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Abstract. We present a steady-state analysis of a general
model for a bipolarized Nd-doped fiber laser including the
slow longitudinal variations of the dynamical variables. The
combined effects of pump-induced, distributed, and localized
anisotropies are studied versus the fiber length. In particu-
lar, the evolution of the thresholds versus the pump-input
polarization angle, for different fiber lengths, is investigated
in depth. Approximate analytical results are derived for the
thresholds and the output intensities. A good agreement with
the numerical simulations is achieved in a large range of pa-
rameters.

PACS: 42.55.Wd; 42.25.Ja; 42.55.Ah

The simplest model for a single-mode laser, owing to the fast
relaxation of the medium polarization (class-B laser), reduces
to two rate equations [1]: one for the population inversion and
the other for the laser intensity. A different approach, origi-
nally described by Rigrod in 1963 [2], consists in taking into
account the forward and the backward fields inside the cav-
ity. This early model includes the longitudinal variations of
the laser field along the resonant cavity (z axis) and allows
to introduce localized losses (mirrors or others), distributed
losses, and inhomogeneous pumping. The rate equations are
obtained using the mean-field approximation in which the
laser properties as well as dynamical variables are averaged
along the cavity and by assuming that the forward and the
backward fields arez-independent. Rigrod’s model can be
adapted to diode-pumped solid-state lasers where the longitu-
dinal pumping leads to an unsaturated gain decreasing along
the cavity. This model has been used for the study of the
steady-state properties of solid-state lasers, doped superfluo-
rescent fibers and fiber lasers [3–5]. The major inconvenience
of this approach is that, in general, it does not lead to analyt-
ical results. However it has the advantage of describing the
slow variations of the fields along the amplifying medium and
of taking into account both inhomogeneous (distributed) and
localized phenomena.

There are now numerous theoretical works on bimode
lasers dynamics [6–14], and in particular, on bipolarized

lasers. See for instance the frequency-doubled Nd:YAG laser
[6], VCSEL [7, 8], and Nd-doped fiber lasers [9, 10]. Most
of these theories are oriented toward the study of the tempo-
ral evolution of the system and not the spatial aspect. Indeed,
whether or not, the optical coherence is taken into account,
the z-dependence of the fields is ignored. This approach is
however justified when the interest lies only in the temporal
evolution of the laser for a given configuration, i.e. for fixed
values of both the active medium length and the reflection co-
efficient of the mirrors. However under such conditions, the
steady-state description of the system, in particular the in-
fluence of either localized or distributed parameters (losses,
gain, polarization-dependent loss), cannot be complete and
thus the theory cannot be predictive.

In the case of fiber lasers, the fiber length can be con-
sidered as a control parameter since it can be easily changed
[4, 15]. Moreover, diode end-pumping leads to an unsaturated
gain which varies along the fiber length. Therefore, length-
dependent steady-state properties deserve a particular atten-
tion. In the previous paper we have derived a general model
for the Nd-doped fiber laser which keeps the slow variations
of the dynamical variables both in time and along the longitu-
dinal coordinate [16]. The model assumes a linearly polarized
pump-field interacting with randomly distributed anisotropic
dipoles. The output intensity consists of two groups of modes
linearly polarized along the eigenaxis of the doped fiber.
These modes have a random phase with respect to each other
and, under the mean-field approximation, the model reduces
to classical bipolarized laser equations which allows for dy-
namical studies [9, 10, 17]. Hereafter the term ofmodewill be
devoted to the polarization modes of the laser. At steady-state,
the general model is a generalization of the Rigrod’s theory
to the case of a bipolarized laser. It is very useful to inves-
tigate combined effects of length, localized, and distributed
polarization-dependent loss or gain on the steady-state prop-
erties of a fiber laser. The aim of this paper is to propose
an approximate analytical solution at steady-state to our gen-
eral model. This solution allows us to establish theoperating
regime diagramwhich offers a synthetic view of the different
regimes characterizing a bipolarized laser and to investigate
length-dependent polarization effects.
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The general model is briefly presented in Sect. 1. It takes
into account: (i) the forward and the backward intensities in-
side the cavity, (ii) both localized and distributed losses, and
(iii) both localized and distributed loss anisotropies. We are
only interested in the steady-state analysis of the problem.
Section 2 is devoted to the study of the single-mode (scalar)
case. As mentioned above, even in the single-mode case there
is no analytical solution to the problem. We propose here an
approximation that yields closed-form expression for the out-
put intensity of the laser in all cases investigated, i.e. single-
mode and two-mode (vectorial) cases. The assumption con-
sists in considering that the total intensity inside the cavity is
z-independent whereas the forward and backward intensities
arez-dependent. The validity of this approximation is deter-
mined by a direct comparison with exact numerical results.
The bipolarized model is investigated in Sect. 3. Approximate
analytical results for the output intensities are obtained in all
cases of interest. As in Sect. 2, a direct comparison of analyti-
cal and numerical solutions is made. The combined effects of
pump-polarization angle and fiber length on the thresholds of
the two modes are further studied.

