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Abstract. We developed a detailed rate equation model to
study laser dynamics and active Q-switching in Tm,Ho:
YAG and Tm:YAG lasers. The simulation results agreed
well with published experimental data, as well as provided
new insights for optimizing pulse generation.

Recently, Tm,Ho:YAG and Tm:YAG lasers have be-
come important as sources of long laser pulses (in the
ls range), appropriate for coherent laser radar applica-
tions and atmospheric probing, as well as for medical
applications [1]. Laser radar applications, by Doppler
signal processing arguments, impose this fairly long
pulse duration: a 1 ls pulse allows wind velocity dis-
crimination up to 1 ms~1, as required by the avionics
industry for laser radars to be of significant potential and
interest [2].

Both laser systems oscillate in the 2 lm eye safe
wavelength region; in addition, both have broad (+4 nm)
absorption lines centered at about 780 nm, a wavelength
region where efficient pumping diodes are available.

From the laser side, however, the generation of
only one smooth pulse of near microsecond duration will
normally require some type of appropriately designed
active Q-switch. The careful study of laser dynamics be-
comes relevant for these applications, because
Tm,Ho:YAG lasers, in particular, readily generate mul-
tiple pulses.

Both Tm,Ho:YAG and Tm:YAG have long upper-
laser-level lifetimes, in the range 5.5—10 ms [3—5],
and small laser-transition effective cross-sections
(7]10~21 cm2 at 2.097 lm [3] and 1.5]10~21 cm2 at
2.01 lm [6] respectively), making them suitable candi-
dates to generate high-power, single-frequency, 100 ns to
1 ls laser pulses.

Tm,Ho:YAG suffers from several drawbacks. Under
typical experimental conditions, only about 50% of the
stored energy in Tm transfers from Tm to Ho; in addition,
Q-switching tends to generate multiple pulses instead of

just one smooth pulse, due to the limited energy extraction
from the laser media [7—9].

The lack of availability of a detailed dynamical model
of these lasers provided us with the basic motivation to
develop such a model.

The model includes explicitly the fine structure of all
energy levels involved, as well as the effect of ground-state
depletion of both Tm and Ho populations.

The model is based on detailed rate equations, and it
includes no adjustable parameters for simulating laser
dynamics, Q-switching included. The model generates all
outputs in real physical units, as ls, W and J, and takes
into account the processes of pumping, energy transfer
from Tm to Ho (in the case of a Tm,Ho:YAG crystal),
laser-level manifolds and energy splittings, ground-state
depletion, and various other effects described below, all
important to study the laser dynamics and Q-switched
pulse-generation processes in these lasers.

We may also use our model to optimize other laser
parameters such as cavity geometry’s, doping levels
and active modulator regimes. As a result, we are now
able to perform quite precise simulations of laser dynam-
ics and pulse generation in three-level solid-state
lasers. It would also be easy to adapt the model to study
other types of solid-state lasers like waveguide and fiber
lasers.

The present work will concentrate on the laser dynam-
ics aspects, and will ignore other complementary consid-
erations like specific pumping geometry’s, cavity designs,
thermal effects as well; we do not take into account the
effect of pump and laser-mode cross-sectional spatial dis-
tribution, as well as the longitudinal inhomogeneity in
both pumping and inversion spatial distributions. For this
specific purpose, a full three-dimensional rate equation
extension is needed.

As previously mentioned, the model explicitly includes
depletion of the ground-state populations, for both Tm
and Ho. This aspect is important, since achieving a popu-
lation inversion requires an excited-state population of
the order of the corresponding doping concentration. As
a direct consequence, ground-state depletion must be
taken into account if we want our model to generate



Fig. 1. Energy-level diagrams for Tm:YAG and Tm,Ho:YAG

meaningful results, since varying ground-state popula-
tions will affect
a) The process of absorption of the pumping energy.
b) The energy distribution between Tm3` and Ho3` ions.
c) The process of light amplification itself.

A detailed one-dimensional rate equation approach
provides the basis for our model. This approach is valid
only for laser dynamics slow enough when compared to
the laser resonator round-trip time, and this is certainly
appropriate in our studies. We also suppose that the Tm
and Ho upper and lower manifolds are in thermal equilib-
rium.

Furthermore, we included an analytical calculation of
the lasing threshold and optimal crystal length for CW
operation for both Tm:YAG and Tm,Ho:YAG lasers,
taking into account three-dimensional Gaussian pumping
and laser-mode distributions.

1 Theory

1.1 Energy-level diagrams for Tm,Ho: YAG and
Tm: YAG

Figure 1 shows the appropriate energy-level diagrams for
Tm:YAG and Tm,Ho:YAG.

