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Stimulated emission at the difference-frequency generation
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Abstract. We consider the stimulated emission process
that occurs at the difference-frequency generation of a bi-
chromatic field interacting with a three-level atom, where
one of the laser fields is strong while the other is weak. It is
shown that at the difference-frequency generation an in-
duced peak occurs which can exhibit both gain and at-
tenuation. Conditions under which this takes place are
established and discussed herein.

PACS: 42.50Hz, 32.80Wt.

Considerable attention has been given recently to the
study of lasing without population inversion in the three-
and four-level atomic systems [1-12]. Atomic coherence
effects form the basis of the most commonly discus-
sed schemes for light amplification and lasing without
population inversion, which were reviewed recently by
Kocharovskaya [13], Scully [14] and Kocharovskaya
and Mandel [15]. The observation of light amplification
without population inversion has been reported in a num-
ber of four-level atomic systems [16-19].

It has recently been shown in [20], hereafter referred
to as I, that in the low-intensity limit of a bichromatic field
interacting with a three-level atom in the lambda config-
uration as shown in Fig. 1, significant amplification is
likely to occur at the difference-frequency generation
w = w, — w, without population inversion. In Fig. 1, the
atom is pumped by two laser fields with frequency modes
W, =wio+ 4, and w, = wy, + 4,, where wqo= w;

— wo and wy, = w; — w, are the transition frequencies,
while 4, and 4, are the detunings of the laser fields a and
b, respectively. The electronic transitions |0>«|1) and
[1><>|2) are electric-dipole-allowed, while g, and g, de-
note the classical Rabi frequencies for the laser fields a and
b, respectively; units with # = 1 are used throughout. It is
shown in I that although the spontaneous emission
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[2> —]0) is electric-dipole-forbidden and the excited state
|2) is a metastable one having a very long lifetime, there is,
at low intensities, a two-photon-stimulated emission at
w = w, — wy,, whose lifetime is induced by the laser field
a operating in the |0)«|1) transition and is much longer
than that of excitations spontaneously emitted by the
excited state |1) provided that the condition g,>g, is
satisfied. The low-intensity limit for both laser fields oc-
curs when y7>g2 and y3>g7, which imply that both
transitions are not saturated. y,; and y, designate the
spontaneous emission probabilities for the radiative decay
processes |[1> —|0) and |1) —|2), respectively, while
2/y =2/(y; + y,) denotes the spontaneous radiative life-
time of the excited state |1). It is found in I that the
intensity of the two-photon-stimulated emission at
w = w, — w, increases negatively and, consequently, the
amplification increases as the value of the ratio g,/g,
increases for 4, = 0 and 4, # 0. Numerical calculations
have shown that for g,/g,>1, 4, # 0 and 0 < 4,/4, < 1,
significant amplification is likely to occur at the difference-
frequency generation w = w, — w,. Similar predictions
have been made for the process of stimulated
emission that occurs in a number of cases when laser fields
at low intensities interact with three- and four-level
atomic systems [21, 22].

The purpose of the present study is to investigate the
high-intensity limit where only one of the two-transitions
is saturated, namely, when the conditions g7 >3, g2 <y}
and g7 > g2 are satisfied, which imply that laser field b op-
erating the transition |2)«>|1), which is saturated, is
strong while laser field a operating the transition
|0>«|1), which is not saturated, is weak. The induced
spectra obtained at this limit would be compared with
those derived in I at low intensities, where both laser fields
were weak and both transitions were not saturated. Since
the present work is an extension of I and for purpose of
brevity, all derived expressions in I shall not be repeated
herein. Instead, statements of equations from I will be by
reference to the numbers of I set forth therein; all nota-
tions contained therein are identical to those used in I as
well.

The expressions for the Green functions G, ,(®),
Gip+.2(w) and Gopey, 2(w) defined by (5-7) of I, respec-
tively, have the same denominator denoted by the func-
tion D,(w) and differ only as far as the expressions for the
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Fig. 1. Energy-level diagram of the three-level atom or ion

numerators are concerned. In the limit when the condi-
tions g2 »73, g2« 3 and g2 > g2 are satisfied, the function
D,(w) defined in I may take the form

Dy(w) = (X4 +ip/4) (X - +17/4) (X +174/2), (M

where X, =X +4,—4,/2F g/2, X =0 — 0, + 0,
V=012, %a=Valts 97 = g5 + (A +19/27 70 = g2 /1,
A=1+ 4¢2/y2A§ba ¢ = AaAab - gl%/4 and Aab = Aa - Ab~
The notation here is identical to that used in I. Substitu-
ting (1) into (5-7) of I, we expand the numerators in power
series of the parameters y3/gi <1, g2/yi <1 and g2 /gi <1
at the roots of the corresponding denominators, then we
take the imaginary parts of the derived expressions to
obtain the spectral functions in the form