1 The general model

In the previous paper [16], we have derived a general model
for a bipolarized fiber laser that keeps the temporal and longi-
tudinal slow variations of the fields. A schematic representa-
tion of the system under study is given in Fig. 1. We consider
a Fabry–Ṕerot cavity which supports two counterpropagating
fields. Each of them is decomposed on the basis of the eige-
naxis of the fiber X and Y. The unsaturated gain is assumed
to be exponentially decreasing along the fiber. This is equiva-
lent to considering a non-saturated pump transition. At steady
state, the equations for the normalized intensities are:

±∂I±x
∂z
=−κx I±x +

1

2

(
(1+ δ)Λe−αz

1+ I+x + I−x +β′(I+y + I−y )

+β′ (1− δ)Λe−αz

1+β′(I+x + I−x )+ I+y + I−y

)
I±x , (1a)

±∂I±y
∂z
=−κyI±y +

1

2

(
(1− δ)Λe−αz

1+β′(I+x + I−x )+ I+y + I−y

+β′ (1+ δ)Λe−αz

1+ I+x + I−x +β′(I+y + I−y )

)
I±y . (1b)

The superscript+ (−) means for the forward (backward)
laser field component.κx,y are the damping coefficients for
the intensities associated with the X and Y field components.
Λ represents the pumping parameter (normalized pump-
input intensity),α the pump absorption coefficient,β′ the
cross-saturation parameter between the X and Y polarizations
of the laser field, andδ the parameter associated with the
pump-induced gain anisotropy, which we will call the gain
anisotropy.β′ is a measure of the microscopic anisotropy of
the dipole [10]. In the following we shall be interested in lin-
ear pump polarization. In this case the gain anisotropy takes
the form [16]:

δ= ε cos 2φ0= 1−β
1+β cos 2φ0 , (2)
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Fig. 1. Schematic representation of the problem

whereφ0 is the angle between the pump-input polarization
and thex axis (Fig. 1) andβ the cross-saturation parameter
for the pump field. The damping coefficients are written:

κx = κ(1−γ) ,
κy = κ(1+γ) ,
whereγ is the distributed loss anisotropy. Together withγ ,
the model allows us to introduce localized loss anisotropies,
especially on the mirrors. The boundary conditions on the
mirrors are:

I+x (0)= Rx
1 I−x (0), I+y (0)= Ry

1 I−y (0) ,
I−x (l)= Rx

2 I+x (l), I−y (l)= Ry
2 I+y (l) .

(3)

The reflection coefficients are written:

R1x = (1+ t1)R1, R1y = (1− t1)R1 ,

R2x = (1+ t2)R2, R2y = (1− t2)R2 ,
(4)

wheret1,2 are localized loss anisotropies on the mirrors and
R1,2 the average reflection coefficients.

2 Analysis of the single-mode model

In order to simplify our analysis, we may first consider the
single-mode case, i.e. when polarization properties of the
laser are not taken into account. This simpler model can be
deduced from the general model by assuming thatI±x = I±y
and writing the new system for the variableI± = (1+β′)/2[
I±x + I±y

]
after having normalizedz and κ respectively by

(1+β′)/2 and 2/(1+β′). System (1) reduces to :

∂I±

∂z
=±

(
Λe−αz

1+ I++ I−
−κ

)
I± . (5)

The boundary conditions on the mirrors become:

I+(0)= R1 I−(0) , (6a)

I−(l)= R2 I+(l) . (6b)
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Basically, (5) is the set of equations studied by Rigrod at the
early stage of laser physics [2]. The difference is that, in our
case, we consider longitudinal variations of the unsaturated
gain resulting from the pump absorption mechanism. Note
that system (5) with constraint (6) does not admit any ana-
lytical solution. Our aim in this section is not to reproduce
the analysis of Rigrod but rather to consider a simple case in
order to derive approximate analytical solutions and to deter-
mine the range of validity of our assumption which will be
used for the analysis of the general model.

Let us introduce normalized variables:

z′ = κz, α′ = α
κ
, Λ′ = Λ

κ
.

The saturated gain can be expressed as:

G(z)= Λe−αz

1+ I++ I−

where the primes have been omitted in order to simplify the
notations. The exact expression of the threshold can be eas-
ily obtained by equalizing the total losses to the unsaturated
gain integrated over one round-trip in the cavity (oscillation
condition). Its expression is:

Λth = αl

1−e−αl

(
1− 1

2l
ln R1R2

)
. (7)

2.1 Numerical simulations

Before considering the analytic development, we give some
numerical solutions of system (5) which will be useful to
justify our assumption. Figure 2 represents the evolution of
the intensitiesI±(z) along the cavity together with the local
average intensity defined asI(z)= (I+(z)+ I−(z))/2. Three
different normalized lengths are considered: (a)l = 0.01, (b)
l = 0.1, and (c)l = 1. The parameters used for this calcu-
lation are: R1= 1, R2= 0.8, α = 100, andΛ = 200. This
means that, for physical values ofκ = 0.01 m−1 (43 dB/km)
and α = 1 m−1 (4.3 dB/m) (which are realistic values for
a 500-ppm Nd-doped fiber, for example), the real lengths,
used in the calculation, are:1 m, 10 m, and100 m.

