Schematic arrangement of the ICSRO

Table 1. Powers and tuning characteristics of

ow ICSROs External Laser Nonlinear Wavelength: Output  Conversion  Ref.
pump crystal signal range powers efficiency
Idler range
Art-lon Ti:sapphire KTP 1.09-1.21pm 270 mW 7006 [1,3]
14 W 20 mm 253-2.87pm 350 mW
Art-lon Rh6G KTP 1.03-1.04um 28 mwW — [2]
— 12 mm 125-1.37pm —
Art-lon Ti:sapphire KTA 1.10-1.25pm 500 mW > 85% [3]
14W 12mm 232-3.00pum 800 mW
Diode Nd:YVO4 PPLN 1.56-1.60um — — [4]
30A 25mm 318-3.33um 850 mW
Diode Nd:YLF KTA 1.50pum 150 mW 706 [5]
W 15mm 347 pm 220 mW
Art-lon Ti:sapphire PPLN 1.07-1.28pum 50 mW %6 [6]
6W 19 mm 230-3.33um 240 mW
DPSSL Ti:sapphire PPLN 1.07-1.28pum — 50% [6]
51w 19mm 230-3.33um 100 mW
Art-lon Ti:sapphire PPRTA 1.13-1.27um — 43% [7]

8W 4.5 mm 253-3.26um 200 mW
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and, to simplify the algebra, the cavities and crystal share With this assumption, and combining (1)—(4), the idler
a common end at= 0. field in the crystal is found to be of the form

We define the laser and signal fields as
2deff

Aknic
X Z {a)i Ep; (1) cos(—(wijt+¢ﬁ) ikiﬂ)
i

Ef(zr,ty=+ exp(—rz(wgz—i- w;2)> Es(t)
Ep(z,1,t) = Z 2B (1) exp(—r2/w?) sin(ky; 2)
j

+ _ +0 _ i
Eo(z 1, 1) = 2E«(t) exp(—r2/w?) sin(ke2) COSwet + ) . (2) X (C°S<A¢i Ak )) COSAd; )) } ()

Here we use a commonk for every value ofAkj = kpj —

Here, the subscripj denotes thejth laser modeky;.s = ks—kij because the laser bandwidth is taken to be much
Np.s0pj.s/C, andny s is an effective refractive index, averaged smallgr than the parametric gain bandW|dt.h. In the ICSROs
over the cavity to avoid boundary problems, andws are descnbeg in[1, 3], for example, the spreadyk; is less than
the sizes, respectively, of the laser and signal transverse wadP7 ¢ =. The form of the idler field is not constrained by
radii in the nonlinear crystal. a resonant cavity so we assume that its transverse variation

We choose to set the signal to be a single-frequenciakes the form of the driving polarisation.
field because we have found in practice [1, 3] this to be the Now sinceEj*(z,r,t) = 0 at the start of each pass of the
most common mode of operation when the laser bandwidtAonlinear crystal, the nonlinear coupling always establishes
is much less than the spectral acceptance bandwidth of tifePhase ofA¢;™ = 7r/2; i.e. the coupled-wave equations pre-
parametric interaction. Additionally, we have shown that thedict that the idler is generated in that phase. Any subsequent
use ofétalons in the OPO cavity can ensure stable singlePerturbationto the phase is rapidly corrected because the idler

frequency signal operation [3]. leaves the cavity after a single pass, and no ‘memory’ of the
The use of such a Sing|e_mode Signa| |mp||es that th@erturbaﬁon remains in the system. Therefore Only the effi-
OPO generates a single idler frequenay for eachwp;. cient regime of the steady-state solutions can occur. Setting

We note that other nonlinear processes do take place in tHs#; = 7/2 andAk = 0, assuming phase matching, simpli-

ICSRO, where thejth laser mode mixes with thieh idler ~ fies (5) to

j # k. However these normally have a negligible effect since

they do not feed energy into a cavity axial mode. They ar€E*(z r,t) = exp(—rz(w§+w§)) Es(t) (I z z) (6)

only significant in the special case where the laser and OPO i N

cavity lengths are in a low integral ratio. For in this arrange- x {a)ij Ep; () COS(—(a)ijt o)+ kijz>} _

ment wpj — wix Matches another resonant frequency of the ] ’