20\ (vi/A + Xypada/Ad
“/Agb X* + V3/4
2 <(1 + Ay/9)7%/16 — X 17%/8y

y X2 19716

N (1 — 4,/9)7%/16 + X _y*/8g
X2 1 7%/16 ’

2¢9s Vval4 4+ Xypada/4d
Az, X2 4 y7/4

I 5(w) = — <

Iy 2 (@) = — (

spectra of an electron in the metastable state |2) while
that of (3) represents the induced spectra arising from the
physical process where a laser photon b is emitted by the
excited state |1). The spectral function (4) designates
a Raman-type two-photon-induced process where a laser
photon a is absorbed while a laser photon b is emitted
simultaneously by the ground state |0) of the atom.

Each right-hand side (r.h.s.) of the spectral functions
(2—4) consists of two terms, the first of which represents an
excitation that is induced by the weak laser field a, is an
asymmetric Lorentzian line that is peaked at the differ-
ence-frequency generation w = w, — w;, and has a spec-
tral width y,/2. The induced peak vanishes in the absence
of the laser field a, namely, when g, — 0 as well as when
A, = 4,, namely, when the two-photon resonance condi-
tion w,o=w,— w, 1is applicable. At frequencies
W # w, — wy, the asymmetry of the induced peak depends
on the values of the function y4,,/4¢. The second terms
on the r.h.s. of the spectral functions (2—4) describe the
spectra of two sidebands, which are induced by the strong
laser field b, having asymmetric Lorentzian profiles that
are peaked at the frequencies X, =0, namely, at
w=w, — o, — A4, + 4,/2 + g/2, respectively, and have
equal spectral widths of the order of y/4.

At frequencies w = w, — @, and at X . = 0, the spec-
tral function (3) disappears, namely, I, >(®w, — ®,) =0
and Iy (0w, — wp — A, + 4,/2 + ¢g/2) = 0; this result
can be also verified from the original expression defined
by (6) of 1. Therefore, the spectral function (3) will be
ignored since it vanishes in the frequency regime of our
interest. Then we may write the total spectral functions (2)
and (4) as

I (@) = 1, (@) + Top+a,2(0) = Ling(w) + I (o) + 1 (),

I (o) = 2 ((1 + Ay/9 — Gags P+ 297 A2) 7?16 F 92X . (1 £ gugsR & g/vzdﬁb)/8g>
L (0) = .
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Where 12’2(0)) = — 27'C Im{Gzyz(a))}, Ilb*,Z(w) = — 27'[ Im
{G1b+,2(w)}, Lopra (@) = — 21 Im{GOb*a,Z(w)}: P, =¢A,
+7?4w/49, Ry = A Ay F ¢/g and A, =1+ (4, +
Aap)/g. The spectral function (2) describes the excitation

(5)
(29 g\ (72/422 + XyaAa /4
Iina(®) = <7A§h> <1 ga> < X2 4+ 75/4 >’
(6)
(7)

Thus, the spectral function (5) describes a triplet, namely,
an induced peak at the difference-frequency generation
w=w,—w, and two sidebands at the frequencies
W=, — 0, — A, + 4,/2 + g/2 and o =w, — w, — 4,
+ 4,/2 — g/2, respectively. Since g7>g2, the multipli-
cative factor [1—g,/g9.] in (6) may be replaced
by [ —g»/g9.] indicating that near the frequency
o = w, — o, the two-photon process described by the
first term on the r.h.s. of (4) prevails over the correspond-
ing one of (2).

At the difference-frequency generation w = w, — wp,
the spectral function (6) becomes equal to
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which designates the relative intensity (height) of the
induced peak in question. Since gj>g:, the relative
intensity (height) of the induced peak I;,4(®w, — ;) takes
positive values when g; < 44,4, and negative ones when
g > 44,4, indicating that the physical process of in-
duced absorption (attenuation) and stimulated emission
(amplification) is likely to occur at w = w, — w,. The
relative intensity Ijq(w, — w,) becomes zero when
gi = 44,4, implying the vanishing of the induced peak.
When the weak laser field a operating in the |0><|1)
transition is at resonance, namely, when 4,=0 but
A, # 0, (8) is reduced to

1 gb> (gb >2
r——|=— |5 <0, 9
2y (ga Vi ®

which takes always negative values. In the opposite case
when 4, = 0 but 4, # 0, then from (8) we have
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which takes positive values for g7 < 442, negative ones
for g7 > 442 and vanishes for g7 = 442%. This behaviour
is demonstrated in Figs. 2—4, where the induced rela-
tive intensity (g./gs)y1ina(®w) computed from (6) in units
of (gs/9.)/y 1s plotted vs the relative frequency
(0 — 0, + wp)/7.