For the case (a) the fields are amplified within the whole
fiber length, whereas for cases (b) and (c) the forward (back-
ward) intensity exhibits a maximum (minimum) resulting
from the combined effects of the decreasing unsaturated gain
and the distributed losses. Indeed, for short lengths the sat-
urated gain is locally higher than the losses along the whole
fiber while for higher lengths, the saturated gain becomes
locally lower than the losses beyond a particular propagat-
ing length. Moreover, the results of Fig. 2 show that the local
average intensity remains practically constant over the fiber
length excepting case (c).

2.2 Analytical results

This fact suggests we assume that the local average intensity
is uniform along the fiber:

I = I+(z)+ I−(z)= constant
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Fig. 2. Evolution of the forward (I+(z)) and backward (I−(z)) intensi-
ties together with the local average intensity (I(z)) along the cavity in the
single-mode case and for different fiber lengths (see text). The parameters
used are:R1 = 1, R2 = 0.8, α= 100 andΛ= 200

Note that this hypothesis is less restrictive than the mean-
field approximation [3, 19] since the latter requires that
I+(z)= I−(z)= constant. In addition, this approxima-
tion should be, a priori, good for short medium lengths
(see Fig. 2a,b). The saturated gain becomes:

G(z)= Λe−αz

1+ I
. (8)

It is well known that in homogeneously broadened systems,
the total gain does not depend on the pumping parameter
above threshold [1], that means:

∂

∂Λ

l∫
0

G(z)dz= 0 . (9)

Integrating (8) along the fiber length and taking into account
relation (9) yields:

1+ I −Λ dI
dΛ

(1+ I)2

(
1−e−αl

α

)
= 0 . (10)
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Equation (10) becomes:

dI

dΛ
= 1+ I

Λ
. (11)

Using the fact that the intensity vanishes at threshold, the so-
lution of (11) is:

I = Λ

Λth
−1 , (12)

where the threshold is given by (7).
Relation (12) is valid at anyz, in particular at atz= l , and,

using the boundary condition (6), the output intensity can be
calculated:

I = I+(l)+ I−(l)= (1+ R2)I
+(l) ,

I out(l)= (1− R2)I
+(l) .

Hence, the output intensity is:

I out(l)= 1− R2

1+ R2

(
Λ

Λth
−1

)
. (13)

Relation (13) contains the factor 1/(1+ R2) which does not
appear in the mean-field approximation where it is replaced
by 1/2 which is the value of the previous factor withR2= 1.
We find the well-known result that the mean-field approxima-
tion holds only for good optical cavity.

2.3 Validity of the analytical solution

The analytical expression ofI out(l) is a linear function versus
the pumping parameter. The approximate analytical expres-
sion differs from the exact numerical solution only by the
slope of the output intensity. Let us define an error func-
tion, ∆ε, which represents the relative shift between the two
slopes.∆ε depends on the parametersα, l , andR2. For a fixed
pumping rate, the error function is given by:

∆εα(l, R2)= I out
n (l)− I out

a (l)

I out
n (l)

where the superscripts n and a respectively mean numerical
and analytical solutions.

We arbitrarily consider that for a given set of parame-
ters(α, l, R2), there is a good agreement if|∆εα(l, R2)| ≤ 0.1
and a very good agreement if|∆εα(l, R2)| ≤ 0.01. Numeri-
cal studies of∆εα(l, R2) show that for any value of the pump
absorption coefficientα, there exists a zone, included be-
tween the curvesl = f(R2) solutions of∆ε0(l, R2)=−0.1
and∆ε100(l, R2)= 0.1, for which the shift between the an-
alytical and numerical results is always below10%. In the
same manner, we can define a range for which the error func-
tion does not exceed1%. Figure 3 summaries these studies
and represents the range of validity for a good and a very good
agreement, in the plane(l, R2). These results demonstrate that
whatever the value ofα, there exists couples(l, R2) for which
the assumption, allowing analytical results to be obtained, is
valid with a good accuracy.

Let us now compare directly the analytical and numerical
results. Figure 4a shows the evolution of the output intensity
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R2 = 0.8. b I out= f(R2) analytic (dotted) and numerical (solid) solutions
with l = 0.1, R1 = 1, α= 100, andΛ= 200

as a function of the fiber length for the same normalized (and
physical) parameters as previously. The approximate analyti-
cal results (dotted curve) are very close to the exact numerical
solution (solid line), especially for short fiber lengths which
is in agreement with what was previously expected. More-
over, there exists an optimum value for the fiber length. This
is directly connected with the existence of a minimum for the
laser threshold [5]. Similar results have been reported for cw
end-pumped lasers [20]. The evolution of the output inten-
sity versus the output mirror reflectivity is given in Fig. 4b for
l = 0.1. In this case, the agreement is good for high reflection
coefficients.