OPO cavity, which we find experimentally can allow sus-

tained multi-mode signal operation. In general, however, th&he envelope of(z,r,t) within the crystal increases lin-

pump laser and OPO cavity lengths are not in such an integrahrly with +z.

ratio, wpj — wik does not match a resonance, and additional We subsequently follow the derivation in [11] of the

signal frequencies tend to be suppressed by the signal cavitgoupled rate equations. We outline this below for comparison
The three interacting fields mix in the nonlinear mediumwith the single-frequency case.

to generate a polarisation The evolution of the resonant fields is described by the

self-consistency equations

2deff

Pisp= 26(20e) Ep,s(Z, T, D Espi(Z, 1, 1) . (3)  Es(®)+Es(t)/7{ = —wsCs(t)/2¢0n , 7
Epj (1) + Epj () /1) = —wpj Cpj (t) /2£00]

Only the travelling-wave components of the resonant fields — wpj Plaseij (1) /Zeong. (8)

which propagate in the same direction interact, and we re- o ) i o

tain only the terms which satisfypj = ws+wij - Pi(z,1, 1) = Here 7, 7, are the signal- and pump-field cavity lifetimes.

PH(z,r. )+ P (z 1. 1) radiates a two-way, single-pass idler Plase; represents the polarisation in the laser medium which
field, whose axial amplitude variation is calculated from theProvides optical gain to the syste@(t), Cp; (t) are polarisa-
relation tion terms describing the nonlinear medium. They are related
to the nonlinear polarisationB,(z, r, t), wherex = s, pj, via
the volume integral

n 9EF(z, 1, 1) N IES(zr, )

S o .= —oi PE(zZ,1,1)/2¢0niC. (4) , o, b
Px(t) = 2—///?X(z,r,t) sin(kyz)
mw Ly
The + distinguishes travelling waves witttk;;z. Since the 000
resonant fields’ dynamics occur on a time scale of the order X exp(—rz/wﬁ)r drdedz
of their high-finesse cavity life-times, the idler experiences = Cy(t) COSwyt + dy) + Sc(t) SiN(cwxt + ) . 9)

a quasi-constant nonlinear source term over its transit of the
crystal. We therefore assume that the idler's temporal varigequation (9) projects the nonlinear source terms onto their re-
tions follow those of the resonant waves [11]. spective cavity modes. It comprises overlap integrals for both
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the transverse and axial variations 8§(z,r,t). The axial  After multiplying (7) by Es and (8) byEp;, the coupled equa-
overlap integral accounts for the varying amplitude of thetions are given by

idler, and the fact that the fields only interact over the length

of the crystal.

Combining (1)—(3), (6), and (9) we find the polarisation _ 5 _ o
terms to be TsPs = Ps 2}: Poj—=1], (19)
Cs(t) = —eoldZ; [2/(1+ w2/@2)] (/L) Es(t) T Ppj = Poj (Nj =1 FPy) , (20)
X Za)ij Epj (t)2/cni , (20)
i

whereF = t)nsLs/tgnpLp is the ratio between the laser and
signal cavity finessess, 1, are the signal and pump photon
Cpj (t) = —eoldZ [2/(1+ wﬁ/wg)] (1/Lp) Epj (D lifetimes which are twice their respective field values.
2 Finally, we add the evolution equation for the saturated
x Bs(O7/cni (11 |aser gain, which may be derived from the Bloch equa-

_ _ , _ .. tions[11]
wherews p is the waist radius of the nonlinear polarisation; it
is related to the field waists by

Vw2, =1/w?+1/wls. 12)  Ni=0p = N { 14 XPj 4 xp g Pok | - (21)
’ ' j
Following a similar argument to [11], we now replace the

laser polarisation term in (8) wit6; Eyj/G; T, to give 7, is the upper-state lifetime and; is the number of
times thejth laser mode is pumped above threshatdc