Figures 2 and 3 illustrate the induced two-photon
spectra for gz >g2, g, = 57, 4, = 0 and for various values
of the relative detuning #, = 4,/y = 1-0.125 and for
A, =0 and 7, = 4,/y = 1-0.125, respectively. Inspection
of Fig. 2(3) indicates that for 4, = 0 (4, = 0) small values
of the relative detuning #, (n,) favour the relative
intensities (heights) of the induced peaks to take negative
values. This implies that as the value of the relative
detuning decreases from 1, the relative intensity in-
creases negatively, indicating that stimulated emission
(amplification) increases at the two-photon frequency
0 =W, — 0.

Figure 4 illustrates the induced two-photon spectra for
gE>92, g» = 5y, . = 4,/7 = 0.5 and for various values of
the ratio 4,/4,. It is shown that the relative intensities
(heights) of the induced two-photon increase negatively,
provided that 4,/4, takes values between zero and one,
namely, for 0 < 4,/4,<1. Since smaller values of
Ag = 4, — 4, < 1 favour higher negative relative inten-
sities (heights) for the induced peaks, an inspection of (6)
reveals that w # v, — w,, the asymmetry of the spectral
lines is negligible and, therefore, the spectral lines in
Figs. 2—4 take Lorenzian shapes, the relative intensities
(heights) of which are determined by (9), (10) and (8),
respectively.

467

0
=
__ —100f
S Mb=1
O
£
= —200} £2=0 Nb=0.5
N
S
~ =57 n5=0.25
o —300}
~ =ég -
="y 15=0.167 <
= % C
D —400f yy=-12 =
z A ) Nb=0.125 §
= A=1+(2) 8
= -500f , b
L -9
E |
S _soo}
i 98>>92
[
~700 |-
—800 | | | |

-3 -2 -1 0 1 2 3
(W= watwy)/ 74

Fig. 2. Difference-frequency-generation-induced spectra in the pres-
ence of the strong laser field b operating in the |2)«>|1) transition.
The relative intensity (¢./gs) Ylina(®w) in units of (g,/g.)/y computed
from (6) is plotted vs the relative frequency (w — w, + wp)/y4 for
A4,=0, gp =5y and for various values of the relative detunings
= Ap/y =1, 0.5, 0.25, 0.167 and 0.125, respectively

In conclusion, it is shown that at high intensities for
the laser field b and at low intensities of the laser field a,
namely, for gi »>72, g2 «y? and, hence gi >gZ, the condi-
tions g7 < 44,4, and g7 > 44,4, favour the processes of
induced absorption and stimulated emission to occur,
respectively, at the frequency w = w, — w,, while the two-
photon-induced peak vanishes when g7 = 44,4,,. Since
gi > g2, the relative intensities of the two-photon-induced
peaks determined by (8—10) are proportional to the ratio
g»/g. and arise from the two-photon Raman-type process,
where a laser photon b is emitted while a laser photon a is
absorbed simultaneously by the ground state |0) of the
atom and is described by the first term on the r.h.s. of the
spectral function (4). The conditions g, >g, and
0 < 4,/4, < 1 and the fact that the relative intensities of
the induced peaks vary proportionally to the ratio g, > g,
are phenomena identical to those of I at low intensities of
both laser fields. The basic difference is that at high inten-
sities of the laser field b the appearance of the term g7 /442,
shown in (8) and the condition g7 > 44,4,, make the
occurrence of stimulated emission and, therefore, the am-
plification at w = @, — w, to be more pronounced than at
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Fig. 3. Asin Fig. 2 but for 4, = 0, g, = 5y and for various values of
the relative detunings 5, = 4,/y =1, 0.5, 0.25, 0.167 and 0.125,
respectively

the low-intensity limit. The disappearance of the induced
peak when g7 =44,4,, is a unique property that
occurs at high intensities of the laser field b as well.
The occurrence of the two sidebands at the frequen-
cies w=w,—w,—A4,+ 4,/2 and o =w, — w, — 4,
+ 4,/2 — g/2, respectively, is due entirely to the presence
of the strong laser field. The difference-frequency-genera-
tion approach is of technical importance and provides
a means of generating intense tunable radiation in the
infrared, like the infrared-visible difference-frequency gen-
eration, which is a very attractive experimental method in
nonlinear optics [23]. It is hoped that the present work,
which is supplemental to I, will stimulate experimental
interest in this direction.
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