At this stage of our study, it would be easy to analyze
the influence of the fiber length on the optimum output-
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coupling. This is not the purpose of this paper, and, moreover,
it has been already investigated theoretically [21, 22] and ex-
perimentally [5]. However, let us recall the main result: for
long and high-gain lasers, such as fiber lasers and particu-
larly double-clad fiber lasers, the optimum output coupling
(Topt= 1− Ropt

2 ) is relatively high (over96%). This means
that the output mirror reflectivityR2 must be very low. This
is connected to the important background losses that occur
in this kind of lasers. Thus, our approximate solution is not
adapted for fiber lasers which are used to reach maximum
output power. However, it is worthwhile to point out that the
exact numerical solution remains very helpful for these lasers
and that not all fiber lasers attempt to achieve high power.
High reflectivity of the output mirror can be used for example
to reduce threshold for more fundamental studies.

In summary, the study of the well-known single-mode
case has allowed us to define the range of validity for which
both the analytical results and the assumption used are valid.
In the following section we will restrict the analytical study
of the general model to the range of parameters for which the
assumption can be used with a good approximation.

3 Analysis of the general model

In this section we are interested in finding approximate ana-
lytical solutions to the general problem. The influence of the
fiber length on the thresholds evolution versus the pump po-
larization angle is also investigated in depth and discussed.

The general equations, normalized exactly as in the previ-
ous section, can be written:

∂I±x
∂z
=± (Gx(z)−1+γ ) I±x , (14a)

∂I±y
∂z
=± (Gy(z)−1−γ ) I±y . (14b)

where:

Gx(z)= 1

2

(1+ δ)Λe−αz

1+ I+x + I−x +β′(I+y + I−y )

+ 1

2
β′

(1− δ)Λe−αz

1+β′(I+x + I−x )+ I+y + I−y
, (15a)

Gy(z)= 1

2

(1− δ)Λe−αz

1+β′(I+x + I−x )+ I+y + I−y

+ 1

2
β′

(1+ δ)Λe−αz

1+ I+x + I−x +β′(I+y + I−y )
. (15b)

Gx,y(z) represent the saturated gains experienced by the two
polarized eigenmodes. At this stage we do not give the numer-
ical solutions of system (14) but a direct comparison with the
analytical results will be done throughout this section. As pre-
viously mentioned the parameters used in this section lie in
the range of validity of our hypothesis.

The different anisotropies introduced in our model (gain:
δ, distributed loss:γ , localized loss:t1,2) lead to a loss of
symmetry between the modes X and Y. In particular, their re-
spective thresholdsΛth

x andΛth
y are often different and depend

upon the respective values of the anisotropies, so the first las-
ing mode (strong mode) can be polarized either alongx or
y and the second lasing mode (weak mode) can be polarized
either alongy or x. therefore, we have to distinguish several
cases of interest [10, 11]:
• strong mode X:

– Λth
x <Λ<Λ

th
y ⇒ Ix 6= 0 andI y = 0,

– Λ>Λth
y ⇒ Ix 6= 0 andI y 6= 0.

• strong mode Y:
– Λth

y <Λ<Λ
th
x ⇒ I y 6= 0 andIx = 0,

– Λ>Λth
x ⇒ I y 6= 0 andIx 6= 0.

In the following we first assume, without loss of generality,
that the strong mode is polarized along thex axis. In appendix
C we will give a summary of analytical results in all cases.

3.1 Single-mode solutions:Λth
x <Λ<Λ

th
y

We assume here that the strong mode is polarized along the
x axis. The range of parameters for which this is true will be
determined later. Let us first evaluate the threshold for the X
mode starting from the oscillation condition which writes

R1x R2x exp

2

l∫
0

((
1+ δ+β′(1− δ)) Λth

x

2
e−αz−1+γ

)
dz


= 1 . (16)

The threshold is straightforwardly calculated from (16) and
takes the form:

Λth
x =

2

1+β′ + δ(1−β′)
αl

1−e−αl

×
[
(1−γ)− 1

2l
ln [(1+ t1)(1+ t2)R1R2]

]
. (17)

Let us define

ε′ = 1−β′
1+β′ , (18a)

Lp = αl

1−e−αl
, (18b)

Γx = (1−γ)− 1

2l
ln [(1+ t1)(1+ t2)R1R2] , (18c)

whereΓx represents the total losses for mode X. Using (18),
relation (17) can be written in condensed form as

Λth
x = LpΓx

1+ ε′
1+ δε′ . (19)

Note that (19) is the exact expression of the threshold asso-
ciated with the strong mode. In order to find an analytical
expression for the output intensity, again we assume that

Ix = I+x (z)+ I−x (z)= constant.

The saturated gain experienced by the X mode can be
written:

Gx(z)= 1

2

(1+ δ)Λe−αz

1+ Ix
+ 1

2
β′
(1− δ)Λe−αz

1+β′ Ix
.
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We follow now the same procedure as that used in the pre-
vious section. The derivative of the saturated gain versus the
pump parameter is:

dGx(z)

dΛ
= 1+ δ

2

1+ Ix−Λ dIx
dΛ

(1+ Ix)2
e−αz

+β′1− δ
2

1+β′ Ix−β′Λ dIx
dΛ

(1+β′ Ix)2
e−αz .