There seems to be an unresolved inconsistency in the
literature regarding the upper-laser-level nomenclature of
Tm. In our model, we assume the upper-laser level of Tm
as 3F

4
[7, 8, 10, 11] and not 3H

4
, as sometimes reported

[3, 12—14].
In the model, we consider continuous pumping near

780 nm. Fast decay from 3H
4

populates the metastable
level 3F

4
. For large enough Tm doping concentration, the

cross relaxation process may lead to a total quantum
efficiency for 3F

4
close to 2 [3, 15, 16]. In this work, we

consider the lasing action to occur in Tm only (Tm:YAG
laser) and Ho only (Tm,Ho:YAG laser), as shown in
Fig. 1.

We performed an extensive literature search to com-
pile all reported energies for the energy-level fine structure
[10—13, 17—19]. Table 1 summarizes the result of this
compilation.

Our model assumes as parameters what seem to be the
best estimates for the energy levels, taken from published,
reliable, experimental data, or from published theoretical
estimates if such data are not available [10, 17]. In all
cases, we took a ‘‘best-estimate’’ approach. We should
note, however, that the temperature dependence of these
sublevel energies is not known to date.

Many possible laser transitions may occur between the
upper- and lower-laser-level manifolds, due to the level
fine structure. We chose specific laser transitions after
a careful study of this aspect, corresponding to specific
sublevels. Our model assumes the following specific laser
levels throughout:

Tm:YAG 14P8 (energy 5556 cm~1P610 cm~1)
j"2.022 lm

Tm,Ho:YAG 19P12 (energy 5232 cm~1P457 cm~1)
j"2.094 lm

This specific choice agrees with the laser frequencies as
measured experimentally [14], and comes very close to
the most detailed theoretical estimates available [11, 19].
In any case, we may note that small alterations in the
specific sublevels involved will not change the model re-
sults appreciably.

In our model, we consider that, in equilibrium, the
population distribution among the various fine structure
sublevels follows the Boltzmann distribution; hence, the
population fractions f 0

T.,H0
and f 1

T.,H0
for the manifolds

belonging to the lower- and upper-laser levels of Tm3`
and Ho3`, are

f 0.1
T.,H0

"

e(!E0.1/k¹)

+
m
e(!E

m
/k¹) . (1)

In this expression, the sum over m is the sum over the
appropriate manifold, k is the Boltzmann constant, ¹ is
the temperature and E0,1 refers to the particular energy of
the lower-laser level, E0, and of the upper-laser level, E1,
that we consider in the model, as previously described,
each one of them within the corresponding manifold.
More specifically, for Tm, E0 is the energy associated with
sublevel M8N in the lower-level manifold, and E1 is the
energy associated with sublevel M14N in the upper-level
manifold. A similar argument applies for Ho. Table 1
shows the known published results for the energy split-
tings, and indicates our specific choices for this study; it
also shows the calculation results for f 0

T.
, f 1

T.
, f 0

H0
, f 1

H0
, in

the temperature range of #20 to !40°C, for transitions
M19NPM12N in Ho and M14NPM18N in Tm.

1.2 Energy transfer mechanisms in Tm,Ho: YAG

For Tm,Ho:YAG, we chose a simple phenomenological
energy-transfer mechanism for inclusion in the model. We
describe the Tm8Ho energy transfer process by the
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following equations:

d[N1
T.

f!N1
H0

(1!f )]

dt
"!

N1
T.

f!N1
H0

(1!f )

qTm%Ho

, (2)

d(N1
T.

#N1
H0

)

dt
"!

N1
T.

#N1
H0

q
, (3)

where q is the coupled-state upper-level lifetime (phenom-
enological definition), qTm%Ho is the energy transfer time
(phenomenological definition) f is the net energy-transfer
efficiency to Ho.

For typical doping concentrations, the characteristic
energy transfer time from Tm to Ho is between 5 and
20 ls, according to published data [3, 20]. We may treat
the 3F

4
and 5I

7
levels as one coupled system, since this

energy transfer time is much smaller than either of the 3F
4and 5I

7
level lifetimes. So we assume the following as-

sumptions in our model: after energy migration among
the Tm3` ions, a fraction of the energy will transfer to the
Ho3` ions because its 5I

7
level is quasi-resonant with the

3F
4

Tm level.

1.3 Ground-state depletion

In the case of continuous pumping, we may consider the
3F

4
(Tm) and 5I

7
(Ho) manifolds as being in quasi-thermal

equilibrium, in agreement with published reports [21, 22],
as such, the net energy transfer to Ho in equilibrium, is

f"
N0

H0
+

i
e(!E

i
/k¹)

N0
H0

+
i
e(!E

i
/k¹)

#N0
T.

