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Abstract. Numerical investigations are performed on false
gain due to axial plasma expansion, which is expected to be
important in initial proof-of-principle studies of recombin-
ation-pumped soft-X-ray lasers with extended capabilities.
Modelling calculations of experiments with slab boron ni-
tride targets reveal large false gain coefficients approaching
20 cm−1 in the case of plasmas with short active medium
lengths. The false gain in the case of fiber targets is found
to be of equal magnitude to that for slabs in the case of
plasmas with less than0.1 cm active medium lengths. Cal-
culations for slab targets predict that adopting a tolerance of
±1 cm−1 for gain will severely restrict the time and the active
medium length of the plasma that can be used for error-free
observations, while those for fiber targets are found to be con-
siderably relaxed. The effects of false gain in the54.2Å Na
Balmerα laser is also investigated, again revealing the impor-
tance of this phenomena under optimum gain conditions.

PACS: 52.25.Nr; 42.55.Vc; 52.50.Jm

Major research goals for soft-X-ray lasers are saturated and
large gain-length product operation, shorter wavelengths into
the spectral water-window, and demonstrations of lasing
with more compact systems. The electron-collisional scheme
has been successful in demonstrating saturated soft-X-ray
lasers [1–4] and has also been operated at wavelengths just
below the carbon K edge at43.18Å [5]. The next gener-
ation soft-X-ray lasers will aim at realizing lasing at even
shorter wavelengths and with much smaller pumps. This will
necessitate new and novel pumping methods, requiring fur-
ther research and investigations into possible mechanisms for
achieving such goals. However, for many cases, initial studies
and proof-of-principle investigations of soft-X-ray lasers with
such extended capabilities will be performed under relatively
small gain-length products, and distinguishing between actual
and spurious amplifications will be a major concern.
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The authors have identified experimentally a source of
systematic error that can severely overestimate gain coef-
ficients evaluated using elongated plasmas with excessive-
ly short active medium lengths [6, 7]. The cause of this
error has been identified as being due to plasma expan-
sion in the axial direction, resulting in different cooling
rates for plasmas of different lengths. This phenomenon has
also been mentioned and dealt with in the work of Shma-
tov [8]. Experimental observations of spectra from plasmas
produced on solid slab targets showed that this phenomena
results in a different temporal profile of the spontaneous in-
tensity emitted from plasmas with different active medium
lengths, thus resulting in an “apparent” amplification. Time-
resolved observations revealed that such deviations became
larger with time, resulting in an increase in the magnitude
of false gain [6]. Space-resolved observations showed that
false gain coefficients also increased with the distancez nor-
mal from the target surface for the N Balmerα line exceed-
ing 3 cm−1 at z ≥ 300µm for plasmas with active medium
lengths of8 mm[9]. Such an error will largely affect the re-
sults of gain measurement experiments for soft-X-ray lasers
employing relatively short active medium lengths such as
the ultra-short pulse pumped recombination lasers [10] and
optical-field ionization lasers [11, 12]. It is therefore import-
ant that we quantitatively clarify the effects of this systematic
error.

In this paper we perform numerical calculations on false
gain in recombination-pumped soft-X-ray laser media with
the main objective of clarifying its effects under various target
and irradiation conditions. In Sect. 1, we perform modelling
calculations of experiments using slab boron nitride targets ir-
radiated by pump laser pulses of100-psduration . We show
the effects of the active medium length on the magnitude
of false gain and also reveal the existence of false absorp-
tion. The initial conditions obtained in this section are used
in Sect. 2 to investigate false gain for fiber targets, which are
frequently applied to the recombination scheme. Finally, in
Sect. 3, results are presented in which we show the effects of
systematic errors for experiments aimed at generating shorter
wavelength soft-X-ray lasers, namely the Na Balmerα laser.
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1 Modelling of experiments with slab targets