The integral along the laser length must vanish according
to (9). After some algebra, we find:

dΛ

Λ
= (1+ δ)(1+β′Ix)

2+β′2(1− δ)(1+ Ix)
2

(1+δ)(1+Ix)(1+β′ Ix)2+β′(1−δ)(1+β′ Ix)(1+Ix)2
dIx.

(20)

Equation (20) can be directly integrated from the threshold
Λth

x toΛ. Its solution is :

Λ

Λth
x
= (1+β

′ + δ(1−β′))(1+ Ix)(1+β′ Ix)

1+β′ + δ(1−β′)+2β′ Ix
. (21)

Relations (21) and (18) finally allow us to expressIx as
a function of the pumping parameter:

Ix = Λ

2LpΓx
− 1

1− ε′

−
√(

Λ

2LpΓx
+ ε′

1− ε′
)2

− ε′(1− δ)Λ
(1− ε′)LpΓx

. (22)

The last step is the evaluation ofIx(l) using the relations:

Ix = I+x (l)+ I−x (l)= (1+ R2x)I
+
x (l) ,

I out
x (l)= (1− R2x)I

+
x (l) .

The last relation allows us to find the output intensity:

I out
x (l)= 1− R2x

1+ R2x

 Λ

2LpΓx
− 1

1− ε′

−
√(

Λ

2LpΓx
+ ε′

1− ε′
)2

− ε′(1− δ)Λ
(1− ε′)LpΓx

 . (23)

3.2 Bimode solutions :Λ>Λth
y

We derive in this section approximate analytical expressions
for the threshold for the weak mode and for the intensities
above this second threshold. Let us first introduce an im-
portant parameter, called the cavity loss anisotropy,∆ which
include both localized and distributed loss anisotropies.∆ is
given by:

∆= Γy−Γx

Γy+Γx
,

whereΓx is given by (18c) andΓy represents the total losses
for mode Y:

Γy = (1+γ)− 1

2l
ln [(1− t1)(1− t2)R1R2] .

As a consequence of the use of∆, we have to introduce the
mean losses coefficient,Γ = (Γy+Γx)/2, in order to express
Γx andΓy as a function of∆:

Γx = (1−∆)Γ ,
Γy = (1+∆)Γ .
∆ andΓ can be expressed as a function of both localized and
distributed loss anisotropies:

∆=
4γl− ln

[
1−t1
1+t1

1−t2
1+t2

]
4l− ln

[
(1− t2

1)(1− t2
2)R

2
1R2

2

] ,
Γ = 1− 1

4l
ln
[
(1− t2

1)(1− t2
2)R

2
1R2

2

]
.

Let us note that for weak localized loss anisotropy, i.e.
t2
1,2� 1,∆ andΓ may be written as:

∆=
4γl− ln

[
1−t1
1+t1

1−t2
1+t2

]
4l− ln

[
R2

1R2
2

] ,

Γ = 1− 1

2l
ln [ R1R2] .

The threshold for the Y mode is derived in Appendix A and
its expression is:

Λth
y = LpΓ

(1+ ε′)(ε′ 2−∆2)

ε′ 2− δε′(1−∆)−∆ .

The output intensities are (Appendix B):

I out
x (l)= 1− (1+ t2)R2

1+ (1+ t2)R2

1+ ε′
2

×
[
ε′2+ δε′(1+∆)+∆
(1+ ε′)(ε′2−∆2)

Λ

LpΓ
−1

]
, (24a)

I out
y (l)= 1− (1− t2)R2

1+ (1− t2)R2

1+ ε′
2

×
[
ε′2− δε′(1−∆)−∆
(1+ ε′)(ε′2−∆2)

Λ

LpΓ
−1

]
. (24b)

Previous results have been obtained assuming that the strong
mode is polarized along thex axis. It can be easily shown
using relation (A.3) that this is the case ifδε′ > −∆. In the
opposite case whereδε′ < −∆, the strong mode is polar-
ized along they axis. The single-mode solution, in the range
Λth

y <Λ<Λ
th
x is then slightly different from relation (23).

The bimode solution above the second threshold (Λth
x ) has

the same analytical expression as the bimode solution (24)
obtained in the case of a strong mode polarized alongx.
A summary of the analytical expressions of output intensities
and thresholds is given in Appendix C.
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4 Discussion

4.1 Operating regime diagram

As mentioned above, the respective values of the thresholds
associated to the two polarization eigenmodes depend upon
both the passive and pump-induced anisotropies. In order
to have a synthetic view of the different operating regimes
(single-mode X or Y, bimode X> Y or Y > X) we show in
Fig. 5 the boundaries between the different regimes in the
plane(∆, δ). The straight line (solid curve) corresponds to
the exact values of the total passive loss anisotropy∆ which
compensate the gain anisotropyδ, i.e.δε′ = −∆. In this case,
intensities and thresholds of both modes X and Y are equal.
For higher∆ or δ, the strong mode is polarized along thex
axis and the curve, whose equation is∆= ε′(ε′ − δ)/(1− δε′)
corresponds to the limit above which the Y mode cannot os-
cillate. In this case the numerical value of the threshold of the
Y mode becomes negative resulting in a single-polarization
operating regime whatever the pumping ratio. InNd-doped
fiber lasers, this is the case when, for example, a prism is
inserted in the cavity [23]. Because of the symmetry of the
operating regime diagram, the same arguments may be ap-
plied in the half-plan below the straight line for mode Y. In
this case the equation of the boundary curve is∆=−ε′(ε′ +
δ)/(1+ δε′).