+
j
e(!E

j
/k¹ ) . (4)

In this expression, N 0
H0

and N 0
T.

are the ground-state
populations for Ho3` and Tm3`, respectively, the sums
over the i and j are sums over 5I

7
(Ho) and 3F

4
(Tm)

crystal-field splittings, respectively, E
i
and E

j
are the cor-

responding energy values associated with these splittings,
k is the Boltzmann constant and ¹ is the temperature.

The previous equation is equivalent to similar equa-
tions used in the literature [3], with one important differ-
ence, it used the ground-state populations (N 0

H0
and N 0

T.
)

as the proper weighting factors instead of the more com-
mon total ion concentrations (N

H0
and N

T.
). This subtle

but important difference allows us to consider the ground-
state depletion explicitly, a feature absent from previously
published models.

In reality, the net energy-transfer efficiency, f , will
depend on the ground-state population N 0

H0
directly, and

not on the total ion concentration N
H0

, since N
H0

, by
itself, does not tell us the fraction of Ho ions already in the
excited state. As a result, and to include ground-state
depletion of the energy-transfer process explicitly, we
must include the last equation as written.

To optimize the laser system, we should also consider
the dependence of coupled-state upper-level lifetime q on
the pumping rate R [3, 23]. In a Tm,Ho:YAG laser, the
effective upper-level lifetime decreases to 0.19 ms at
a pumping intensity of about 0.5 kWcm~2 ; in Tm:YAG
it decreases to 4.3 ms at the same pumping intensity [14],
to 3 ms at 2 kW cm~2 and to 1.8 ms at 10 kWcm~2 [23].
Two independent effects lead to the observed decrease in

q; ground-state depletion and up-conversion. As will be
shown later, these effects affect these two types of laser
differently. In Tm:YAG, ground-state depletion is the
dominant effect, but in Tm,Ho:YAG up-conversion over-
comes ground-state depletion as the main reason for the
decrease in the value of q.

1.4 Tm,Ho: YAG model

The appropriate rate equations for a Tm,Ho:YAG laser,
are

dN1
T.

dt
f!

dN1
H0

dt
(1!f )

"R f!
N1

T.
f!N1

H0
(1!f )

qTm%Ho

#

p
H0

c

»

( f 1
H0

N1
H0
!f 0

H0
N0

H0
) (1!f ) q, (5)

dN1
T.

dt
#

dN1
H0

dt
"R!

N1
T.

!N1
H0

q

!

p
H0

c

»

( f 1
H0

N1
H0
!f 0

H0
N0

H0
) q, (6)

dq

dt
"

p
H0

cl

¸

( f 1
H0

N1
H0
!f 0

H0
N0

H0
) (q#1)!

ccq

2¸
, (7)

R"

Pg¸
hl

1
»l

[1!e(~al)], (8)

a"a
0

N0
T.

N
T.

, (9)

N1
H0
#N0

H0
"N

H0
, (10)

N1
T.

#N0
T.

"N
T.

. (11)

In these expressions:

N1
T.

, N0
T.

— populations of the upper 3F
4

and lower 3H
6Tm manifolds,

N1
H0

, N1
H0

— populations of the upper 5I
7

and lower 5I
8Ho, manifolds,

N
H0

, N
T.

— total doping concentrations for Ho and Tm,
q — total number of photons in the laser cavity,
R — pumping rate including the effect of pump

depletion due to ground-state depletion,
a, a

0
— saturated and unsaturated (small-signal) ab-

sorption coefficient at the pumping
wavelength,

P — pumping power,
g — pumping quantum efficiency,

hl
1

— energy of the pumping photons,
qTm%Ho — characteristic time for the Tm—Ho energy

transfer process,
q — upper-level lifetime for the coupled Tm—Ho

system,
p
H0

— cross-section for Ho 5I
7
% 5I

8
lasing

transition (not effective, but real),

28



c — speed of light in vacuum,
» — volume of the laser mode,
l — active media length,
¸ — optical resonator length, defined by

¸"¸
0
#(n!1) l, (12)

where
¸
0

— empty cavity length,
n — laser-crystal index of refraction at the pump-

ing wavelength
c — total logarithmic loss for one resonator

round-trip including output coupling.

The presented equations describe the pumping, energy
transfer and lasing processes in three-level solid-state
lasers like Tm,Ho:YAG.

Equations (5) and (6) above may also be written in
a slightly different form, entirely equivalent but possibly
easier to visualize:

dN1
T.

dt
"R#

N1
H0

q
HT

!

N1
T.
q

!

N1
T.

q
TH

, (13)

dN1
H0

dt
"

N1
T.

q
TH

!

N1
H0
q

!

N1
H0

q
HT

!

p
H0

c

»

( f 1
H0

N1
H0
!f 0

H0
N0

H0
) q,

(14)

where

1

q
HT

"A
1

qTm%Ho

!