. unsaturated gainx is a saturation parameter, defined as
‘L"/)Epj = (Gj/Gj_th—l) Epj —r")ijcpj/eonﬁ . (13) 9 )(' P

G; is the saturated gain associated with flile laser mode x= [Z J‘ij] / Fsat» (22)
(3_Gj « laser population inversion), whil&;_y, is the th

threvflgorl%\?valhna:gqg:lreo?c ft%rela;:éeosssglrla“ocr)}érisation terms tWhere Fsat is the laser saturation photon-flow. We include
. yp . %ross-saturation between pairs of laser modes through the co-
form the coupled rate equations. Before proceeding to tthﬁcient 1 < 1. Equation (21) is identical in form to that

z:)enasd%)/_sitr?;[reogggntrae?sz}a?g?ggﬁzilomzssslrggtlgﬁotr??o ?ﬂ; sed by Baer in [9]. He found that the cross-saturation terms,
y 9 hich are due to partial inhomogeneous broadening, are es-

in [11]. The resonant fields are first re-expressed as photo&antial to a description of a multi-mode laser with intracavity

flows: frequency doubling. The inclusion of these terms allows a fair

7 — ncenE2rw? /4h comparison between Baer's model and the present work. We
fs S0 Sznwsé @s now proceed to analyse the steady-state and transients of
Fpj = NpCeo ER;mw/4hep; (14)  (19)-(21).

and we note from (7) and (10) that for the signal field to expe-
rience gain, the laser photon flow must exceed the threshold
value 3 Steady-state power characteristics

hawpwswi 4022 2 Setting time derivatives to zero, (19)—(21) yield the steady-
state solution for operation above the OPO thresheld,
The threshold value on the right of (15) is identical to thatoth-oro=1+X, as
of (27) in [11] whenwjq = 0. However, now the threshold
must be attained by the total photon flow of all of the laserPy =1, N°=o0/(1+x). PJ(N°—1)/F. (23)
modes. So long as the laser bandwidth is sufficiently small

that one may consider that all nonlinear processes are phaggjs is shown graphically in region 11l of Fig. 2. Above the
matched, then the multi-mode laser provides the same gain g0 threshold, we find that the laser field is clamped to its

2a 2 2 2
Z Foj MpNgniCeols (ws + wp) . (15) We consider first the case of a single-frequency laser field.
j

th

a single-frequency laser of the same total power [23]. threshold value, independent of the level of external pump-
We now define a normalised gain, signal power, and lasepg. power is down-converted into the signal and idler fields
power by which increase linearly with external pumping. The clamped
laser field limits the degree to which the laser gain is sat-
Nj =Gj/Gj-tn . (16)  urated; the gain now increases linearly with external pump
_ _ power. Below OPO threshold, the ICSRO operates as a con-
Ps=Js/ [Z fpj]th (A7) Ventional laser.
g . We next consider the steady-state operation including
Poy = For/ [ Fon ] - 18 . :
bi = Foi/ | 2 Foi th a8 multi-frequency laser field. The general steady-state solu-
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the additional IossFPSO(1+xM). These modes, which were
=) | i I present when below OPO threshold, can no longer oscillate.

s An estimate of the degree of narrowing would require an an-
alysis of the spatial-hole-burning in the medium to determine
the distribution ofo;j, but we can note here that the allowed
deviation from the meaum; is inversely proportional to the
number of oscillating modes.

4 Power optimisation

Optimisation of the down-converted power of the ICSRO
was first considered by Tran-Ba-Chu and Broyer [17]. They
N showed that, under optimum nonlinear couplib@(®6 of the
potentially extractable laser power could be down-converted.
In this section we derive simple expressions, involving the ex-
perimentally measurable quantities of laser and OPO thresh-
olds, to describe optimisation of the idler and signal outputs.
Combining (17) and (22)—(23) (for the case of a single-

achieve laser and OPO thresholds, respectively.
In the steady-state, the round-trip photon losses from the