For a given cross-saturation parameter for the pump(β),
which fixes the value ofε, δ is varied in the range[−ε,+ε]
simply by a rotation of the pump-input polarization angle,
see (2). Note that sinceβ ranges from zero to unity,δ is
bounded by±1. On the other hand for a fixed pump polar-
ization angle, the total passive gain anisotropy,∆, can be
changed by either a tilt of one mirror or a variation of the
fiber length. In addition, previous works have demonstrated
the stability of these different operating regimes under the
mean-field approximation [10].

4.2 Comparison of analytical and numerical results

As a first test for the analytical results, we can compare
them with the exact numerical solutions giving the evolution
of the output intensities versus the pumping ratio. An ex-
ample of laser characteristics is given in Fig. 6. A very good
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Fig. 5. Operating regime diagram in the plane(δ,∆). The parameter used is
β′ = 0.6 (ε′ = 0.25)
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rameter. Analytic (dotted) and numerical solutions (solid) coincide so well
they cannot be distinguished

agreement is obtained in this case (one cannot distinguish
the analytical case from the numerical one). The values of
the parameters used areα = 100, R1 = 1, R2 = 0.8, l = 0.1,
t1 = 0.005,t2= 0.005,γ = 0.005(→∆= 0.026), ε = 0.01,
andε′ = 0.33. These parameters lie in the range for which the
initial assumption is valid and will be used hereafter except
when specified. We also have verified that the range of valid-
ity of the analytical results, for both the general model and the
single-mode model, is the same.

As in the previous section, we investigate the evolution
of the output intensities for the two polarized eigenmodes
as functions of the fiber length (Fig. 7a) and the output mir-
ror reflectivity (Fig. 7b). The results are given in Fig. 7 for
both the exact numerical results (solid lines) and the approx-
imate analytical results (dotted lines). Beyond the fact that
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Fig. 7. a Ix,y = f(l) analytic (dotted) and numerical (solid) solutions.
b Ix,y = f(R2) analytic (dotted) and numerical (solid) solutions
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there is a good agreement, especially for short fiber lengths
and high output mirror reflectivities, our results show es-
sentially two features. First, there exists an optimum fiber
length, for the two modes, which maximizes the output inten-
sities, this is a direct consequence of a decreasing unsaturated
gain and distributed losses and this result is well known for
a single-mode laser [2, 20]. Moreover, the old problem of out-
put coupling optimization [2] reveals new results since the
optimum value ofR2 is different for the two modes. This is
connected with the various dichroic losses experienced by the
two eigenmodes.

4.3 Influence of fiber length

In addition to previous results related to optimization prob-
lems, pump-polarization effects can also be investigated with
our formalism, in particular the influence of the fiber length
on the evolution of the thresholds versus the pump-input po-
larization angleφ0. Recall that we have considered a linearly
polarized pump field. The evolution ofΛth

x and Λth
y ver-

sus the angleφ0 is a well-known result both experimentally
and theoretically [10, 18]. In contrast with [10] our model
allows us to take into account length effects. Indeed, let us
consider a localized gain anisotropy on the output mirror
which favors the mode polarized along thex axis(t2= 0.01)
and a distributed gain anisotropy which favors the Y mode
(γ =−0.02). One can reasonably expect that what fixes the
strong mode is the combination of the gain anisotropy and
the total passive loss anisotropy. Figure 8 gives the evolu-
tion of ∆ as a function of the fiber lengthl . The effect of
the passive loss anisotropy is as follows: for short lengths
∆ > 0 and the X mode is favored, whereas for increasing
lengths∆ becomes negative, resulting in a lower thresh-
old for the Y mode. These facts are verified in Fig. 9a–c
which give the evolution ofΛth

x andΛth
y versus the angle

φ0 for three increasing lengths: (a)l = 0.1, (b) l = 0.275,
and (c) l = 0.5. In all cases, the threshold values are nor-
malized with respect to the lowest threshold value. Figure 9
shows that the range for whichΛth

x >Λ
th
y increases for in-

creasing lengths. This is a direct consequence of the evo-
lution of the total passive loss anisotropy. Moreover, note
that, although for short lengths∆> 0, there exists a range of
pump-input polarization angles (in the vicinity ofφ0= π/2)
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for whichΛth
x >Λ

th
y . This is due to the competing effect be-

tween the pump-induced anisotropy and the total passive loss
anisotropy. In particular, when the pump polarization is par-
allel to they axis, the Y-mode threshold is always lower than
the threshold of the X mode whatever the active medium
length (for the parameters used, of course). Different evolu-
tions may be observed for lower values of the pump-induced
anisotropy.