1

qB (1!f ), (15)

1

q
TH

"A
1

qTm%Ho

!

1

qB f . (16)

This alternative form for the main rate equations
may be more convenient for later incorporation of addi-
tional processes such as up-conversion. Up-conversion is
not included directly in our model at this time. Recent
publications [24—27] dealing with this tissue suggest that
the appropriate coefficients are not yet well known; more-
over, up-conversion is not the only process that may
reduce the upper-level lifetime with increasing pumping
intensity. In this work, we use experimental figures for the
upper-level lifetime, assuming that it is relatively easy to
measure the exact dependence of this lifetime with pump-
ing intensity.

In our model the parameter f entirely describes the
energy-transfer process between Tm and Ho:

q
HT

q
TH

"

f

1!f
"

N0
H0

+
i
e!E

i
/k¹

N0
T.

+
j
e!E

j
/k¹ . (17)

If one ignores this relation, the model will reduce to
the more common situation of a non-Boltzmann energy
distribution among Tm and Ho ion upper levels. In this
case, the ratio of the two energy-transfer rates defines the
energy partition between the Tm3` and Ho3` ions.

We should also note that there is an alternative but
equivalent way to explicitly take into account the effect of
ground-state depletion on the energy transfer process, by

defining the depleted time constants q
TH

and q
HT

as fol-
lows:

q
HT

"q0
HT A

N0
H0

N
H0
N

N0
T.

N
T.
B , (18)

q
TH

"q0
TH A

N0
T.

N
T.
N

N0
H0

N
H0
B , (19)

In these expressions, q0
HT

and q0
TH

are the correspond-
ing undepleted time constants, i.e. the time constants
applicable when ground-state depletion is either absent or
ignored.

1.5 Tm: YAG model

Following similar arguments, the rate equations for
Tm:YAG are

dN1
T.

dt
"R!

N1
T.

q
T.

!

p
T.

c

»

( f 1
T.

N1
T.

!f 0
T.

N0
T.

) q, (20)

dq
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N1
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) (q#1)!
ccq

2¸
, (21)

N1
T.

#N0
T.

"N, (22)

where:

q
T.

— lifetime of the Tm3` 4F
4

manifold,
f 0
T.

, f 1
T.

— populations fractions of Tm3` in the 3H
6

and
3F

4
manifolds, respectively, corresponding to

the previously defined laser levels and given
previously by (1),

p
T.

— cross-section of the Tm3` 3F
4
P3H

6
transition

R — pumping rate, given by (8), which already in-
cludes pumping depletion, as previously
described.

We may derive these equations directly from the pre-
vious rate equations for Tm,Ho:YAG if we let the energy-
transfer parameter f go to zero. Moreover, we now have to
explicitly include laser action for the Tm3` ion, which was
absent in the previous case of Tm,Ho:YAG (we assumed
all laser action to occur in the Ho ion).

1.6 Threshold calculations

To calculate the lasing threshold, we consider in the model
the inclusion of spatial coordinates and a normalized
Gaussian intensity distribution to describe both the
pumping r

1
(r, z) as well as the laser mode s

0
(r, z) in the

gain medium (assumed TEM
00

). The equations that de-
scribe this situation, are [24]:

r
1
(r, s)"
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and
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»
!

r
1
(r, z) d»":::

»

s
0
(r, z) d»"1. (25)
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Fig. 2. Dependence of the Q-switched pulse energy on pulse tem-
poral separation for the Tm:YAG laser

Here, w
1

and w
0

are the Gaussian radii for the pump
and laser cavity modes defined by the E-field amplitudes
at r"w

1
, w

0
is their e~1 value at r"0, the integration in

the first integral is taken over the gain volume, and in the
second over all laser cavity volume. As before, a

0
is the

unsaturated linear absorption coefficient at the pumping
wavelength.

Performing an analytical calculation for the lasing
threshold pumping power, we obtain the following equa-
tions [24]:
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n l (w2
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for the case of a Tm,Ho:YAG laser, and
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T.

#f 1
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) q
(27)

for the case of a Tm:YAG laser.
In these equations, hl

1
is the pumping photon energy.

From the previous equations, and by differentiation with
respect to l, we may calculate the crystal length that gives
the lowest lasing threshold, i.e. we may optimize the crys-
tal length with respect to lasing threshold. We obtain the
same result for both types of laser (Tm:YAG and
Tm,Ho:YAG), and this result is the same as for an ordi-
nary quasi-three-level system [24].

The condition for optimal crystal length (written for
Tm,Ho:YAG) is then

f 0
H0

N
H0

p
H0

a
0

"

e!a
0
l

1!e!a
0
l ( f 0

H0
N

H0
p
H0

l!c/2) (28)

We expect this result, since varying the crystal length
should not affect the energy transport process or dynam-
ics, but only the effectiveness of pumping absorption and
the reabsorption losses for the laser radiation.