Oth-L Oth-opo : - :
i _ frequency laser), we obtain an expression for the signal
External Pumping Rate: 0 photon-flow inside the OPO cavity:
Fig. 2. Steady-state operation of signal povwry laser-pump poweP,, and P o
i t
saturated gairN Fo= 2 ( - 1) op(Oth-oPO— Oth—L) » (26)
As Oth—OPO
tion of equations (19)—(21) witM axial laser modes is: where we have made the substitutin= as/ap; as, ap are
the round-trip photon losses in the signal and pump cavities.
POJ- _ 01/201 T (1+xp) apoth—L and apo—opo are the round-trip gains required to
j

signal and idler fields are equal. Thus the idler photon-flow

x | Moj = o / x1—=w)Y o, output is
j j

Nio = Zoi/ M+xA+puM-1)}, (Flout = asFs = %at(ah S 1) ap(oth-oPO— Oth—L) -
- th—

J
P=(N?-1)/F. (24) =7)

Now we wish to find the optimum value of,_opofor a given
Now the total laser powe[:j PO is clamped at the OPO pumping rater. This may be done by solving the equation
threshold level, as shown previously in (15) and experimen-
tally in [1]. The laser gain has a common value for every laserd(F)ou _ (28)
mode and, together with the down-converted signal, increaseé®w_opo |

linearly with the total external pumping power. _ . ) i
From the requirement thaftgj >0, we find that each of We thereby find that the idler power for a given pumping rate

the M modes must satisfy o is greatest when
0j = (o)L = N(1+xp) Oih-0PO= /0th-LO - (29)
=1+xXu Z P§k+ FPSO(1+X/L) ; (25)  That is when the OPO threshold is the geometrical mean of
ke | the laser threshold and the applied external pumping rate.

. o ) Substitution of (29) into (27) gives
a new threshold condition which includes the parametric loss

to individual modes (in the absence of parametric loss, theF)"a* = Fo (/o — /om0 = (Fplout » (30)
laser has a threshold @&;)m- = 14X Y y.; P). Now
the gain to an individual mode must exceed the nonlinear losshich is the familiar expression for the output power of
presented by the signal field (whose magnitude depends an laser (#p)out When subject to optimum output-coupling.
the total laser gain) as well as the parasitic cavity loss an@herefore when (29) holds, the OPO180% efficient. Fig-
gain cross-saturation effects. To achieve oscillation, the gaiare 3 plots the ratio ofi)out t0 (Fp)out against the external
to a given laser mode must now be greater than a fratien  pumping rate. Once above threshold, the efficiency rapidly
Xu]/IM(Q 4+ xu) + x(1— )] of the total laser gain. rises to100% before gradually tailing off as the OPO over-
The consequence of (25) is to narrow the laser linewidtlcouples the laser field. By arranging the OPO threshold to
when above OPO threshold. For some modes in the low-gaisatisfy (29), the idler output power may be optimised at any
wings of the laser gain profile may not be able to toleratgopump power.



100 4.1 Idler power

To optimise the idler power one sets the OPO threshold pump
75 rate to satisfy (29). Since output coupling of the signal is not

important, this may be done by either choosing the appropri-
ate length of nonlinear crystal or, if power damage is an issue,
by increasing the beam waist in the crystal [17].

Conversion Efficiency (%)
a1
o
|

25 I 4.2 Signal power
0 ! ! ! To optimise the signal power one minimises the value of
0 2 4 6 8 (oth—oPo)min, SO that the OPO may be pumped as high above
threshold as possible, then open up the output coupling so as
External Pumping Rate: o to satisfy (34).

Fig. 3. Down-conversion efficiency expressed as percentage of extractable
laser power 4.3 Total power

As with the signal optimisation, one minimises the value of
(oth—oPo)min DY using as strong a nonlinear coupling as pos-
We have repeated the derivation from (6) onwards witrsible. But now the output coupling should be increased to
Ak # 0, and find that (26) still holds, but now with,_opo= raise the threshold value to satisfy (29). This optimises the
1+ x/siné(AKl). It follows that (29) and (30) are true for idler power, while setting the signal output on the gradual de-
any Ak. The single-frequency analysis (26)—(30) may easilycline in efficiency due to over-coupling.
be extended to the multi-mode steady-state of (24). Again,
(29) and (30) are true, assuming a common valuakfor N )
all modes, but where, oin_1, o1h_opo are now replaced by 5 Power stability analysis