The program used in the present work couples an atomic ki-
netics code with a hydrodynamics code in order to calculate
the temporal change in the spontaneous emission intensities
and gain of H-like transitions emitted from an expanding
cylindrical plasma [9]. Populations of each ionic state are cal-
culated based on a transient collisional-radiative model [13–
16]. Ion species from completely ionized to Li-like ions are
included, with the excited states taken into account only for
the H-like ion, for levels with principal quantum numbers of
n = 2–15. Reabsorption of the resonance lines are includ-
ed in the calculation using the escape probability formulas
for cylindrically expanding plasmas [17, 18]. We assume an
initial plasma with a cylindrical geometry in our calcula-
tions. The hydrodynamic evolution of the plasma is calculated
based on a revised self-similar model. In order to include the
effects of false gain, we divide the hydrodynamic calcula-
tions within a single time increment into two steps. In the first
step, radial expansion of the plasma is calculated using the
conventional self-similar model [19, 20]. In the next step, ex-
pansion of the plasma in the axial direction is calculated by
assuming a constant angleΘ between the velocity vectorv
at the ends of the elongated plasma and its radial component
vr. We employ a parameterδ ≡ tanΘ to represent the magni-
tude of axial expansion. After the plasma is expanded along
the axial direction, the electron and ion densities,n, and tem-
peratures,T, are modified to compensate for the change in
the plasma volume,V. We assume the effects of axial plasma
expansion to be perturbations and use the adiabatic relation
nV = const. andTV2/3 = const. The numerical accuracy of
the calculations is checked by reducing the time increment
and confirming that the resulting solutions converge.

In order to simulate experimental results correctly with
this relatively simple code, we reproduce the time-resolved
spectra of [6] by adjusting the initial conditions of calcu-
lation. The first guess is selected such that the calculated
spontaneous emission intensity of the H-like N Balmerα line
under the condition ofδ = 0 (i.e., no expansion in the axial di-
rection of the plasma) is in agreement with the experimentally
observed intensity profile forl = 0.78 cm. Next, the initial
conditions andδ are adjusted such that the observed and cal-
culated spontaneous emission intensities of the N Balmerα
line for l = 0.08 and0.16 cmalso show agreement. The initial
plasma conditions of the calculation obtained in this man-
ner are radiusR0 = 45µm, electron densityNe = 1021 cm−3,
electron temperatureTe = 140 eV, and δ = 3.0. This large
value ofδ can be attributed to the oversimplified model used
and may be different from the actual angle of axial expansion.
We shall use these initial conditions in order to investigate the
various features of false gain under the present experimental
conditions.

In Fig. 1 we plot the change in the calculated spectral
intensity I of the H-like N Balmerα line as a function of
active medium lengthl for l = 0.02–0.8 cm. The data set cor-
responds to a timet = 3.0 nsec from the start of the plasma
expansion. We also plot the ratio betweenI and the spectral
intensity I0 obtained from calculations withδ = 0 (i.e., no
axial expansion). Evidently,I0 is a linear function ofl which
takes a null value atl = 0 cm. We can see from the figure
that at t = 3.0 nsec, the ratioI/I0 monotonically decreases
with a decrease inl . This nonlinear behaviour ofI with ac-

Fig. 1. Spectral intensityI of the N Balmerα line as a function of the ac-
tive medium lengthl for l = 0.02–0.8 cmand at a timet = 3.0 nsec for slab
targets. The ratioI/I0 betweenI and the spectral intensity Io for null axial
expansion is also shown

tive medium length causes what are intrinsically spontaneous
emissions to show spurious amplifications. It is interesting
to note that the spectral intensityI in Fig. 1 changes from
a strongly nonlinear dependence onl for l ≤ 0.2 cmto an al-
most linear one forl ≥ 0.3 cm. The nonlinear characteristic
of spontaneous emission for smalll implies large errors when
using these data points for gain evaluation. Data points for
l ≥ 0.3 cm, on the other hand, fall closely onto a linear fit
which intersects the abscissa atl > 0 cm. Therefore the mag-
nitude of false gain can be expected to be smaller for this
region compared with that atl ≥ 0.2 cm and, from simple
considerations, is found to decrease with an increase inl .