2 Model validation and simulation results

We solved numerically the two sets of coupled nonlinear
differential equations (described on Sect. 1), one for
Tm,Ho:YAG, the other for Tm:YAG, using an adaptive-
step fourth-order Runge—Kutta algorithm on a Hewlett-
Packard 730 workstation. We solved both systems for free
running (unmodulated) and Q-switched laser operation.
We assumed a step-function modulation to represent the
Q-switching process, although there is no fundamental
limitation in the model to cover more complex modula-
tion schemes. Since our main interest is TEM

00
operation,

we have restricted our attention to this case.
To completely specify the dynamics of the CW-pum-

ped repetitively Q-switched laser, we must specify suitable
initial conditions, i.e. initial-level populations and photon
density. To damp out any artifact dynamics, we started
with reasonable estimates for the initial conditions and
allowed the simulation to run over a few modulation
cycles. We took conclusions from our computations by
observing the fourth or fifth-generated pulse, after noting
that this was enough time to stabilize the repetitive Q-
switching behavior to within better than 1% (all com-
puted pulses after the fourth or fifth were nearly identical).

To test our model, we used specific experimental
measurements reported previously for Tm:YAG and
Tm,Ho:YAG lasers as test data [14], against which we
compared our simulation results.

2.1 Model results for the Tm,Ho: YAG and Tm:YAG
Q-switched lasers. Validation

Cavity losses had to be estimated from the results re-
ported for a Tm:YAG laser [14]. Our model was run
several times for different cavity losses until we were able
to predict laser-output energies in good agreement with
the experimental results. The resultant internal cavity
losses (excluding output coupling) were 4.75%.

For this simulation, we also used P"3.9 W,
N

T.
"4%, l"0.5 cm, ¸"94 cm, ¹"!39°C, T

O65
"2.2%, q"10 ms [14], beam radius w"167 lm (we
estimated this beam diameter from the razor-blade
measurement data reported for the 10—90% points, [14]),
and p

H0
"7]10~20 cm2 [3].

Figure 2 shows the calculated output-pulse energy
dependence on pulse spacing, for this Tm:YAG laser,
showing good agreement with the reported experimental
values.

Next we used our model to compute the Q-switched
operation of the Tm,Ho:YAG laser without any adjust-
able parameters. Figure 3 shows the computed results,
for P"4.72 W, N

T.
"6%, N

H0
"1%, l"0.3 cm,

¸"73 cm, ¹"!38°C, ¹
O65

"2.2%, c"6.95% (4.75%
internal losses and 2.2% output coupling), q"190 ls,
beam radius w"167J73/94"147 lm and general ex-
perimental conditions reported [14].

Figure 3 depicts the computed-pulse-energy depend-
ence on pulse spacing, for this Tm,Ho:YAG laser, and the
calculated results show good agreement with the reported
experimental values.

These results also show that in this particular laser, the
main reason why the effective upper-level lifetime has
decreased to 190 ls [14] is up-conversion.
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Fig. 3. Dependence of the Q-switched pulse energy on pulse tem-
poral separation for the Tm,Ho:YAG laser

Fig. 4a–c. Computed-laser dynamics for a Q-switched Tm,Ho:
YAG laser. Time origin taken as the Q-switch opening moment.
a Output pulse, for 4.72 W pumping power and 1 kHz pulse repeti-
tion frequency. Pulse energy is 63.2 lJ and pulse duration is 330 ns,
showing good agreement with experimental values [14]. b Excited-
state Ho population dynamics. c Excited-state Tm population dy-
namics

Figure 4 shows the Q-switched Tm,Ho:YAG simula-
tion results for a 1 ms pulse separation. The computed-
pulse energy is 63.2 lJ and the computed-FWHM
pulsewidth is 330 ns (to be compared with the reported
experimental values [14] of 60 lJ and 860 ns).

In the following section we use our computational
model to investigate and compare Tm,Ho:YAG and
Tm:YAG laser operation in both Q-switched and free
running regimes, thus allowing a direct comparison be-
tween these two types of lasers.

For the situation of a free running regime, we investi-
gated the dynamical processes that occur after pumping is
switched on; for the situation of a Q-switched regime, we
concentrated on the spiking behavior that occurs in
Tm,Ho:YAG, as well as the effectiveness of the energy
extraction from the Tm—Ho coupled system.

2.2 Comparison between Tm,Ho:YAG and Tm: YAG lasers

While keeping the laser parameters constant (for cavity
length, mode diameter, output coupler transmission, crys-
tal temperature, and so on), we allow the crystal length
and the Ho concentration to vary and use our computa-
tional model to optimize the output-pulse energy of this
laser in Q-switching regime.