0}, (22 0th—Ls (2 0))th— : . : ,
2 -|J—o Ozpti;n}';g thgsib;?af)zgwer, we must divide the sig-While a numerical analysis of the rate equations such as that

coupling lossxs,. The signal output photon-flux may then be @n indirect analytical approach can be of significant use as

re-expressed as a probe for the presence of instability [8, 10]. Our approach is
to use Liapunov’s direct method [24] to test whether the sys-

o tem (19)—(21) can exhibit the instabilities which may lead to
(Fs)out = orsoFs = arsotpK ( — — 1) , large-scale power fluctuations. For comparison with the other
1+ (aso+asp K/ Fsat intracavity systems of [8] and [9, 10], we state the results of

(31)  aLiapunov analysis of each.
. _ We first consider the steady-state solutions (23). Re-
where we have combined equations (17), (22), and (23) angkpressing (19)—(21) in terms of deviatiat,, §Ps, SN from

defined P?, P2, N® we obtain:
(Fo)n = asK (32)  Ts8Ps=8Pp(8Ps+ PY) (35)
7p0Py = (8Pp+ 1) (SN — F8Py) . (36)
, , - , G
since we note thats oc 1/7{. As before, we optimise the sig- 7uSN = —5N(L+X) — x8Pp(6N + NO) . (37)

nal output by solving the equation

. We now form a Liapunov function for the system (35)—(37).
d(Fsout _ The Liapunov functioV(sP,, 5Ps, §N) is a scalar function
=0. (33) p i
daso analogous to the total energy of a mechanical system. It has
the properties [24] that: ()(6 Py, §Ps, §N), and its first par-
We find that the signal power, for a given pumping rates  tial derivatives, are continuous within some regi@nabout

greatest when the origin, (b)V = 0 at the origin and elsewhere {2V > 0,
and (c)V <0in £2.
Oth_OPO= \/m. (34) By neglecting the spontaneous emission term in (37), and

then integrating (35)—(37) with respect to time, we identify
, , . Li f ion for thi
(oth—oPo)min 1S the OPO threshold in the absence of S|gna|a lapunov function for this system as
output coupling. _ _ po 0 _po 0
It is obvious that the signal and idler can only be simuI-V =% E(SP" Po In(Po/ PP)} + Frs (8P — P In(Ps/ )}

taneously optimised in the limit whe@_opo)min & oth_L - + 1y {SN— N© In(N/NO)} /X, (38)
Most applications, of course, will only require one of the two
wavelengths, so we propose three optimisation schemes ftre general form of which is shown in Fig. 4. Provided
the ICSRO. o > 1+x (the OPO threshold condition) thevt > 0, and
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takes a minimum value of zero at the origin of ##&, §Ps,  in the other, which may be seen in the quadratic, rather than
SN phase-space (the steady-state solution). Taking the timimear dependence of the other resonant field in (10) and (11).

derivative of (38) yields This action prevents the positive feedback which causes puls-
. 5 o ing in the ICDRO.
V =—(1+x8N/xtp(N"+6N) . (39) Next we analyse the multi-frequency laser operation

_ _ _ - in (24). Following the analysis of multi-frequency intracav-
SincesN > —N°, (39) is always negative. This implies that asity up-conversion [10], we simplify our stability analysis by
the system evolves with time, the magnitudeé/otiecreases  settingo; = o. We consider only the linear terms in the devi-
to its minimum value; the system always settles to the steadytions from the steady state, given that for small perturbations
state. We may therefore infer that, given> 1+ x, the cw ef-  the system is dominated by these linear terms. Such a linear
ficient regime of the ICSRO is completely stable against anynalysis yields a parabolic Liapunov function:
perturbation, and that no repetitively pulsing mode exists.