Next we evaluate from the above data set the magnitude
of false gain calculated using various active medium lengths
l . It is important to point out here that the value of false gain
coefficients obtained from fitting to gain formulas depend on
which data points are used. This is because the deviation ofI
from I0 due to the effects of axial plasma expansion does not
necessarily follow any gain formula. We therefore adopt the
same method of selecting data points for gain measurements
that are used in our experiments [7] by choosing plasmas with
active medium lengthsl = (n/5)× lmax (wheren = 1, 2, 3, 4,
5). Herelmax corresponds to the maximuml used in the fitting
process. The change in the calculated false gain coefficients
with time t, obtained by a least-mean-square fitting procedure
to the gain formula of Linford et al. [21], is shown in Fig. 2 for
lmax = 0.1, 0.2, 0.4, and0.8 cm. Large values of false gain of
18.6, 8.5, and3.3 cm−1 occur att = 3.0 nsec forlmax = 0.1,
0.2, and0.4 cm, respectively. False gain coefficients are found
to increase at an especially rapid rate forl ≤ 0.2 cm, where
extremely large systematic errors of greater than10 cm−1 are
predicted to be observed. False gain coefficients take an al-
most constant value fort > 3.0 nsec in the case oflmax = 0.1
and0.2 cm, while those forlmax > 0.4 cm reveal a weak but
gradual increase with time. One can also recognize in the fig-
ure that false gain is negative for all four cases att ≤ 2 nsec.
Such negative false gain will give rise to an underestimation
of gain coefficients, i.e. false absorption. The absolute magni-
tude of false absorption is found to be comparable to that of
false gain and also rapidly increases with a decrease inl . As
was previously mentioned, these false gain coefficients vary
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Fig. 2. Change in the calculated false gain coefficients with timet for slab
targets andlmax = 0.1, 0.2, 0.4, and0.8 cm

Fig. 3a,b.Sumgsum of the actual and false gain coefficient for slab targets
with a lmax = 0.1 and0.2 cm, andb lmax = 0.4and0.8 cm, along with the
actual gain coefficient for null axial expansion

with the set of data points selected for fitting. For example, for
the data set corresponding tolmax = 0.2 cm, the false gain co-
efficient decreases to7.2 cm−1 if the smaller two data points
at l = 0.04 and0.08 cmare neglected. This decrease in false
gain is the result of the monotonic decrease in the ratioI/I0
with smallerl observed in Fig. 1.

The effects of false gain also depend on its magnitude
relative to that of the actual gain coefficient. We therefore plot
in Fig. 3 the sum of the actual and false gain forlmax = 0.1,
0.2, 0.4, and0.8 cm, along with the actual gain coefficient for
null axial expansion. We can see that the peak of the actu-
al gain profile centered att = 1.6 nsec disappears under the

Fig. 4. Contour plot of the ratioI/I0 for slab targets as a function ofl and
t

effects of systematic errors due to false absorption observed
beforet = 2.0 nsec. False gain also dominates the total gain
for t ≥ 2.0 nsec, resulting in a prolonged gain profile con-
tinuing long aftert = 3.5 nsec. The calculated gain profile
of the N Balmerα line for lmax = 0.8 cm shown in this fig-
ure compares extremely well with that obtained from experi-
ments withlmax = 0.78 cm[22]. Observations of the plasma
at a position200µm normal from the target surface showed
an approximately zero gain fort ≤ 2.1 nsec, which then in-
creased to2 cm−1 at t = 2.4 nsec. Gain coefficients could not
be evaluated from experimental data fort ≤ 2.5 nsec owing to
the low spectral intensities with relatively smalll .