We obtained an optimal crystal length l"0.45 cm,
and optimum Holmium concentration N

H0
"0.7%,

allowing the generation of Q-switched pulses of 70.3 lJ
output energy for a pumping power of 4.72 W and pulse
separation of 1 ms. This means that the optimization of
the Ho concentration and crystal length allows in increase
of 11% in the output energy for the specific combination
of input parameters as obtained in real experiments
(l"0.3 cm, N

H0
"1%). This suggests that the experi-

mental conditions chosen [14] were actually very close
from ideal; however, it should be noted that up-conver-
sion effects would imply a reduction in N

H0
to maintain

optimum conditions. In our computations, we kept the
Tm concentration constant, since varying it would lead to

an unpredictable change in pumping quantum efficiency
and characteristic time associated with the Tm—Ho energy
transfer.

We should make some additional comments: If we use
(28) to optimize the crystal length, we would get a value of
0.31 cm for a 0.7% Ho concentration; however, our com-
putational results indicate an optimum crystal length of
0.45 cm, suggesting that the optimal length (the crystal
length that gives minimum lasing threshold) for CW op-
eration does not coincide with the crystal length which
maximizes the energy of the Q-switched pulses.

To ensure consistency, we performed all Tm:YAG
laser calculations (doping level 4%) using the same para-
meters as for Tm,Ho:YAG. From (28), we calculated the
optimum crystal length for CW operation to be 0.63 cm.
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Fig. 6. Tm,Ho:YAG output pulse energy dependence on crystal
length for concentrations N

T.
"6%, N

H0
"1%. Arrow indicates

the optimum length for cw operation

Fig. 5. Tm:YAG output pulse energy dependence on crystal length.
Arrow indicates the optimum crystal length for cw operation
(N

T.
"4%)

We also optimized the crystal length regarding maximum
Q-switched output-pulse energy using our rate equa-
tion model. The result was 2.0 cm, predicting the genera-
tion of Q-switched pulses with an output energy of
2.7 mJ at a MF (modulation frequency) of 130 Hz. This
is 35% larger than the 2.0 mJ calculated for a 0.63 cm
crystal.

These results may be better understood by analyzing
Figs. 5 and 6. Figure 5 shows the computed Tm:YAG
output pulse energy dependence on crystal length, under
the same experimental conditions as the Tm,Ho:YAG
laser. Similarly, Fig. 6 shows the corresponding depend-
ence for the Tm,Ho:YAG laser (N

T.
"6%, N

H0
"1%).

In both figures, we mark with an arrow the optimum
crystal length for CW lasing (minimizing lasing threshold).
It may be observed that the optimum crystal length for
Q-switching operation is larger than the optimum crystal
length for CW operation.

To compare Tm:YAG and Tm,Ho:YAG lasers, we
used the model to compute the laser-output pulse energy
for a Tm:YAG laser (N

T.
"4%, l"2.0 cm, other para-

meters the same as for Tm,Ho:YAG) for a MF of 1 kHz.
The result was 573 lJ, and this is about an order of
magnitude higher than the value 70.3 lJ predicted for the
Tm,Ho:YAG laser. Even for this MF, about ideal for a
Tm:YAG laser and certainly far from ideal for
a Tm:YAG laser (assuming an upper-level lifetime 10 ms),
a Tm:YAG laser is able to generate much more powerful
Q-switched pulses. This coincides with known published
experimental results, although it is not obvious if one
considers that the CW output powers of these lasers are
approximately equal.

2.3 Laser dynamics in Tm,Ho: YAG lasers

To investigate the spiking behavior experimentally ob-
served for this type of lasers, we considered a loss modula-
tion function with a longer duration of low loss period
(300 ls), larger than the 50 ls used in our previous
calculations. This open time allows the observation of
several spikes and their detailed study using the computer
model.

We made computations for l"0.45 cm, N
H0
"0.7%,

a pumping power of 4.72 W and a pulse separation of
1 ms. Figure 7a and b shows the results for the calculated
laser output. Under these conditions, 73% of the total
stored energy was transferred to the Ho3` ions, and 45%
of this transferred energy was extracted in the first pulse,
This suggests that a significant amount of remaining en-
ergy (about 67% of the total stored energy) will be avail-
able to support additional pulses.