This result may be compared with the Liapunov function 2
for the ICDRO: V=11t (Z(Sppj) F (- ZSF}% /PF?j (43)
2Vbro = 8E5 + 8(¢h3 — d1 — ¢2)° + wak® (w1 E5 + w2 EF)SES, ‘ )

. . . (40) +7sF (L4 (M — 1)) 6P2/5P0+ 7 Y SN? /xNO.
Vbro = (Go — a3 — 39oBE3)SES + k(3 — 1 — ¢2) i
X (@B1E; — (@1B) + 2EDE /ErEaBs. (A1) The time derivative of (43) is
wheresEs, §(¢3 — ¢p1 — ¢2) are deviations from their respec- . 5
tive steady-state values, and all other notation is as definefv = —25 NZo/xNY . (44)
in [8] with a3 = a2. ForVpro > 0 andVpro < 0 we require . .
As for the single-frequency caséy > 0 andVy < 0. So

(Qo— a3) > goﬁEg, (42a) linear asymptotic stability is ensured when the ICSRO is

P 2 pumped above threshold.
Qoo —az—as) < goﬁESZ’ (42b) We have extended this analysis to include multiple sig-
(go — @3) < 39oBES (42c)  nal frequencies, which interact independently with the pump

o . i . field. As for the single-frequency signal case, we find no evi-
to be satisfied. Thes_e are 'ghe stab|I.|ty conditions of equationfence of an unstable pulsing mode. However, the steady-state
(30), (31), and (32) in [8]; if not fulfilled, the system will be sojytion tends to collapse to the single-frequency signal case
either (a) below threshold, (b) in the inefficient regime, or (C)if any one mode experiences a lower threshold than the others.
exhibit large amplitude fluctuations. _ _ Thisis in agreement with the experimental evidence in [1, 3].

Oshman and Harris qualitatively explain the pulsingadditionally, we have shown that the use @tlons in the
mechanism in the ICDRO when (42c) is not satisfied. Theyopo cavity can ensure single-frequency signal operation [3].
show that the build-up rate, at high intracavity pump pow-\we thus conclude that a single-frequency signal field is a suf-
ers, of the signal and idler can be sufficiently rapid that itficient, practical condition for stable ICSRO operation.
exceeds the cavity decay rate of the pump. While at low pump~ This result is quite different from that of intracavity up-

powers, the laser field may build up much faster than thegnyersion, where other requirements for stability exist [10],
down-converted fields. This causes repeated overshooting gjing rise to the so-called “green problem”. The Liapunov

does not exhibit this behaviour because the non-resonantidler

acts as a regulator to changes in the resonant fields. It prq;.  _ 8i2/21 4+ Ge(1— B — G2 51272
duces a more rapid response in one resonant field to a chang@ '® TCZ /2lst Gs(1=p=gey/ S)Z /2u

2
+Gs(B+29e7/GH [ Y ole] /21t (45)
. . .2

o Vsre = (ge — tc/7lsG) Y 0i¢ —2ge [ ik ],
S (46)
>
c wheresl, = I — Is and all other notation is as defined in [10].
2 Clearly, forVspe > 0 andVsps < 0 we require
o
L% g < Tcy/ffg IsGs , (473.)
2 g<@1-pGL/ey (47b)
c
a to be satisfied. These are the stability conditions of (9)
8 and (10) in [10]; if not fulfilled, the system will exhibit large
- X0 0 amplitude fluctuations.