The cause of false gain and false absorption are both the
results of the different rate at which the plasma expands and
cools for differentl . The enhanced rate at which the elec-
tron density decays for plasmas with reducedl is due to
the smaller total volume of such plasma, which will cause
axial expansion to have a larger influence on the expansion
rate compared with plasmas possessing longer active medium
lengths. In the case of plasma conditions relevant to recom-
bination pumped soft-X-ray lasers, a faster cooling of the
plasma will initially cause an enhanced pumping of the up-
per laser level, because three-body recombination becomes
dominant earlier, when a larger abundance of the fully ion-
ized ions exists. This will result in an initial increase in the
population of the upper laser level, and thus an increase in
the spontaneous emission intensity per unit length for plas-
mas with shorter active media lengths, consequently causing
false absorptions to be observed. There is a possibility that for
small l the actual population inversion and gain might be en-
hanced due to such enhancements in the cooling rate of the
plasma. Nevertheless, the prerequisite that plasma conditions
must be identical for the various data used in gain measure-
ments is not satisfied, and therefore it would be misleading to
employ plasmas with excessively smalll .

In Fig. 4, we show the contour plot of the ratioI/I0 un-
der the present calculation conditions as a function ofl andt.
A contour line corresponding to unity ratio can be observed
at aroundt = 2 nsec. For smaller times the intensity ratios are
greater than unity andI/I0 is found to increase monotonical-
ly with decreasingl . A region with an exceptionally high ratio
can be observed forl ≤ 0.2 cmbetweent = 0.5 and1.5 nsec.
In such regions, the spectral intensity for data points with
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small l will appear enhanced and the plot of intensity against
l will be typical of those for transitions with negative gain.
For times exceedingt = 2 nsec, theI/I0 ratio becomes less
than unity. In this region, the ratio monotonically decreases
with a decrease inl and a switch from false absorption to false
amplification is observed.

Next, we evaluate false gain coefficients from the above
data set. Forlmax we selected ten data points between 0.1 and
1.0 cm. In the same manner as before, five data points are
chosen for fitting withl = (n/5)× lmax (n = 1, 2, 3, 4, 5). The
contour lines corresponding to false gain coefficients between
−5 and5 cm−1 obtained in this manner are shown in Fig. 5.
Results show false absorption coefficients beforet = 2 nsec,
even for a relatively long plasma oflmax = 1.0 cm. The con-
tour line corresponding to zero error lies aroundt = 2 nsec,
after which considerable false gain prevails. Again, the re-
gion at which false gain can be ignored is severely limited.
For example, if we restrict the maximum allowed false gain
to be±11 cm−1, gain measurements forlmax = 1.0 cm data
are allowed only att ≤ 1.2 nsec and 2.0 ≤ t ≤ 3.2 nsec. Ap-
plying the same tolerance tolmax = 0.5 cm data will further
limit measurements tot ≤ 0.7 nsec and 2.0 ≤ t ≤ 2.4 nsec.

2 False gain with fiber targets

In the preceding section, we performed modelling calcula-
tions which clarified the effects of false gain in experiments
employing slab targets. Another target geometry that is of-
ten used for soft-X-ray lasers, especially with recombination
pumped schemes, is the thin fiber target. It is therefore im-
portant to know how significant false gain effects are asso-
ciated with such target geometries as compared with slabs.
In this section, we investigate the effects of systematic er-
rors in gain evaluation experiments for fiber targets, assuming
an initial plasma radius ofR0 = 5µm. The initial conditions
of calculations other thanR0 are kept equal to those used in
the preceding section, i.e.ne = 1021 cm−3, Te = 140 eV, and
δ = 3.0.