Our calculations indicate that the first pulse has an
energy of 69.3 lJ and a FWHM pulsewidth of 0.3 ls; and
the second pulse, appearing 50 ls afterwards, has an en-
ergy of 12.2 lJ and a FWHM pulsewidth of 1.81 ls. The
second and the following pulses do not resemble normal
Q-switched pulses, but resemble relaxation oscillation
pulses instead. To allow a direct comparison, Fig. 7c
shows the calculation results for the same laser in a nor-
mal mode regime, assuming as initial conditions N1

T.
"

N1
H0
"0.
For a better understanding of the spiking process, we

repeated the calculations for different modulation fre-
quencies. With increasing Q-switching repetition rate
(MF), the effectiveness of the energy extraction from the
active media decreases, and the time delay between the
Q-switched pulse and the first spike afterwards decreases;
with increasing repetition rate, also, the amplitude of the
Q-switched pulses decreases and their duration increases,
whereas the remaining spiking pulses remain approxim-
ately unchanged (Fig. 8). We observed that when the MF
increases up to 8 kHz, the first pulse does not resemble
a Q-switched pulse at all, but resembles a normal mode
spiking pulse instead. Decreasing the pumping power will
lead to similar results as increasing the MF.

To investigate the effect of the slow and incomplete
energy transfer from Tm to Ho, we repeated the calcu-
lations for the same parameters except the Tm—Ho energy
transfer time was now allowed to assume the extreme
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Fig. 7a–c. Computed output pulses of Tm,Ho:YAG laser (assuming
qTm%Ho"10 ls). a Laser in Q-switching regime. Inset shows
Q-switched pulse. b Expanded vertical scale view. c Laser in
normal-mode regime. Similarity to (b) is evident

Fig. 8a–d. Higher repetition rate dynamics of Q-switched
Tm,Ho:YAG laser (PRF"3.3 kHz). a Laser output. b Excited-
state Ho population. c Excited-state Tm population. d Loss modu-
lation function timing

value of q
T.%H0

"1 ns; this situation actually simulates
an ultrafast energy transfer. Figure 9a and b shows the
results. Figure 9c shows the computed behaviour for the
case of laser-normal-mode operation. The first pulse has
an energy of 101 lJ and a duration of 0.28 ls, and the
second pulse has an energy of 16 lJ and a duration of
1.82 ls. We observe a 46% increase in pulse energy with
respect to the previous results q

T.%H0
"10 ls; see Fig. 7).

Now, the first spiking pulse appears after a larger time
delay of 100 ls (Fig. 9) for q

T.%H0
"1 ns, vs 50 ls (Fig. 7)

for q
T.%H0

"10 ls. This is a direct consequence of the
much more efficient energy extraction represented by the
imagined ultrafast energy transfer, clearly suggesting that

the somewhat slow and incomplete energy transfer in
Tm,Ho:YAG lasers does not allow complete energy ex-
traction from the coupled excited-state system by the first
pulse.

We may also note that for q
T.%H0

"10 ls, a signifi-
cant damping of the oscillations is predicted by our model
and indeed observed in experiments.

As we may see from Fig. 7c and Fig. 9c, the relaxation
oscillation frequencies u

3%-!9
are different in these

two situations; to understand this different behavior,
a careful investigation of the dependence of u

3%-!9
with

pumping rate and wavelength was performed, in the
small-signal regime [28]. For quasi-three-level systems,
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Fig. 9a–c. Computed-output pulses of Tm,Ho:YAG laser (assum-
ing qTm%Ho"1 ns). a Laser in Q-switching regime. Inset shows
Q-switched pulse. b Expanded vertical scale view. c Laser in
normal-mode regime. Due to the fast energy transfer time, results b)
and c) become indistinguishable

this dependence is

u2
3%-!9

"(r!1) cc
2 A1#

p f 0 cNl

c¸ B . (29)

In this expression, r"P/P
T)

is the pumping rate nor-
malized to the threshold pumping rate, c is the photon
decay rate and c

2
is the upper-laser-level lifetime. For

four-level systems, we have the well-known result

u2
3%-!9

"(r!1) cc
2
. (30)

These expressions agree well with simulated and ex-
perimental results [28—32], and allow us to distinguish
one type of laser system from the other by analyzing the
small-signal relaxation oscillations [28].

A significant part of the total available energy for laser
action is contained in the spiking pulses that appear after
the Q-switched pulse, as previously discussed. For most
applications, these pulses are undesirable and parasitic,
and a significant effort is usually secured to either elimin-
ate them altogether or at least limit the energy contained
in them.

This control is more difficult to achieve in a CW
pumped than in a pulsed pumped Q-switched laser. In this
later case, we may increase the time delay between the
Q-switch opening and the pumping pulse [8]. In a CW
pumped laser, we may eliminate these spiking pulses by
using a cavity loss modulation function with a small open
time [9].

Using an open time of a few tens of ls seems adequate
to avoid spiking in single-frequency single-mode lasers.
On the other hand, a good energy-extraction efficiency is
important, and this leads to an increase in the time delay
before the beginning of spiking; thus, high MFs are detri-
mental to achieve adequate spiking control.