Deviation from Steady-State: 3X The erratic pulsing behaviour of the green problem re-
' sults from a combination of sum-frequency-mixing and cross-
Fig. 4. General form of Liapunov function (38) saturation of different axial modes. While the ICSRO also
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exhibits gain cross-saturation, it does not feature any direavhen (o/oth-oro—1)/7s7p > y2. As with the optimisation
nonlinear coupling of laser modes. Instead each laser fresonditions, we choose to expregsw explicitly in terms of
quency interacts only with a common signal mode, whichthe experimentally measurable thresholds. These relaxation
may then interact with another laser mode. So it appears thascillations arise from the dynamics of the SRO alone since
the signal field acts as a buffer between laser modes to prevethe approximatiorr, ~ 0 disallows any laser relaxation os-
unstable fluctuations. cillations. Equation (51) describes the dynamics of dye-laser
It is important to highlight that for the case of the multi- based ICSROs such as the one described in [2] where usually
mode laser we have demonstrated stability only to small pers, < s, 7p.
turbations, and not (as with the single-frequency case) to any The form of (51) is similar to that for laser relaxation os-
perturbation. For a more general statement of stability it willcillations where the lifetimesy, s in the ICSRO take the
be necessary to employ either a numerical or experimentalace ofz,, 7, in the laser. The expressions differ with the ex-
investigation. Nevertheless we note that the other intracavra factor iny in (51) which depends on the ratio of laser and
ity systems which do show fluctuations are unstable eve®PO thresholds. The relaxation oscillations in an ICSRO also
to small perturbations. The contrasting linear stability of thediffer from those in an external-cavity pump-enhanced OPO,
multi-laser-mode-, and complete stability of the single-lasereriginally proposed in [25] and recently demonstrated in [26].
mode-, ICSROs show promise for general stability in theln the external-cavity OP® is independent of pumping level
multi-mode system. and depends solely am.
We now repeat our analysis, this time allowing for inde-
pendent dynamics in the laser population inversion. First we
6 Transient power analysis: relaxation oscillations rewrite (20) and (21) in terms of linear perturbatiéi®s, 5P,
_ _ . SN from PS, P2, N°:
Having established that the ICSRO is stable for any pump-
ing level, it is now useful to quantify the practical extent of  j5p, 5
that stability. For we have so far shown that the system wiltp—— = 6N — F§Ps+ O(§X%) , (52)
always evolve towards the steady state in response to a pertur-y sy
bation, but not the manner of the evolution. If the system takeg,—— =
longer to settle than the time between perturbations, it will

never reach a true steady state; different applications of thgy, o0 5 sx2) includes all terms involving products 6P
system will require different degrees of amplitude stability. SP. SN p:
Sy .

So to address this issue of practical stability, we study the The linear terms in (49), (52), and (53) ma -
; X ; , . y be combined
transient dynamics of the ICSRO. We consider only a Sysg, 1, 4 third-order differential equation with solution
tem with the relatively simple dynamics of a single-frequency

laser-pump field. This allows the derivation of quite simple 3

Xo
-5

Py — (1+X)8N + O(§X? 53

expressions which describe the characteristic time scales gp _ Zo‘f expiirt) | (54)
the transients.
We first examine the case where the laser upper-state life-
time is small, and make the approximation that: 0. EqQua-  wherej, are the roots of the cubic
tions (20) and (21) are reduced to

r=1

0= rprutsk3 +(14+Xx) tptskz
. o
erszp<l+XPp—1—FPs> . (48) +rsX6+r1uiaX—1—X)

Adto—1—X. (55)

We now re-express (19) and (48) in terms of perturbation

5Py, 3P from PF?, PO T general the solution will be a superposition of an ex-

ponential decay and a pair of quadrature-phased, exponen-
tially damped sinusoidal oscillations. For the special case

. 1 g

Ts6Ps=06Py— <L - 1) +0(5P?) (49) 1w,=0, (54) and (55) reduce to the OPO oscillations of equa-
'j(g 1+x tion (51), whereas fots > 1y, 7p (54) becomes
18Py = —————08P, — F§Ps+ O(8P?) , (50)
(1+x) 8P oc exp(—yt) cogwt 4 ¢)

where O(§P?) includes all terms involving products 6P, y = Jth—0PO ,
SPs. 20th-L T

For small perturbations, where equations (49) and (50) are oth-oro/oth-L—1 o 1 o )
dominated by the terms linear &P, 5P, the system shows @ = . p = \5 -1)-vy
relaxation oscillations described by utp th-OPO  sTp \9th-OPO

(56)
8P o exp(—yt) coqwt + ¢) , ) ) ) _ _ _
o oL which describes relaxation oscillations which are dominated
y = <1— ) by the laser’'s dynamics. Fer = oih_opo (56) reduces to the
27p0th-0PO Oth—OPO standard expression for laser relaxation oscillations. At higher
. \/ 1 < o 1) 2 pumping levels, the pump-clamping effect controls the damp-

(51) ing term, while the frequency combines terms characteristic

TsTp of both the laser and OPO oscillations.