There exists a particular fiber length (l0 = 0.275 for our
parameters) for which∆ vanishes (see Fig. 8). Its analytical
expression is:

l0= 1

4γ
ln
[
(1− t1)(1− t2)

(1+ t1)(1+ t2)

]
. (25)

Relation (25) shows that such length exists if distributed and
localized loss anisotropy have opposite signs. Under such
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conditions and for this fiber length the evolution ofΛth
x and

Λth
y is the same with merely aπ/2 angle shift resulting from

the periodicity of the gain anisotropy. This means that any
mode is favored by the passive loss anisotropy.

For vanishing fiber lengths, the asymptotic value of the
passive loss anisotropy is:

∆0=
ln
[
(1−t1)(1−t2)
(1+t1)(1+t2)

]
ln
[
(1− t2

1)(1− t2
2)R

2
1R2

2

] .
Or, for weak loss anisotropies:

∆0=
ln
[
(1−t1)(1−t2)
(1+t1)(1+t2)

]
ln
[
R2

1R2
2

] .

In our case we have∆0≈ 0.045 which is positive thus
resulting in a strong mode polarized along thex axis.

On the other hand for extremely long fibers, the asymp-
totic value of the passive loss anisotropy is:

∆∞ = γ .
In our case∆∞ =−0.02 is negative and the strong mode is
polarized along they axis.

5 Conclusions

This paper has been devoted to the investigation of the com-
bined effect of the length, passive loss anisotropy, and gain
anisotropy on the steady-state properties of a fiber laser. The
formalism used is a generalization of Rigrod’s theory to the
case of a bipolarized laser. This approach is well adapted to
introduce the characteristics of the Nd-doped fiber laser. In-
deed, we have taken into account an exponentially decreasing
unsaturated gain along the fiber (proportional to the variations
of the pump intensity), a localized loss anisotropy on the mir-
rors, and a distributed loss anisotropy. The general problem
only admits numerical solutions. In order to obtain analytical
results we have proposed an assumption, less restrictive than
the mean-field approximation, which consists of considering
that the local average intensity remains constant over the fiber
length, whereas the forward and backward intensities are not
uniform. In order to validate our hypothesis, we have investi-
gated the simple case of a single-mode laser. The results have
shown that, depending on the desired agreement, there exists
some range of parameters (fiber length and output mirror re-
flectivity) for which the approximation is valid. Typically, the
agreement is very good for short fiber lengths and high output
reflection coefficients.

Furthermore, the general model has been investigated in
view of determining the combined effects of the pump-input
polarization angle and the fiber length on the thresholds evo-
lution of the two eigenmodes. The various anisotropies con-
sidered lead to a loss of symmetry between the two polarized
eigenmodes. Therefore, one has to distinguish different pos-
sible situations: the strong mode can be polarized along the
x or y axis. In addition, the existence of the second thresh-
old (associated with the weak mode) also depends on the
respective values of the anisotropies. Analytical expressions
for both the thresholds and the output intensities have been

obtained in all cases, using the same approximation as in
the single-mode case. A good agreement has been obtained
between the exact numerical and approximate analytical so-
lutions for the laser characteristic and for the evolution of the
output intensities versus both the fiber length and output mir-
ror reflectivity.

The evolution of the thresholds versus the pump-input po-
larization angle for increasing fiber lengths has been studied
using the analytical expressions. We have demonstrated that
these evolutions depend on the competing effect between the
gain anisotropy and the total passive loss anisotropy. The
latter represents a global parameter including localized and
distributed loss anisotropy. We have shown that for short
fiber lengths the total passive loss anisotropy is mainly im-
posed by the localized processes, whereas for high lengths
it is mainly monitored by distributed loss anisotropy. These
results could be easily expected from simple physical and in-
tuitive arguments.

The analytical results obtained in this paper are of great
interest for the experimental determination of pump-induced,
localized and distributed anisotropies in fiber lasers but
also in the more general case of end-pumped solid-state
lasers.
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Appendix A: Threshold for the weak mode

In this appendix, the threshold for the Y mode is derived. The
strong (weak) mode is polarized along thex axis (y axis). Let
us consider the gain experienced by the Y mode at its lasing
threshold (the saturation by the X mode has to be taken into
account):

Gy(z)= 1

2

(1− δ)Λth
y e−αz

1+β′(I+x + I−x )
+ 1

2
β′
(1+ δ)Λth

y e−αz

1+ I+x + I−x
,

whereI+x and I−x are the forward and backward intensities of
the mode X forΛ=Λth

y . Let:

I 0
x = I+x (Λ

th
y )+ I−x (Λ

th
y ) .