In Fig. 6, we show a contour plot ofI/I0 for the5µm ra-
dius fiber targets as a function ofl and t. Under the present
condition, the ratio is unity at aroundt = 0.3 nsec and a nar-
row region exists centered at0.2 nsec for smalll whereI/I0
is greater than 1.2. The region where the intensity ratio be-
comes less than 0.8 is also limited to smalll as compared with
those for slab targets. A comparison of Fig. 6 with Fig. 4 will
give the impression that false gain is of little importance for
thin fiber targets. This, however, is not necessarily the case,
which can be seen from the plot of false gain with fiber tar-
gets as a function of time forlmax = 0.1, 0.2, 0.4, and0.8 cm
as shown in Fig. 7. The magnitude of false absorption is com-
parable to that of slabs in the case oflmax = 0.1 cmplasmas,
and coefficients exceeding−20 cm−1 can be observed for
t > 0.2 nsec. False gain, on the other hand, is approximately
half of that observed with slab targets under the present cal-
culation condition and the change with time fort ≥ 0.6 nsec
is small. Both false gain and absorption are found to decrease
rapidly with an increase inlmax. The relatively large system-
atic error observed for fibers with smalllmax is a result of the
rapid change in the intensity ratioI/I0 for l ≤ 0.1 cm. As I0
is a linear function of the active medium length intersecting
the abscissa atl = 0 cm, the magnitude of false gain is directly

Fig. 5. Contour lines corresponding to false gain coefficients between−5
and5 cm−1 for slab targets at an initial electron temperature of140 eV

Fig. 6. Contour plot of the intensity ratioI/I0 as a function ofl and t for
fiber targets

Fig. 7. Plot of false gain as a function of timet for R0 = 5µm fiber targets
with lmax = 0.1, 0.2, 0.4, and0.8 cm

related to the rate of change ofI/I0 with l , and not on the ab-
solute value of the intensity ratio. Therefore, regions in Fig. 6
where the contour lines are closely spaced correspond to con-
ditions where false gain (whenI/I0 < 1) or false absorption
(when I/I0 > 1) are large. Compared with the results of slab
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targets, the contour lines for fiber targets are broadly spaced
for l ≥ 0.2 cm, resulting in the rapid decrease in errors with an
increase inlmax.

The real gain coefficient for the N Balmerα line is found
to be maximum for an initial electron temperature of100 eV.
In Fig. 8, we show the contour plot of false gain coefficients
evaluated for fiber targets at this optimum initial electron tem-
perature. The boundary for false gain coefficients of1 cm−1

is at t = 0.6 nsec for lmax = 0.6 cm, while false absorption
of −1 cm−1 can only be observed forlmax < 0.4 cm. Results
given in Fig. 8 thus suggests insignificant effects of axial plas-
ma expansion when using data sets withlmax ≥ 0.6 cm for
fiber targets withR0 = 5µm and initial electron temperatures
of 100 eV. However, simulations show that the region of false
gain tends to extend to largerl with an increase in the initial
electron temperature. It is therefore possible that irradiation
of fiber targets at excessively high peak intensities will result
in a considerable systematic error in the gain coefficient for
even largerl .

3 False gain for shorter wavelength soft-X-ray lasers

Simulations show that an increase in the initial electron tem-
perature will extend the effects of large systematic errors to
plasmas with longer active medium lengths, which also start
from an earlier time. This becomes of great concern when
performing recombination pumped soft-X-ray laser experi-
ments with shorter wavelengths into, for example, the spectral
water-window. Such systems will employ targets with larger
atomic numbers and therefore will require higher initial elec-
tron temperatures to attain the initial ionization stage neces-
sary for the shorter wavelength. In order to investigate the
effects of false gain in such soft-X-ray lasers, we performed
modelling calculations of the54.2Å Na Balmerα laser.

In Fig. 9 we show the contour plot of the calculated false
gain between−5 and5 cm−1 for slab Na targets. The ini-
tial conditions for these calculations areNe = 1021 cm−3,
Te = 350 eV, R0 = 45µm, and δ = 3.0; these are selected
so that the actual gain coefficient of the Na Balmerα line
without axial plasma expansion becomes a maximum. Results
reveal a drastic reduction in the effects of false absorption
compared with those for N slab targets. False absorption co-
efficients are less than1 cm−1 for lmax≥ 0.4 cm, as compared
with the results for N slabs, where false absorption greater
than1 cm−1 can be observed in Fig. 5 even forlmax≤ 1.0 cm.
False gain can, on the other hand, still be of importance for Na
targets. For example, false gain coefficients exceed1 cm−1 at
t = 1.9 nsec forlmax = 1.0 cm, at which time the normalized
spontaneous emission intensity of the Na Balmerα line is still
0.24.