Oth—OPO
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Equations (54) and (55) may be used to observe the tran-
sition from laser-dominated to OPO-dominated relaxation os-
cillations. Figure 5 shows the characteristics of the under-
damped component of (54), where we have normalised the
time constants tas. The top graph shows damping coeffi- ©
cientsyrs for different values ofr,/ts, astp/ts is varied; the o
bottom graph shows the corresponding oscillation frequen-=
ciesw ts. The curves represent relaxation oscillations for 1C-_
SROs when pumped at a level for optimum down-conversiory, =

SN

w

OPO- OFF

N

OPO-ON

From (22) we note that is related to the laser saturation flow 1
Fsarx 1/7; we arbitrarily choose to set= 7, /7s.
For small values ofr,/7s the damping depends only on 0 L L
7u/Ts Which is characteristic of laser oscillations. The magni- 0 10 20 30

tude of the damping term will be discussed below. For large
values ofr,/7s, we find thaty o 1/7,, as in (51). The change
in the OSC'"a'F'On frequency is most QbV'OUS fQJr/fS, =0.1, Fig. 6. Calculated transients fori:sapphire-based ICSRO
where there is an over-damped region of operation between
the laser- and OPO-dominated oscillations. For other values
of ty/ts the difference inw ts between (51) and (56) is clear
as the system passes through its transition. Figure 7 shows the damping time-constant of the relax-
We now analyse numerically the stability of practical sys-ation oscillations for aNd:YVO, system, similar to thé&ld-
tems based oi:sapphire andNd:YVO, lasers. Figure 6 based ICSROs in [4,5], which is calculated from (55). This
shows the relaxation oscillations offa:sapphire-based sys- system has a laser threshold@% W and an OPO thresh-
tem similar to [1], where the transients were calculated usingld of 4 W; t, = 98ps, 7s = 1 psandrp = 1 ps. The damping
(49), (52), and (53) withM = 1, for a pumping level of time-constants for both the basic laser, and the ICSRO are
twice OPO threshold. The laser and OPO thresholdd & shown, together with the damping predicted from the ap-
and4 W of argon-ion laser power, respectively;= 3.2ps,  proximation of (56). As the diode pumping level increases,
7s= 0.3 ps, andr, = 0.2 ps. The damping and frequency for we find that while the laser damping time drops, the IC-
the ICSRO are found to bg =0.13us, v =2.3radust.  SRO damping time rises from its OPO threshold value. The
This damping time is significantly longer than that of thelCSRO curve diverges from the predicted damping of (56) be-
Ti:sapphire laser, but is still rapid compared witld-based cause the approximatiog > 1, 7, does not hold. Instead we
lasers. find that, at high powers, the damping time settles to a level
roughly ten times longer than that of the laser at OPO thresh-
old. In practice, however, this is still onfy 100us since the
10 : : : laser is pumped well above threshold.

Time (us)

Figure 8 shows the damping times for this system at high
pump powers as we now increase These clearly converge
to the level predicted in (56) as approaches,. We find

= 1 that the value oty has little effect on the damping, in agree-
5 100 ment with Fig. 5. So the expression forin (56) represents
-g_ Iy the strongest damping that may be achieved, by optimising
£ 01 .30 7s andtp, in ICSROs based on most solid-state lasers. A di-
8 RS 161 rect solution of (55), meanwhile, is more useful for predicting
experimental transients of specific ICSRO systems.
0.01 0.1 03~ 1 3"
100
5”’ 10 g 100
S )
g £
> 1 ; .
2 S Equation (56)
s o T
o1 § Laser
0.01 0.1 1 10 100 10 ! ! ! .
4 5 6 7 8 9
Tp/ T,

Diode Power (W)

Fig. 5. Damping and frequency of relaxation oscillations for different values
of ry/ts Fig. 7. Relaxation oscillation damping inMd:YVO4-based ICSRO



practical stability through an analysis of the novel transient
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behaviour of the ICSRO. Equations describing relaxation os-
R cillations are derived. We find that, to maximise the power
\"3; stability, the signal cavity lifetime should be made as large as
o possible.
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