The oscillation condition is:

R1yR2y exp

2

l∫
0

((
1− δ

1+β′ I 0
x
+β′ 1+ δ

1+ I 0
x

)
Λth

y

2
e−αz−1−γ

)
dz


= 1 . (A.1)

Equation (A.1) leads to:

Λth
y

2

(1− δ)(1+ I 0
x)+β′(1+ δ)(1+β′ I 0

x )

(1+ I 0
x)(1+β′ I 0

x )
= LpΓy . (A.2)

I 0
x is calculated from relation (22) atΛ=Λth

y . The inclusion
of the latter expression in (A.2) leads, after some cumbersome
algebra, to an equation for the second threshold:

Λth
y

Λth
x

= 1+ δε′
1−∆

ε′ 2−∆2

ε′ 2− δε′(1−∆)−∆ . (A.3)
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Appendix B: Output intensities above the second
threshold

In order to derive analytical expressions forI+x (l) and I+y (l),
we assume that :

Ix,y = I+x (z)+ I+y (z)=Cst . (B.1)

The saturated gains can be written:

Gx(z)= 1

2

(1+ δ)Λe−αz

1+ Ix+β′ I y
+ 1

2
β′
(1− δ)Λe−αz

1+β′ Ix+ I y
, (B.2a)

Gy(z)= 1

2

(1− δ)Λe−αz

1+β′ Ix+ I y
+ 1

2
β′
(1+ δ)Λe−αz

1+ Ix+β′ I y
. (B.2b)

The derivative versus the pump parameter yields:

dGx(z)

dΛ
= 1+ δ

2

1+ Ix+β′ I y−Λ
(

dIx
dΛ +β′ dI y

dΛ

)
(1+ Ix+β′ I y)2

e−αz

+β′1− δ
2

1+β′ Ix+I y−Λ
(
β′ dIx

dΛ+ dI y
dΛ

)
(1+β′ Ix+ I y)2

e−αz,

(B.3a)

dGy(z)

dΛ
=β′ 1+ δ

2

1+ Ix+β′ I y−Λ
(

dIx
dΛ +β′ dI y

dΛ

)
(1+ Ix+β′ I y)2

e−αz

+ 1− δ
2

1+β′ Ix+ I y−Λ
(
β′ dIx

dΛ + dI y
dΛ

)
(1+β′ Ix+ I y)2

e−αz.

(B.3b)

The previous expressions are integrated along the laser length
and matched to zero. This procedure leads to the following
expressions:

1+ Ix+β′ I y−Λ
(

dIx

dΛ
+β′ dI y

dΛ

)
= 0 , (B.4a)

1+β′ Ix+ I y−Λ
(
β′

dIx

dΛ
+ dI y

dΛ

)
= 0 . (B.4b)

The previous relations lead to:

dΛ

Λ
= 1+β′

1+ (1+β′)Ix
dIx , (B.5a)

dΛ

Λ
= 1+β′

1+ (1+β′)I y
dI y . (B.5b)

The integration of (B.5) fromΛth
y toΛ yields :

Ix = 1

1+β′
[(

1+ (1+β′)I 0
x

) Λ
Λth

y
−1

]
, (B.6a)

I y = 1

1+β′
[
Λ

Λth
y
−1

]
, (B.6b)

whereI 0
x is the particular value ofIx for Λ=Λth

y .
The output intensities are easily deduced from (B.6).

Appendix C: Summary of analytical results

• Single-mode operation with X:

This occurs whenε′∆ > −δ and eitherΛ<Λth
y or ∆ >

ε′(ε′ − δ)/(1− δε′) whateverΛ.
Output intensity:

I out
x (l)=

1− (1+ t2)R2

1+ (1+ t2)R2

 Λ

2(1−∆)ΓLp
− 1

1− ε′

−
√(

Λ

2(1−∆)ΓLp
+ ε′

1− ε′
)2

− ε′(1− δ)Λ
(1− ε′)(1−∆)ΓLp

 .

Threshold:

Λth
x = ΓLp(1−∆) 1+ ε′

1+ δε′ .

• Single-mode operation with Y:

This occurs whenε′∆ < −δ and eitherΛ<Λth
x or ∆ <

−ε′(ε′ + δ)/(1+ δε′) whateverΛ.
Output intensity:

I out
y (l)=

1− (1− t2)R2

1+ (1− t2)R2

 Λ

2(1+∆)ΓLp
− 1

1− ε′

−
√(

Λ

2(1+∆)ΓLp
+ ε′

1− ε′
)2

− ε′(1+ δ)Λ
(1− ε′)(1+∆)ΓLp

 .

Threshold:

Λth
y = ΓLp(1+∆) 1+ ε′

1− δε′ .

• bimode operation:

This occurs when−ε′(ε′ +δ)/(1+δε′) <∆< ε′(ε′ −δ)/(1−
δε′) andΛ> treshold of the weak mode.
Output intensities:

I out
x (l)= 1−(1+t2)R2

1+(1+t2)R2

1+ ε′
2

[
ε′2+δε′(1+∆)+∆
(1+ε′)(ε′2−∆2)

Λ

ΓLp
−1

]
,

I out
y (l)= 1−(1−t2)R2

1+(1−t2)R2

1+ ε′
2

[
ε′2−δε′(1−∆)−∆
(1+ε′)(ε′2−∆2)

Λ

ΓLp
−1

]
.

Threshold:
If ε′∆> δ, the strong mode is alongx:

Λth
y = LpΓ

(1+ ε′)(ε′ 2−∆2)

ε′ 2− δε′(1−∆)−∆ .

If ε′∆< δ, the strong mode is alongy:

Λth
x = LpΓ

(1+ ε′)(ε′ 2−∆2)

ε′ 2+ δε′(1+∆)+∆ .
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