Unfortunately, we have not enough information about
the Tm,Ho:YAG upper-level lifetime dependence on
the pumping intensity. Nevertheless, we made several
model runs for a Q-switched Tm,Ho:YAG laser, allowing
the upper-laser-level lifetime value to vary. In all
cases, we assumed a low MF (pulse separation much
larger than the upper-level lifetime). The results confirm
the intuitive feeling that if we assume the pumping
power P connected to the upper-laser-level lifetime q
by an expression of the type Pq"const, then both lasers
should generate pulses with approximately the same
output energy if we adjust the pumping power accord-
ingly. Up-conversion and other processes are responsible
for a strong dependence of the upper-laser-level lifetime
on the pumping power. As an example, in some reported
experimental conditions [14] the observed effective
upper-level lifetime is smaller by a factor of 40 from its
value when the pumping intensity is small. We should
note that at high pumping rates it may happen that its
dependence is stronger than P~1 and then we can predict
a decrease in Q-switched pulse energy with an increase in
pumping rate.

2.3 Conclusions

We developed a detailed rate equation model capable of
correctly describing the dynamical behavior of single-and
mixed-ion three level solid-state lasers. The model ex-
plicitly includes ground-state population depletion, as
well as energy distribution among the various fine sub-
levels in each manifold. We applied this model to the
study of continuously pumped and repetitively Q-
switched Tm,Ho:YAG and Tm:YAG TEM

00
single-fre-

quency lasers.
We verified our model by direct comparison with

known experimental results [14], and the computational
results show very good agreement with the experimental
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data. Our model may also be applied to the study of other
laser systems based on different laser crystals and operat-
ing in normal mode or CW regimes with either CW or
pulsed pumping. In addition, our model may also be used
for optimizing important laser parameters such as cavity
length and mode diameter, cavity design, crystal length,
crystal doping levels, Q-switch modulator operation and
others.

We also performed an investigation of the spiking
process during Q-switched operation of single-frequency
Tm,Ho:YAG lasers, and the results showed that the na-
ture of the spiking that appears after the first Q-switched
pulse coincides with the spiking occurring in normal-
mode laser operation. This suggests that if multiple Q-
switched pulses are indeed observed in experiments, then
they may be a clear indication of non-single-mode or at
least non-single-frequency lasing. A clear conclusion is
that for applications requiring true Q-switched pulses, as
in laser radars for atmospheric probing, multiple pulse
operation should be avoided in principle.

We also found that the optimized laser crystal length
for CW operation, regarding lasing threshold, differs from
the crystal length that allows maximum power extraction
in Q-switching regime; for a pumping power of 4.72 W,
and under identical cavity conditions, the optimum crys-
tal length for a Tm:YAG laser was 0.63 cm for CW
operation (minimizing lasing threshold) and 2.0 cm for
Q-switched operation (maximizing energy extraction).
Under Q-switching, a 2.0 cm laser crystal allows the gen-
eration of 2.7 mJ pulses at 130 Hz, contrary to just 2.0 mJ
pulses predicted for 0.63 cm crystals.

The performance limitations of the Q-switched Tm,
Ho:YAG laser compared with the Tm:YAG laser are; the
lower upper-level lifetime and the incomplete energy ex-
traction. Using the model we can point that the first is the
critical one. In the normal-mode regime these limitations
do not contribute significantly to the laser performance,
being compensated by the higher Ho laser transition effec-
tive cross-section.

The model also indicates that Tm:YAG lasers are
more effective for pulse generation than Tm,Ho:YAG
lasers, allowing pulses with an order of magnitude
higher energy than those obtainable from a Tm,Ho:YAG
laser. The model shows that the main reason for the
pulse energy decrease on Tm,Ho:YAG is the strong
pump power dependence of the upper-level lifetime and
not the slow and incomplete energy transfer. When this
dependence becomes strong enough, it becomes possible
to increase the output-pulse energy by decreasing
the pumping power. Reducing the energy transfer time
from the normal value of 10 ls to an ultrafast value
of 1 ns resulted only in a 50% increase in predicted output
energy (85 lJ for 10 ls and 127 lJ for 1 ns, at a PRF
of 1 kHz). This does not necessarily exclude mixed
crystals like Tm,Ho for high-power pulse generation. Suit-
able host material like YLF and LuAG [33], with
adequate upper-level lifetime and no strong up-conver-
sion effects present may be suitable candidates for efficient
pulsed operation.

In conclusion, our model gives reliable results for
output pulse energy, pulse temporal shape, and level
population dynamics for both Tm,Ho:YAG and

Tm:YAG laser systems, when we compare our results
with previously published experimental measurements.
We attribute the dicrepancy in pulse duration to the fact
that our model does not yet include a full spatial (3D)
analysis in the rate equations.
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