The contour plot of false gain for5µm radius fiber Na
targets is shown in Fig. 10 for initial conditions ofne =
1021 cm−3, Te = 350 eV, andδ = 3.0. This electron tempera-
ture is also selected so that the actual gain of the Na Balmer
α line at δ = 0 is maximum. The contour plot for Na and N
fiber targets under optimum plasma conditions for gain show
a good resemblance, if we multiply the time scale of Fig. 10
by a factor of two. The normalized spontaneous emission in-
tensity for Na and N Balmerα lines are both equal to 0.2 at
t = 0.3 and0.6 nsec, respectively, justifying the above com-
parison. In fact, the contour plot of false gain for slab N and

Fig. 8. Contour lines corresponding to false gain coefficients between−5
and5 cm−1 for N fiber targets at an initial electron temperature of100 eV

Fig. 9. Contour lines corresponding to false gain coefficients between−5
and 5 cm−1 for Na slab targets. The initial conditions of calculation are
ne = 1021 cm−3, Te = 350 eV, R0 = 45µm, andδ = 3.0

Na targets also show a good comparison if we again multiply
the time scale of the latter by a factor of two, and neglect con-
tour lines for false absorption. This similarity in the contour
plot of false gain coefficients for soft-X-ray laser media with
different atomic numberZ can be attributed to a balance be-
tween the shorter time scale of emission for soft-X-ray lasers
with larger Z and the shift of the contour lines of false gain
to largerl and smallert with an increase in the required ini-
tial electron temperature of the plasma. Thus, the effects of
false gain in conventional recombination pumped soft-X-ray
lasers are found to be of an approximately equal significance
irrespective of the operating wavelength.

4 Conclusion

In conclusion, we present results of numerical investigations
on false gain in soft-X-ray laser media due to axial plasma
expansions. Modelling calculations of experiments with slab
boron nitride targets reveal large false gain coefficients ex-
ceeding8 cm−1 for long times in the case of plasmas with
an active medium length of less than0.2 cm. The presence
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Fig. 10. Contour lines corresponding to false gain coefficients between−5
and 5 cm−1 for Na fiber targets. The initial conditions of calculation are
ne = 1021 cm−3, Te = 350 eV, R0 = 5µm, andδ = 3.0

of a negative false gain or false absorption is revealed in the
early stage of expansion. Observed gain coefficients of the
N Balmer α line is found to be well explained by includ-
ing the effects of such systematic errors in the calculations.
The initial conditions obtained from these modelling calcu-
lations are used to investigate the effects of similar errors in
N fiber targets. False gain in fiber targets is found to be of
equal magnitude to that for slabs, which is, however, restrict-
ed to plasmas with less than0.1 cm active medium lengths.
Calculations predict that for slab targets a tolerance in the
systematic error corresponding to±1 cm−1 will severely re-
strict the time and the active medium length of the plasma
that can be used for error-free observations, while those in the
case of fiber targets are considerably relaxed. We also per-
formed numerical calculations of the54.2Å Na Balmerα
laser to investigate the effects of false gain on shorter wave-
length soft-X-ray lasers. The contour plots of false gain for
the N and Na Balmerα lasers showed a good resemblance un-
der optimum gain conditions. This is explained as being due
to a balance between an enhanced decay of spontaneous emis-
sion and the shift in the magnitude of error to earlier times and
shorter active medium lengths with an increase in the atomic

number of the lasing ion. As a result, the effects of false gain
in conventional recombination pumped soft-X-ray lasers are
found to be of an approximately equal significance irrespec-
tive of the operating wavelength.
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